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Abstract. An important tool for the construction of framelets on lo-
cal fields of positive characteristic using unitary extension principle was
presented by Shah and Debnath [Tight wavelet frames on local fields,
Analysis, 33 (2013), 293-307]. In this article, we continue the study of
framelets on local fields and present a polyphase matrix characterization
of framelets generated by the extension principle.

1 Introduction

Along with the study of wavelet bases, there had been a continuing research
effort in the study of tight wavelet frames (framelets) and have gained consid-
erable popularity in recent times, primarily due to their substantiated appli-
cations in diverse and widespread fields of science and engineering. A framelet
is a generalization of an orthonormal wavelet basis by introducing redundancy
into a wavelet system. By sacrificing orthonormality and allowing redundancy,
the framelets become much easier to construct than the orthonormal wavelets.
The main tool for construction and characterization of wavelet frames are
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the several extension principles, the unitary extension principle and oblique
extension principle as well as their generalized versions, the mixed unitary
extension principle and the mixed oblique extension principle. They provide
sufficient conditions for constructing tight and dual wavelet frames for any
given refinable function which generates a multiresolution analysis (MRA).
These essential methods were firstly introduced by Ron and Shen in [8] and
in the fundamental work of Daubechies et al. [2] for scalar refinable functions.
The resulting tight wavelet frames are based on a multiresolution analysis, and
the generators are often called framelets. To mention only a few references on
tight wavelet frames, the reader is referred to [3], [5]-[7] and many references
therein.

A field K equipped with a topology is called a local field if both the additive
K+ and multiplicative groups K∗ of K are locally compact Abelian groups.
For example, any field endowed with the discrete topology is a local field. For
this reason we consider only non-discrete fields. The local fields are essentially
of two types (excluding the connected local fields R and C). The local fields
of characteristic zero include the p-adic field Qp. Examples of local fields of
positive characteristic are the Cantor dyadic group and the Vilenkin p-groups.
Even though the structures and metrics of local fields of zero and positive
characteristics are similar, their wavelet and multiresolution analysis theory
are quite different.

The local field K is a natural model for the structure of wavelet frame sys-
tems, as well as a domain upon which one can construct wavelet basis func-
tions. There is a substantial body of work that has been concerned with the
construction of wavelets on local fields or more generally on local fields of
positive characteristic. For example, L. Benedetto and J. Benedetto [1] devel-
oped a wavelet theory for local fields and related groups. They did not develop
the multiresolution analysis (MRA) approach, their method is based on the
theory of wavelet sets and only allows the construction of wavelet functions
whose Fourier transforms are characteristic functions of some sets. Jiang et al.
[4] pointed out a method for constructing orthogonal wavelets on local field
K with a constant generating sequence and derived necessary and sufficient
conditions for a solution of the refinement equation to generate a multires-
olution analysis of L2(K). Subsequently, tight wavelet frames on local fields
of positive characteristic were constructed by Shah and Debnath [15] using
extension principles. More precisely, they provide a sufficient condition for fi-
nite number of functions {ψ1, ψ2, . . . , ψL} to form a tight wavelet frame for
L2(K) and established a complete characterization of tight wavelet frames on
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local fields by virtue of the modulation matrixM(ξ) =
{
h`
(
pξ+ pu(k)

)}q−1
`,k=0

formed by the framelet symbols m`(ξ), ` = 0, 1, . . . , L associated with the scal-
ing function φ(x) and basic wavelets ψ`(x), 1 ≤ ` ≤ L. The characterizations
of tight wavelet frames on local fields were completely established by Shah and
Abdullahb [12] by virtue of two basic equations in the Fourier domain. These
studies were continued by Shah and his colleagues in [9]–[14], where they have
provided some algorithms for constructing wave packet frames, framelet pack-
ets, semi-orthogonal wavelet frames and periodic wavelet frames on local fields
of positive characteristic.

