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Abstract. In this paper, we are concerned with the split equality prob-
lem of finding an element in the zero point set of the sum of two mono-
tone operators and in the common fixed point set of a finite family of
quasi- nonexpansive set-valued mappings. Strong convergence theorems
are established under suitable condition in an infinite dimensional Hilbert
spaces. Some applications of the main results are also provided.

1 Introduction

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and
H,, respectively. The split feasibility problem (SFP) was recently introduced
by Censor and Elfving [1] and is formulated as

tofinding x* € C such that Ax* € Q, (1)

where A : Hi1 — H; is a bounded linear operator. Such models were success-
fully developed for instance in radiation therapy treatment planning, sensor
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networks, resolution enhancement and so on [2, 3, 4]. Initiated by SFP, several
split type problems have been investigated and studied, for example, the split
common fixed point problem (SCFP) [5], the split variational inequality prob-
lem (SVIP) [6], and the split null point problem (SCNP) [7]. Many authors
have studied the SFP in infinite-dimensional Hilbert spaces, see, for example,
[8-13] and some of the references therein.

Many nonlinear problems arising in applied areas such as image recovery,
signal processing, and machine learning are mathematically modeled as a non-
linear operator equation and this operator is decomposed as the sum of two
nonlinear operators, see [14-17]. The central problem is to iteratively find a
zero point of the sum of two monotone operators, that is, 0 € (A + B)(x).
Many real world problems can be formulated as a problem of the above form.
For instance, a stationary solution to the initial value problem of the evolution
equation

F Ju
{OE u+ 3 @)

Uy = U(O),

can be recast as the inclusion problem when the governing maximal monotone
F is of the form F = A + B; for more details, see [14] and the references therein.

Let F: H; — 2™ and G : Hy — 2%2 be set-valued mappings with nonempty
values, and let f : Hy — H; and g : Hy — H, be mappings. Then, inspired
by the work in [6], Moudafi [18] introduced the following split monotone vari-
ational inclusion problem (SMVIP):

{ﬁnd x* €H;  such that 0 € f(x*) + F(x*), 3

and such that y* = Ax* € H; solves gly*) + G(y*).

Moudafi [18], present an algorithm for solving the SMVIP and obtain a weak
convergence theorem for the algorithm.

Very recently, Moudafi [19] introduced the following split equality problem.
Let Hi, Hy and H;3 be real Hilbert spaces. Let A: H; — Hs, B: Hy — H;3 be
two bounded linear operators, let C and Q be nonempty closed convex subsets
of H; and H,. The split equality problem (SEP) is to find

xeC yeQ such that Ax = By, (4)

Obviously, if B = I and Hy = H3 then (SEP) reduces to (SFP). This kind
of split equality problem allows asymmetric and partial relations between the
variables x and y. The interest is to cover many situations, such as decomposi-
tion methods for PDEs, applications in game theory, and intensity-modulated
radiation therapy, (see [20, 21]).
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Each nonempty closed convex subset of a Hilbert space can be regarded as
a set of fixed points of a projection. In [22], Moudafi introduced the following
split equality fixed point problem:

Let A : Hi — Hz, B: Hy — Hjz be two bounded linear operators, let
S:Hy; — Hyand T: H; — H; be two nonlinear operators such that Fix(S) # 0
and Fix(T) # (). The split equality fixed point problem (SEFP) is to find

x € Fix(S), vy € Fix(T) such that Ax = By. (5)

Moudafi [22], proposed some algorithms for solving the split equality fixed
point problem. In these algorithms we need to compute norm of the operators,
which is difficult. To solve the split equality fixed point problem for quasi-
nonexpansive mappings, Zhao [23] proposed the following iteration algorithm
which does not require any knowledge of the operator norms:

Theorem 1 Let Hq,Hy and Hs, be real Hilbert spaces, A : Hi — Hiz and
B :Hy — Hz be bounded linear operators. Let S : H1 — Hi and T : Hy — Ho
be quasi-nonexpansive mappings such that S —1 and T — 1 are demiclosed at
0. Suppose Q = {x € Fix(S),y € Fix(T) : Ax = By} # 0. Let {xn} and {yn} be
sequences generated by xo € Hi, Yo € Hz and by

Un = Xn — Yn A" (Axn — Byn)

Xn41 = Brntn + (1 — Bn) S(un),

Wn = Yn + YnB*(Axn — Byn)

Yni1 = Pnwn + (1 — Bn) T(wn), Yn > 0.

Assume that the step-size yn is chosen in such a way that

2|| Axn — Byn||?

n 6 6, — € ,Tl 6 ﬂ
Y € O B o — By P+ A" (Axn — Byl P~ ©

otherwise yn =y (v being any nonnegative value), where the index set TT =
{n: Axn—Byn # 0}. Let{an} C (6,1=08) and{Bn} C (m,1—m) for small enough
&, > 0. Then, the sequences {(xn,Yn)} converges weakly to (x*,y*) € Q.

On the other hand, in the last years, many authors studied the problems of
finding a common element of the set of zero point of the sum of two monotone
operators and the set of fixed points of nonlinear operators, see [24, 25]. The
motivation for studying such a problem is in its possible application to math-
ematical models whose constraints can be expressed as fixed-point problems
and/or variational inclusion problem: see, for instance, [26, 27].
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Now, we consider the following split equality monotone variational inclusions
and fixed point problem:

Let H;, H, and H3, be real Hilbert spaces, A : H1 — Hz and B : Hy — Hz be
bounded linear operators. Let F: H; — 2% and G : H, — 272 be set-valued
mappings with nonempty values, and let f : Hy — H; and g : Hy — H; be
mappings. Let for 1 € {1,2,...,m}, T; : H; — CB(#;) and S; : Ho» — CB(H;)
be two finite family of set valued mappings. We find a point

x € [(Fix(T)()(f+F)'(0), and
i=1

y € [\Fix(S))()(g+G)'(0) such that Ax = By.
i=1

Motivated by the above works, the purpose of this paper is to introduce
a new algorithm for the split equality problem for finding an element in the
zero point set of the sum of two operators which are inverse-strongly mono-
tone and a maximal monotone and in the common fixed point set of a finite
family of quasi-nonexpansive set-valued mappings. Under suitable conditions,
we prove that the sequences generated by the proposed new algorithm con-
verges strongly to a solution of the split equality problem in Hilbert spaces.
Our results improve and generalize the result of Takahashi et al. [11], Moudafi
[18, 22], Censor et al. [6], Zhao [23], and many others.

