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Analytic functions associated with Caputos
fractional differentiation defined by Hilbert space
operator

G. Murugusundaramoorthy, K.Uma and M. Darus

Abstract. In this paper, we introduce a new class of functions
which are analytic and univalent with negative coefficients defined
by using certain fractional operators described in the Caputo sense.
Characterization property, the results on modified Hadamard prod-
uct and integral transforms are discussed. Further, distortion the-
orem and radii of starlikeness and convexity are also determined
here.

Resumen. En este trabajo, presentamos una nueva clase de fun-
ciones que son analiticas y univalente con coeficientes negativos,
definidos usando ciertos operadores fraccionarios en el sentido de
Caputo. Discutimos la propiedad de caracterizacién, los resultados
sobre el producto de Hadamard modificado y transformaciones inte-
grales. Ademas, determinamos el teorema de distorsion y los radios
de “starlikeness” y convexidad.

1 Introduction

Fractional calculus operators have recently found interesting application in the
theory of analytic functions. The classical definition of fractional calculus and
their other generalizations have fruitfully been applied in obtaining, the charac-
terization properties, coefficient estimates and distortion inequalities for various
subclasses of analytic functions. Let A denote the class of functions of the form

f(z) :erZakzk (1.1)
k=2
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which are analytic in the open disc U = {2z : z € C; |z| < 1}. Also denote by
T, a subclass of A consisting of functions of the form

o0
f(Z)ZZ—Zaka, ar > 0;z€U (1.2)
k=2

introduced and studied by Silverman [9]. For functions f € A given by (1.1)

o]

and g € A given by g(z) = z + Y br2*, we define the convolution product (or
k=2
Hadamard ) of f and g by

(fx9)(2) = (g% [)z) =2+ > arbpz¥, z€U. (1.3)
k=2

Let H be a complex Hilbert space and let £(#H) denote the algebra of all
bounded linear operators on#H. For a complex-valued function f analytic in a
domain E of the complex z-plane containing the spectrum o (IP) of the bounded
linear operator P, let f(P) denote the operator on H defined by Dunford [3],

f(P) 1 /(z]I —P) f(2)dz, (1.4)

T oW
C

where I is the identity operator on H and C is a positively-oriented simple
rectifiable closed contour containing the spectrum o(PP) in the interior domain.
The operator f(IP) can also be defined by the following series:

(o)
0
@ =3 L0
which converges in the norm topology (cf. [3]).
Now we look at the Caputos [2]definition which shall be used throughout
the paper. Caputos definition of the fractional-order derivative is defined as

S T B 10
bry(t) = I'(n—a) / (t —7)oti-n (15)

a

where n — 1 < Re(a) < n,n € N, and the parameter « is allowed to be real
or even complex, a is the initial value of the function f .
We recall the following definitions [6] .

Definition 1. [6] Let the function f(z) be analytic in a simply - connected
region of the z— plane containing the origin. The fractional integral of f of
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order p is defined by

L[
D" f(2) F(u)o/(z—f)lﬂdg’ >0, (1.6)

where the multiplicity of (z — &)1=F is removed by requiring log(z — £) to be real
when z — & > 0.

Definition 2. [6] The fractional derivatives of order p, is defined for a function
f(z), by

N S (3
e F(l—ﬂ)dzo/(z—g)ﬂdg’ D<u<t, (17)

where the function f(z) is constrained, and the multiplicity of the function (z —
&) * is removed as in Definition 1.

Definition 3. Under the hypothesis of Definition 2, the fractional derivative of
order n + p is defined by
dn
DI f(2) = ﬁDgf(z)a (0<pu<1; neN). (1.8)
With the aid of the above definitions, and their known extensions involving

fractional derivative and fractional integrals, Srivastava and Owa [13] introduced
the operator Q0 (§ € R;d #2,3,4,...) : A — A defined by

