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Integrable Hamiltonian systems
on Lie groups: Kowalewski type

By V. JURDJEVIC

Introduction

The contributions of Sophya Kowalewski to the integrability theory of the
equations for the heavy top extend to a larger class of Hamiltonian systems
on Lie groups; this paper explains these extensions, and along the way re-
veals further geometric significance of her work in the theory of elliptic curves.
Specifically, in this paper we shall be concerned with the solutions of the fol-
lowing differential system in six variables hq, ho, hs, H1, Ho, Hs

dH 1 1

— % = HyH; (- - —> + haaz — hsag ,
dt 3 C2

dH. 1 1

—2 = HH; <— - —> + hzar — hag ,
dt 1 c3

dH 1 1

—% = H\H, <— - —) + hiaz — haay
dt 2

dh hoH. hs H.
ik} = 278 18772 + k(HQCL3 — H3a2> ,
dt C3 Co

dh hsH h1H
2: 3 1— ! 3+k(H3a1—H1a3),

dt C1 C3
dh hi1H hoH
—3 = 1772 - 271 +k(H1a2 — Hzal) s
dt C2 C1

in which a1, as,as,c1,co,c3 and k are constants. The preceding system of
equations can also be written more compactly

dH - dh . A
(i) E:Hxﬁ—i—hx&, EthQ+k(de)
with x denoting the vector product in R3 and with
Hy 1;1_11 hy ai
H=|H|, Q= (2] hr=/|h and a = | ay
H3 Hz hg as

c3
When k = 0 the preceding equations formally coincide with the equations
of the motions of a rigid body around its fixed point in the presence of the
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gravitational force, known as the heavy top in the literature on mechanics.
In this context, the constants ci,co, c3 correspond to the principal moments
of inertia of the body, while a1, a9, a3 correspond to the coordinates of the
center of mass of the body relative to an orthonormal frame fixed on the body,
known as the moving frame. The vector Q2 corresponds to the angular velocity
of the body measured relative to the moving frame. That is, if R(t) denotes
the orthogonal matrix describing the coordinates of the moving frame with
respect to a fixed orthonormal frame, then

0 —Q3(t) Q)
=2 = R Qs(t) 0 = (2)
—a(t)  Qu(t) 0

The vector H corresponds to the angular momentum of the body, related
to the angular velocity by the classic formulas C%HZ =, 1 =1,3,3. Finally,
the vector h(t) corresponds to the movements of the vertical unit vector ob-

0
served from the moving body and is given by, h(t) = R71(t) | 0 |. Therefore,
1
solutions of equations (i) corresponding to k& = 0, and further restricted to
h? + h3 + h3 = 1 coincide with all possible movements of the heavy top.

Rather than studying the foregoing differential system in R®, as is com-
monly done in the literature of the heavy top, we shall consider it instead as
a Hamiltonian system on the group of motions E3 of a Euclidean space E®
corresponding to the Hamiltonian function

1 /(H? H? H?
(ii) H = - <—1+—2—|——3> + arhi + ashs + ashs.
2 C1 C2 C3

This Hamiltonian system has its origins in a famous paper of Kirchhoff of
1859 concerning the equilibrium configurations of an elastic rod, in which he
likened the basic equations of the rod to the equations of the heavy top. His
observation has since been known as the kinetic analogue of the elastic rod.
According to Kirchhoff an elastic rod is modeled by a curve 7(t) in a Euclidean
space 2 together with an orthonormal frame defined along ~(¢) and adapted
to the curve in a prescribed manner. The usual assumptions are that the rod
is inextensible, and therefore H‘%H = 1, and that the first leg of the frame
coincides with the tangent vector Ccll—z. In this context, y(t) corresponds to the
central line of the rod, and the frame along « measures the amount of bending
and twisting of the rod relative to a standard reference frame defined by the
unstressed state of the rod.
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Denote by R(t) the relation of the frame along v to the reference frame;
then R(¢) is a curve in SO3(R) and therefore

0 —ug(t) up(t)
d}jz—it) =Rt) | us(t) 8 —ui(t)
—us(t)  wi(t) O

for functions wui(t),ua(t),us(t). In the literature on elasticity these functions
are called strains. Kirchhoff’s model for the equilibrium configurations of
the rod subject to the prescribed boundary conditions, consisting of the ter-
minal positions of the rod and its initial and final frame, postulates that
the equilibrium configurations minimize the total elastic energy of the rod
: f(;f(clu% (t) + coud(t) + csu3(t))dt with ¢y, ca, c3 constants, determined by the
physical characteristics of the rod, with T' equal to the length of the rod.

From the geometric point of view each configuration of the rod is a curve
in the frame bundle of E3 given by the following differential system

aq 0 —Uus us

d dR
(i) d—z =RW|a|. T =RO|[ w 0 —u
as — U9 U1 0

with constants a1, as, a3 describing the relation of the tangent vector ”(li—'g to the
frame along . The preceding differential system has a natural interpretation
as a differential system in the group of motions E3 = E? x SO3(R). The
Hamiltonian H given above appears as a necessary condition of optimality for
the variational problem of Kirchhoff.

In contrast to the traditional view of applied mathematics influenced by
Kirchhoff, in which the elastic problem is likened to the heavy top, we shall
show that the analogy goes the other way; the heavy top is like the elastic prob-
lem and much of the understanding of the integrability of its basic equations
is gained through this analogy. To begin with, the elastic problem, depen-
dent only on the Riemannian structure of the ambient space extends to other
Riemannian spaces. In particular, for spaces of constant curvature, the frame
bundle is identified with the isometry group, and the parameter k£ that appears
in the above differential system coincides with their curvature. In this paper
we shall concentrate on k = 0, k = £1. The case kK = 1, called the elliptic
case, corresponds to the sphere S3 = SO4(R)/SO3(R), while k = —1, called
the hyperbolic case, corresponds to the hyperboloid H? = SO(1,3)/SO3(R).
As will be shown subsequently, differential systems described by (i) correspond
to the projections of Hamiltonian differential equations on the Lie algebra of G
generated by the Hamiltonian H in (ii), with G any of the groups E3, SO4(R)
and SO(1, 3) as the isometry groups of the above symmetric spaces.

It may be relevant to observe that equations (iii) reduce to Serret-Frenet
equations for a curve v when ug = 0. Then w;(t) is the torsion of 7(¢) of v while
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ug is its curvature (t). Hence the elastic energy of v becomes a functional
of its geometric invariants. In particular, the variational problem attached to
fOT (k2(t) + 72(t))dt was considered by P. Griffith a natural candidate for the
elastic energy of a curve. Equations (i) then correspond to this variational
problem when as = a3 =1, ¢y =c3 =1, and ¢y = 0.

With these physical and geometric origins in mind we shall refer to this
class of Hamiltonian systems as elastic, and refer to the projections of the
integral curves of the corresponding Hamiltonian vector field on the under-
lying symmetric space as elastic curves. Returning now to our earlier claim
that much of the geometry of the heavy top is clarified through the elastic
problem, we note that, in contrast to the heavy top, the elastic problem is
a left-invariant variational problem on G, and consequently always has five
independent integrals of motion.

These integrals of motion are H itself, two Casimir integrals
k|2 + k||H||2, h-H = hiH), + hyHy + Hshs, and two additional integrals
due to left-invariant symmetry determined by the rank of the Lie algebra of
G. This observation alone clarifies the integrability theory of the heavy top as
it demonstrates that the existence of a fourth integral for differential system
(i) is sufficient for its complete integrability.

It turns out that completely integrable cases for the elastic problem occur
under the same conditions as in the case of the heavy top. In particular, we
have the following cases:

(1) @ = 0. Then, both ||A| and ||H]| are integrals of motion. This case cor-
responds to Fuler’s top. The elastic curves are the projections of the ex-

. . . s 1(H? | H?  H?
tremal curves in the intersection of energy ellipsoid H = 5 - + -2 + o

c1 [
with the momentum sphere M = H? + H3 + H3.

(2) ca = cz3 and ag = az = 0. In this case H; is also an integral of motion. This
case corresponds to Lagrange’s top. Its equations are treated in complete
detail in [8].

(3) ¢1 = ca = ¢3. Then Hja; + Hoaz + H3as is an integral of motion. This
integral is also well-known in the literature of the heavy top. The corre-
sponding equations are integrated by means of elliptic functions similar to
the case of Lagrange, which partly accounts for its undistinguished place
in the hierarchy of integrable tops.

The remaining, and the most fascinating integrable case was discovered
by S. Kowalewski in her famous paper of 1889 under the conditions that
c1 = co = 2c3 and ag = 0. It turns out that the extra integral of motion
exists under the same conditions for the elastic problem, and is equal to

|22 — a(w — ka)|?
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with z = %(Hl +iH3), w = hy + ihe and a = aj + iay. This integral formally
coincides with that found by Kowalewski only for k = 0.

The present paper is essentially devoted to this case. We shall show that
Kowalewski’s method of integration extends to the elastic problem with only
minor modifications and leads to hyperelliptic differential equations on Abelian
varieties on the Lie algebra of G. Faced with the “mysterious change of vari-
ables” in Kowalewski’s paper, whose mathematical nature was never properly
explained in the literature of the heavy top, we discovered simple and direct
proofs of the main steps that not only clarify Kowalewski’s method but also
identify Hamiltonian systems as an important ingredient of the theory of el-
liptic functions.

As a byproduct this paper offers an elementary proof of Euler’s results of
1765 concerning the solutions of

dx dy

VPG VP

with P an arbitrary fourth degree polynomial with complex coefficients. Com-

bined further with A. Weil’s interpretations of Euler’s results in terms of addi-
tion formulas for curves u? = P(z), these results form a theoretic base required
for the integration of the extremal equations.