2 Preliminaries

A subset E C H is called proximal if for each x € H, there exists an element
y € E such that

| x —y ||= dist(x,E) = inf{|| x —z |: z € E}.

We denote by CB(E),CC(E),K(E) and P(E) the collection of all nonempty
closed bounded subsets, nonempty closed convex subsets, nonempty compact
subsets, and nonempty proximal bounded subsets of E respectively. The Haus-
dorff metric h on CB(#H) is defined by

h(A, B) := max{sup dist(x, B), sup dist(y, A)},
XEA yeB

for all A,B € CB(H).
Let T:H — 2" be a set-valued mapping. An element x € H is said to be a
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fixed point of T, if x € Tx. We use Fix(T) to denote the set of all fixed points of
T. An element x € H is said to be an endpoint of a set-valued mapping T if x is
a fixed point of T and T(x) = {x}. We say that T satisfies the endpoint condition
if each fixed point of T is an endpoint of T. We also say that a family of set-

valued mapping T, (1 = 1, 2, ..., m) satisfies the common endpoint condition if
Ti(x) ={x} for all x € N, Fix(Ty).

Definition 1 A set-valued mapping T: H — CB(H) is called
(i) monexpansive if
h(Tx, Ty) < [lx—yll, xye#.

(ii) quasi-nonexpansive if Fix(T) # 0 and h(Tx, Tp) < ||[x —p|| for all x € H
and all p € Fix(T).

(ili) generalized nonexpansive [28] if

h(Tx, Ty) < pdist(x, Tx) + ||x —yll, x,ye€H,

for some n > 0.

It is obvious that every generalized nonexpansive set- valued mapping with
nonempty fixed point set Fix(T) is quasi-nonexpansive.

We use the following notion in the sequel:
e — for weak convergence and — for strong convergence.

Definition 2 Let E be a nonempty subset of a real Hilbert space H and let
T:E — CB(E) be a set-valued mapping. The mapping 1 — T is said to be
demiclosed at zero if for any sequence {xn} in E, the conditions x, — x* and
limy, 00 dist(xn, Txn) = 0, imply x* € Fix(T).

The proof of the following result is similar to the proof of Theorem 3.4 in [29],
and so is not included.

Lemma 1 Let E be a nonempty closed convexr subset of a real Hilbert space
H. Let T: E — K(E) be a generalized nonexpansive set- valued mapping. Then
[ —T is demiclosed in zero.

Lemma 2 [30] Let E be a closed convex subset of a real Hilbert space H.
Let T: E — CB(E) be a quasi-nonexpansive set-valued mapping satisfies the
endpoint condition. Then Fix(T) is closed and convex.
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Given a nonempty closed convex set C C H, the mapping that assigns every
point x € H, to its unique nearest point in C is called the metric projection
onto C and is denoted by Pc; ie., Pc € C and [|x — Pex|| = infyec|x —y|.
The metric projection Pc is characterized by the fact that Pc(x) € C and

(y—"Pc(x)yx —Pc(x)) <0,  VvxeH,yeC.

The metric projection, P¢, satisfies the nonexpansivity condition with Fix(P¢) =
C.

Let f : H — H be a nonlinear operator. It is well known that the Variational
Inequality Problem is to find u € E such that

(fu,v—u) >0, Vv eE. (7)

We denote by VI(E, f) the solution set of (7). The operator f : H — H is called
Inverse strongly monotone with constant § > 0, (f —ism) if

(f(x) — f(y),x —y) > BlIf(x) — )%, Vxye€E.

It is known that if f is - inverse strongly monotone, and A € (0,23) then
Pe (I — Af) is nonexpansive, where Pg is the metric projection onto E.

Let F be a mapping of H into 27. The effective domain of F is denoted
by dom(F), that is, dom(F) = {x € H : Fx # 0}. A multi-valued mapping F
is said to be a monotone operator on H if (u—v,x —y) > 0, for all x,y €
dom(F), u € Fx and v € Fy. Classical examples of monotone operators are
subdifferential operators of functions that are convex, lower semicontinuous,
and proper; linear operators with a positive symmetric part. See, e.g. [31, 32].
A monotone operator F on H is said to be maximal if its graph is not properly
contained in the graph of any other monotone operator on H. For a maximal
monotone operator F on H and 1 > 0, the resolvent of F for ris JI = (I+rF)~":
H — dom(F). This operator enjoys many important properties that make it
a central tool in monotone operator theory and its applications. In particular,
it is single-valued, firmly nonexpansive in the sense that

HIEX_]EUHZ < <X_U>IEX_IEH>> Vx,y € H.
Finally, the set Fix(JF) = {x € H : J'x = x} of fixed points of J} coincides with
F1(0).
Lemma 3 [33] For eachx1,- -+ yXm € H and &1, -+ , &y € [0, 1] with > ;o =
1 the equality

m
loaxy + e 4 mxm[* = Y alballP— ) owoylxi —xf%
i=1 1<i<j<m

holds.
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Lemma 4 [34] Assume that {an} is a sequence of nonnegative real numbers
such that
Qng1 < (1 - 19n)an + Ondn, n > O)

where {9} is a sequence in (0,1) and {dn} is a sequence in R such that
(i) 272y O = oo,
(ii) Hmsup, e dn <0 or Y o2 Pndn| < co.