Vf(z) =T(2-0)2"Dif(z) =2+ > _ ®(n,6)anz" (1.9)
n=2
where
_ Tn+1)I'(2-9)
®(n, ) = i 1o9) (1.10)
For f € A and various choices of §, , we get different operators
Qf(2) == f(2) :erZakzk (1.11)
k=2
QL f(2) == 2f'(2) :z—l—Zkakzk (1.12)
k=2
Vf(z) =V f(2) =2+ > Kaz* (j=1,2,3,.) (1.13)

k=2
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which is known as Salagean operator[7] .Also note that

z) = %/0 f)dt ==z + Z (kzj—l) apz”
k=2

and
» it B 2 1\’
QT f(2) == QU QTITf(2)) = +Z(k+l> apz®, (j =1,2,3,..) (1.14)

called Libera integral operator.We note that the Libera integral operator is
generalized as Bernardi integral operator given by Bernardi[1],

1+v [ [(1+v &
R e (O] TN o [l (v =1,2,3,..).
e = 3 (5 et )

Making use of these results Recently Salah and Darusin [8], introduced the
following operator

CP@4n—p) oy [ Q@)

where n(real number) and (n — 1 < g < n < 2). By simple calculations for
functions f(z) € A, we get

" C(k+1)°T2+n—wWTQ2—-n)
Jifz Z Oy —u MG —n D) O (eU) (116)

and for the sake of brevity we let

(C(k+ 1))’ T2 +n—wI'(2—n)
Fk+n—p+1I'(k—n+1)

Cr(n, p) = (1.17)

and 41°(2 (2

o, 1) = 2+n—wI'(2—n)
B +n— I —n)

unless otherwise stated.

Further, note that J%f(2) = f(2) and Jif(2) = 2f'(z). In this paper,
by making use of the operator J,] we introduced a new subclass of analytic
functions with negative coefficients and discuss some interesting properties of
this generalized function class.

For 0 < a < 1, we let J1(A, @) be the subclass of A consisting of functions
of the form (1.1) and satisfying the inequality

Tion(P) — 1
Tpn(P) = (2a = 1)

<1 (1.18)




CAPUTOS FRACTIONAL DIFFERENTIATION 115

where
PILIE) NPT (P))"
Tinf®) = =7i5®) e

0 <A <1,7]7f(z)is given by (1.16) . We further let 77} (A, ) = T (A, @)NT.

(1.19)

In the following section we obtain coefficient estimates for f € TJ (), a).

2 Coeflicient Bounds

Theorem 1. Let the function f be defined by (1.2). Then f € TJT (N «) if
and only if

e}

> (kL4 Ak = D] = )Ci(n pax < (1 - ). (2.1)

k=2

The result is sharp for the function

- (1-a) e
I =2 Gaat - - wGmn "2 (22)

Proof. Suppose f satisfies (2.1). Then for ||z,

172 () = 1| < [[ 7,2 (P) + 1 = 20|
2= Y pea kCr(n, wan2® — X377, k(k — 1)Cr(n, parz® 1“
2= 2o Cu(n, p)awt
21— o) - 2= L ROk a2 = AT bk = 1)C(m, m)are
Z = 2;022 Ck<777 U)akzk

(RL+ Ak =1 =1) Cr(n, par <2(1 —a) = ) (K1 + Ak = 1]+ (1 = 20))Ck(n, p)ak
k=2

NE

<

>
U
N

M

(E[1 4+ Ak = 1)] = a)Cr(n, wap — (1 — )

IA
=T
()

,  by(2.1).

Hence, by maximum modulus theorem and (1.18), f € TJ}}(A, «). To prove the
converse, assume that

o0

H 7 (P) -1 = 2 (K4 Ak = 1] = 1)Cr(n, pagzt !
TiaB)+1 =20 o oy 55 (k{1 + Ak = 1))+ (1= 20))Ci (. s

<1, =zeUl.
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Equivalently,
= 3% (bl + Ak = D] = DC (b~
Re h=2 <1. (2.3)
2(1 —a) — kX_:Q(k[l + Ak —=1)]+ (1 —2a)Ck(n, p)agzF-1

Since Re(z) < ||z| for all z. Choose values of z on the real axis so that ‘7!:\’77(]?)
is real. Upon clearing the denominator in (2.3) and letting ||z|| = P = rI(0 <
r < 1) and letting r — 17, we obtain the desired assertion (2.1). O

Corollary 1. If f(2) of the form (1.2) is in TJ (A, @), then

(1-a)
(k[1+ Ak —1)] — @)Ckin,p)’ k=2, (2.4)

ap <

with equality only for functions of the form (2.2).

