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Abstract. We introduce a new generalization of the gq-Bernstein opera-
tors involving (p, q)-integers, and we establish some direct approximation
results. Further, we define the limit (p, q)-Bernstein operator, and we ob-
tain its estimation for the rate of convergence. Finally, we introduce the
(p, q)-Kantorovich type operators, and we give a quantitative estimation.

1 Introduction

The applications of g-calculus in the field of approximation theory have led
to the discovery of new generalizations of the Bernstein operators. The first
generalization involving g-integers was obtained by Lupas [7] in 1987. Ten
years later Phillips [12] gave another generalization of the Bernstein operators
introducing the so-called g-Bernstein operators. In comparison with Phillips’
generalization, the Lupas’ generalization gives rational functions rather than
polynomials. Nowadays, g-Bernstein operators form an area of an intensive
research. A survey of the obtained results and references in this area during
the first decade of study can be found in [11]. After that several well-known
positive linear operators and other new operators have been generalized to
their g-variants, and their approximation behavior have been studied (see e.g.
[1] and [3]).
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The (p, q)-calculus is a further new generalization of the g-calculus, its basic
definitions and some properties may be found in the papers [6], [13], [14], [15].
The (p, q)-integers [n], 4 are defined by

n__ .n
Nlpq = u,
P—q

wheren =0,1,2,...and 0 < g < p < 1. For p = 1, we recover the well-known
g-integers (see [5]). Obviously

Mlp,q =p™' MJq/p- (1)
The (p, q)-factorials [n], 4! are defined by

[”p,q [Z]p,q e [n]p)q, if n Z 1

Mlpq! =
1, if n=0,

and the (p, q)-binomial coefficients are given by

n nlpq!
= J , 0<k<n.
[ k L,q [klp,q!ln —Klp,q!

Further, we set

(a—b)(pa—qb)...pP"'a—q*'b), if n>1

(a=b)pq=
1, if n=0.
By simple computations, using (1), we get
p,q! =P 2 Mlg !, (2)
[ . ] _ () klk=T) (k) nk-T)2 [ n } 3)
Py q/p
and
(a=b)p g =p " 2 (a=b)y ., (4)
where

(a—b)la—gb)...(a—q"'b), if n>1

1, if n=0
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in the case when 0 < q < 1.

The goal of the paper is to introduce a new generalization of the q-Bernstein
operators involving (p, q)-integers. These (p, q)-Bernstein operators approxi-
mate each continuous function uniformly on [0, 1], and some direct approxi-
mation results are established with the aid of the modulus of continuity given
by

w(f;8) = sup{/f(x) — f(y)l: x,y € [0,1], x =yl < 8}, &>0, (5)
where f € C[0, 1]. Further, we define the limit (p, q)-Bernstein operator and
we estimate the rate of convergence by the modulus of continuiuty (5). The
concept of limit g-Bernstein operator was introduced by IlI’inskii and Ostro-
vska [4], and its rate of convergence was established by Wang and Meng in
[16]. Finally, we define a (p, q)-Kantorovich variant of the (p,q)-Bernstein
operators, and we give a quantitative estimation using (5).

2 (p,q)-Bernstein operators

ForO<qg<p<T1,fecClo1,xe€[0,1] and n = 1,2..., we define the
(p, q)-Bernstein polynomlals as follows:

- nn— niep (o K,
npg (%) Z P k(k—1)— 1}/2 { , ] X (1 _X)p,qkf (p [n]p q) . (6)
P»q P

=0

For p=1and 0 < q < 1, we recover the q-Bernstein polynomials (see [12]):

n
) — noox ke (kg
Bug(fx) = Y [ " } X510 f(mq . (7)
k=0 q
Theorem 1 If the sequences (pn) and (qn) satisfy 0 < qn < pn < 1 for
n=12,...;,andpn—1,qn—1,pp = 1 as 1 — oo, then
1_ 1/2
B 1) = 10311 < 2 (1 (201 =i+ 2 =)
[n]qn/Pn

for all f € C[0,1] and x € [0,1].
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Hence, in view of [12, (13)], we obtain
Bnp,q(l5x) = Bn,q/pU;X) =1. (9)
By (8) and [12, (14)], we get

n
px = panq/p(t;X) < Bnpyg (t;x) = Z
k=0

Analogously, by (8) and [12, (15)], we get

n k(1_y)n—k « Klg/p
[ K ]q/px (1 x)q/pp Ml (10)

(t2:x) — [n k(] Jrkp2k [k]é/p
Bnpql(thx) = E [ } x (1 —x q? P >
oo LR o P Inlg,
x(1—x)
< B (thx) =x*+ : (11)
> ,q/ y
A Mlg/p
On the other hand, it is known for (5) that
w(f;A0) < (T+A)w(f;0), (12)

where A > 0 and & > 0. Then, by (8), [12, (13)], Holder’s inequality and
(9)-(11), we obtain

|Bn,pn,qrl (f;X) - f(X”