Then limy_,s0o an = 0.

Lemma 5 [35] Let {Tn} be a sequence of real numbers that does not decrease

at infinity, in the sense that there exists a subsequence (I'n;)j>o0 of (In) such
that Ty; < Tyy41 for allj > 0. Also consider the sequence of integers (T(n))n>n,
defined by

T(n) =max{k <n: T < Nk
Then (T(M))n>n, s a nondecreasing sequence verifying limp 0o T(N) = 00,
and, for all m > nyg, the following two estimates hold:

r"r(n) < rT(n)+1) rn < rT(n)+1-

3 Algorithm and convergence theorem

The main result of this paper is the following.

Theorem 2 Let Hy,Hy; and Hz, be real Hilbert spaces, A : Hi — Hiz and
B :H; — Hz be bounded linear operators. Let f:Hy — Hy and g : Hy — Ha
be respectively oo and B- inverse strongly monotone operators and F,G two
mazimal monotone operators on Hi,Hy. Let for i € {1,2,..,m}, T, : H1 —
CB(#H;1) and Si : Hy — CB(H3) be two finite families of quasi-nonexpansive
set valued mappings such that Si—1 and T,—1 are demiclosed at 0, and S; and Ty
satisfies the common endpoint condition. Suppose Q = {x € (i, Fix(T;) N(f+
A7), y e N Fix(S) g+ G)(0) : Ax = By) # 0. Let {xn) and {yn)
be sequences generated by xo,9 € Hi, Yo, € Ha and by

zZn = Xn — Yn A" (Axn — Byn)

Uy = If\n(l — M f)zn,

Xnt1 = On O+ Pnln + D 1 Onivnii

Wn = Yn + YnB* (Axn — Byn)

th = ]Sn(l — Hng)Wn,

Yntl = Xn C+ Bntn + ZE] dnisSn,i vn >0,
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where v i € Tiun, sni € Sitn and the step-size yn is chosen in such a way
that

2[| Axn *BUnHZ

e),nell
Y € (& 1B iy — Byn) 2 + A" (xn — Bum) 2~ <)

otherwise yn =y (v being any nonnegative value), where the index set TT =
{n: Axn — Byn # 0}. Let the sequences {otn}, {Bn}; {0ni}, {An} and {un} satisfy
the following conditions:

(1) an+PBn+> it 0ni=1, andliminf, Bndyni > 0 for each i €{1,2,...,m},
(i) An} C [a,b] € (0,200) and {sn}  [c, ] C (0,28),

(iii) limp oo n =0, Y 1275 &n = 00

Then, the sequences {(xn,Yn)} converges strongly to (x*,y*) € Q.

Proof. Firstly, we prove that {x,} and {yn} are bounded. Take (x*,y*) € Q.
It is obvious that ];n (x* —Anfx*) = x*. Since the operator ]Kn is nonexpansive
and f is a— inverse strongly monotone we have

[un = X*[1* = [1T5,, (20 — Anfzn) = J5, (X" — Anfx¥)||?
< [[(zn = Anfzn) — (x* — Anfx*)||?
= [|(zn — x*) — An(fzn — £x*)||?
= ||zn — x*||2 — 20 (zn — X5, fzy — X)) + ?\ﬁ”fzn — fx*H2
< lzn — X*I? — 22| fzn — |2 4 A2 || fzn — £x*|?
= [lzn — X*|I* + A (An — 2a0) [ fzn, — FX*||2.

9)

Similarly, we obtain that

Itn = y* 1 < I = Y"1 + o in — 28) [ gwn — gy™*|1*. (10)
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By Lemma 3 and inequality (9), we have

m
I = %2 = flo® + Brttn + Y S ivni — x|
i=1

< o[ = x*|2 + Bullun — x|

m m
+ 3 Bnillvng = F = Y Brbuillvni — tn?
i=1 i=1
o * (12 *|12
= o [0 = X*||* + Brlun — x|

m m
+ Z 5n,idiSt(Vn,i> TiX*)z - Z ﬁnén,invn,i - unHz
i=1

i=1

< o[ = x*|? + Bulfun — x|

" " (11)
+ Z 6n,ih(Tiun> TiX*)z - Z Bnén,iHVn,i - unHZ
i=1

i=1
< o9 = x*[1? + Bl — x|
m m
+ ) Snilun =P = D Budnillvni — nlf?
i=1 i=1
< o9 —xH2 + (1 — o) [l zn — %717
m
— ) Brbduillvai — unl?
i=1
(1 — o) An (An — 200) || fze — Fx*|%.

Similarly, from inequality (10 ) we have

m
1 — Y17 = llom G+ Batn + ) _ Snisns — y*[1?

i=1

o [|C—=y*|I* + Bnlltn — y*|I?
m m

+ Z 6n,i”sn,i - U*Hz - Z Bnén,i”sn,i - thZ
i=1 i=1

< on|C—y* |7+ (1 — o) [wn — y*|I?

m
- Z Bnén,iHSn,i - tn”z

i=1

+ (1 — atn ) pn (1n — ZB)HQWn - QU*HZ'

IN

(12)
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From algorithm (8 ) we have that
lzn —x*1* = xn = YnA* (Axn — Byn) — x*|°
= [en = X1 + YRIIA" (Axn — Byn) |
— 2¥n(xn — x*, A" (Axn — Byn))
— [t = %I V2 A" (A — By (13)
— 2yn (Axy — AX*, (Axn — Byn))
= [ = x*|* + VAl A" (Axn — Byn) [ — vl Axn — Ax*||®
— YnllAxn = Bynl|* + val|Byn — Ax*|%.