Drawing inspiration from the construction of framelets on local fields of
positive characteristic, in this article, we firstly provide the polyphase rep-
resentation of the framelet symbols m`(ξ), ` = 0, 1, . . . , L and then, estab-
lish a complete characterization of framelets on local fields in terms of the

polyphase matrix P(ξ) =
{
f`r
(
ξ
)}q−1
`,k=0

formed by the polyphase components

f`r, r = 0, 1, . . . , q− 1 of the framelet symbols m`(ξ).
The rest of this paper is organized as follows. In Section 2, we discuss some

preliminary facts about local fields of positive characteristic and review some
major concepts concerning framelets on local fields. In Section 3, we prove the
main result of our paper, shows that a unitary polyphase matrix leads to a
tight wavelet frame on local fields of positive characteristic.

2 Preliminaries on local fields

Let K be a field and a topological space. Then K is called a local field if both
K+ and K∗ are locally compact Abelian groups, where K+ and K∗ denote the
additive and multiplicative groups of K, respectively. If K is any field and is
endowed with the discrete topology, then K is a local field. Further, if K is
connected, then K is either R or C. If K is not connected, then it is totally
disconnected. Hence by a local field, we mean a field K which is locally compact,
non-discrete and totally disconnected. The p-adic fields are examples of local
fields. We use the notation of the book by Taibleson [16]. In the rest of this
paper, we use the symbols N,N0 and Z to denote the sets of natural, non-
negative integers and integers, respectively.

Let K be a local field. Let dx be the Haar measure on the locally compact
Abelian group K+. If α ∈ K and α 6= 0, then d(αx) is also a Haar measure. Let
d(αx) = |α|dx. We call |α| the absolute value of α. Moreover, the map x→ |x|

has the following properties:
(a) |x| = 0 if and only if x = 0;



Polyphase matrix characterization of framelets on local fields . . . 251

(b) |xy| = |x||y| for all x, y ∈ K;
(c) |x+ y| ≤ max {|x|, |y|} for all x, y ∈ K.
Property (c) is called the ultrametric inequality. The set D = {x ∈ K : |x| ≤ 1}

is called the ring of integers in K. Define B = {x ∈ K : |x| < 1}. The set B is
called the prime ideal in K. The prime ideal in K is the unique maximal ideal
in D and hence as result B is both principal and prime. Since the local field
K is totally disconnected, so there exist an element of B of maximal absolute
value. Let p be a fixed element of maximum absolute value in B. Such an
element is called a prime element of K. Therefore, for such an ideal B in D,
we have B = 〈p〉 = pD. As it was proved in [16], the set D is compact and
open. Hence, B is compact and open. Therefore, the residue space D/B is
isomorphic to a finite field GF(q), where q = pk for some prime p and k ∈ N.

Let D∗ = D\B = {x ∈ K : |x| = 1}. Then, it can be proved that D∗ is a group
of units in K∗ and if x 6= 0, then we may write x = pkx′, x′ ∈ D∗. For a proof
of this fact we refer to [16]. Moreover, each Bk = pkD =

{
x ∈ K : |x| < q−k

}
is a compact subgroup of K+ and usually known as the fractional ideals of
K+. Let U = {ai}

q−1
i=0 be any fixed full set of coset representatives of B in D,

then every element x ∈ K can be expressed uniquely as x =
∑∞̀

=k c`p
` with

c` ∈ U . Let χ be a fixed character on K+ that is trivial on D but is non-
trivial on B−1. Therefore, χ is constant on cosets of D so if y ∈ Bk, then
χy(x) = χ(yx), x ∈ K. Suppose that χu is any character on K+, then clearly
the restriction χu|D is also a character on D. Therefore, if {u(n) : n ∈ N0} is a
complete list of distinct coset representative of D in K+, then, as it was proved
in [16], the set

{
χu(n) : n ∈ N0

}
of distinct characters on D is a complete

orthonormal system on D.
The Fourier transform f̂ of a function f ∈ L1(K) ∩ L2(K) is defined by

f̂(ξ) =

∫
K

f(x)χξ(x)dx. (1)

It is noted that

f̂(ξ) =

∫
K

f(x)χξ(x)dx =

∫
K

f(x)χ(−ξx)dx.

