On some property of the tangency relation of sets

Tadeusz Konik

Abstract. In this paper the problem of the homogeneity of the tangency
relation Tj(a, b, k, p) of sets of the classes A7 1, having the Darboux prop-
erty in the generalized metric spaces (E,1) is considered. In Introduction
of this paper we shall give the definition of the homogeneity of the tan-
gency relation Tj(a, b, k,p) in some class of the functions. Some sufficient
conditions for the homogeneity of this tangency relation will be given in
Section 2 of the present paper.
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1 Introduction

Let F be an arbitrary non-empty set and let [ be a non-negative real function defined
on the Cartesian product Ey X Ey of the family Ey of all non-empty subsets of the
set E.

Let Iy be a function defined by the formula

(1.1) lo(z,y) = I({z},{y}) for w,yeFE.

If we put some conditions on the function [, then the function ly defined by (1.1) will
be a metric of the set E. For this reason the pair (E,l) can be treated as a certain
generalization of a metric space and we shall call it (see [9]) the generalized metric
space. Using (1.1) we may define in the space (E,l), similarly as in a metric space,
the following notions: the sphere S;(p,r) and the ball K;(p,r) with the centre at the
point p and the radius r.

Let Si(p, 7)., denote here the so-called u-neighbourhood of the sphere S;(p,r) in
the space (E,1) defined by the formula:

U Ki(q,u) for u>0
(1.2) Sip,)u = qeSi(pr)
Sl(p7 T) for u = 0.

Let k£ be any but fixed positive real number and let a, b be arbitrary non-negative
real functions defined in a certain right-hand side neighbourhood of 0 such that
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(1.3) a(r)——0 and b(r) ——0.
r—0+ r—0+
We say that the pair (A, B) of the sets A, B € Ey is (a,b)-clustered at the point
p of the space (E,1), if 0 is the cluster point of the set of all real numbers r > 0 such

that the sets AN Sj(p,7)a(ry and BN Si(p, )y are non-empty.
Let (see [9])

(1.4) Ti(a,b,k,p) ={(A,B): A,B € Ey, the pair (A, B) is (a, b)-clustered
at the point p of the space (E,!) and
FUAN S (P, 7)a(ry: BN Si(p:7)p(r)) B 0}.

If (A, B) € Ti(a, b, k, p), then we say that the set A € Ey is (a, b)-tangent of order
k to the set B € Fy at the point p of the space (E,1).

We call T;(a, b, k, p) defined by (1.4) the (a,b)-tangency relation of order k at the
point p € E or briefly: the tangency relation of sets in the generalized metric space
(E,D).

We say that the set A € Ey has the Darboux property at the point p of the
generalized metric space (E,1), what we write: A € D,(E,1) (see [3]), if there exists
a number 7 > 0 such that the set AN S;(p,r) # & for r € (0,7).

Let p be an arbitrary metric of the set E. We shall denote by d,A the diameter
of the set A € Ey, and by p(A4, B) the distance of sets A, B € Ey in the metric space
(E,p).

Let f be any subadditive increasing real function defined in a certain right-hand
side neighbourhood of 0, such that f(0) = 0. By F;, we denote the class of all functions
[ fulfilling the conditions:

10 l:EoXEO—><0,00),
2 f(p(A, B)) < UA, B) < f(d)(AUB)) for A B € Ey,

Because

flp(z,9)) = flp({z} {y})) < I{z} {y}) < f(d, ({2} U{y})) = flo(z,y),

then from here and from (1.1) it follows that

(1.5)  lo(z,y) =1({z},{y}) = flp(z,y)) for lcFp, and zyckE.

It is easy to check that the function [y defined by (1.5) is the metric of the set F.
We say that the tangency relation Tj(a, b, k, p) defined by (1.4) is additive in the
class of functions F¢,, if

(1.6) (A,B) € T}, +1,(a,bk,p) < (A, B) € (Ti,(a, b, k, p) UT, (a, b, k, p))

for A, B € Ey and I1,15 € Fp).

In the paper [8] there were considered the problem of the additivity of the tangency
relation Tj(a,b, k,p) in the classes of sets A; . having the Darboux property at the
point p of the generalized metric space (E,1), where | € F,.