By similar way we obtain that

Wi = y* (1> = l[yn + yaB* (Axn — Byn) —y*|I*
= l[yn =" I> + v2ll B*(Axn — Byn) || = vul[Byn — By*||*  (14)
— Ynl[Axn — BUHHZ + Ynl[Axn — BU*H2~
By adding the two last inequalities and by taking into account the fact that
Ax* = By* we obtain
1z — %17+ [l = y* 1 = [lxn = x> + [[yn —y*|?
— Ynl2[|Axn _BUHHZ
~Ynl[IB* (Axn — Byn) | (15)
+ || A* (Axn — Byn)[*))
< Jxn = %117 + yn =y
This implies that
Pt =X+ lyner —y*I1* < (01— o) ([lzn — x|
+ Wi =y |2 + an (9 — x| + 1 —y*|?)
< (1= o) ([xn = x*11% + lyn = y*[17) + o (|8 = x> + 1C = y* 1)
< max{|xn = x> + [[lyn = y* 1% 119 = x*[1 + 1= y*|1*)

(16)

< max{]xo — x> + o — y*II%, 19 — x| + [[c —y* 1P

Thus ||xni1 — X*||> + [[yns1 — y*||* is bounded. Therefore {x,} and {y,} are
bounded. Consequently {z,},{wn},{un} and {v,} are all bounded. From (11),
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(12) and (15) we have that
1+ lynat =y

*12 *|2 *12 *12
X [bwn = y*[17) + o (|9 —x*[17 + 10— y*[|7)

Hxn—H —X

<(1- o‘n)(HZn -
m m

- Z Bnén,iHVn,i - unHz - Z Bnén,iHSn,i - thz
i=1 i=1

— (1T —an) A (200 — Ap)||fzn — fx*||2
— (1= o)1 (2B — pn) [ gwn — gy*||?
< (1= o) (Ixn = X2 + lyn =y 1P + an (0 = x* |2+ [C—y* D) (17)
— (1 = ot ) yn[2]| Axn = Byn||* = yn(||B* (Axn — Bya) |I*
+ || A" (Axn —Byn)||2)]

m m
- Z Bnén,iHVn,i - U—nHz - Z Bnén,iHSn,i - thZ
i=1 i=1

— (1 — o)A (20— An) || fzn — X2
— (1= otn)n (2B — )l gwn — gy* 1%
From above inequality we have that
(1= ot )An (20 = An)|[fzn — 12 < (1 = o) ([Pen = X7 + [[yn — y*|1?)
— [Pt =P = lyner —y* 1> (18)
+ an ([ =2 + 1 —y*[1?)
By our assumption that

2|| Axn — Byn||?
HB* (Axn — Byn) ||2 + [|A* (Axn — Byn) Hz

Yn € —€),

we have that
(Yn + €)1 B*(Axn — BUTL)HZ + [J A" (Axn — BUH)HZ < 2[| Axn — B‘JnH2~
From above inequality and inequality (17) we have that
(1 — ot )ynel||B* (Axn — Byn)||* + A" (Axn — Byn)|1%)
<(1- O‘n)Yn[zH-Axn - BynHz - Yn(HB* (Axn — Byn)Hz
+ || A" (Axn — Byg) [12)] (19)
< (1= o) ([%n = 2+ yn = Y* 13 = [t — X% = [yns
—y* )2 + om0 — x|+ 1T —y*%)
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Put Tw = |xn — x*||2 + [[yn — y*||* for all n € N. We finally analyze the
inequalities (18) and (19) by considering the following two cases.

Case A. Suppose that I,11 < T}, for all n > ng ( for ng large enough). In this
case, since [}, is bounded, the limit limy .o [} exists. Since limp oo n = 0,
from (19) and by our assumption that on {yn} we have

Jim (|8 (Axn — Byn)|* + [[A* (Axn — Byn)[[) = 0.

So we obtain that limp e ||B*(Axn — Byn)|| = 0 and limy e || A*(Axy —
Byy)|| = 0. This implies that limp_0 || AXxn — Byn|| = 0. Also from (18) we
deduce

lm (1 — o) An (26 — An) [ fzn — ¥ = 0

n—oo

By our assumption that {Ay} C [a,b] C (0,2«), we obtain that
TLh—>Holo |[fzn — fx*|| = 0. (20)
By similar argument, from inequality (17) we get that
Jim [lgwn — gy*[| = lim [[vei—unl| = lim [jsp; —ta] =0, (21)
Since dist(un, Tiun) < [[vni — un|| we have

lim dist(un, Tiu,) =0, 1e{1,2,...,m} (22)

n—oo

Similarly, from (21) we arrive at

lim dist(tn,Sitn) =0, 1e{1,2,...,m} (23)

n—oo

By using the firm nonexpansivity of ]Kn and noticing that ]Kn (x* —Anfx*) =
Xx* we obtain

[ = |12 = 5, (20 = Anfzn) =I5, (" = Anf) |
< ((zn = Anfzn) = (X" = Aufx*), I3, (20 — Anfzn) = 3, (X = Anfx"))
] * * *
= 5 ll(zn = Anfzn) = (X" = Afx)|P + 3, (20 — Anfzn) = x|

— [l(zn — Anfzn) — (x* = Anfx*) — (J5, (zn — Anfza) — x*)|1%)
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< 3z =% 4 75, (zn — Anfzn) 2
— llzn = J§, (20 — Anfzn) — An(fzn — £x%)|1%)
= 2 Uz = 1P+ 75 zn — Anzn) =)
lzn—TE. (2 — Anfz)|P)
+ 20 (zn — 8 (20 — Anfzn), fzn — X*) — A3 [z — Fx*[2).