The properties of the Fourier transform on the local field K are quite sim-
ilar to those of the Fourier analysis on the real line (See Taibleson [16]). In
particular, if f ∈ L1(K) ∩ L2(K), then f̂ ∈ L2(K) and

∥∥f̂∥∥
2
=
∥∥f∥∥

2
.

We now impose a natural order on the sequence {u(n)}∞n=0. We have D/B ∼=
GF(q) where GF(q) is a c-dimensional vector space over the field GF(p). We
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choose a set {1 = ζ0, ζ1, ζ2, . . . , ζc−1} ⊂ D∗ such that span {ζj}
c−1
j=0

∼= GF(q). For
n ∈ N0 satisfying

0 ≤ n < q, n = a0+a1p+· · ·+ac−1pc−1, 0 ≤ ak < p, and k = 0, 1, . . . , c−1,

we define
u(n) = (a0 + a1ζ1 + · · ·+ ac−1ζc−1) p−1. (2)

Also, for n = b0 + b1q + b2q
2 + · · · + bsqs, n ∈ N0, 0 ≤ bk < q, k =

0, 1, 2, . . . , s, we set

u(n) = u(b0) + u(b1)p
−1 + · · ·+ u(bs)p−s. (3)

This defines u(n) for all n ∈ N0. In general, it is not true that u(m + n) =
u(m)+u(n). But, if r, k ∈ N0 and 0 ≤ s < qk, then u(rqk+s) = u(r)p−k+u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and
{u(`) + u(k) : k ∈ N0} = {u(k) : k ∈ N0} for a fixed ` ∈ N0. Hereafter we use
the notation χn = χu(n), n ≥ 0.

Let the local field K be of characteristic p > 0 and ζ0, ζ1, ζ2, . . . , ζc−1 be as
above. We define a character χ on K as follows:

χ(ζµp
−j) =

{
exp(2πi/p), µ = 0 and j = 1,
1, µ = 1, . . . , c− 1 or j 6= 1. (4)

Since
⋃
j∈Z p

−jD = K, we can regard p−1 as the dilation and since {u(n) : n
∈ N0} is a complete list of distinct coset representatives of D in K, the set
Λ = {u(n) : n ∈ N0} can be treated as the translation set. Note that Λ is a
subgroup of K+ and unlike the standard wavelet theory on the real line, the
translation set is not a group.

For given Ψ :=
{
ψ1, . . . , ψL

}
⊂ L2(K), define the wavelet system

W(ψ, j, k) :=
{
ψ`j,k : 1 ≤ ` ≤ L, j ∈ Z, k ∈ N0

}
(5)

where ψ`j,k = qj/2ψ`
(
p−j · −u(k)

)
. The wavelet system W(ψ, j, k) is called a

framelet system, if there exist positive numbers 0 < A ≤ B <∞ such that

A
∥∥f∥∥2

2
≤

L∑
`=1

∑
j∈Z

∑
k∈Z

∣∣∣〈f, ψ`j,k〉∣∣∣2 ≤ B∥∥f∥∥22, for all f ∈ L2(K). (6)

The largest A and the smallest B for which (6) holds are called wavelet frame
bounds. A wavelet frame is a tight wavelet frame if A and B are chosen such that
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A = B and then generators ψ1, ψ2, . . . , ψL are often referred as tight framelets.
If only the right-hand inequality in (6) holds, then the system W(ψ, j, k) is
called a Bessel sequence.

The construction of framelet systems often starts with the construction of
a multiresolution analysis (MRA), which is built on refinable functions. A
function φ ∈ L2(K) is called refinable if it satisfies a refinement equation:

φ(x) =
√
q
∑
k∈N0

hkφ
(
p−1x− u(k)

)
, (7)

for some {hk : k ∈ N0} ∈ l2(N0). In the frequency domain, (7) can be written
as

φ̂
(
ξ
)
= m0(pξ)φ̂(pξ), (8)

where

m0(ξ) =
1
√
q

∑
k∈N0

hk χk(ξ), (9)

is an integral periodic function in L2(D) and is often called the refinement
symbol of φ.

