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Abstract. In this paper, we prove that the Hodge-Laplace operator on
strongly pseudoconvex compact complex Finsler manifolds is a self-adjoint
elliptic operator. Then, from the decomposition theorem for self-adjoint
elliptic operators, we obtain a Hodge decomposition theorem on strongly
pseudoconvex compact complex Finsler manifolds.
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1 Introduction

It is well known that Hodge Laplacian plays an important role in the theory of har-
monic integral and Bochner technique in differential geometry. For the harmonic
integral theory in Kähler geometry one can ref. [12, 14, 17, 18, 19]. S. S. Chern had
pointed out that ”complex Finsler geometry plays an important role for researching
the function theory of complex manifolds, since on every complex manifolds with
or without boundary there exist a Carathéodory metric and a Kobayashi metric,
and under proper condition they are C(2) metrics, and the most important fact is
that naturally they are Finsler metrics, · · · , to extend harmonic integral to the case
of Finslerian will be a new research region of differential geometry, and we expect
the prospect is boundless” [10, 11]. In the past two decades, under the initiation
of S. S. Chern, the global differential geometry of real and complex Finsler mani-
folds has gained a great development [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 15]. There are
some results for Hodge Laplacian have been obtained on a complex Finsler manifold
[20, 21, 22, 23, 24, 25]. In addition, there appear some papers about using complex
connections of Finsler geometry to research the theory of integral representation of
functions in several complex variables on complex Finsler manifolds [16].

D. Bao and B. Lackey [8] obtained a Hodge decomposition theorem for Finsler
spaces. Later, C. P. Zhong and T. D. Zhong [25] studied the Hodge decomposition
theorem on strongly Kähler Finsler manifolds. In [13], we obtained the Hodge theorem
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for the natural projection of complex horizontal Laplacian on strongly pseudoconvex
compact complex Finsler manifolds. In the present paper, we research the Hodge
decomposition theorem for the Hodge-Laplace operator on strongly pseudoconvex
compact complex Finsler manifolds. We first prove that the Hodge-Laplace operator
on strongly pseudoconvex compact complex Finsler manifolds is a self-adjoint elliptic
operator. And then, from the decomposition theorem for self-adjoint elliptic opera-
tors, we obtain a Hodge decomposition theorem on strongly pseudoconvex compact
complex Finsler manifolds.

2 Complex Finsler manifolds

Let M be a compact complex manifold of dimension n and π : T 1,0M → M be the
holomorphic tangent bundle of M . We denote by M̃ the complement of zero section
o(M) in T 1,0M , and T 1,0M̃ the holomorphic tangent bundle of M̃ .

Let {π−1(U), (z, v) = (z1, · · · , zn, v1, · · · , vn)} be the complex coordinates on
T 1,0M induced by the covering of the system of complex coordinate neighborhoods
{U, z = (z1, · · · , zn)} onM , with zα = xα+ixn+α and vα = uα+iun+α, so that {x =
(x1, · · · , x2n)} are the real coordinates onM and {(x, u) = (x1, · · · , x2n, u1, · · · , u2n)}
are the coordinates on TRM which is the real tangent bundle of M .

Set C∗ = C\{0}, then the projectivized tangent bundle PTM of M is defined by
PTM = M̃/C∗ with projection π̃ : PTM → M . Thus the local coordinates (z, v)
on T 1,0M may be also considered as a local coordinate system for PTM as long as
(v1, · · · , vn) is considered as a homogeneous coordinate system for fibres.

Definition 2.1. [1] A strongly pseudoconvex complex Finsler metric on a complex
manifold M is a continuous function F :T 1,0M → R+ satisfying

(1) G = F 2 is smooth on M̃=T 1,0M\o(M);
(2)F (v) > 0 for all v ∈ M̃ ;
(3)F (λv) = |λ|F (v) for all v ∈ T 1,0M and λ ∈ C;
(4)The Hermitian matrix (Gαβ) is positive definite on M̃ , where

Gαβ=
∂2G

∂vα∂vβ .

A manifold M endowed with a strongly pseudoconvex complex Finsler metric will
be called a strongly pseudoconvex complex Finsler manifold.

Condition (4) allows us to introduce a Hermitian structure on the vertical bundle
V. Indeed, if v ∈ M̃ and W1,W2 ∈ Vv with Wj =Wα

j ∂̇α(j=1,2), we get

⟨W1,W2⟩v = Gαβ(v)W
α
1 W

β

2 ,

then there is a unique good complex vertical connection D making this Hermitian
structure parallel. We call it the Chern-Finsler connection.

The connection matrix is given by

ωα
β = Gτα∂Gβτ = Gτα(Gβτ ;µdz

µ +Gβτγdv
γ),

in particular, the Christoffel symbols of the non-linear connection associated to F is
given by
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Γα
µ = GταGτ ;µ.

Denote by H ⊂ T 1,0M̃ the complex horizontal bundle associated to the Chern-Finsler
connection, the natural local frame for H is {δ1, · · · , δn}, where δµ = ∂µ − Γα

µ ∂̇α.