In the following theorem we state the distortion bounds and extreme point
results for functions f € TJ}}(A, @) without proof.

Theorem 2. If f € TJ}| (), «), then

s B T
T BaEN —alGo . S M@ <+

(1-a)

2(1 4+ A) — aCa(n, 1) 29

_ 2(1 _a) r /
Ry —alGy = @I sty

2(1 — )
2(1 4+ ) = aCa(n, 1)

(2.6)

The bounds in (2.5) and (2.6) are sharp, since the equalities are attained by the
function
(1-a) 2
f(z)=2z— z° oz =4 2.7
A T (AN >0

Theorem 3. (Extreme Points) Let f1(z) = z andfi(z) = z— (k[1+A(k£11i(i)a)Ck(n,u) 2Fk>

2, for 0 < a < 3, and 0 < X < 1. Then f(2) is in the class TT (X, @) if and
only if it can be expressed in the form f(z) = > wifr(2), where wy > 0 and
k=1

NgE

wi = 1.

k=1
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3 Radius of Starlikeness and Convexity

The radii of close-to-convexity, starlikeness and convexity for the class T J Z (A @)
are given in this section.

Theorem 4. Let the function f(z) defined by (1.2) belong to the class T T\ (), a).
Then f(z) is close-to-convex of order 6 (0 < 4§ < 1) in the disc |z| < ri, where

[ =) (K[ + Ak — 1)] — @) Cr(n,m)]
- =) k (k> 2). (3.1)

The result is sharp, with extremal function f(z) given by (2.2).

Proof. Given f € T and f is close-to-convex of order 4, we have
I/ (P)—1|| <1—a. (3.2)

For the left hand side of (3.2) we have

IF/(B) = 1] < kax||B]*.
k=2

The last expression is less than 1 — ¢ if

o~k k-1
Z 1= 6%‘“}»” <L
k=2

Using the fact, that f € TJ (A, a) if and only if

S (LA = 1) — ey Culog)
k=2 (1-a) -
We can say (3.2) is true if

k
— Pt <
1_5|| "7 <

(K1 + Ak = 1] = ) Cr(n, 1)
(1-a) '

Or, equivalently,

HPHk—l — Tk_l — (1 — 6)(k[1 + )‘(k — 1)] — Oé) Ck(nvﬂ)
k(1 —«)

which completes the proof. O
Theorem 5. Let f € TJ (N ). Then
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1. f is starlike of order 6(0 < & < 1) in the disc ||z|| < re; that is, Re {
6, where

5>
o .nf{(lé)(k[lJr)\(kl)]a
27 12, (1—a)(k—0o)

)cumM}f{

2. fis convex of orderd (0 < 6 < 1) in the disc |z| < r3, that is Re {1 +
6, where

2 (2)
e } >

i LA =G+ A= D]~ ) Culn.p) | =
r3 = inf .
k>2 (1—-a)k(k—9)
Each of these results are sharp for the extremal function f(z) given by (2.2).
Proof. Given f € T and f is starlike of order 4, we have
Pf(P)
1l <1- -

P < 5, P=rl (0<ry<1))
For the left hand side of (3.3) we have

(3.3)

fre S0

1= > ap [[P]F1

The last expression is less than 1 — 4, if
o0

k-9 k-1
> o [IPIF < 1.
k=2

Using the fact, that f € 77} (A, @), if and only if

oo

(k1 + A(k = 1)] — a)ag Ci(n, p)
kzﬁ 7o) <1
We can say (3.3) is true if
%HPHIC_I < (k[1 + Ak =1)] — ) Ck(n, p)

(1-a) '
Or, equivalently,
HPHk_l < (1 — 5)(k[1 + )‘(k — 1)] — a) Ck(%/i)

(1—a)(k—-09)
which yields the starlikeness of the family.

Using the fact that f is convex if and only if 2 f’ is starlike, we can
prove (2), on lines similar the proof of (1).