If in Corollary1 of Theorem1 of the paper [8] we assume that the functions
li,l2, ..., lm € Fpp are equal to the function | € F¢,, then
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(1.7) (A,B) € Tyn(a,b,k,p) if and only if (A, B) € Ti(a,b, k, p)

for A,B € A;,k ND,(E,l), m € N, and for the functions a, b fulfilling the condition

a(r)

r r—0+ r—0+

In connection with the above, arises the question: is the equivalence (1.7) true for
an arbitrary m € R, ? The answer to this question is positive, what will be proved in
the present paper.

The tangency relation Tj(a, b, k, p) we shall call homogeneous of order 0 in the class
of the functions F;,, if (A,B) € Thu(a,b, k,p) if and only if (A, B) € Ti(a,b, k,p)
for m > 0, F;, and A, B € Ep.

In this paper the problem of the homogeneity of the tangency relation Tj(a, b, k, p)
in the class of the functions 7y, for sets of the classes A}, having the Darboux
property in the generalized metric space (E, 1) is considered. Some sufficient conditions
for the homogeneity of order 0 of this tangency relation of sets of the classes A7 ; will
be given in Section 2 of this paper.

2 The homogeneity of the tangency relation of sets of
the classes A,

Let p be a metric of the set F and let A be an arbitrary set of the family Fqy. Let A’
denote the set of all cluster points of the set A € Ey and

(2.1) plx, A) = inf{p(z,y): ye€ A} for z € E.
Let us put (see [3])

(22) Ay, ={A€Ey: pe A’ and there exists a number A > 0 such that

—A A
Jim sup p(x,y)k P@A) oy
[A,pik]3 (z,y)— (p.p) p*(p, )

where

(23)  [Apkl={(z,y): 2€E, ye A and p(z, A) < p"(p,x) = p"(p,y)}.

Lemma 21.. If the non-decreasing function a fulfils the condition

(2.4) alr)

kot

)

then for an arbitrary set A € A7 having the Darbouz property at the point p of the
metric space (E,p) and m >0

1
(25) ﬁdp(AmSp(pv T/m)a(r)/m)—>0'

r—0+t
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Proof. In the proof of this lemma we shall consider two cases:

(i) O0<m<l,

(i) m > 1.
Let us suppose that 0 < m < 1. From here, from the assumption (2.4) and from
Lemma 1 of the paper [3]

1
ﬁdp(A N Sp(pa r)a(r)/m) —0,

r—0+

whence it follows that

1
(26) ﬁdp(AmSp(py T/m)a(r/m)/m) —0.

r—0t

From the fact that a is the non-decreasing function and from the condition (i) it
follows that a(r) < a(r/m) for r > 0. Hence and from the definition of the set
S;(p, ), we get the inequality

0<d,(ANS,(p,m/M)a(ry/m) < dp(AN S, (D, 7/M)a(r/m)/m)-

From here and from (2.6) it follows the condition (2.5) of this lemma for m € (0,1).
Now we assume that m > 1. From (2.4) it follows that

a(mt)
— 0.
tk t—0t

Hence and from Lemma 1 of the paper [3] we obtain

1
(2.7) t—kdp(Aﬂ So(P, 1) a(me)) 5’0-
Setting r = mt, from (2.7) we get

1
(2.8) T*kdp(A NSy, /M) a(ry) . 0.

Because AN S, (p,7/M)a(r)y/m € ANS,(p,7/M)a(ry for m > 1, then
0< dP(A n SP(pa 7/./Tn)a(r)/m) < dp(A n Sp(pa T/m)a(7.)).

From here and from (2.8) we get the condition (2.5) of this lemma for m € (1, 00).
Therefore, the thesis of Lemma 2.1 is true for an arbitrary m > 0.

Because every function ! € F;, generates on the set A € Ey the metric (see (1.5)),
then from Lemma 2.1 it follows that

1
(29) rfkdl(AmSl(pv r/m)a(r)/m)—)07

r—0+
if 1€ Fpp, A€ Ay, NDy(E,l), and the function a fulfils the condition (2.4).
Let us put by the definition:

(2.10) (ml)(A,B) =mli(A,B) for m >0, I € F;, and A, B € Ej.
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Lemma 22.. If | € F;,, then
(211) Sml(pv 7")“ = Sl(p, r/m)u/m fOT’ m > 0.
Proof . Using (2.10) we have

Smi(p;r) ={z € E: (m)({p},{z}) = r}
={zeE: mi({p},{z}) =r} ={r e E: I({p}, {a}) = r/m}

= Silp,r/m),
ie.
(2.12) Spmi(p,7) = Si(p,r/m) for 1€ F, and m > 0.
Analogously
(2.13) Kpui(p,r) = Ki(p,r/m) for 1€ F, and m > 0.