This seemingly unexpected connection between Kowalewski, Euler and
WEeil is easily explained as follows:

The elastic problem generates a polynomial P(x) of degree four and two
forms R(x,y) and E(x, y) each of degree four satisfying the following relations

(iv) R(z,2) = P(z), and R*(z,y)+ (x—y)°R(z,y) = P(z)P(y).

We begin our investigations with these relations associated to an arbitrary
polynomial P(x) = A+4Bx+6Cx?+4Dx3+ Ez*. In particular, we explicitly
calculate the coefficients of R corresponding to R(z,y) = A + 2B(x + y) +
3C (2% + y2) + 2Day(x + y) + Ex2y?. Having obtained the expression for R,
we have Ry(z,y) = —(z — 4)262 4 2R(x,y)0 4+ R(z,y) is the form in (iv) that
corresponds to the most general form Ry(z,y) = R(x,y) — 0(z — y)?, that
satisfies R(z,z) = P(x)._

We then show that Rg(z,7) = 0 contains all solutions of —&Z—+ % —

=0
P(z)  /P(y)

as # varies over all complex numbers. This demonstration recovers the result of
Euler in 1765, and also identifies the parametrizing variable # with the points
on the canonical cubic elliptic curve

L = {(&n): n* =4 — g6 — g3}

with
go = AE —4BD +3C? and g3 = ACE +2BCD — AD? — B*E — 3
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via the relation § = 2(£ + C'). The constants g2 and g3 are known as the
covariant invariants of the elliptic curve C = {(z,y) : u?> = P(z)}. André Weil
points out in [13] that the results of Euler have algebraic interpretations that
may be used to define an algebraic group structure on I' U C. The “mysteri-
ous” change of variables in the paper of Kowalewski is nothing more than the
transformation from C x C into I x I' given by (N, M) € C x C to (O1,02) in
I'xI'with Oy =N —-M and O = N + M.
The actual formulas that appear in the paper of Kowalewski
d&1 dx dy 4 d&s dy

dx
TGy B/ = ey BV 20y T BY) 2 e R

are the infinitesimal versions of Weil’s addition formulas.

Oddly enough, Kowalewski omits any explanation concerning the origins
and the use of the above formulas, although it seems very likely that the
connections with the work of Euler were known to her at that time (possibly
through her association with Weierstrass).

The organization of this paper is as follows: Section I contains a self-

contained treatment of Hamiltonian systems on Lie groups. This material
provides a theoretic base for differential equations (i) and their conservation
laws. In contrast to the traditional treatment of this subject matter geared to
the applications in mechanics, the present treatment emphasizes the geometric
nature of the subject seen through the left-invariant realization of the sym-
plectic form on T*G, the latter considered as G x g* via the left-translations.

Section II contains the reductions in differential equations through the
conservation laws (integrals of motion) leading to the fundamental relations
that appear in the paper of Kowalewski. Section III contains the proof of
Euler’s result along with its algebraic interpretations by A. Weil. Section IV
explains the procedure for integrating the differential equations by quadrature
leading up to the famous hyperelliptic curve of Kowalewski.

Section V is devoted to complex extensions of differential system (i) in
which the time variable is also considered complex. Motivated by the brilliant
observation of Kowalewski that integrable cases of the heavy top are integrated
by means of elliptic and hyperelliptic integrals and that, therefore, the solutions
are meromorphic functions of complex time, we investigate the cases of elastic
equations that admit purely meromorphic solutions on at least an open subset
of CY under the assumption that ¢; = cp, while the remaining coefficient c3
is arbitrary. We confirm Kowalewski’s claim in this more general setting that
the only cases that admit such meromorphic solutions are the ones already
described in our introduction. In doing so we are unfortunately obliged to
make an additional assumption (that is likely inessential) concerning the order
of poles in solutions. This assumption is necessitated by a gap in Kowalewski’s
original paper, first noticed by A.A. Markov, that apparently still remains open
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in the literature on the heavy top. We conclude the paper with an integrable
(in the sense of Liouville) elastic case that falls outside of the meromorphically
integrable class suggesting further limitations of Kowalewski’s methods in the
classification of completely integrable elastic systems.

1. Hamiltonian systems on Lie groups

We shall use g to denote the Lie algebra of a Lie group G, while g* will
denote the dual of g. The cotangent bundle T*G will be identified with G x g*
via the left-translations: an element (g,p) in G' x g* is identified with £ € T,G
by p = dLy¢ with dL; denoting the pull-back of the left-translation Ly(z) = g.

The tangent bundle of T#G is identified with T'G xg* xg*, the latter further
identified with G x g* x g x g*. Relative to this decomposition, vector fields on
T*G will be denoted by (X(g,p),Y*(g,p)) with (g,p) denoting the base point
in T*G and X and Y* denoting their values in g and g* respectively. Then
the canonical symplectic form w on T*G in the aforementioned trivialization
of T*G is given by:

(1) “(g.p) <(X17Y1*)7 (X2’Y2*)) = Y2*(X1) - Y1*(X2) —p[Xth] .

The correct signs in this expression depend on the particular choice of the Lie
bracket. For the above choice of signs, [X,Y](f) = Y(Xf) — X(Yf) for any
function f.

The symplectic form sets up a correspondence between functions H on
T*G and vector fields H given by

—

(2) w(g,p)(H(gap)vv) = dH(g,p)(V)

for all tangent vectors V' at (g,p). It is customary to call H a Hamiltonian
function, or simply a Hamiltonian, and H the Hamiltonian vector field of H. A
Hamiltonian H is called left-invariant if it is invariant under left-translations,
which is equivalent to saying that H is a function on g*; that is, H is constant
over the fiber above each point p in g*.

For each left-invariant Hamiltonian H, dH, being a linear function over
g%, is an element of g at each point p in g*. Then it follows from (1) and (2)
that the Hamiltonian vector field H of a left-invariant Hamiltonian is given by
(X(p),Y*(p) in g x g* with

(3) X(p) = dH, and Y*(p) = —ad"(dH,)(p).

In this expression ad*X denotes the dual mapping of adX : g — g given by
adX(Y) =[X,Y].



612 V. JURDJEVIC

It immediately follows from (3) that the integral curves (g(t),p(t)) of H
satisfy
dg

dp *
(4) dLgfl(t)E = de(t) and % = —ad (de(t))(p<t)),

and consequently

() p(t) = Ady,)(p(0))

with Ad* equal to the co-adjoint action of G on g*. Thus, the projections
of integral curves of left-invariant Hamiltonian vector fields evolve on the co-
adjoint orbits of G.

When the group G is semisimple the Killing form is nondegenerate and
can be used to identify elements in g* with elements in g. This correspondence
identifies each curve p(t) in g* with a curve U(t) in g. For integral curves of a

left-invariant Hamiltonian H, the equation % = —ad"(dH,)(p(t)) corresponds
to

dU (t)
(6) 5 = [dH 4, U(t)] -

The expression (6) is often called the Lax-pair form in the literature on the
Hamiltonian systems.

We shall use {F, H} to denote the Poisson bracket of functions F' and H.
Recall that {F, H}(g,p) = w(g»{F(9). H(p)}. It follows immediately from (1)
that for left-invariant Hamiltonians F' and H, their Poisson bracket is given
by {F, H}(p) = p([dF},dH,)), for all p in g*.

A function F' on T*G is called an integral of motion for H if F' is constant
along each integral curve of H, or equivalently if {F,H} = 0. A given Hamil-
tonian is said to be completely integrable if there exist n — 1 independent in-
tegrals of motion Fi, ..., F,_1 that together with F,, = H satisfy {F;, F;} =0
for all 4,5. The independence of Fi,...,F), is taken in the sense that the
differentials dF1, ... ,dF, are independent at all points on T*G.

Any vector field X on G lifts to a function Fx on T*G defined by Fx(§) =
§(X(g)) for any £ € T,;G. In the left-invariant representation G x g*, left
invariant vector fields lift to linear functions on g*, while right-invariant vector
fields lift to Fix(g,p) = p(dLy-1 o dRyX.) with X, denoting the value of X at
the group identity e of G. The preceding expression for F'x can also be written
as Fix(g,p) = Adj_.(p)(Xc). Therefore, along each integral curve (g(t), p(t))

of a left-invariant Hamiltonian H,

FX(g(t)ap(t)) = Ad;—l(t)p(t)Xe
= Ad;,l(t)oAd;(t)(p(O))Xe = (p(0))Xe

and consequently F'x is an integral of motion for H.
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The maximum number of right-invariant vector fields that pairwise com-
mute with each other is equal to the rank of g. Consequently, a left-invariant
Hamiltonian H always has r-independent integrals of motion Poisson commut-
ing with each other, and of course commuting with H, with r equal to the rank
of g.

In addition to these integrals of motion, there may be functions on g* that
are constant on co-adjoint orbits of G. Such functions are called Casimir func-
tions, and they are integrals of motion for any left-invariant Hamiltonian H.
On semisimple Lie groups Casimir functions always exist as can be seen from
the Lax-pair representation (6). They are the coefficients of the characteristic
polynomial of U(t) (realized as a curve on the space of matrices via the adjoint
representation).