O
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4 Integral transform of the class TJ (X, @)

For f € TJ (), a) we define the integral transform

e = [ u(y ) gy,

where p is real valued, non-negative weight function normalized so that fol w(t)dt =
1. Since special cases of pu(t) are particularly interesting such as pu(t) = (1+¢)t¢,
¢ > —1, for which V), is known as the Bernardi operator, and

1\ %1
p(t) = ¢ (logt> ,c>—=1,6>0

which gives the Komatu operator. For more details see [4].
First we show that the class TJ}, (), ) is closed under V,,(f).

Theorem 6. Let f € TJT, (N, a). Then V,(f) € TT (N a).

Proof. By definition, we have

c &t
V.(f) = (/:E;)) /(—l)afltc(logt (Z—Za 2Pk 1) dt

0
(1) Met+ 1) / 5—1 ke yk—1
= ———— lim t°(logt z— apz"t dt|,
1(6) r=0t | Jr : ;;2
and a simple calculation gives

ARG (Lﬁ)ék

k=2

We need to prove that

o §
Z E[1+ Ak ()}a)ck(n,u)<c+1) a < 1. (4.1)

= 1—a) c+k

On the other hand by Theorem 1, f € TJ}}(A, @) if and only if

i [1+ Ak —1)] = a)ay, Cr(n, 1)

1—a) <1

k=2

Hence ngL < 1. Therefore (4.1) holds and the proof is complete. O



120 G. MURUGUSUNDARAMOORTHY, K.UMA AND M. DARUS

Next we provide a starlike condition for functions in 77} (A, «) and V,,(f)
on lines similar to Theorem 5 .

Theorem 7. Let f € TJ (N ). Then
(1) V.(f) is starlike of order 0 <~ <1 in |z| < Ry where

1

()’ Q=208 351 ) Cutu]

(1t). V,(f) is convex of order 0 <y <1 in |z| < Ry where

Rl = inf
k

R2 = inf

<c+k>‘5 (1= )R+ Ak~ 1)] — ) ck<n,u>] =
k

c+1 (1—a)(k—7)

5 Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the
family T7J (X, a).
Lemma 1. [5] If the functions f and g are analytic in U with g < f, then for
k>0, and0<r<1,
2 2
/|g(re'i9)y“deg/|f(rei9)y”d9. (5.1)
0

0

In [9], Silverman found that the function fo(z) = z— é is often extremal over
the family 7. He applied this function to resolve his integral means inequality,

conjectured in [10] and settled in [11], that
2m 2m
/ |f(re?®)|" do < / | fo(re™®)|" do,
0 0

forall f € T,k >0and 0 <r < 1. In [11], he also proved his conjecture for

the subclasses of starlike functions of order o and convex functions of order «.
Applying Lemma 1, Theorem 1 and Theorem 3, we prove the following

result.

Theorem 8. Suppose f(z) € TT (A a) and fa(z) is defined by fa(z) = z —

mzz, Then for z =re®, 0 < r < 1, we have

2m 27
Js@iras < [ 161 as. 5:2)



CAPUTOS FRACTIONAL DIFFERENTIATION 121

Proof. For f(z) =2z — Y ay2z*, (5.2) is equivalent to proving that
k=2
27 [e ] 1 ) K
1- k1 d9</1— —a do.
/ Z H +A )~ alCalbo)”
0 —
By Lemma 1, it suffices to show that
.- - (1-a)
L= a|P*t <1 [IP]].
2. 201+ %) — ol Calb. 1]
Setting
=Yt o0 e )
2 201+ N — o] Calb, ]
and using (2.1), we obtain
oo 1 _
Hw a) zk—l
:2 (k[1 + kX — A] — a)C(b, u)
> (1-a)
< ||P a
< W12 G = = e
< IIIP’II-
This completes the proof Theorem 8. O

6 Modified Hadamard Products

Let the functions f;(z)(j = 1,2) be defined by (1.2). The modified Hadamard
product of fi(z) and f2(z) is defined by

(f1x f2)(z —Z_ZaklakZZ

Using the techniques of Schild and Silverman [12], we prove the following results.

