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Abstract. The aim of the present article is to introduce and study new
subclass of Janowski type functions defined using notions of Janowski
functions and (j, k)-symmetrical functions. Certain interesting coefficient
inequalities, sufficiency criteria, distortion theorem, neighborhood prop-
erty are investigated for this class.

1 Introduction and definitions

Let A denote the class of functions of form

f(z) :z—i-Zanz", (1)
n=2
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which are analytic in the open unit disk i/ ={z:z € C and |z| < 1}, and S
denote the subclass of A consisting of all function which are univalent in U.
For any f € A, p-neighborhood of f(z) can be defined as:

Np(f):{geA:g(Z):z+anz“, anan—bnlgp}. (2)
n=2 n=2

For e(z) = z, we can see that

Np(e)z{geArg(Z)zeranzn, anbnlép}- (3)
n=2 n=2

The idea of neighborhoods was first introduced by Goodman [9] which was
further generalized by Ruscheweyh [5]. For f and g be analytic in U, we say
that the function f is subordinate to g in U, if there exists an analytic function
w in U such that |w(z)| < T and f(z) = g(w(z)), and we denote this by f < g.
If g is univalent in I , then the subordination is equivalent to f(0) = g(0) and
f(U) C gh).

Using the principle of the subordination we define the class P of functions
with positive real parts.

Definition 1 [6] Let P denote the class of analytic functions of the form
p(z) =1+ 3 7, pnz™ defined on U and satisfying p(0) =1, Rip(z)} >0, z €
U.

T+w(z)

Any function p in P has the representation p(z) = ey where w € QO and

O=weA and w(0) =0 |w(z)] < 1L

The class of functions P with positive real part plays a crucial role in geometric
function theory. Its significance can be seen from the fact that simple subclasses
like class of starlike §*, class of convex functions C, class of starlike functions
with respect to symmetric points S; have been defined by using the concept
of class of functions with positive real part.

Definition 2 [1] Let P[A,B], where —1 < B < A < 1, denote the class of

analytic function p defined on U with the representation p(z) = Hg\x&), zE

U, weQ.pePIA B if and only if p(z) < 142,
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Definition 3 Let k be a positive integer. A domain D is said to be k-fold
symmetric if a rotation of D about the origin through an angle 2% carries D
onto itself. A function f is said to be k-fold symmetric in U if for every z in
U

fleF' z) = eF f(2).

The family of all k-fold symmetric functions is denoted by S* and for k = 2
we get class of odd univalent functions.

The notion of (j, k)-symmetrical functions (j =0,1,2,...,k—1; k=2,3,...)
is a generalization of the notion of even, odd, k-symmetrical functions and also
generalize the well-known result that each function defined on a symmetrical
subset can be uniquely expressed as the sum of an even function and an odd
function.

The theory of (j, k) symmetrical functions has many interesting applications,
for instance in the investigation of the set of fixed points of mappings, for the
estimation of the absolute value of some integrals, and for obtaining some

results of the type of Cartan’s uniqueness theorem for holomorphic mappings
[10].

Definition 4 Let ¢ = (e%) andj=0,1,2,...,k—1 where k > 2 is a natural
number. A function f : D — C where D is a K-fold symmetric set, is called
(, k)-symmetrical if

f(ez) = ¢f(z), zeU.

We note that the family of all (j, k)-symmetric functions is denoted be SU¥),
Also, $(©2) §(1.2) and ShX) the classes of even, odd and k-symmetric functions
respectively. We have the following decomposition theorem.

Theorem 1 [10] For every mapping f : D +— C, where D is a k-fold symmetric
set, there exists exactly the sequence of (j,k)- symmetrical functions fjy,

K1
f(z) = Z fj x(2)
=0

where
1 k—1 ‘
fixlz) = D e Vf(evz), (4)
v=0

(fed k=1,2,...:§=0,1,2,....k—1)
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From (4) we can get

Zs*Verz Z&’V’ (Zanﬁz )

then

1, n=1k+j;

k—
Z Sl ()

v=0 0, m#Ilk+j.

00
Z) = Z 671,]' anzn) ar = ]) TL
n=1

?T‘ \

Alsarari and Latha [4] introduced and studied the classes SO¥(A,B) and
KUK (A, B) which are starlike and convex with respect to (j,k)-symmetric
points, respectively.

Definition 5 [4] A function f in A is said to belong to the class SV¥ (A, B),
(-T<B<A<L1)
zf'(z) 14+ Az
fj’k(Z) = 1 +BZ)

where fjy(z) defined by (5).

eu,

This class is generalizes the classes studied by Ohsang and Yaungjae [7] and
Sakaguchi [8].
We need the following lemma to prove our main results.

Lemma 1 [3] Let p(z) =1+ Y 2, pnz" € PIA,B], then forn > 1,

|pn| S (A - B)

2 Main results

Theorem 2 If f € SUX (A, B), then forn>2, -1 <B<A < 1.