With these concepts and this notation at our disposal we shall take g
to be any six dimensional Lie algebra with a basis By, Bs, B3, A1, Ao, A3 that
satisfies the following Lie bracket table:

[, ]| Ai| Aa| A3 By Bo B3

A 0|43 As| 0| —Bs| B

Ay | As 0—A4; Bs 0| —B1

A3 —As| A 0| =B.| B 0 0
Bl 0Byl Byl 0| kdy| kA T F= 1 '
By| Bs| 0|—Bi| kas 0] —kA4, -
Bs|—Bs| Bi| 0| —kAs| kA 0

Table 1

The reader may easily verify that the following six dimensional matrices

0 -k 0 0 000 0
1 000 000 O
Bi=1¢ o000 |"™=000 -1 |
0 0 0 0 001 0
00 —k 0 0 000
00 0 0 0 0 0 1
Bo=11v09 00 |"2=10 000 |
00 0 0 0 -1 0 0
00 0 —k 00 00
000 0 00 -1 0
B3_0000’A3_01 0 0
1 00 O 00 00
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satisfy the above Lie bracket table under the matrix commutator bracket
[M,N] = NM — MN. For k = 0, g is the semi-direct product R? x so3(R), for
k=1, gis sos(R), and for k = —1, g = so(1, 3).

Throughout this paper we shall use h; and H;, to denote the linear func-
tions on g* given by hi(p) = p(B;), and H;(p) = p(4;), i = 1,2,3. These
functions are Hamiltonian lifts of left-invariant vector fields induced by the
above basis in g. Finally, as stated earlier, we shall consider a fixed Hamilton-
ian function H on g* given by

H =

C1 C2 C3

1 (H? H? H?
§<—l+—2+—3>+a1h1+a2hg+a3h3

for some constants cq, ca, c3 and aq, ag, as.

We shall refer to the integral curves of H as the extremal curves. For each
extremal curve (g(t),p(t)), x(t) = g(t)e1 will be called an elastic curve. Elastic
curves are the projections of the extremal curves on the underlying symmetric
space G/K with K denoting the group that stabilizes e; in R* (written as
the column vector, with the action coinciding with the matrix multiplication).
It can be easily verified that K ~ SO3(R) and that G/K is equal to R3, 93
or H? depending whether k = 0,1 or —1. The remaining columns of g give
the coordinates of the moving frame v;(t),v2(t), v3(t) defined along x(t), and

adapted to the curve z(t) so that dz(tt) = a1v1(t) + agua(t) + agvs(t).

The semi-simple case. For k # 0, the Killing form T is nondegenerate
and invariant in the sense that T'([A, B],C) = T(A,[B,C]). We shall take
T(A, B) = itrace (AB). It follows that T'(A, B) = —(Z?Zl a;a; + kb;b;), with
A= E?:l a;A; + b;B; and B = Z§:1 a;A; + b;B;. Upon identifying p in g*
with U in g via the trace form, we get that

0 hi ho hs3
—khl 0 H3 _HQ

(7) U = —khy —Hs 0o M
—khs Hy —H; 0
Then
0 —ka1 —k‘ag —kag
e 0 —=Hs(p) L Ha(p)
P az  ~=Hs(p) 0 —LHi(p)

az —Hs(p)  -Hi(p) 0
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and equation (6) yields the following differential system:
dhq hoHs hsHs
Q s

+ k(H2a3 — H3a2) :

dt e c2

% = h?’cllr{l — hz—f& + k(Hsa; — Hyas) ,
% = hlcfz - hi—‘f]l + k(Hiaz — Hoay)
dé:? _ Hzfg - Hifs + (hoas — haas)
dHy _HiH3 HiHj

hsa; — h
dt C1 C3 +( 31 1@3) ’
dH3 o H1H2 HIHQ

— hias — h .
dt Co C1 +( 142 2(11)

Remark. The foregoing differential equation can also be obtained by using
the Poisson bracket through the formulas

dh; dH;
= L H
7 {hiyH}, and 7

Apart from the vector product representation given by (i) of the introduc-
tion, differential system (8) has several other representations. The most imme-
diate, that will be useful for Section V, is the representation in so3(R) x so3(R)

= {H; H}, i=1,23.

a
obtained by identifying vectors A = [ ao | in R3 with antisymmetric matri-
o3
0 —Qs3 (%)
ces A = as 0 —a; |. In this representation differential system (8)
—Q9 aq 0
becomes
dK dP
dt dt
in which
H 1 éH 1 h1 aj
K= |H|, Q= |2ZH |, P=|h|, and A = [ a
Hj —Hj h3 as

The characteristic polynomial of the matrix U in (7) is given by

M+ N H | + KA1 + (H - h)? ;

(10) Ky = || +k|H|? and K3 = h-H
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are the Casimir functions on g. Being constant on each co-adjoint orbit of
G, they Poisson commute with any function on g*, and in particular they
Poisson commute with each other. Since g is of rank 2, it follows that in
addition to Ko and K3 there are two extra integrals of motion for H by our
preceding observations about right-invariant vector fields. Together with H
these functions constitute five independent integrals of motion, all Poisson
commuting with each other. So H will be completely integrable just in case
when there is one more independent integral that Poisson commutes with H.

The FEuclidean case. The group of motions FEj3 is not semisimple, hence
the Hamiltonian equations cannot be written in the Lax-pair form as in (6).
The following bilinear (but not invariant) form reveals the connections with
the equations for the heavy top:

3
i=1

with
3 3 )
A = Z a;A; +b;B; and B = Z a;A; + b;B;.
i=1 =1
Relative to this form every p = > | h;Bf + H; A’ in g* is identified with

0 0 0 0

o | mo0 —H .
|l h H 0 —H g

hs —Hy Hy 0
Then along an extremal curve (g(t),U(t)) of H, functions Fp(g,U) =

1 0
(U, g 'Lg) are constant for cach L in g. Upon expressing g — (x R) .

terms of the translation z and the rotation R, we see that F, becomes a func-
tion of the variables xz, R, h, H and is given by

Fr(z,R,hH) = h- (R "(v+Vz)+H-R'V

with 0 0 0 0
Vi
I 0 -3 W T
L = v v 0o v | and V = ‘/{2
V3

vz Vo W 0

The Lie algebra of Fj5 is of rank 3, because all translations commute. Taking
L in the space of translations amounts to taking V' = 0, and so functions

Fy(z,R,h,H) = h-R
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Poisson commute with each other, and are also integrals of motion for any
left-invariant Hamiltonian. The functions F; form a three dimensional space
with F} = Rh - e1, Fr = Rh - es, F3 = Rh - e3 a basis for such a space. The
elements of this basis are not functionally independent because of the following
relation:

F2 4 F}+ F? = h?+h3+h3

Consequently, the functions F,, give at most two independent integrals of mo-
tion.
By using the Poisson bracket, Table 1 one shows that the differential
equations for U(t) can be written as
dh(t X ~ dH  ~ A,
J = h(t) x Q(t), —— = H(t) xQ(t) + h(t) x a.
dt dt
Hence, the Hamiltonian equations in this case coincide with equations (8)
and (9) for k = 0. Consequently, the conservation laws defined by (10) apply
to k = 0 and we get that

Ky = ||h(t)||> = constant, and K3 = H(t)-h(t) = constant

along the integral curves of H.

Together with H, Ko, K3 and any two functions among F}, F>, F3 account
for five independent integrals of motion all in involution with each other, and
the question of complete integrability in this case also reduces to finding one
extra integral of motion.

Having shown that the equations (i) in the introduction coincide with
the Hamiltonian equations (9) we now turn to the integrable cases. Since the
extra integrals of motion for the three cases mentioned in the introduction are
evident, we shall go directly to the case discovered by Kowalewski.

So assume that ¢; = ¢s = 2¢3 and that ag = 0. Normalize the constants
so that ¢ = ¢o = 2 and ¢3 = 1. Then, equations (8) become:

dhi 1 dH; 1

T Hyhy — — Hyhs — kay e HHy -

i 3h2 5 2h3 — kag Hs, g = gl ashs
dhy 1 dH, 1

E = §H1h3—H3h1+ka1H3, W = 2H1H3—|—a1h5,
dh 1 dH

d_t3 = §(H2h1 — Hihg) + k(axHy — a1 Ha), d_tg = aghy — ahs.

Set z = %(Hl +iH3), w = hy+iho, and a = a3 + iaz. Then

dz
dt

—7 d
= TZ(HSZ —ah3) and d—qf = i(hgz — Hsw + kH3a).
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Let ¢ = 22 — a(w — ka). Then,

dq dz dw ) 9 .
) P 1§ £ A . — Hyw + kH.
o il i(Hsz” — ahsz) —ia(hsz sw + kHsa)

= —iH3(2* — aw + ka®) = —iH3(t)q(t).

Denoting by g the complex conjugate of ¢ we get that ‘;—(Z = iH3(t)q(t), and

hence J
%q(t)éﬂt) = —iH3qq+ iH3qq = 0.

Thus,

q(t)@(t) = |q(t)]* = constant.

Hence |22 — a(w — ak)|? is the required integral of motion.
We shall refer to this case as the Kowalewski case.

2. The Kowalewski case: Reductions and eliminations

It will be convenient to rescale the coordinates so that the constant a is
reduced to 1. Let

a t 1 t a t 1 t
1’2%2’(—)7 JE3=—H3<—>7 y:%w(_>7 y3=—h3<—>-
la>” \al |al |al lal> " \al la| "~ \lal

It follows from the previous page that

dx i dy ,
(11) o = gt =), — = i(ysr — sy + k)
d.%‘g

ol Imy, and % = (Imay+ 2kImz)

are the extremal equations in our new coordinates.
The integrals of motion in these coordinates become:

1 1
(12) H = Z(Hl2 + H3) + §H§ + arhy + aghs
1 1
= 22+ §H§ +Reaw = |a|*(xz + 535% + Revy) ,

Ko = [[hlP* + kI H|* = la(|ly]* + 43 + k(4la]® + 23)) ,

K3 = h-H = |a*(2Rezf + x3y3) ,

Ki = q7 = |aP|(z® = (y — k)
and therefore we may assume that a = 1. This rescaling reveals that system
(11) is invariant under the involution

O'(LU,y, 33‘3,]/3) = (j7g7 —3, _y3)'
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We shall now assume that the constants H, Ko, K3, K4 are fixed, and use V'
to denote the manifold defined by equations (12). Now V' is a two dimensional
real variety, contained in RS, that can be conveniently parametrized by one
complex variable according to the following theorem.