From (2.12), (2.13) and from the definition (1.2) of the set S;(p, r), we get the thesis
of this lemma.

Theorem 21.. If the non-decreasing functions a,b fulfil the condition

ar) g 20 ——0,

2.14 —
( ) 'f'k r—0+ Tk r—0+

then the tangency relation Tj(a,b, k,p) is homogeneous of order 0 in the class of the
functions Fy, for the sets of the classes Ay N Dp(E,1).

Proof. Let us assume that (A, B) € Tpni(a, b, k,p) for A, B € A7, N Dy(E,l). From
here it follows

1
ﬁ(ml)(A N Sml(pv T)a(r)a Bn Sml(p7 T)b(r)) 7 0.

Hence, from (2.10) and from Lemma 2.2 we obtain

1
(2.15) fkl(A N Si(p, r/™M)a(rym> B OV Si(p,r/m)p(ry jm) — 0.

r—0+

From (2.15) and from the fact that [ € %, it results

1
T*kf(P(A NS, 7/M)a(r) /ms B NS (p, /M)y ym)) — 0.

r—0t

Hence and from Theorem 2.2 of the paper [7] on the compatibility of the tangency
relations of sets of the classes Ay ; N Dy(E,1) we get

(216) T PAN P, /)y, B OSi(p,r/m)ar) ——0.

r—0+

If 0 <m <1, then from the definition of the set S;(p,r), and from the assumption
that a and b are non-decreasing functions it follows the inequality
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0 < p(ANSi(p,7/M)atr/my> B OVSHD, /M6 /m))
< p(ANSi(p,r/m)a(ry, BN SI(p,7/M)p(ry)-

Hence, from (2.16) and from the properties of the function that [ € F;, we obtain

1
Tfkf(p(A N Si(p,7/M)a(r/mys B N S1(p, /M) y(rym))) — 0.

r—0+

From here and from Theorem 2.1 of the paper [7] on the compatibility of the tangency
relations of sets of the classes Ay ; N Dy(E,[) we have

1
ﬁf(dp((A N Sl(pv T/m)a(r/m)) U (B n Sl(p, r/m)b(r/m)))) T 0.
Hence and from the fact that [ € F;,
1
ﬁl(A N Sl(p7 r/m)a(r/m)v Bn Sl (pa r/m)b(r/m)) T 07
T —

whence it follows

1
(2.17) t?l(A N Si(p, t)a(t)» BN Si(p, t)b(t)) —0.

t—0+

From (2.16) and from Theorem 2.1 of the paper [7] it results

(218) - F(dp((AN Sy(pr/m)airy) U (B 1 Sy(p,r/mury))) —— 0.

Tk r—0+

If m > 1, then from (2.18) and from the assumption on the functions a,b we get

(219) T,i}gf(dp((A n Sl(p7 T/m)a(r/m)) U (B N Sl(p7 T/m)b(r/m)))) —0.

r—0+t

Hence and from the fact that [ € F;, it follows

1
FUAN S, /Mot /my, B OSI(P: 7 /1)) Tt 0,
which yields the condition (2.17).
From the fact that A, B € D,(E,l) for that [ € F;, it follows that there exists
a real number 7 > 0 such that the sets AN S;(p,r) and B N Si(p,r) are non-empty
for r € (0, 7). This denotes that the pair of sets (A, B) is (a, b)-clustered at the point
p of the space (E,[). Hence and from (2.17) it follows that (A, B) € Ti(a, b, k,p) for
A,B€ A, N D,(E,).
Now we assume that (A, B) € Ti(a,b,k,p) for A, B € Ay, N D,(E,l). From here
it follows that

1
l(A n Sl(p, r/m)a(r/m), BN Sl(p, T/m)b(r/m)) —0.

Tk r—0t

Hence and from the fact that [ € 7, we obtain
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1
(2.20) T*kf(P(A NS, 7/M)a(r/mys B OV Si(p, /M) b /m))) ot 0.