Which implies that

lun = x*[21], (20— Anfzn) — x|
< lzn =% =z = J§, (20 — Anfza) |

+ 22 (zn — ]f\n(zn — Anfzn), fzn — %) — A2 ||fz — fx*||%

Utilizing Lemma 3 and inequality (25) we get

m
Pnsr = X" = o ® + Brttn + Y_ S ivn i — x|

i=1

m
canl 9 — X7+ B Jun — 2 Y St [vs — x*

i=1

IN

m
< ot |9 = X2 4 Ballun — X [P+ D Snifun — x4
i=1
< ot ||O — x*||2 + (1 — o) |Jun — x*||2
< o [0 = x*|2 4 (1 — o) | zn — x|
— (1= an)llzn = T, (20 — Anfz) ||
+2(1 = on)An(zn — I, (20 — Anfzn), fzn — x¥)
— (1 = o)A || fzp — fx*||?
< a9 = x*[F 4 (1= o) [|zn — x*|?
— (1= o) llzn — Ji, (20 — Anfza) |I?
+2(1 = an)Anllzn — T, (20 — Anfza) ||| fzn — 7.

By similar argument we obtain

(24)

(25)

(26)
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m
[Ynst —*I1* = llon ¢+ Brtn + ) Snisni —y*|I°
i=1
< oml|C =y 17+ (1= o) [wn — y*|? (27)
= (1= o) [wa = T, (Wn — pngwa) |
+2(1 — o) pn [ wn — I, (Wn — tngwn)[|[gwn — gy* |-
By adding the inequality (26) and the inequality (27) we get
Penr = X112+ l[ynst —y*1?
< (1= o) ([ = x*[17 + lyn = y*[17) + o (|3 = x> + 1€ = y*|1*)
— (1= o) || (zn — I}, (20 — Anfzn)|? 28)
— (1= o) [[(wn = J§, (Wi — tngwn)||®
+2(1 = otn)Anllzn = J§, (20 — Anfzn)[[|fzn — x|
+2(1 = o) [wn = T, (W — tagwa) [[[lgwn — gy*||.
Consequently,

(1 — o) |lzn— T4 (zn — Anfza)||* < Tn = Tnsr + o (|9 — x* |2+ 12— y*|1%)
+2(1 = o)Az = 3, (20 = Anfzn) [ fzn — 7] (29)
+2(1 — o) [wn = I, (W — tngwa) [[[lgwn — gy*||.

This implies that

Jimlzn — ]} (zn — Anfza)| = 0. (30)

By similar argument we obtain

dim[Jwn —Ji, (Wa — pngwy)[| =0 (31)
Since ||zn — xn|| = Y|l A* (Axn — Byyn)|| and {yn} is bounded, we have
Jim_ [z = x| =0. (52)

From (30) and (32) we have
|Xn —unl|| < |[xn —zn||+ |zZn —unl| = 0, as n — oco.

Therefore

m

X1 =xnll < &n |9 —=Xn ||+ Bl tn —Xn |l +Z Oniflvni—xnl = 0, asm — oo.

i=1

(33)
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Similarly we have that limn e [[Yynt1 —ynl| = 0.
Now we claim that (W, (Xn), Ww(yn)) C Q, where

Ww(xn) ={x € H1 : xn, — x for some subsequence {xn, } of {xn}}.

Since the sequences {xn} and {yn} are bounded we have w,,(xn) and wyy(yn)
are nonempty. Now, take X € wy(xn) and Y € wy(yn). Thus, there exists a
subsequence {xn,} of {xn} which converges weakly to X. Without loss of gen-
erality, we can assume that x, — X. Now, we are in a position to show that
X € (f + F)71(0). Since limn o0 ||zZn — Xn|| = 0, we have z, — X. By our
assumption that f is o~ inverse strongly monotone mapping we have

(zn =X, fzn — %) 2 o fzn — ]

Now, from z, — X we deduce fz, — fX. From u, = ]Kn(zn — Anfzn), we have

zn — Anfzn € (I + AnF)u,, hence % — fz, € Fu,. Since F is monotone, we
get, for any (u,v) € F that
Zn — U
Up —u, T —fz, —V) >0
An
Since limy 00 ||Zn — Un|] = 0, we have u, — X. Now above inequality implies

that
(x—u,—fx—v) >0.

This gives that —fX € FX, that is 0 € (f+F)X. This proves that X € (f+F)~'(0).
By similar argument we can obtain that § € (g + G)~'(0). Next we show that
X € Ni&, Fix(T;) and y € N, Fix(Si). Since limpy_oo dist(Tiun, uy) = 0 and
Un — X, noticing the demiclosedness of T;—1 in 0, we get that X € Fix(T;) ( for
each i € {1,2,...,m}). By similar argument we obtain that § € (%, Fix(S;). On
the other hand, Ax — BY € wy,(Axn — By ) and weakly lower semi continuity
of the norm imply that

| AR — By < lim inf || Axy — By = 0.
n—oo

Thus (X,y) € Q. We also have the uniqueness of the weak cluster point of {xy}
are {yn}, (see [23] for details) which implies that the whole sequences {(xn,yn)}
weakly convergence to a point (X,7) € Q. Put C = (", Fix(T;) N(f + F)~'(0)
and Q = (™, Fix(Si) N(g+G)~1(0). Next we prove that the sequences {(xn, Yn)}
converges strongly to (%, (*) where 9* = Pcd and ¢* = Pq (. First we show
that

lim supp 00 (& — 9%, % — 9) < 0. (34)
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To show this inequality, we choose a subsequence {xn, } of {xn} such that

lim (& — %, xp, — V") = limsup(d — 9, x, — ).