THEOREM 1. V' is contained in the set of all complex numbers x and q
that satisfy

(13) P(2)q + P(z)q + Ri(2,7) + Kf(x —7)* = 0
with N

P(z) = Ky —2K3x+2H2? —a*, and
(14) o N

Ri(z,%) = (HKy — K3) + 2K3k(x + Z) + (2HE — 3K>5)(2* 4 7°)
+ 2Ksx%(x + ) — Ha’Z + (Hk — 2K)(z — 7)% |
where H = 2H — 2k, f(g =Ky — kH —KZ.
Proof. Equation (13) is a consequence of eliminating x5 and y3 from the

constraints (12) as follows:

Begin by expressing the integrals of motion in terms of z,Z, q,q, x3 and
y3. Putting y = 22 — ¢ + k, in the expression for H leads to

1 1 1
H:xi+§x§+Re(a:2—q+k) :x§;+§x§+§(a:2+:22— (q+q) + 2k).
This relation simplifies to 2H — 2k = ~ﬁ =(z+2)?-(¢+q) + 3.
Then, Ky = 2222+ k* +y3 + kH + 2kx% — (22§ + 2%q) and hence,
Ky —kH — k> = Ky = 2°3 4 o3 + 2ka — (22G + T2q).
Finally, K3 = (zz + k)(x + ) — (2§ + Zq) + ©3y3.
Eliminating y3 and z3 from the preceding relations leads to:
(14a)
(Ks = (22 + k)(z + 7) + (G + 2¢))* = @iy
= (Ko 4 2%q + 2°G — 2°%* — 2kaz)(H — (¢ + q) — (z + 7)?).
The homogeneous terms of degree two in ¢ and ¢ in the preceding expres-
sion reduce to
(27 +2q)* - (#%q + 2°9)(q + )
= 2’7+ 3% +20°5%7 — (B¢ +2%07 + 797 + 2°7)
= —K2(z-1)2
Therefore, relation (14a) can be reduced to

Pi+Pg+R = 0
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for suitable polynomials R and P in the variables z and z. It follows that

P = (Ky— 2?7 — 2kaz) + 2*(H — (x + 2)%) — 2(K3 — (x + ) (2% + k)
= Ky —2Ksz + mQ(ﬁ —2k) — zt — 2272 — 2kaT — 2*
+ 2kaT + 22°%% + 223%
= I?Q —2Ks3x + 2Hz? — z*.

72— 2237

Thus P is a polynomial of degree 4 in the variable x only.
Then, R(z, %) = Ry(z, %) + K2(x — 7)? with
Ry = (H — (z+2)*)(Ky — 2% — 2kaz) — (K3 — (x + Z) (2% + k)2
The expression for Ry further simplifies to
Rl = (HEK; — K2) + 2kKs3(x + %) + (2Hk — 3K5) (2> + 7°) + 2K32Z(z + T)
— H?2?7 + (Hk — 2K5)(z — 7)?
by a straightforward calculation.
Equation (13) identifies = as the pivotal variable, in terms of which the

extremal equations can be integrated by quadrature. For then ¢ is the solution
of (13), and the remaining variables are given by

2=H—(z+2)>+(q+q), and y3=Ky— 2’2+ 2%q+ 2°q — 2kai.

THEOREM 2. FEach extremal curve z(t) satisfies the following differential
equation:

d 2
(15) 1(5) = P@ -,
with P(x) as in the previous theorem.

Proof. 1t follows from equation (11) that —4 (Z—f)Q = (x37 —y3)%

(z3z —y3)® = 232° — 223y32 + 93 = (ﬁ +(q+q) — (z +2)?)a?

— 20(Ks — (z + ) (2z + k) + (zq + Zq))
+ (Ky — 2ka® — 2% + 22 + T2q)
= Ky —2K3z + Ha? + (4%(¢ + @) — (z + ©)%a?
+ 2z(z 4+ 7)(zxT + k)
— 2x(xq + Tq) — 2kaT — 2% + 2°G+ T2q) .
But then,

22(q+q) — (z + 7)%2® + 2z(x + 2)(2Z + k) — 22(xq + Zq)
— 2kxT — %7 + 227+ 7%q = q(z —7)? — 2t + 2ka?,
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and therefore

(z32 — y3)? = Ko — 2Kz + Hz? 4 2ka® — 2* + q(z — ©)?
= P(x)+q(z —7)%

THEOREM 3. Let Ry(z,z) = Ky — Ks(z + z) + H(a? + 72) — 2222 —
(H — k)(z — Z). Then

(16) Ro(xz,z) = P(zx), and R3(x,%)+ (x —%)°Ry(z,%) = P(z)P(z)

where Ry has the same meaning as in Theorem 1.

Proof. Let ¢ = 3z — y3. We shall first show that Ry = (C.

(¢ = (w37 — y3) (23T — y3) = 32T — x3y3(T + ) + 3
= (H+ (q+q) — (z+2)%)2z + (Ky — 2°%% — 2kaz + 22q + 227
— (K3+2q+zq— (v +
= Ky — K3(z + ) + k(z
+ (2Z(q¢+q) — zz(x
— (zq+2q)(z + ) +

z)(xx + k))(z + )
+7)? — 2k + Haz — 2°7°
+2)? + 7%q + 2%
rZ(z +7)%).

The above expression reduces to
Ky — K3(z + %) + k(2® + %) + Haz — 2°7°
because
2x(q + q) + 7°q + 2%G — (G + Tq)(x + x) = 2Z(q + q) — 2Z(q + q) = 0.
Since 2k + H = 2H , the preceding expression can also be written as
Ky — Ks(x +Z) + H(z® +y?) — 2°2> — (H — k)(z — ©)?

showing that Ry = (C.
It follows from the proof of Theorem 1 that ¢? = P(x)+q(x — Z)?. There-
fore, Ro(xz,x) = P(x) and,

R(e,2) = (O = ¢ = (P(a) + qla — 2)*)(P(2) + q(x — 2)?)
— P(2)P(z) + P(2)q(a — %) + P(2)q(x — 2)? + qqx — 2)"

Thus
Rj(x, %) = P(x)P(%) — Ri(z,7)(x — ©)*,

because P(x)G+ P(Z)q = —Ri(z,%) — K2(x —)? as can be seen from relations
(13) in Theorem 1. Our theorem is proved.
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The essential relations obtained by the preceding calculations, can now be
summarized for further reference as follows.

For each choice of constants of motion, the algebraic variety defined by
equations (12) is parametrized by a single complex variable x through the
relations

P(:i')q2 + (Ri(z,z) + KZ(.%‘ — :f)2)q + KZP(Q;) =0 and ¢g= KZ,

with P(z) a polynomial of degree four, and R;(z,Z) the form defined by (14).
The form R; has a companion form Ry(x,y), also of degree four, that satisfies

Ro(z,x) = P(x) and R3(x,%)+ (v —2)*Ry(z,z) = P(z)P(z).

Finally, —4 (%)2 = P(x) = q(x—2)? is the extremal differential equation
that needs to be solved.

Apart from the more general nature of the constants that occur in the
foregoing expressions, all of the above relations are the same as in the original
paper of Kowalewski from 1889. It will be convenient to refer to the above
relations as Kowalewski’s relations.

3. Lemniscatic integrals and addition formulas of
L. Euler and A. Weil

We shall now show that Kowalewski’s relations provide remarkable in-
sights into the theory of elliptic curves and elliptic integrals starting with the
very beginning of the subject with the work of G.S. Fagnano in 1718 concern-
ing the arc of a lemniscate, and the subsequent extensions of Euler concerning
the solutions of a more general differential equation

dx
dt

where P(x) is an arbitrary fourth degree polynomial.([12])
To begin with, note that when the constant of motion K, is equal to zero,

then )
dx

Thus our extremal equations already contain the cases studied by Euler in con-

= /P(z)

nection with the length of an arc of a lemniscate. It is therefore not surprising
that our study must be closely related to the work of Euler. However, it is
remarkable that the fundamental relation

R2(x,%) 4 (x — )Ry (z,z) = P(z)P(z)



INTEGRABLE HAMILTONIAN SYSTEMS ON LIE GROUPS 623

of Kowalewski provides an easy access to Euler’s famous results concerning the
solutions of

d d
T y
P(z) P(y)
To explain Euler’s results and its relevance to this paper we shall assume

that
P(z) = A+4Bz+6C2* +4Dx® + Ex?

is a general polynomial of degree four. We shall also denote by R(z,y) =
A+ 2B(x +y) + 3C(z% + 3?) + 2Dxy(x + y) + Exz%y? a particular form that
satisfies R(z,z) = P(x).

THEOREM 4.

~

R(z,y) = —4B%* 4+ 4(AD — 3BC)(z + y)

+ 2(AE +2BD — 9C?)(2* + y*) + 4(BE — 3CD)zy(z +y)

— 4D%*s*y* — (AE +4BD — 9C*)(z — y)*
is the unique form that satisfies

R*(z,y) + (z —y)*R(z,y) = P(z)P(y) .
In particular, ﬁ(m,x) defines a polynomial QQ given by
Q(x) = 4(—B? + 2(AD — 3BC)z* + (AE + 2BD — 9C?)a?
+ 2(BE - 3CD)z® — D*z*).