< - [ ] X1 —x)nk ‘ f (plﬁ[k]q"/p“> — f(x) '
B é |: k qn/pn n/pn [n]qn/Pn

n
n (Kl g/
S |: :| Xk(1 _X)n—k w <f; pk qn Pn —x )
é k qn/pn /P n[n]qn/Pn
< w(f'é)i {“] 1t (105 | pk e
B ’ k=0 k qn/pPn n /P " [n]qn/Pn
n
. -1 n k n—k
< w(f;5) {1 +38 (Z [ y ] K=k
k=0 an/pn

n\ 1/2
% (ph [k]qn/pn —X>
[n]qn/Pn
— w(f:d) {1 + 57 (Brpman (15%) — 2XBr pr g (£X)

+Xan»Pan (1 ’X) ) ]/2}
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. 1/2
ot {1es (2= )

IA

[Tl qn/pn
1 1/2
= w(f8)T+587" <2(1 —pﬁ)xz + M) .
[n]qn/Pn

1/2

Choosing & = (2(1 —pﬂ)xz + [TG(P/X) ) , we arrive at the statement of our
qan/pPn

theorem. ([l

Theorem 2 If the sequences (pn) and (qn) satisfy 0 < qn < pn < 1 for
n=12,...,andpn—1,qn— 1, pn — 1 as 1 — oo, then

|Bn,Pn,qn(f;X) — Bn,qn/pn (f)x)| < (U(f,] o pg)
for all f € C[0,1] and x € [0, 1].

Proof. Because ’ pkmﬁ—% ‘S T—pc<1—ptfork=01,...,n we

find from (8), (7) and [12, (13)], that

|Bn,pn,qn (f; X) - Bn,qn/pn (f; X)‘

n _ [kl g/ (klq,./
< |: :| Xk“—X)n k f(Pk qn Pn>_f< dn Pn>
é dn/Pn n/ " gu/pn Mg /pn
n
n ) Manspe  Kgns
< [ ] Xk(] —x)" ko0 <f; pk qn/Pn _ 1™ dn/Pn
% k qn/pn n/pn " [n]qn/Pn [n]Qn/Pn
< w(f;1 = pr)Brgu/pn (15%) = W(f; T —pY),
which is the required estimation. O

Remark 1 There exist sequences (pn) and (qn) with the properties enumer-
ated in Theorem 1: pp =1 —ﬁ and gn =1 —n]—_H, n=12...
We also mention, if 0 < qn <pn <1form=12,...,pn — 1 and qn — 1

[n]
Hwand[“&41asnﬁoo.

as . — oo, then [n] RS |
n n

qn/Pn

Remark 2 In [9] and [10] are introduced two different generalizations of the
g-Bernstein polynomials (7) involving (p, q)-integers. The first one does not
preserve even the constant functions, and the second one is a (q/p)-Bernstein
polynomial. Our (p, q)-Bernstein polynomials defined by (6) are different from
the above mentioned generalizations. The advantage of (6) is that it allows us
to introduce the limit (p, q)-Bernstein operator.
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3 Limit (p, q)-Bernstein operator

For q € (0, 1), I’inskii and Ostrovska proved in [4] that for each f € C[0, 1], the
sequence (By q(f;x)) converges to Boo q(f;x) as 1 — oo uniformly for x € [0, 1],
where

xK

Zf]—q T 'H1—qx) if 0<x<1
Boo,q(f; X) = s=0

£(1), if x=1

is the limit gq-Bernstein operator. Wang and Meng [16] proved for all f € C[0, 1]
and x € [0, 1] that

4 1
|Bn,q(f;X) — Boo,q(f; x)| < <2+ In > w(f;qM).
. ! q1—q) 1—gq |
For 0 < q < p < 1, the limit (p, q)-Bernstein operator Buop q : C[0,1] —
Cl[0, 1] is defined as follows:

K+1)k/2, k

> ( S _ 48
21" =g = )< [Klp,q! g p® el

Boop,q(f;x) =

£(1), if x=1.
(13)

Theorem 3 Let p,q € (0,1) be given such that p> < q < p. Then, for every
feClo,1],xe€[0,1] andm =1,2,..., we have

6p* p q\"
IBnp,q(f;X) — Boop,q(f;x)| < (4—|— In >w <f; < .
e 4 alp—q) p—q p

Proof. Due to (13) and (2), we have
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Then, in view of (9) and [16, p. 154, (2.3)], we obtain

; Wik (g;x> = i Woo k (g;x> =1. (15)

k=0

Using (8), (14) and (15), we find

|Bn,p,q (f;x) — Boop,q (%)