Theorem 9. For functions f;(2)(j = 1,2) defined by (1.2), let fy € TT (A, @)
and fo € TT (A, 7). Then (f1 * fo) € TT (N, &) where

B+20)(0 —a)(1 —v)

N O R N [CR IR SN TeA Ay ey gy T e
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Proof. In view of Theorem 1, it suffice to prove that

o (K[1+ Ak = 1)] = §)Cr(n, 1)
>y

where £ is defined by (6.1). On the other hand, under the hypothesis, it follows
from (2.1) and the Cauchy’s-Schwarz inequality that
o~ (K[L+ Ak = 1] = 9)2 (k[1 + Ak = 1)] = a) 2 Cx(n, p)
poar (1-a)(1=7)

agparz <1, (0<€<1)

Vagiag2 < 1.

(6.1)
We need to find the largest £ such that
L (k[L+MNE—1)] —&)Ck(n,
> ML) 0G0,
2 (K[ A = 1] =)} L+ A = D]~ ) Culnp)
<2 —a)1—7)
or, equivalently that
([1+ Ak = 1)) = )¥ (k[1 + A(k — 1] — @)} 1-¢
Vit = T—a)1—) (R AG—1)] - 6)°
By view of (6.1) it is sufficient to find largest & such that
(1-a)(1—7)
Cr () (k1 + Ak = 1)] = 7) 2 (k[L+ A(k = 1)] — )2
(K[L+ Ak = 1)) = )2 (k[L+ A(k = 1)] — ) y 1-¢
- (1 —a)((1=7)) (FL+A(k=1)] =€)

which yields
kLI4+XME-D]+DA-a)(1-—7)

ST T AG - D] - (R T Ak — D] — @)C(nm) — (L — ) —7)
(6.2)

for k > 2 it is an increasing function of & (k>2)for 0 <a < 1;0<<1;0<
A <1 and letting k = 2 in (6.2), we have

B+20)1—a)(1 —7)
2+20=7)2+2X = a)Co(n,p) — (1 —a)(1—7)

£=1-
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Theorem 10. Let the function f(z) defined by (1.2) be in the class T T}, (), a).
(&)

Also let g(z) = z — > |bp|2® for |by| < 1. Then (f *g) € TI L\ ).
k=2

Proof. Since

]2

(R[1 4+ Ak = 1] = )Cr(n, p) | arbr|

k=2
< > (K[L+ Ak = 1)] = @)Cr(n, pak
< ](glzi )
it follows that (f * g) € TJL(A, @), by the view of Theorem 1. O

Theorem 11. Let the functions f;(z)(j = 1,2) defined by (1.2) be in the class
o0

€ TT (A a). Then the function h(z) defined by h(z) = z — 2 (a%’1 + a%a)zk

is in the class € TJ (A, §), where

2(1 —a)?2(1+ ) — 1]

=T RN alPCalm ) 20— a)?

Proof. By virtue of Theorem 1, it is sufficient to prove that

(k[ +MNE—1)] —&)Cr(n,
Z( (14 X( (1_)]5) §)Cr(n, 1)
k=2

where f; € TJ5,(A€,) we find from (2.1) and Theorem 1, that

(a1 + ai ) <1 (6.3)

Ok,

o~ [BL+ Ak = 1]~ a)Cx(m )] 5 |5~ R+ A= 1)~ a)Cr(n. )
> <[5

—~ (1—-a) P (1—a)
(6.4)

which yields

1 [ (kL 4+ Mk —1)] — a)Ch(n,
22[([+( )] = @)Cy(n, 1)

2
(1 _ OZ) :l (az,l +ai,2) S L

k=2
(6.5)

On comparing (6.4) and (6.5), it is easily seen that the inequality (6.3) will be
satisfied if

(kL + Ak =1D)) = Cul(np) _ 1 [Uc[l + Ak —1)] = a)Ci(n, 1) ]
<3 :

-6 - for k> 2.
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That is an increasing function of k (k > 2). Taking k = 2 in (6.6), we have,

- 2(1 - a)?2(1+ ) — 1]
T RAE N PGl ) 21— ) (6.6)

which completes the proof. O
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