Proof. Consider F(z,y) = P(z)P(y) — R*(z,y). Because P(z) = R(z,z),
P'(z) = 2%—1;”(:5,@. Therefore, %—i(x,y) = P'(z)P(y) — 2R(x,y)%(a:,y), and
forz =y

/ Lo _
%(gp,m) = P(m)P($)f2P(m)§P (z) = 0.

It follows by an analogous argument that %—g(x, y) = 0 for y = z. Thus

both F' and its partial derivations %—5 and %_5‘ vanish at x = y. Consequently,

F(z,y) = (z — y)>R(,y) for some binary form ]/%(/m\, Y)-
Now, by differentiation of R?(x,y) + (z — y)?R(z,y) = P(z)P(y),

OR ~ OR
2R(x, y)5—(@,y) + 2z — y) Rz, y) + (¢ = y)zg(w, y) = P'(z)P(y),
and
OROR 9’R ~ OR OR
9’R
+ (z —y)? = P'(z)P'(y)
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Let Q(x) denote R(x,z), and set # = y in the above expression. It follows

that )
2 ((g—f@m) FP@E (:w)> -20() = PP,
which upon substituting 2%%(z,2) = P'(z) reduces to
%P’(:L‘)2 + 2P(m)%($,x) —2Q(x) = Pla)
Solving for @) gives
Q) = PO a) — (Pay

= (A4 4Bz + 6Cz* + 4Dz* + Ex)(8Dx + 4Ex?)

1
- 4B+ 120z + 12Dz? + 4E23)?

= —4B? + (8AD — 24BC)x + (32BD + 4AE — 24BD — 36C?)2?
+ (48CD + 12BE — 72CD — 8BE)2*
+ (32D? + 24CE — 36D* — 24EC)x*

= —4B? +2(4AD — 12BC)z + (8BD + 4AE — 36C?)x*
+ 2(4BE —12CD)x® — 4D?z"

= A"+ 4B'z + 6C'2? + 4D'2® + E'z*.

Therefore,
R(z,y) = A +2B'(x+y) +7(2* + %) + 262y + 2D wy(x + y) + E'zy?

with 2v+26 = 6C’, where v and 6 are to be determined from the fundamental
relation R? + (x — y)?R = P(x)P(y). Upon equating the homogeneous terms
of degree 4 in the fundamental relation we get:

9C% (22 +y*)? +8BDxy(z +y)* + 2AEx%y? —y(z — y) 2 (22 4+ y?) + 262y (z — y)?
= AEy* +16BDxy? + 36C%2%y? + 16BDz3y + AEz*.
It follows that
AE(z +y)? = 9C?%(z +y)? + 8BDxy = ~(x? + y?) + 26y
and therefore

v = AE—9C?* and 6 = AE+4BD —9C2
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The substitution of these values in the expression for R leads to

~

R(z,y) = —4B*+ (4AD — 12BC)(z + y) + (4BD + 2AFE — 18C?) (2 + y?)
+ (4BE —12CD)zy(x + y) — 4D?2?y>
— (AE +4BD —9C*)(z — y)?

and the proof of the theorem is finished.

Let Ry(z,y) = R(z,y) — 0(x — y)? denote the most general biquadratic

form that satisfies Ry(z,z) = P(z) with 6 an arbitrary parameter. Then
Po(z,y) = —(z—y)?0*+2R(z,y)0 + R(z,y) is the unique form that satisfies

(17) Ri(z,y) + (x — y)?®p(z,y) = P(z)P(y).

Remark. For the relations of Kowalewski obtained earlier in the paper,
P = f{g —2K3x+2Hz? — 2%, and the forms Ry and R; are given by Ry = Ry,
with § = H — k, and Ry = —(z —y)2(H — k)2 4+ 2R(z,y)(H — k) + R.
Now, to return to the general case, ®y is symmetric with respect to x and
y and can be written as
Dy(x,y) = ag(x)y® + 2bg(x)y + co(x) = ag(y)az® + 2bg(y)z + co(y)

for some quadAratic expressions ag, by and cg.
Writing R = a+28(x +vy) + 3y(2? +4?) + 26zy(z +y) + ex?y? — ((z — y)?
we have
g = — (x—9)20> + )+ 2(A+2B(z +y) + 3C (2% + ¢?)
+ 2Day(z + y) + E2*y?)0 + (R + ((z — y)?),

and therefore,

ag(x) = (2E0 + €)x* + (4DO + 28)x + (6CO + 3y — (0> + () ,

co(x) = (6CO+ 3y — (0° + ()’ + (4BO + 28)x + (2460 + a) ,

bo(z) = (2DO + &)x* + (6> + Q)= + (2B + B) .

After substitution of the values for «, 3,7, 6, €, ( given by Theorem 4, the pre-
ceding expressions become

ap(x) = (2B — 4D?*)z* 4+ (4D + 4(BE — 3CD)x + AE — (0 — 3C)? |
co(x) = (AE — (0 — 30)*)2? + (4BO + 4(AD — 3BC))x + (240 — 4B?) ,
bo(r) = (2D0 +2(BE — 3CD))x? + (0> — 9C? + AE + 4BD)x
+ (2B6 4 2AD — 3BC).
THEOREM 5. Let Gy denote the discriminant bg — agcg. Then Gy(z) =
p(0)P(x) with
(18) p(f) = 26(0 —3C)? +20(4BD — AE) + 4B*FE + 4AD? — 24BCD.
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Proof. Let = be any root of P(x). Then,
(R(z,y) — 0(x —y)*)” + (& — )’ (= (& = y)°6” + 2R(z, )0 + R(x,y)) = 0.

When
Pg(z,y) = 0,  R(z,y)—0z—y)* = 0

and therefore ®y(x,y) = 0 has a double root. Therefore Gy = 0. This argument
shows that P(z) is a factor of Gy. Since Gy is a polynomial of degree four in
x, it follows that Gg(x) = p(0)P(x) for some polynomial p(f). It now follows
by an easy calculation, using the explicit expressions of ag, by and ¢y, that p(6)
is given by expression (18). This ends the proof.

Expression (18) is most naturally linked with the cubic elliptic curve I' =
{(€,m) : n? = 43— g€ — g3}, where go and gy are the invariants of C = {(x,u) :
2 = P(z)} explicitly given as follows:

(19) g2 = AE—4BD +3C? g3 = ACE+2BCD — AD? — B*E — C°.
The identification is obtained as follows: Let 8 = 2(£ 4+ C'). Then, p(§) =
4(4¢3 — (AE — 4BD + 3C%)¢ — (ACE +2BCD — AD? — B%E — C?)).
Letting n? = 4 We obtain n? = 463 — go€ — gs.
The next theorem is a paraphrase of the classical results of Euler ([3]).

-0 ; dx dy
THEOREM 6. ®y(x,y) = 0 is a solution for e + ol 0 for each

number 0. Conversely, for every solution y(x) of either differential equation

(_;%I) + _Cllj’(y) = 0 there exists a number 0 such that ®g(x,y) = 0 is equal to
y(z).

Proof. Consider ®y(x,y) = 0 for an arbitrary number 6. Then

(20) _ —be(y) + PV Go(y) —bg(x) + U\/m

T = and =
a9(y) Y ag()
with Gy = bg — agcy, and p = +1, 0 = +1. Hence
100
(21) 53—; = wag(y) + ba(y) = p\/Go(y) and

%88;{; = yag(z) + bp(x) = Um :

Using the results of Theorem 5 we get that the curve y(z) of (20) satisfies:

dy _34’9/3@9 _ =pVGely)  —p\/p(O)P(y)

dr ox

dy o\/Golx)  o/p(OP(z)
dy

VP(y)

and therefore
dx

JP@)

0.

Ny
g



INTEGRABLE HAMILTONIAN SYSTEMS ON LIE GROUPS 627

Thus, y(x) is a solution of \/% + ‘jf(y) =0 when £ = 1. Otherwise, it
is a solution of S TR
P(x) P(y)
Suppose now that y(z) is a particular solution of either —%&_ + & _
PP so)isap NCORNCT)

dx dy

VP(@) /Py

need to show that there exists 6 such that ®g(a,b) = 0, or that

or = 0. Let z = a, y = b be any point such that b = y(a). We

) R(a,b) :I:\/R2 + (a — b)2R(a, b)

B (a — b)
Since R

R%*(a,b) + (a — b)’R(a,b) = P(a)P(b)
we get that

b))+ /P
(22) g — Lo
(b— a)

The appropriate sign for § depends on whether y(x) is a solution of ;lf(x) +

dx dy

VPy) P(z) P(z)"

will be made clear through the discussion of the related addition formulas of
A. Weil.

The correct way of choosing the sign for 6

3

Addition formulas of A. Weil. A. Weil points out in his paper [13] that
the results of Euler (Theorem 6) have algebraic interpretations that may be
used to define a group structure on I' UC. Recall that

= {(&n): n* = 4€ —pE—gs} and C = {(z,u) = v’ = P(a)}.

It turns out, quite remarkably, that these algebraic observations of Weil
provide easy explanations for some of the formulas used by Kowalewski, and
for that reason it will be necessary to explain Weil’s interpretation of Euler’s
results.

With each solution ®y(z,y) = 0 Weil associates two transformations
from C into C, depending whether they change %’3 into ij—y, or into —%, each
parametrized by the points of I" rather than 6. More precisely, let P = (§,7)
be any point of I'. Let ®y denote the form corresponding to § = 2({ + C). For
each point M = (x,u) of C define two points N; = (y1,v1) and Ny = (y2,v2)
on C by the following formulas:

@) = IDEE o = <) + b))
@3(0) g = DIy = = aanln) + (o)
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It follows that

@ B _8(199 0Py 2mvy and @ B _8@9/8@)9 _ 2nuy
de 0z’ Oy = 2nu’ dc 0z’ Oy 2nqu

24

consequently, the mapping (P, M) — N takes %
(P, M) — N takes % into —‘i—y.