For a refinable function φ ∈ L2(K) with φ̂(0) 6= 0, let V0 be the closed shift
invariant space generated by {φ(·− u(k) : k ∈ N0} and Vj =

{
φ
(
p−j − u(k)

)
:

k ∈ N0
}
, j ∈ Z. Then, it is proved in [4] that the closed subspaces

{
Vj : j ∈ Z

}
constitutes an MRA for L2(K). Recall that an MRA is a family of closed
subspaces

{
Vj : j ∈ Z

}
of L2(K) that satisfies (i) Vj ⊂ Vj+1, j ∈ Z; (ii)

⋃
j∈ZVj

is dense in L2(K) and (iii)
⋂
j∈ZVj = {0}. We further assume that

∣∣φ̂(0)∣∣2 = 1 and lim
j→∞

∣∣∣φ̂(p−jξ)∣∣∣ = 0 for a.e. ξ ∈ K. (10)

Given an MRA generated by the refinable function φ(x), one can construct
a set of basic tight framelets Ψ :=

{
ψ1, . . . , ψL

}
⊂ V1 satisfying

ψ̂`(ξ) = m`(pξ)φ̂(pξ), (11)

where

m`(ξ) =
1
√
q

∑
k∈N0

h`k χk(ξ), ` = 1, . . . , L (12)

are the integral periodic functions in L2(D) and are called the framelet symbols
or wavelet masks (see [5]).
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With m`(ξ), ` = 0, 1, . . . L, L ≥ q − 1, as the wavelet masks, we formulate
the matrix M(ξ) as:

M(ξ) =


m0

(
ξ+ pu(0)

)
m0

(
ξ+ pu(1)

)
. . . m0

(
ξ+ pu(q− 1)

)
m1

(
ξ+ pu(0)

)
m1

(
ξ+ pu(1)

)
. . . m1

(
ξ+ pu(q− 1)

)
...

...
. . .

...
mL

(
ξ+ pu(0)

)
mL

(
ξ+ pu(1)

)
. . . mL

(
ξ+ pu(q− 1)

)
 . (13)

The matrix M(ξ) is called the modulation matrix. Shah and Debnath [15]
gave a complete characterization of tight wavelet frames on local fields via
extension principles and established a sufficient condition on Ψ = {ψ1, . . . , ψL}

such that the resulting wavelet system W(ψ, j, k) given by (5) forms a tight
frame for L2(K). More precisely, the framlet system W(ψ, j, k) forms a tight
framelet frame for L2(K) if

M(ξ)M∗(ξ) = Iq, for a.e. ξ ∈ σ(V0) (14)

where σ(V0) :=
{
ξ ∈ D :

∑
k∈Z |φ̂

(
ξ+ u(k)

)
|2 6= 0

}
.

3 Polyphase matrix characterization of framelets on
local fields

In this section, we shall first drive the polyphase representation of framelet
symbols m`(ξ), ` = 0, 1, . . . , L and then establish a complete characterization
of tight framelets by means of their polyphase components.

The polyphase representation of the refinement mask m0(ξ) can be derived
as

m0(ξ) =
1
√
q

∑
k∈N0

hk χk(ξ)

=
1
√
q

q−1∑
r=0

∑
k∈N0

hu(r)+qk χu(r)+qk(ξ)

=
1
√
q

q−1∑
r=0

χu(r)(ξ)
∑
k∈N0

hu(r)+qk χqk(ξ)

=
1
√
q

q−1∑
r=0

χu(r)(ξ)f
0
r

(
χ(qξ)

)
,
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where
f0r(ξ) =

∑
k∈N0

hu(r)+qk x(k), r = 0, 1, . . . , q− 1, x ∈ K. (15)