k—o0 n—o00

Since {xn, } converges weakly to X, it follows that

lim sup(® — 9%, xn —9*) = lim (& — 9%, %y, — ") = (B -9, x—9*) <0. (35)

n—oo k—o0

By similar argument we obtain that
lim supn—00(C — ¢, yn — *) < 0. (36)

From the inequality, ||x +yl|* < [Ix[|* + 2(y,x +y), (Vx,y € H1), we find
that

m
[t = 9417 < [[Bnn + ) Snivai — (1 — o)1 + 200 (8 — 9%, xp 1 — 9%)
i=1

Bn Z‘:] Oni 2
= (1 — x 2 L LS 2 B LY S
( Tl) || (] n) n (] n) n,t ||

+ 206, (O — ¥, xp 1 — )

m
< Bn“ - (Xn)”un - ‘9*H2 + Z 671,1(1 - (Xn)HVn,i - ‘9*H2

i=1

+ 2060 (9 — 9%, Xnp1 — O%)

m
= (1 —o)(Bn + Z 6n,i)||un _19*”2 + 20(n<‘9 - 1(}*axn+1 - 8*>
i=1

< (1= an)?|[un — 0% + 206 (& — 9%, xpp1 — D).

Similarly we obtain that
lyner = 17 < (1= on)[ltn = 12 + 20 (C = Ty ynir = ). (37)
By adding the two last inequalities we have that
Penst =9[>+ [fyns1 — ¢
< (1= o) ([ = %[> + lyn — 1) (38)
+ 2o (8 = 9%, xng1 — 9%) + (C— T, ynga — ).
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It immediately follows that
Mt < (1= o) T + 20mMn
= (1= 20) T + 0T + 20T
< (1= 200) T + 20 { %3N + 1)
< (1 =pn)ln+ pndn,

(39)

where 1, = (8 — 9%, Xnp1 — ) + (L — T Yni1 — ), N = sup{||xn — x*||2 +
lyn —y*|I> : 1 > 0}, pn = 2, and &, = “EN + 1. It is easy to see that p, —
0,> o2 pn = 00 and limsup,,_,, 6n < 0. Hence, all conditions of Lemma 4 are
satisfied. Therefore, we immediately deduce that lim;, o I7, = 0. Consequently
limn 00 [[Xn — 9| = limn 00 [[yn — C*|] = 0, that is (xn,yn) — (9%, ).

Case B. Assume that {I,} is not a monotone sequence. Then, we can define
an integer sequence {t(n)} for all n > ngy (for some ng large enough) by

T(n) =max{k <n:Tx <Nk

Clearly, T is a nondecreasing sequence such that t(n) — oo as n — oo and for
all n > no, Ty < Tny41- From (17), we deduce

Fet1 =Ty < o (9 —=0% 12+ [[o = T [1*) — otn ([ —*[1*+ [[lyn — C*1*). (40)
Since limp 00 &y = 0 and {yn} and {x,} are bounded, we derive that

lim (rT(n)-H - r’t(n)) =0. (41)

n—o0
Following an argument similar to that in Case A we have
Frm+1 < (1= ) Tem) + Pe(n)Ox(n))
where lim sup,, o, dr(n) < 0. Since Iyy) < Tyn)41, we have
Pe(n) Fen) = Pr(n)dx(n)-
Since prm) > 0 we deduce that
Fen) < Oafn)-

Hence limp 00 I(ny) = 0. This together with (41), implies that limy o0 Feny+1 =
0. Applying Lemma 5 to get

0 < T < max{Tym), Mt} < Ty (42)
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Therefore (xn,yn) — (9%, ¢*). This completes the proof.
]

As a consequence of our main result we have the following theorem for single
valued mappings.

Theorem 3 Let Hy,Hy and Hs, be real Hilbert spaces, A : Hi — Hiz and
B:Hy — Hs be bounded linear operators. Let f:Hy — Hy and g : Hy — Ha
be respectively oo and P- inverse strongly monotone operators and F, G two
mazximal monotone operators on Hi, Ha. Let fori e {1,2,...m}, T, : H1 — H;
and Sy : Hy — Ha be two finite families of quasi-nonexpansive mappings such
that Si—1 and Ti—1 are demiclosed at 0. Suppose Q = {x € %, Fix(Ty) N (f+
F10), ye N Fix(S)N(g+ G)1(0) : Ax = By} # 0. Let {xn} and {yn}
be sequences generated by xo0,9 € Hi, Yo, € Ha and by

zZn = Xn — YnA* (Axn — Byn)

Un = I}, (I = Anf)zn,

Xnt1 = On O+ Pnun + 2 g dniTitn

Wn = Yn + YnB*(Axn — Byn)

th = ]Sn(l — Hng)Wn,

Yntl = n G+ Bntn + D 10  OniSitn Yn > 0.

Let the sequences {yn}, {otn}, {Bn}A0ni}, {An} and {un} satisfy the conditions of
Theorem 3.1. Then, the sequences {(xn,Yn)} converges strongly to (x*,y*) € Q.

Now, let T: H — P(H) be a set- valued mapping and let
Pr(x) ={y € Tx: ||x —y| = dist(x, Tx)}, x € H.

It can be easily seen Fix(T) = Fix(Pt). From this we have the following theo-
rem.