Following Weil we shall write P+ M = Nj and P— M = Ny, with the
understanding that —P = ({,—n) and —M = (x,—u). We assume that on T’
the group law coincides with the usual group law, with the point at infinity on
I" acting as the group identity.

Formula (22) may be used to show that for each M and N on C there
exist points P and P’ on I" such that

P+M =N and P—-M = N

into dTy, while the mapping

by the following simple argument: let P = (£,n) and P’ = (¢',n). Note that
P’ =2M when N = M, while P is the point at infinity when N = M. Thus,
E=2(0+C) and ¢ =2(¢ + C) with 6 and 8 appropriately chosen among

R(z,y) £ uv
(y—=)?
— R(z,y)—uv 3 3 —
For uv = /P (x)P(y), g7 gives a finite value when x = y because

R(z,y) —uwv  R(z,y) — /P(z)P(y)

(z—y)? (z —y)?

(z —y)*(R(z,y) + v/ P(2)P(y))

(z —y)2(R(z,y) + /P(@)P(y))  R(z,y) +/Px)P(y)
and the latter expression evidently tends to 753(&)@ when y tends to x. Thus,
0/ — R(ZL‘,y) — uv

(x —y)?

Then use formula (23(b)) to define n' = — 3 (zag (y) + b (v)).

The other choice of sign uv = —/P(x)P(y) leads to 8’ = % by an
analogous argument. In such a case define 7/ = 3-(zag (y) + bo(y)).

The values of 7 corresponding to 6 are given by

n= _%("Eae(y) +bp(y)) when wv=+/P(z)P(y), and

n= %(mag(y) + by(y)) when wv = —+/P(z)P(y).
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To these addition formulas of Weil we can add their infinitesimal versions
that appeared in the paper of Kowalewski.

THEOREM 7. Let O = (&,m) and O' = (¢,1') denote points of T, and
let M = (xz,u) and N = (y,v) denote points of C related by the formulas
O=N-M, O =N+ M. Then,

d¢’ dr dy dg _dx dy

- = —+—, and — = +—.
n u v n u v

Proof. Since ®g(x,y) = —(z — y)26% + 2R(x,y)0 + R(z,y),

0P 0P
_ N2 0 0
d®p(z,y) = (—2(x —y)°0 + 2R)d0 + e dx + oy dy.

For (z,y, 0) for which ®y(x,y) = 0, dPy(x,y) =0, and § = Rlzy)tuv depending

(z—y)?
whether uv = \/P(x)P(y), or uv = —/P(z)P(y).

Assuming that wo = /P(r)P(y), we have = Sk pq 100 —
xae(y) +bg(y) = —27]1} and %% = yae(x) + bg(.’L‘) — 277% Thus,
—2uvdf — dnvdzx + dnudy = 0,
and since df = 2d¢,
g dr dy
) v
In the remaining case uv = —/P(z)P(y), and %% = 2nv, and %%}“’ = 2nu.
Thus, again
d d d
—é- = ——:I/‘ + _y'
n U v

The corresponding differential form for £’ is obtained by analogous argu-
ments and its derivation will be omitted.

With these formulas behind us we finally come to the integration of the
extremal differential equations.

4. Kowalewski’s integration procedure

In her original paper of 1889 Kowalewski made the following change of
variables:
Ro(l’l,l’g) — P(fL‘l)P(xQ) i lf
2(x1 — w9)? 2!

S1 =

and
o R0($1,l’2) + P(.Cvl)P(l’Q)
S = 2(.%'1 — $2)2 + 561
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and then claimed that

d81 _ d.%'l + dm'g dSQ _ d$1 + da,’g
S(s1)  /Plx1) /Pla2) S(s2) VP(@@1)  \/P(xs)

where S(s) = 453 — gas — g3.
In her notation, Ry(z1,72) = —x323 + 6012122 + 20co(z1 + 22) + 3 — k2,
and P(r) = —x*+ 6012% + 4lcow + c3 — k2. Then,

Ro(x1,x2) = —a2a3 + 30 (x3 4 23) + 20co(21 + 22) + & — k? — 301 (x1 — x2)?
= R(xl, xg) — 361(1’1 — 1'2)2

and so Kowalewski’s constants are related to the constants of this paper as
follows:

3£1 = H, 6(2) - k‘Q = I?Q, 2660 = —K3 .

The change of variables, which has often been called “mysterious” in the
subsequent literature, is nothing more than the mapping from C x C into I' x I"
that assigns to M = (z1,u;) and N = (x2,u2) the values P, = (s1,5(s1)) =
M — N and Py = (s2,5(s2)) = M + N. The variables s; and sz in her paper
coincide with &; and & in this paper by the following calculation:

R(xy1,x9) — 351($% - x2) —VP(x1)P(z2) 1

51 = 2(x1 — w9)? + 561
_ R(z1,22) — /P(z)P(y) 36 1
= -Lyza
2($1 — {L‘2)2 2 2
0 26 +0) _
= b = 5 6= &

because ¢1 = C. An analogous calculation shows that so = &. Therefore,
Kowalewski’s change of variables is fundamentally a paraphrase of Theorem 7
in this paper.

The extremal equations in terms of the new coordinates s; and so are
obtained exactly in the same manner as in the original paper of Kowalewski.
For convenience to the reader we include these calculations.

For the sake of continuity with the rest of the paper we shall use (z,u),
and (y,v) to denote the points of C, rather than (x1,u;) and (z2,u2), and use
(&1,m) and (&2,m2) instead of (s1,5(s1)) and (s2,5(s2)). Upon identifying y
with Z, we get that

2
_% (%) = P(y) +q(t)(x(t) — y(1))*.
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Since % = (—1)1dz 4 W with § = 1,2, it follows that along each extremal
n U v

dt ) n? w2\ dt vy \ dt uv dt dt’

curve z(t)
The substitution of

2
2
-l (%) 7= v +q(t)(x —y)* . and
‘;_f‘;_@; — Ro(x(t),y(t)) (Theorem 2)

into the preceding expression leads to

4 (@)2 =2+ (z —y)° ( a(t) | 4(®) ) L opyifal@y)

n? \ dt u?(t)  v3(t) uv
2u*v? + (z — ) (Vg + v?q) + 2(=1)'Ro(z, y)uv
N uZv?
_ 2u?® — (2 — y)* (B + Kz — y)?) + 2(=1)" Ro(z, y)uv
N uZv?

because v2q + u?§+ R1 + K3(x — y)? = 0 (Theorem 1).
With the aid of Ry(z —y)? = —R3 + u?v? the above expression simplifies
to

4 (d&\®  vP®+ RE+2(-1)'Row — (z — y)*K?
n? \ dt u?v?

(uv + (=1)"Ro)* — (z — y)* K7}

2

u?v?
_ 4(x —y)* ((Ro + (—1)2uv>2 B K_Z)
u2v? 2(x —y)? 4 )

Recall that W = &— % + % Upon introducing two new constants
H k K H k K
klz—EJrg 74 and ky = —— + = — —2

into the above equality we get
L (d&\ _ (z—y)* .
—— == = i — k1)(& — ko), =1,2.
,'712 <dt> w202 (5 1)(5 2) ?

Finally, & — & = (xﬁz’/)% and hence

a&\*  U%) N . . o
(E) MCESE where U(&) = — (48 — 926 — g3) (& — k1) (& — ko).
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Consequently,

d&y ) d&o
U(&) U(&2)

The last equation coincides with the celebrated equation of Kowalewski
when p = 1.

= 0 with p==£I1.

5. The ratio of coefficients and meromorphic solutions

Kowalewski begins her investigations of the heavy top with a brilliant
observation that both the top of Euler and the top of Lagrange, being integrable
by means of elliptic integrals, admit Laurent series solutions of complex time
for their general solution. In the papers listed in the bibliography she classifies
all the cases of the heavy top whose solutions are meromorphic solutions of
complex time, concluding that meromorphic solutions require that two of the
coefficients must be equal to each other, say ¢; = ¢, in which case

( 1°) ¢1 = c2 = ¢3, and ay, ag, ag arbitrary,
( 2°) ¢1 = co, cg arbitrary, but a; = ay =0,

(3°)c1=cr2=2c3,and ag =0

are the only situations admitting general meromorphic solutions.
In this section we shall pursue Kowalewski’s approach in a more general
setting and classify all the cases in which the Hamiltonian solutions of

1 /H? H? H?
H=_ <—1+—2+—3> + arhy + aghs + azhs
2 C1 (&) C3
are meromorphic functions of time under the assumption that ¢; = co.
We shall also include the following limiting cases in the subsequent analy-
sis:

1
H = §H32 + arh1 + ashs + ashs

obtained as the common value ¢; = ¢ tends to oo while ¢3 = 1, and

1
H = §<H12 +H22) + a1h1 + ashs + ashs

obtained as c3 tends to oo while ¢; = ¢p = 1.

These limiting Hamiltonians are important for different reasons. The first
case is completely integrable but falls outside of Kowalewski’s classification,
while the second case, which also falls outside of Kowalewski’s classification,
arises naturally in the theory of curves.