Similarly, the framelet symbols m`(ξ), ` = 1, 2, . . . , L as defined in equation
(12) can be splitted into polyphase components as

m`(ξ) =
1
√
q

q−1∑
r=0

χu(r)(ξ)f
`
r

(
χ(qξ)

)
,

where
f`r(ξ) =

∑
k∈N0

hu(r)+qk x(k), r = 0, 1, . . . , q− 1, x ∈ K. (16)

With the polyphase components given by equations (15) and (16), we formu-
late the polyphase matrix P(ξ) as:

P
(
χ(qξ)

)
=


f00

(
χ(qξ)

)
f10

(
χ(qξ)

)
. . . fL0

(
χ(qξ)

)
f01

(
χ(qξ)

)
f11

(
χ(qξ)

)
. . . fL1

(
χ(qξ)

)
...

...
. . .

...

f0q−1

(
χ(qξ)

)
f1q−1

(
χ(qξ)

)
. . . fLq−1

(
χ(qξ)

)

 . (17)

Then, it is clear that

M(ξ) = S
(
χ(ξ)

)
P
(
χ(qξ)

)
, (18)

where

S
(
χ(ξ)

)
=


χu(0)

(
ξ + u(0)

)
χu(1)

(
ξ + u(0)

)
. . . χu(q−1)

(
ξ + u(0)

)
χu(0)

(
ξ + u(1)

)
χu(1)

(
ξ + u(1)

)
. . . χu(q−1)

(
ξ + u(1)

)
...

...
. . .

...
χu(0)

(
ξ + u(q − 1)

)
χu(1)

(
ξ + u(q − 1)

)
. . . χu(q−1)

(
ξ + u(q − 1)

)

 .
Since S

(
χ(ξ)

)
is unitary matrix, therefore condition (14) is equivalent to

P
(
χ(qξ)

)
P
(
χ(qξ)

)∗
= Iq. (19)

For convenience, let χ(qξ) = ζ, then the matrix (17) can be rewritten as

P(ζ) =


f00(ζ) f10(ζ) . . . fL0(ζ))
f01(ζ) f11(ζ) . . . fL1(ζ))

...
...

. . .
...

f0q−1(ζ) f1q−1(ζ) . . . fLq−1(ζ)

 . (20)



256 F. A. Shah, M. Y. Bhat

The polyphase matrix P(ξ) is called a unitary matrix if condition (19) holds
which is equivalent to

L∑
`=0

f`r(ζ)f
`
r′(ζ) = δr,r′ ⇔ L∑

`=1

f`r′(ζ)f
`
r(ζ)

= δr,r′ − f0r(ζ)f
0
r′(ζ), 0 ≤ r, r′ ≤ q− 1. (21)

The following theorem, the main result of this article shows that a unitary
polyphase matrix leads to a tight wavelet frame on local fields of positive
characteristic.

Theorem 1 Suppose that the refinable function φ and the framelet symbols
m0,m1, . . . ,mL satisfy equations (8)–(11). Moreover, if the polyphase ma-
trix P(ζ) given by (20) satisfy UEP condition (19), then the framelet system
W(ψ, j, k) given by (5) constitutes a tight frame for L2(K) i.e.,

L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f, ψ`j,k〉∣∣∣2 = ∥∥f∥∥22, for all f ∈ L2(K). (22)

Proof. By Parseval’s formula, we have

L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f, ψ`j,k〉∣∣∣2 = L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f, qj/2ψ`(p−jx− u(k))〉∣∣∣2
=

L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f̂, qj/2ψ̂`(p−jξ)χpj(ξ)〉∣∣∣2
=

L∑
`=1

∑
j∈Z

qj
∑
k∈N0

∣∣∣〈f̂(p−jξ)ψ̂`(ξ), χ(ξ)〉∣∣∣2
=

L∑
`=1

∑
j∈Z

qj
∫
K

∣∣∣f̂(p−jξ)∣∣∣2 ∣∣∣ψ̂`(ξ)∣∣∣2 dξ. (23)

Using the polyphase decomposition formula (16) of the framelet symbols
m`(ξ), ` = 1, . . . , L, we can write