From here and from Theorem 2.1 of the paper [7] we have

221) L Fd (AN S/ m)atrymy) U (B A Sy(par/m)oe fmy))) —— 0.

’I“k r—0+

If 0 <m <1, then from the fact that a, b are non-decreasing functions it follows

0 < dp((ANSilp,r/m)ary) U (BN Si(p,r/m)yr)))
< dﬂ((A n Sl(p7 T/m>a(7“/m)) U (B n Sl(pa T/m)b(r/m)))

From here and from (2.21) we get

(222) L f@(AN S /m)agn) U (BOSp,r/mlyn)) — 0.

r—0+

Hence and from Theorem 2.2 of the paper [7] we have

1
fkf(dp((A NSi(p,r/m)airy/m) U (B O S (0, 7/m)pry /m))) T’_E’O,

whence it follows

1
ﬁl(A N Sl(p7 r/m>a(r)/m7 BN Sl (pa T/m)b(r)/m) - 07

r—0+
i.e.
1
(2.23) Tk(ml)(A N Smi (P, 7)ar)> BN Smi(p,7)b(r) 7 0.

If m > 1, then from the fact that a,b are the non-decreasing functions we get the
inequality

0 < p(ANSi(p,r/Mm)a(ry, BN Si(p,r/m)yr))
< p(A NS (pu 7q/Tn)(L(r/WL% BNS (pa T/m)b(r/m))

Hence and from (2.20) we have

(2.24) %f(p(A N Si(p,r/m)ary, BN Si(p, m/m)p(r))) —— 0.

r—0t

From (2.24) and from Theorems 2.1 and 2.2 (see also Corollary 2.1) of the paper [7]
we obtain

L Ao (A N S, 7)) ) U (B OV S0, 7/ )by ) —— .

r r—0+

From here and from the fact that [ € F;, we get

1
fkl(A NS1(p,7/M)a(ry /m)s (B O Si(p,7/mM)b(ry ym) — 0,

r—0+
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whence it follows the condition (2.23).
From the assumption A, B € D,(E,l) for | € F;, it follows that there exists a real
number 7 > 0 such that

(2.25) ANSI(p;7)a(r) # & and BN S(p, T)o(ry 7 & for r € (0,7).

If we set 77 = mr, then r/m € (0,7) when r € (0,7'). Hence, from (2.25) and
from the equality Sp.i(p,7) = Si(p,7/m) for m > 0 and | € F, it follows that the
sets AN Spi(p,7), BN Spi(p,r) are non-empty for » € (0,7). From here it results
that A, B € D,(E,ml), what means that the pair of sets (A4, B) is (a,b)-clustered
at the point p of the space (F,ml). Hence and from the condition (2.23) it follows
that (A, B) € Tyu(a,b,k,p) for A,B € Ay, N D,(E,l). This ends the proof of the
theorem.

Let A,B € Ey and lIy,ls,...,l, be arbitrary functions belonging to the class
l € F;,. Let by the definition (see [8])

(A,B) € UTli(a,b,k,p) <= (A,B) € T};(a,b,k,p) foran jec{1,2,...,n}.

i=1

From here, from Theorem 2.1 and from Theorem 1 on the additivity of the tangency
relation Tj(a, b, k,p) of the paper [8] we get

Corollary 21.. If the non-decreasing functions a,b fulfil the condition (2.14) and
Lo, .. 1y € Fpp, then (A, B) € Tty 4o tmnin (@, b, k,p) if and only if (A, B) €
Ty, (a,b, k,p) for an j € {1,2,...,n}, and for arbitrary A,B ¢ App N D,(E,1)
and my,...,my, > 0.

Let A, be the class of the rectifiable arcs with the Archimedean property at the
point p of the metric space (E, p).

We say that the rectifiable arc A has the Archimedean property at the point p of
the space (E, p) if

(2.26) lim 2%

=1
Asz—p p(p, T)

)

where ¢(px) denotes the lenght of the arc pz.
Because the class A, is contained in the class of sets Ay ; N Dy(E,1), then from
here and from Theorem 1 of this paper follows

Corollary 22.. If the non-decreasing functions a,b fulfil the condition

(2.27) alr) —0 and b(r) —0
T r—o0t T r—ot

then the tangency relation Ti(a,b, k,p) is homogeneous of order 0 in the class of the
functions F¢, for arcs of the class A,.
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