INTEGRABLE HAMILTONIAN SYSTEMS ON LIE GROUPS 633

In what follows, we shall assume that all the variables H1, Ho, Hs, h1, ha, h3
are complex (but the coefficients ¢y, co, ¢35 and aq,az,as are real) and search
for the cases where the solutions of

dK dP
- = QK P — = [Q,P]+kla, K
= K]+ [P, S = [P+ ke K]

are meromorphic functions of complex time ¢, for at least an open set of initial
values in CS.
It will be convenient to use c¢ instead of c¢3, and to use m to denote the

(24)

common ratio E—f = 2_2 That is, m = ﬁ and hence ¢; = ;> = ca. Therefore,
o Hi
Q= | THy |. It follows that JoKJy = 2 with
I
o3
1 1 0 0
Jo=—[(0 1 0
Ve 0 0 m
The limiting case H = %Hg + arh1 4+ ashg + aghsg occurs when m = 0 and
¢ = 1, while the other limiting case H = %(HIQ + H2) + a1hy + aghy + aghs,

occurs when 7 =1 and lim ¢ = oo,

We shall use (4, B) to denote the trace of —3AB for any antisymmetric
matrices A, B with complex entries (not to be confused with the Hermitian
product on C3). Then,

(A,B) = A-B = aiby + asbs + asbs .
In terms of this notation
H = %(JOKJO,[Q +(a, P).
It is easy to verify that the Casimir functions
G = (P,P)+k(K,K) and J = (P, K)

remain constants of motion for the complex system (24).
We shall now seek conditions on the ratio m and the coefficients a1, as, as
so that solutions K (t), P(t) of equation (24) are of the form

K(t) =tT"(Ko+Kit+---+Kpt"+---),
Pt) =t (Py+Pit+-+ Pyt +--+)

for some positive integers n; and ng, and matrices K, P, in so3(C) for each
n=20,1,..., with neither Ky nor P, equal to zero.

Evidently not every solution has a pole in C. For instance, K = 0 and
P = a is a solution for any choice of the constants in question. We shall
assume that the meromorphic solutions occur for at least some open set of
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initial conditions in C%, which in turn implies that the meromorphic solutions
should be parametrized by six arbitrary complex constants.

LEMMA 1. ny =1 and ng = 2, provided that [JoKoJy, Po] # 0.

Proof. The leading terms in 4 = [Q,P] + k[a, K] are given by
—ngt— (2D py = =211 [ ] Ky Jo, Py] which implies that no 4+ 1 = ny + no.
Therefore, nq = 1.

Then the leading terms in 2 = [, K] + [a, P] are given by

—t_2K0 = t_2[JQK0J0, Ko] 4+t [a, Po].

If [a, Py] = 0 then — Ky = [JoKyJo, Ko|. The latter relation can hold only for
Ky = 0. Thus [a, Py] # 0 and therefore ny = 2. The proof is now finished.

In the original paper Kowalewski claims the results of Lemma 1 without
any proof (“on s’assure facilement, en comparant les exposants des premiers
termes dans les membres gauches et dans les membres droits des équations
considérées que l'on doit avoir ny = 1,m; = 2,” [9, p. 178]). This claim,
first criticized by A. A. Markov, is still considered an open gap in the origi-
nal approach of Kowalewski. The assumption [JoKgJy, Py] # 0 is very likely
inessential (for the contrary would reduce the number of possible solutions),
and hence the original investigations of Kowalewski are in all probability cor-
rect in spite of the gap. We shall subsequently assume that n; = 1 and ny = 2
without going into details caused by vanishing of the above Lie brackets.

Upon equating the coefficients that correspond to the same powers of ¢ in
equations (24) we come to the following relations:

(25) —Ky = [JoKoJo,KQ] + [CL, PQ], 2P, = [JoK()Jo, Po]
and
(262) (n—1)K,= > [JoKiJo, Kni]+[a, P,
=0
(26b) (n—2)P, = > [JoKiJo, Pai]+ kla, K]
=0
for n > 1.

The same procedure applied to the Hamiltonian H and the Casimir func-
tions G and J gives

1 n

(27) §§<JOK1-J0, Ko-i)+ (a, Py) = 621
n n—2

(28) S UPLPoi) + 5 (K Knoai) = banG

i=0 =0
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n

(29) > (P Kni) = b3,
=0

with ¢;; denoting the Dirac function equal to 1 only for ¢ = j, and otherwise
equal to zero. It follows that

2
Z<JOKiJO7K2—i> +(a,P) = H

=0

4 2
PP+ kY (Ki Ky ) = G
=0 =0

3

D (P, Ks i) = J

=0

and consequently the first four stages of equations (26) must generate three
arbitrary constants H, G and J.

Following Kowalewski’s original paper we shall also assume, without any
loss in generality, that as = 0 and that a? + a% # 0. This situation can
always be arranged by a suitable rotation of a. We shall also rule out the cases
a1 = 0 as it corresponds to the case of Lagrange, and also rule out m =1 as it
corresponds to the well-known case ¢ = ¢co = c3.

We shall now use p,, qn, T, to denote the entries of K,, while f,, gn, hn
will denote the entries of P, in the recursive relations (25) and (26). We then
have:

THEOREM 1. There are finitely many solutions of equation (25) if and
only if 2m — 1 # 0. They are given by
(a)

2¢eic . 2¢
Po = 07 g = —, T0:07 f0:Z€h0, 90:07 h():i.
m m(ag + €iay)
and
. 2@30 i
(b) po = —iego, qo(2m—1) = ——, 1o = 2eic,
ai
2c .
fo= —, go=ticfo, ho=0
al

with €2 = 1 in either (a) or (b).
When 2m — 1 = 0, then a3 = 0 and qo is an arbitrary compler number
corresponding to each case e = +1.
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Proof. The equation 2Py = [Py, JoK(Jo| is linear in Py and can be written

as
e Jo
(i) %7‘0 2 %po g0 = 0.
g —Tpo 2 ho

The determinant of the preceding matrix is 2(4 + ?—;(pg +q3)+ %), and
must vanish to admit nonzero solutions. Hence,

2
.. m 1
(i) 6—2(19(2) +q5) + i —4.

It also follows from 2P0 = [Po, J()K(]J(]] that <P0, P0> = 0 and that (P(), JOKOJ0>
= 0. Therefore,

(iii) fE+ g2 +hd=0, and m(pofo+ qogo) +roho =0 .

Casimir relation (29) implies that (Py, Ko) = pofo+qogo+horo = 0, which
together with (iii) implies that rohg = 0. Consider first the case ro = 0.
The relation Ko = [Ky, JoKoJo| + [Fo, a] gives

(m—1) (m—1
Toqo —asgo, 4qo =

(iv) po = ropo+azfo—aihg, 1o = aigo .

Hence gy = 0, and consequently fg + h% = 0. Thus, fo = eihg with ¢ = £1.
It follows from (27) that %%(pg +q3) + %rg + a1 fo + ashg = 0. Thus,

1 —m?c(py +qf)  4c 2
(a1€i + ag)ho = a1 fo + agho = —E%(pg +aq3) = et ) A _ EC
(m # 0, as can be seen from (ii)). Therefore,

2c

m(az + eiaz)

2mc? 2m

ho =

Equations (iv) now imply that pg = 0, and

q0 = azfo —arho = azehg —artho = ho(—a1 + cias)
2 ) 2¢eic
- m(a3 + aial) (_al + 61&3) - ?
We have now verified the solutions given by (a). The solutions in (b) correspond
to hg = 0, and are obtained as follows:

Linear system (i) implies that “*(fogo — gopo) = 0. Combined with (iii)
this relation gives that either m = 0, or that pg + qg = 0. In both cases
0%7'8 = —4 as can be seen from (ii). Therefore, ro = 2eic with ¢ = +1.

0
2a1c

Then gy = @ = 2 (equations (iv)), and fy = —

ai al

%r% + a1 fo + aghg = 0. That is, gy = i fj.

= 2¢ hecause
a1
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The relation po fo + gogo = 0 gives fo(po + €igo) = 0. Thus py = —eiqp.
Then,

qQ = _{ p )"”Opo-i-agfo = ! )(252)0(—€ZQO)+a3f07
or 9
asc
@(l+2(m—1)) = azfo = a—i'

Hence solutions in (b) are also verified concluding the proof of the theorem.

It remains to resolve the recursive relations (26). They are linear in K,
and P, and can be expressed as

(30)
n—1
(n— 1)Ky + [Kn, JoKoJo] + [Ko, JoKnJo] + [Paal = Y [JoKiJo, Kn1-i] ,
=1
n—1
(n—2) Py + [Po, JoKoJo] + [Po, JoKnJo] = Y _[JoKiJo, Pr-1—i] + kla, Kpn_1]
=1

for n > 1 with K_; = 0.
This linear system in six variables py,, ¢n, Tn, fn, gn, hn can be written more
explicitly as follows:

1
(n - 1)pn + E(anTO — qoTn + MqoTn — QnTO) — azgn = An y

1
(TL - 1)qn + E(Tnpo — MPnpTo + T0Pn — mporn) + a3fn - alhn = Bn )
(n—1)ry, +a1gn = Cy
and

1
(n —2) fn + =(mgnho — gorn + mqohn — gnro) = Dn ,

=0

(77, — 2)gn + _(Tnf() - mpnhO + TOfn - mpohn) - En )

SQ

(n—2wn+;j@wo—ﬁmn+pwn—ﬁﬂw = F,

with A,,, By, Cy, Dy, E,, F,, denoting the appropriate quantities on the right-
hand side of equation (30).

1. Meromorphic solutions for rqg = 0. It follows from Lemma 2 that
po = ro = go = 0. Therefore the preceding equations cascade into the following
independent subsystems:

(m—1)

(31) (n—1)pn +
(n - l)Tn + algn = C?’L )

1
(n - 2)971 + E(Tnfo - mpnhO) = En

qoTn — a39n = Ay,
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(32) (TL - 1)Qn + a3fn —arh, = By,
1
(n - Q)fn + E(mqohn + anhO) = Dn ;
m
(n - Q)hn - ?(fOQn + qun) = Fn .