1+
<
lanl H m+1—zsm+1,,

where oy by (5).
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Proof. By Definition (5) we have

=p(z), pePIAB]

then we have
zf'(z 1+ Z pnzfjx

by (1) and (5), we have

o0 o0 oo
(1—20815)z+ Z[n —dnjlanz™ = [Z pnz“] [Z Onj anz“] .
n=2 n=1 n=1

Equating coefficients of z™ on both sides, we have

1 n—1

an = m Z pménfm,janfm) 61,]' = 17

m=1

by Lemma 1, we have

A B n—1
la n<[£18326 ,J|am|

Now we want to prove that

(A—B)—1]1+m
5 < Smll . 6
m— 5 ] Z mjlom H [m+ 1 — 8] (©)

For this, we use the induction method. The result is true for n = 2 and 3.
Let the hypothesis be true for n = m, we have

(A—B)—1]+
v]
Zf’”'“*'<H TS

m.j[(A=B)—T]+
m'H —Om 1 ]}

Multiplying both sides by , we get

TSlA—B) =141 _ Smyl(A—B)—1l+m (A-B) &
o 2 oy 2 Sujlar,

r=1
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since
e X gl
- A (‘;{Hd] . :1 n W] z 5y glar,
= [m —il? : (15311)1+1,j] ) Z Brglarl + 6m’jam|]
- e i 5”"‘”'] ‘
That is
il < o2 is,J|ar|<H g A—B) 4T

+] _6r+1 ]]

which shows that inequality (6) is true for n = m + 1. This completes the
proof. O

Theorem 3 Let f(z) =z+ ) 2, anz", be analytic in U,for (=1 <B < A <
1), we have

o0

D {(n—25n;) +|A8n; — Bnltan| < (A —B).

n=2

Then, f(z) € SVK(A, B).

Proof. For the proof of Theorem 3, it suffices to show that the values for

:ff (( )) , satisfy

zf'(z) — fjx(2)
Afj’k(z)—BZfl(Z) -0

we have
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Ziozz (n— 6n,j)anln7]
‘ (A—=B)+ Y o2, {Adn; — Bn}anzn
< S o, (n—dny)lanllzl™!
= (A=B) =22, A8 — Bnllan/lz[*
< Z?Lo:z(n - 6n,j)|0—n|
= (A=B) =372, |A8y; — Bnllanl’

zf'(z) — fjx(2)
Afjy(z) — Bzf'(z)

This last expression is bounded above by 1 if

D {(n—8ny) +|A8n; — Bnl}an| < (A —B),

n=2

zf! (2)—fj 1 (2)

ATy (2] Bzl () <1, and Theorem 3 is proved. O

hence

Theorem 4 Let f(z) € SUK(A,B), for (—1 <B < A < 1), then

1 1
2l = lanllz™ —wlz™ < If(2)] < 2l + ) lanllz™ + wlz/,

n=2 n=2

where )
o (A=B) =T, {(n—8ny) +IAby; — Bul}anl
' {4+ 1) =Bl —[1 —|AN8i+1,}

Proof. From Theorem 3 we have

Z {(n—8n;) +1Abn; — Bnl}an]

n=i+1

<(A=B) =) {(n—>5n;)+I|A8y; —Bnl}an|.

n=2

On the other hand
(N —0n;) + [Adn; — Bn| > n(1 —[B]) — [1 —[A[]on,;

and hence n(1—[B|) — [1 —|Al]d,,; is monotonically increasing with respect to
n. So we can write

{i+ 1 =B = — AN} D lan

n=i+1
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<(A=B)=) {(n—>5n;)+IAdn; — Bnl}|ayl
n=2

which implies that
(o)
Z lan| < T4,
n=i+1
hence we have .
1
) < lzl+ D lanllz™ + iz,
n=2
and .
1
() > 1zl = ) lanllz™ — iz,
n=2
This completes the proof of theorem.

Theorem 5 For (—1<B <A <1),
SUM(A,B) C Nple),

where

(A —B){2(1 —[B]) — (1 — |A[)d2 + 1}}
2(1 = [B]) = (1 = |A)d2 '

Proof. For function f € SUX (A, B), by Theorem 3, immediately yields

21— [B)) — (1= |ADS2} ¥ lan| < (A —B),

n=2
so, that
im < (A —B)
210 0Bl — (1 1ADS,,

On the other hand, we also find from Theorem 3,

D (n—8nj)lan| < (A —B),
n=2

also

M8

(n —Tlan| < (A —=B),
2

=
||
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or
S man < (A—B)+ Y laal,
n=2 n=2
that is,
- (A —=B){2(1 —[B]) — (1 = [ADS2; +1}] _
2l < o Ay ™
n=2 2»]
which, in view of the definition (3), proves Theorem 5. O

Now we define the neighborhood for each of the class ST (A, B).
A function f € A is said to be in class SO¥(A,B,1n) if there exists g €
SGM (A, B) such that
‘f(Z)

——1<1—n.
g(z) ‘ 1

Theorem 6 Let g € SOX (A B), and suppose that

P{2(1 —[B) — (1 — A8z} (8)
22(1—[B]) — (1 = |ADS2; — (A =B}

n=1-

then
No(g) € SVW(A,B,1).

Proof. Suppose that f € N,(g). We then find from (2), that

oo
Zn|an —bnl < p,
n=2

which readily implies the coefficient inequality

o0

P
E — b < =.
lan nl < 2

n=2
Next, since g € SO (A, B), from (7), we have

o (A—B)
TIZZ bl < 2(1—B)) —(1— |A|)62,]"
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so that

fz) 5% lan — bl

‘9(@ 1‘ S P e
021 — B) — (1 — |A)Ss,)

S EO—1B) =0 —Alos — (A—B))

= 1-—n.
That shows that f € SO (A B, «,1) for 11 given by (8), which completes the
proof. O
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