IN
M=
S
2
=
7 N
= |a
x
= |a N—

The estimation of Iy : by (1), we have

‘ « Klg/p — (p*—q") ‘: (klq/p
Mlg/p Mlq/p
n n
< Kk k_ _ky.k-nP —d
< \p (P*—q")p P g
for k =0,1,...,n. Hence, by (15),
n
q. ) (  Klg/p k
I < w —x|lw|f — (p*—
1 é " <p F Mlq/p

PPk

(16)

K gfpk nlp,q ‘

(<)
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The estimation of 1 : for k = 0,1,...,n, we have [p* — g* — p™| < p*(1 —
P ) +q* < p*+ q*. Hence, by (12),

[f(p* — g*) — f(p™) < w(f;lp* — g* —p")) <

it
T (3) ) = (T ) e (s ()
‘”(f’ @ \p) )< @ )0 Bp) ) 08

k k k -n n k
) (6) =6) (G) =) (3)
1+ =) == <) +p+ z
< (a/P)™ /) \q P P P\
n q n—k 2\ k -n
- () (G) +(5) )=:6)
P P q P
because p?> < q <p and k =0, 1,...,mn. Then, by (18), we obtain
n k—m n
b= 3 P (G) e (5 BG) e (66))
o P P P
-n n n k
=3(5) 2GS G) P Gor) s ()|
p P o \P P P
2q™ 1

Taking into account the estimation
q1—q) 1-—gq

But

n
> g (@5 %) = Woo(g;%)] <
where 0 < q < 1 (see [16, p. 156, (2.9)]), we find that
2 n
L< P 5, P <f; <q) ) . (19)
qlp—9q) pP—q p

The estimation of I3 : for k > n+1, we have [p*—q*—p™ < p™(1—p* ™) +q* <
p™ + q". Hence, by (12) and p? < q < p, we get

T T e
(o))

IN
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Then, by (15),
(1)) £ (1) ()
=n+

Combining (16)-(17) and (19)-(20), we obtain the statement of the theorem.
U

4 (p,q)-Kantorovich operators

Our (p, q)-Kantorovich operators are defined as follows:

Mm+1 _
Knpg(fix) = -t 1pa Z n(n-1)/2 [ " ] XK1 =ik
P,q

n [k+1]]g,g

P

—k Pyq

* Jpw L w) dg/pthy 1)
Mm+1lp,q

where f € C[0, 1], x [O, 1], n=1,2,..., and the Riemann type g-integral of
f over the interval [a,b] (0 < a <b;0< q< 1) is given by (see [2], [8])

b
Jf(u)d =(1—q)( —an]fa—l— —a)q)). (22)

a

Remark 3 In [15] the (p, q)-integral of f over the interval [0, a] is defined as

L fw) dpqu=(p— qaZ pH! (P”‘)

where 0 < q < p < 1. But ] agé [0, al f0r0<p<1(inthesumthecase

j = 0), thus the function f is not defined at 1a. For this reason we use the
Riemann type (q/p)-integral in (21).

Theorem 4 If the sequences (pn) and (qn) satisfy 0 < qn < pn < 1 for
n=12,...;,andpn—1,qn—1,pp — 1 as 1 — oo, then

K pn,qn (%) — FOX)| < 20 (F; 1/ 0n (%))
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for all £ € C[0,1] and x € [0, 1], where

2
5.(x) = {2(]_]32) Mg, /pn +<1_[ Mg, /pn > _m[n]qnz/pn }

[n+1]qn/pn n+”qn/Pn +]]Qn/Pn
n 1
XX2+3 [ ]qn/pn + > .
o+ Ve 12

Proof. By (21), (3)-(4) and (1), we have

[k+1] /
— [n K Kk —k v m”:/'; R
) — ek
Knpa(fix) =m+1gp > [ k} (1 =x)5 g Jk g T gpu
k=0 q/p PrmETl,
(23)
By simple computations, using (22), we obtain
K kg p
P g p 1dR, = ke Tap — Klap q (24)
M Capt TP T+l
PR, qa/p qa/p
X D‘*”q/‘p
P g wdR = q  Klgp 4 p q (25)
v Mq/p aPT T I+ 1] n+1] p+qmn+1]
W Tlg q/p q/p q/p
and
kg p 2
P i g u2 dR/ u = q ( 2k [k]q/p 2p p¥ [klq/p
(k] q/p - 2
pk[n+]q]illjp M+ g m+15, Ptd m+ g/
q 2 g2~
><[ 1 + = 3 7 . (26)
ntllgp  PPHPA+ A 11
In what follows, taking into account (23)-(26), the proof is similar to the
proof of Theorem 1, therefore we omit the details. O
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