Theorem 4 Let Hy,Hy; and Hz, be real Hilbert spaces, A : Hi — Hiz and
B :Hy — Hz be bounded linear operators. Let f:Hy — Hy and g : Hy — Ha
be respectively o« and 3- inverse strongly monotone operators and F, G two max-
imal monotone operators on Hi, Ha. Let fori e {1,2,...,m}, T, : H1 — CC(H;)
and Si : Hy — CC(H;) be two finite families of set valued mappings such that
Ps. : H1 — Hy and Pr, : Hy — H are generalized nonexpansive. Suppose

Q={xe N, Fx(T) N+ F)7'0), ye N, Fix(Si) N(g + G)'0): Ax =
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By} # 0. Let {xn} and {yn} be sequences generated by xo,d € H1, Yo, € Hz
and by

zZn = Xn — YnA*(Axn — Byn)

Up =I5 (I = Anf)zn,

Xnt1 = On O+ PnUn + D g OniPrun

Wn = Yn + YnB*(Axn — Byn)

th = Iﬁn(l — Hng)Wn,

Unil = 0n G4 Bntn + 210 On,iPs tn Yn > 0.

Let the sequences {yn}, {otn}, {Bn}i0n i}, {An} and {un} satisfy the conditions of
Theorem 3.1. Then, the sequences {(xn,Yn)} converges strongly to (x*,y*) € Q.

Remark 1 In [11], Takahashi et al. present some algorithms for generalized
split feasibility problem for finding fixed point of nonlinear single valued map-
pings and the zero point of a maximal monotone operator. They proved some
weak convergence theorems for finding a solution of the generalized split feasi-
bility problem. In this paper we present an algorithm for solving split equality
problem for finding common fixed point of a finite family of quasi-nonexpansive
set-valued mappings and the zero point of the sum of two monotone operators.
Our algorithm do not require any knowledge of the operator norms. We also
present a strong convergence theorem which is more desirable than weak con-
vergence.

Remark 2 In [23], Zhao present a weak convergence theorem for solving split
equality fized point problem of quasi-nonexpansive mapping (see theorem 1.1 of
this paper). In this paper we extend the result for solving split equality common
fized problem of a finite family of quasi-nonexpansive set valued mappings. We
also present a strong convergence theorem which is more desirable than weak
convergence.

Remark 3 Moudafi [18] and Censor et al. [6] present some algorithms for
solving the split monotone variational inclusion problem. They establish some
weak convergence theorems for these algorithms. In this paper we present an
algorithm for split equality monotone variational inclusion problem. Our algo-
rithm do not require any knowledge of the operator norms. We also present a
strong convergence theorem which is more desirable than weak convergence.
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4 Application

In this section, using Theorem 3.1, we can obtain well-known and new strong
convergence theorems in a Hilbert space.

Variational inequality

Let H be a Hilbert space, and let h be a proper lower semicontinuous convex
function of H into R. Then the subdifferential 0h of h is defined as follows:

Oh(x) ={z € H:h(x) + (z,u—x) < h(u),Vu € H}

for all x € H. From Rockafellar [31] , we know that 0h is amaximal monotone
operator. Let C be a nonempty closed convex subset of H, and let ic be the
indicator function of C, i.e.,

fe(x) = 0, if x € C, (45)
T oo, ifx ¢ C

Then, ic is a proper lower semicontinuous convex function on H. So, we can
o1 . .
define the resolvent operator J;'¢ of ic for r > 0, i.e.,

%ic(x) = (I4+10ic) ' (x), xeH.

We know that ]?ic (x) = Pcx for all x € H and v > 0; see [32]. Moreover, for
the single valued operator f: H — H we have

x € (dic +)7'(0) & x € VI(C, f).

Theorem 5 Let Hq,Hy and Hz, be real Hilbert spaces, A : H1 — Hiz and
B :Hy; — Hz be bounded linear operators, and let C and Q, be two nonempty
closed conver subsets of Hi and Hj, respectively. Let f : Hi — Hi and
g : Hy — Hy be respectively o« and B- inverse strongly monotone opera-
tors. Let for i € {1,2,...,m}, T, : H1 — K(H1) and S; : Hy — K(H3)
be two finite families of generalized nonexpansive set-valued mappings such
that Sy and Ty satisfies the common endpoint condition. Suppose Q = {x €

Nt Fix(Ty) O VI(C, f), y € N&, Fix(Si) N VI(Q,g) : Ax = By} # 0. Let
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{xn} and {yn} be sequences generated by xo,d € H1, Yo, € Ha and by

Zn = Xn — YnA*(Axn — Byn)

Up = Pc(I—Anf)zy,

Xnt1 = 0 D+ Prltn + > 1 Snivni

Wn = Yn + YnB*(Axn — Byn)

th = Po(I — pung)wn,

Ynil = 0n G4 Brtn + 210 OnisSni vn > 0,

where v i € Tiun, sni € Sitn. Let the sequences {yn}, {on}, {Bn}, {8ni}, {An}
and {un} satisfy the conditions of Theorem 3.1. Then, the sequences {(Xn,Yn)}
converges strongly to (x*,y*) € Q.

Equilibrium problem

Let C be a closed convex subset of a real Hilbert space H. Let @ be a bifunction
from C x C to R. The equilibrium problem for @ is to find x* € C such that

O (x*,y) >0, Yy € C. (47)

The set of such solutions x* is denoted by EP(®D).

It has been a connection between the equilibrium problem and the related
problems in applied sciences such as variational inequalities, optimal theory,
complementarity problems, Nash equilibrium in game theory and so on (see
[36, 37]). In other words, numerous problems in physics, optimization, and
economics can be nicely reduced to find a solution of (47) as well. In the recent
years iterative algorithms for finding a common element of the set of solutions
of equilibrium problem and the set of fixed points of nonlinear mappings have
been studied by many authors (see, e.g., [38-42]).