L∑
`=1

∣∣∣ψ̂`(ξ)∣∣∣2 = L∑
`=1

∣∣m`(pξ)φ̂(pξ)
∣∣2 = L∑

`=1

m`(pξ) φ̂(pξ)m`(pξ)φ̂(pξ)
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= φ̂(pξ)

L∑
`=1

{
1
√
q

q−1∑
r=0

χu(r)(pξ)f`r(ζ)

}{
1
√
q

q−1∑
r′=0

χu(r′)(pξ)f
`
r′(ζ)

}
φ̂(pξ)

= φ̂(pξ)
1

q

q−1∑
r=0

q−1∑
r′=0

χu(r)−u(r′)(pξ)

{
L∑
`=1

f`r(ζ) f
`
r′(ζ)

}
φ̂(pξ).

Since the polyphase matrix P(ξ) is unitary, which is equivalent to condition
(21), the above expression reduces to

L∑
`=1

∣∣∣ψ̂`(ξ)∣∣∣2 = φ̂(pξ) 1
q

q−1∑
r=0

q−1∑
r′=0

χu(r)−u(r′)(pξ)
[
δr,r′ − f

0
r(ζ) f

0
r′(ζ)

]
φ̂(pξ)

= φ̂(pξ) φ̂(pξ) − φ̂(pξ)
1

q

q−1∑
r=0

q−1∑
r′=0

χu(r)−u(r′)(pξ)f0r(ζ) f
0
r′(ζ)φ̂(pξ)

=
∣∣φ̂(pξ)∣∣2 − φ̂(pξ)m0(pξ)m0(pξ)φ̂(pξ)

=
∣∣φ̂(pξ)∣∣2 − ∣∣m0(pξ)φ̂(pξ)

∣∣2
=
∣∣φ̂(pξ)∣∣2 − ∣∣φ̂(ξ)∣∣2 . (24)

Substituting equation (24) in (23), we obtain

L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f, ψ`j,k〉∣∣∣2 =∑
j∈Z

qj
∫
K

∣∣∣f̂(p−jξ)∣∣∣2 {∣∣φ̂(pξ)∣∣2 − ∣∣φ̂(ξ)∣∣2}dξ
=

∫
K

∣∣f̂(ξ)∣∣2∑
j∈Z

{∣∣∣φ̂(pj+1ξ)∣∣∣2 − ∣∣∣φ̂(pjξ)∣∣∣2}dξ. (25)

Using equation (10), the summand in the above equation can be reformatted
as ∑

j∈Z

{∣∣∣φ̂(pj+1ξ)∣∣∣2 − ∣∣∣φ̂(pjξ)∣∣∣2}dξ = lim
j→∞

∣∣∣φ̂(pj+1ξ)∣∣∣2 − lim
j→−∞

∣∣∣φ̂(pjξ)∣∣∣2
= lim
j→∞

∣∣∣φ̂(pjξ)∣∣∣2 − lim
j→∞

∣∣∣φ̂(p−jξ)∣∣∣2
=
∣∣φ̂(0)∣∣2 − lim

j→∞
∣∣∣φ̂(p−jξ)∣∣∣2

= 1.
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Using the above estimate in equation (25), we obtain

L∑
`=1

∑
j∈Z

∑
k∈N0

∣∣∣〈f, ψ`j,k〉∣∣∣2 = ∫
K

∣∣f̂(ξ)∣∣2 dξ =
∥∥f̂∥∥2

2
=
∥∥f∥∥2

2
.

This completes the proof of the theorem. �
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Birkhäuser, New York, 2015.

[4] H. K. Jiang, D.F. Li, N. Jin, Multiresolution analysis on local fields, J.
Math. Anal. Appl., 294 (2004), 523–532.

[5] J. Krommweh, Tight frame characterization of multiwavelet vector func-
tions in terms of the polyphase matrix, Int. J. Wavelets, Multiresol. In-
format. Process., 7 (2009), 9–21.
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