The determinant A of the overall system is the product of determinants
A1 and Ay with

Alz det 0 n_l al 9

—%fo —Fa n-—2
Then,

m

m? m
Ay = (n=1)[(n=2)"+ 7] = ho((n = 2)az — 1)

¢
m m
- ?fo(azsz% +ai(n—2))

m2 m
= (n—1)((n—2)*+ C—qu) — (n —2)—(agho + foa1)

c
2
m
+ C—QQO(alho — as fo).

Recalling that o = 2eic fo =1iehg and hy = m# we get that

m (a3+icar)
Ay = (n—1)((n—2%-4)—2(n—-2)+4 = (n+1)(n—2)(n—4).
Then,

A= (=)= D -2)— Do) - Pag( TN g 4 oy 1)

fo m )_m(m—l)

=Mm-1)((n-1)(n-2)- ar’ - — ?hoa:s a1hoqo
= (=)= 1)n~2) = 2) = "m(m — Dgoa + (0~ 1)(m ~ 1)as)
2 ho

=n-1)((n-1)(n—-2)——)— ?(m —1)(2eia; — (n — 1)ag) .

m
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But
2(2eia; — (n — 1)as)
m(ag + €iay)
2

1 3

h
?0(251'(11 —(n—1)ag) =

For A; to be equal to zero the imaginary part of Ay must be equal to
zero, which occurs only when as = 0. But then

A= (-1 - -2) ~ ) - W
_ (n=1)((n-1)(n—2)m —2) — 4(m - 1)
(n—3)((n* —n+2)m — 2)

m

Therefore, A = 0 when n = 2, n = 4, and n = 3 provided that ag = 0.
In such a case A also vanishes for another positive integer value k given by
(k* —k+2)m—2=0.

THEOREM 2. All solutions of equations (26) are parametrized by at most
four arbitrary constants, and hence do not provide for general solutions of
equation (24).

Proof. The maximum number of solutions of equations (26) occurs when
n = 3 is a zero of A, that is when ag = 0. Our theorem follows from the simple
observation that the kernel of the cascaded linear system with ag = 0,

m
(=t (" ) = 0. (0= g - = 0,
1 m
(n—1r,+aign = 0, (n—2)fn+zmqohn—|—?qnh0 =0,

1 m m
(n - 2)911 + E(rnfO - mhopn) =0, (n - 2)hn - ?fOQn - ?qofn =0,

is at most one dimensional at each singular value of A. Recall that
) 2c 2¢eic
fo = ethg, ho=—— andthat ¢y=—.
may m
The foregoing linear systems are described by the following matrices:

n—1 0 —ay n—1 2em(m-—1) 0
= n—2 2 and 0 n—1 ay

2e1 .
mar 2¢1 n—2 o o
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The rank of each of these matrices is at least two, and therefore there
can be at most four constants arising from n = 2, n = 3, n = 4 and
(k? —k+2)m—2 = 0. Our proof is finished because the number of parameters
required for general solutions of equation (24) is six.

Remark. It might seem plausible that equations (26) do not admit solu-
tions at the singular stages. Remarkably, that is not the case. In fact, for
n=2

R 0 R fo
K2 = q2 s P2 = 0 with
0 ha

fo = j—ij + %al, and ho = %, with go an arbitrary complex number. Then,
forn=23

ei(m—1)
om @193
R N —iEhg 1
K3 = Ghs , Py = g3 , with hs = _Zkaqu
hs
—%93

and g3 an arbitrary complex number. Finally, for n = 4

R ~ S5 — 2eiqy
K4 = q4 s P4 = 0

0 Zq
with g4 arbitrary.

2. Meromorphic solutions for hg = 0. In this case it is convenient to take
¢ = 1. Then the solutions of equations (25) are given by

po = —€iqo, qo(2m —1) = o 0= 2ei,  fo= o G0= iefo, ho=0

2a3 2
1
with € = +1. We shall first suppose that 2m—1 # 0 and show that the number
of constants that parametrize the general solution is less than six.
Since pg+1icqy = 0 and fo+eigg = 0 it is natural to consider the following
change of variables:

Up = Pp + €iQn, Vp = Pp — €iQn, Wy = fn + €iqn, 2n = fn — i€qy.
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It follows from equations (37a) and (37b) that

(n — Duy, —ie(m — V)rou, — ie(m — V)ugr, — icagwy, — ajichy,
= up(n —142(m—1)) — icasw, —icarh, = A, +icB, ,
vn((n—1) —2(m — 1)) + ie(m — 1)vory, + icaszy, + icarhy, = A, —icBy,
gla1wWwy,  €1qzn
=C
2 2 n s

n—1)ry +aign = (n — 1)1y —
n—2-2w, = D,+icE, ,
n— 2+ 2)z, — €izory + cimuohy, = D, +ickE, ,
n — 2)hp +m(pngo — foqn + Pogn — fno)

= (n—2)h, + mfociu, — qouw, = F, .

(
(
(
(

The matrix corresponding to this linear system is given below:

2m+n—3 0 0 —1i€a3 0 —ieaq
0 n+1—-2m ie(m—1)vy 0 icay  ieay
0 0 n—1 e B 0
M =
0 0 0 n—4 0 0
0 0 —e12g 0 n £1mug
mfoei 0 0 —qo 0 n-—2.

The determinant A of the preceding matrix is given by A = (n — 4)(n +
1 —2m)A; with A; equal to the determinant of

n—3+2m 0 0 —ieaq
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Then
A1 = (n—3+2m)(n—2)(nln—1)— ‘”TZO)
— mfoei(—icar(n(n — 1) — GIQZO))
= (n(n—1) = =52)((n — 3+ 2m)(n — 2) — ma fo)
= (n(n—1)—=2)((n —3+2m)(n —2) —2m)
(nn—1)=2)((n—1)(n—2)+2(m —1)(n — 2) — 2m)
= n+Dn-2)((n—-1)(n—2)+2(m—1)(n—2) —2m)
= (n+1)(n—-2)(n—3)(n—2+2m)
Therefore,

A= n+1)(n-—2)n—-3)(n—4)(n+1-2m)(n—2+2m).

THEOREM 3. 2m — 1 =0 and a3z = 0 is the only case admitting a general
meromorphic solution of equation (24).

Proof. When m # 0 and 2m — 1 # 0 then there are four constants that
parametrize the solutions corresponding to n = 2, n = 3, n = 4 and one of
the factors n — 2+ 2m = 0 or n + 1 — 2m = 0 because the kernel of M is one
dimensional for each singular value of A. When m = 0, the kernel of M is two
dimensional for n = 2 and therefore contributes two constants that together
with the constants corresponding to n = 3 and n = 4 again account for four

constants.
In the remaining case 2m — 1 = 0, and the zero-th stage (Theorem 1)
accounts for two arbitrary constants, provided that as = 0, that together

with the constants corresponding to n = 1, n = 2, n = 3, n = 4 produce
six arbitrary constants, which is the exact number required for the general
solution.

This analysis shows that

a=0,

C1 = C2, CL1:CL2:0,

(i
(ii

(iii c1 = cg = c3, a arbitrary,

)
)
)
(iV) Cl = Cy = 203, az — 0,
are the only cases that admit meromorphic solutions thus extending the con-
clusions of Kowalewski to a wider class of systems.

In the literature on Hamiltonian systems this claim of Kowalewski is often
confused with the classification of completely integrable systems, that is, with
systems that admit six independent integrals of motion all in involution with
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each other. This issue was considered by R. Liouville in 1896 ([11]) where
he claimed that there is an extra integral of motion whenever the ratio %
is an even integer. The exact nature of this claim is not altogether clear as
the arguments in Liouville’s paper are difficult to follow. In addition, the
homogeneity properties of the equations for the heavy top, upon which any of
Liouville’s arguments are based, do not hold in our setting when k£ # 0 and
further limit the relevance of Liouville’s paper. However, the following simple
example shows that there are additional cases of completely integrable systems
which are outside of meromorphic class and therefore cannot be integrated by

means of Abelian integrals.

3. A completely integrable system not of Kowalewski type. This case cor-
responds to the limiting ratio m = 0 and a3 = 0. Then H = %H§+a1 h14asho,
and

dH, dHo dHj;
— 1= H,H;—h —2 — _HH3+h =% — hoay — h
a 2113 302, i 1413 + haaz, I 201 201 ,
dh dh dh
L — hyoHy — kHsas, —= = —h1Hs + kHsaq, 5 = k(Hyag — Haay) .

dt dt dt
Let w = hy+thg. Then, % = —iHs(w—k(a;+1iaz)). Hence, %(w—ka) =
—iH3(w — ka), with a = a; + iaz, and consequently |w — ka|? is a constant of
motion. As in all other integrable cases, this case is also completely integrable
in the sense that there are six integrals of motion all in involution with each
other.
Let 6 be an angle defined by w — ka = Re”. Along each solution curve,

%(w —ka) = Riew% = —iH3(Re™) and hence fli—f = —Hs. Then

1 /do\*> H2 _ _ i0
5(%> _T—H—Reaw—H—Rea(ka—l-Re)

= H — kla|? — (Raj cos§ — Ragsin6) .

So even though 6 can be expressed in terms of elliptic integrals, it follows
from the preceding results that the remaining equations cannot be integrated
in terms of rational functions of 6.

The other limiting case H = %(Hl2 + H2) + a1h1 + azhy + aghs may be
symplectically transformed into H = 3(H} + H3) + hq, provided that as =
az = 0 and a; = 1. H corresponds to the total elastic energy of a curve ~
in M given by & [(k%(t) + 72(t))dt with s(t) and 7(t) denoting the curvature
and the torsion of . While it is not known whether this Hamiltonian system
admits an extra integral of motion, it nevertheless follows from the foregoing
analysis that its equations cannot be integrated on Abelian varieties in terms
of meromorphic functions.
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