For solving the equilibrium problem, let us assume that the bifunction ©
satisfies the following conditions:

(A1) ©(x,x) =0 for all x € C,
(A2) @ is monotone, i.e., (x,y) + O (y,x) <0, for any x,y € C,
(A3) for each x,y,z € C,

limsup @ (tz + (1 —t)x,y) < O(x,y),

t—0+
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(A4) for each x € C, y — ®(x,y) is convex and lower semi-continuous.

We know the following lemma which appears implicitly in Blum et al. [36] and
Combettes et al. [37].

Lemma 6 [36, 37] Let C be a nonempty closed convex subset of H and let @
be a bifunction of C x C into R satisfying (A1) — (A4). Let r > 0 and x € H.
Then, there exists z € C such that

1
(D(z,y)—k;(y—z,z—x)ZO Wy € C.
Further, if
1
UPx ={ze C:D(z,y) + ~( —z,z—x) > 0,Wy € C.

Then, the following hold:
(i) U® is single valued and firmly nonexpansive;
(ii) Fix(U®) = EP(D);

(iii) EP(®) is closed and convez.

We call such U® the resolvent of ® for r > 0. Using above lemma, we have
the following lemma, see [24] for a more general result.

Lemma 7 [24] Let C be a nonempty closed convex subset of H and let @ be a
bifunction of C x C into R satisfy (A1)—(A4). Let Be be a set-valued mapping
of H into itself defined by

B(D(X):{{ZG’H:(D(X»U)+<1J—X,Z>>O, VyeCl VxeC (48)

0, Vx¢C.

Then EP(®) = B; (0) and By is a maximal monotone operator with dom(Bg) C
C. Furthermore, for any x € H and v > 0, the resolvent UL of @ coincides
with the resolvent of By, i.e.,

UL (x) = (I+7Bo) " (x).

Form Lemma 4.3 and Theorems 3.1 we have the following results.
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Theorem 6 Let Hi,H; and Hz, be real Hilbert spaces, A : Hi — Hiz and
B :Hy — Hs be bounded linear operators, and let C and Q, be two nonempty
closed conver subsets of Hi and H;, respectively. Let ® : C x C — R and
Y:Q x Q — R be functions satisfying conditions (A1) — (A4). Let for i €
{,2,...,m}, Ty : Hy — K(Hy) and S; : Hy — K(Hz) be two finite families
of generalized nonexpansive set-valued mappings such that S; and T, satisfies
the common endpoint condition. Suppose Q ={x € (%, Fix(T;) EP(®),y €
Nty Fix(Si) NEP(Y) : Ax = By} # 0. Let {xn} and {yn} be sequences generated
by x0,d € H1, Yo,C € Hy and by

Zn = Xn — YnA*(Axn — Byn)

un = UP zp,

Xnt1 = 0 D+ Prltn + D 1 dnivni

Wn = Yn + YnB*(Axn — Byn)

th = Ug)nwn,

Yntl = Xn G+ Bntn + Zln; dn,isSn,i vn >0,

(49)

where v i € Tilln, Sni € Sitn. Let the sequences {yn}, {otn}, {Bn}, and {dn} sat-
isfy the conditions of Theorem 8.1. Assume that liminf, v, > 0 and liminf, Kk, >
0. Then, the sequences {(xn,Yn)} converges strongly to (x*,y*) € Q.

Proof. For the bifunctions ® : CxC - Rand ¥ : QxQ — R we can define By
and By in Lemma 7. Putting F = Bp and G = By in Theorem 3.1, we obtain
from Lemma 7 that uSi (x) = (I+11Bg) ' (x) and U.\Ifn (x) = (I 4 knBy) ' (x).
Thus by setting f = g = 0, we obtain the desired result by Theorem 3.1. O

Numerical example

Let Hy = Hy; = H3 = R. For each x € R define set- valued mappings T; and S;
as follows:

0, x <0
X
Tix = [0> E]) TZ(X) = [O) %]) 0<x<3
1,21 x>3,
and N N
S]X = [0, g], SZX = [O, E].

It is easy to see that T, is generalized nonexpansive mapping and Ty, S1, S, are
nonexpansive mappings. We put C = Q = [0,00) and define the bifunctions



Split equality monotone variational inclusions 117

O:CxC—o-Rand¥:Q x Q — R as follows:
O =y +xy — 2%, Y =x(y—x).
We observe that the functions ® and ¥ satisfying the conditions (A1) — (A4).

We also have U = 57 and u! = 7+ Also we define Ax = 2x and Bx = 3x,

hence A*x = 2x and B*x = 3x. Put o, = n%r], Brn =0n1 =02 = ﬁ,rn =

kn =1 and vy, = 15. Then these sequences satisfy the conditions of Theorem
4.4. We have the following algorithm:

Zn = Xn — YnA* (Axn — Byn) = 3xn + yn,
Un = UT(EIZ'TL = %)

Xnt1 = ‘Xn‘(} + Bnun + 5n,1vn,1 + 6n,Zvn,Z
Wn =Yn + YnB* (Axn — Byn) = xn — %yn,
th = UcKann = e,

Ynt1 = 0n C+ Prtn +0n18n,1 + 0n 2802 vn > 0.

(50)

Taking (X())yO) = (1»1)38 =(=2, Vn,1 =Vn2 = u?n and Sn,1 = Sn2 = %‘a we
have the following algorithm:

1
Zn = 3Xn + Yn,
Z X
NP (x| ()
_ 2 n _ 2 n)Xn n)Yn
Xntl = 757 T s Un = 237 1 1801180 T eonte0 (51)
1
Wn = Xn — 3Yn,

t, = Wn _ Xn __ Un
n=72 =7 )

_ 2 n 2 (TM)xn (M) yn
Yntl = 557 T T5nat5tn = 737 T 300430 — 60n460 vn > 0.

We observe that, {(xn,yn)} is convergent to (0,0). We note that Q ={(0,0)}.
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