Now {δµ, ∂
∂vα } is a local frame for T 1,0M̃ with its dual coframe {dzµ, δvα}, where

δvα = dvα + Γα
µdz

µ.
Writing

ωα
β = Γα

β ;µdz
µ + Γα

βγδv
α,

we get

Γα
βγ = GταGβτγ = Γα

γ β ,

Γα
β ;µ = Gταδµ(Gβτ ),

from which we have

Γα
β ;µ(z, λv) =Γα

β ;µ(z, v), ∀λ ∈ C\{0},

i.e. Γα
β ;µ(z, v) is zero homogenous on T 1,0M , thus it lives on PTM . Now we denote

by Dδα , Dδβ the covariant differentiation with respect to δα, δβ , respectively.
Being D a good vertical connection, it extends to a complex linear connection

on M̃ (still called the Chern-Finsler connection in this article). Using the complex
horizontal map Θ : V → H, we can transfer the Hermitian structure ⟨, ⟩ on H just by
setting

∀H,K ∈ Hv, ⟨H,K⟩v = ⟨Θ−1(H),Θ−1(K)⟩v,

and then we can define a Hermitian structure on T 1,0M̃ by requiring H to be or-
thogonal to V. It is easy to check that these definitions are compatible enough so to
get

X⟨Y, Z⟩ = ⟨DXY, Z⟩+ ⟨X,DXZ⟩,

for all X ∈ T 1,0M̃ , and Y,Z ∈ X (T 1,0M̃).

3 Laplace operators on complex Finsler manifolds

Firstly, we introduce the definition of a complex horizontal Laplacian on the projec-
tivized tangent bundle PTM .

Let (M,F ) be an n-dimensional strongly pseudoconvex compact complex Finsler
manifold with a complex Finsler metric F , then F induces a natural Hermitian metric
on T 1,0M̃ ,

G̃ = Gαβdz
α ⊗ dzβ +Gαβδv

α ⊗ δvβ .

It descends to a non-degenerated metric (still denote it by G̃)

G̃ = Gαβdz
α ⊗ dzβ + (lnG)αβδv

α ⊗ δvβ ,

on the total space PTM . We further denote:
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ωV =
√
−1(lnG)αβδvα ∧ δv

β , ωH =
√
−1Gαβdz

α ∧ dzβ .

Then the invariant volume form of PTM is given by

dv =
ωn−1

V
(n−1)! ∧

ωn
H
n! .

Since ωn
H is a horizontal (n, n)-form, the above expression is invariant by replacing

δvα and δvβ by dvα and dvβ , respectively.
If we denote by dσ the pure vertical form of the volume form of PTM , then

dσ =
ωn−1

V
(n−1)! .

So we have

dv = dσ ∧ ωn
H
n! = gdσ ∧ dχ,

where

g = det(Gαβ), dχ = τn

n! , τ =
√
−1

∑
dzi ∧ dzi.

Let Ap,q be the space of smooth horizontal (p, q)-forms on PTM , i.e., those co-
efficients of every φ ∈ Ap,q are zero homogeneous with respect to fibre coordinates
v.

Let dimM = n, we denote

Ap = (α1 , ..., αp), α1 < α2 < · · · < αp, 1 6 αi 6 n,

An−p = (αp+1 , ..., αn), αp+1 < · · · < αn, 1 6 αi 6 n,

where (α1 , ..., αp, αp+1 , ..., αn) is a permutation of (1, 2, · · · , n). Similarly, denote
Bq = (β1, · · · , βq), Bn−q = (βq+1, · · · , βn), Cp = (c1, · · · , cp), Cn−p = (cp+1, · · · , cn),
Dq = (d1, · · · , dq), Dn−q = (dq+1, · · · , dn), then with these notations, the elements of
Ap,q in local coordinates are

φ =
∑

Ap,Bq

φApBq
dzAp ∧ dzBq ,

ψ =
∑

Cp,Dq

ψCpDq
dzCp ∧ dzDq ,

where dzAp = dzα1∧· · ·∧dzαp , dzBq = dzβ1∧· · ·∧dzβq , dzCp = dzc1∧· · ·∧dzcp , dzDq =
dzd1 ∧ · · · ∧ dzdq . Thus at each point (z, v) ∈ PTM , we define

⟨φ,ψ⟩PTM = φApBq
ψApBq ,

where
ψApBq =

∑
λ,µ

Gα1λ1 · · ·GαpλpGβ1µ1 · · ·Gβqµqψλ1···λpµ1···µq
.

Notice that there is a natural Hermitian inner product in Ap,q which is induced by
the complex Finsler metric F , i.e.,

(φ,ψ)PTM =

∫
PTM

⟨φ,ψ⟩PTMdv.
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Let φ ∈ Ap,q, φ =
∑

Ap,Bq

φApBq
dzAp ∧ dzBq , then an operator ∂H : Ap,q → Ap,q+1

is defined by

∂Hφ =
∑

Ap,Bq+1

(∂Hφ)ApBq+1
dzAp ∧ dzBq+1 ,

where

(∂Hφ)ApBq+1
=

q+1∑
j=1

(−1)p+j+1
δβj

φ
α1,··· ,αp,β1,··· ,β̂j ,··· ,βq+1.

Let ∂
∗
H be the adjoint operator of ∂H with respect to the inner product ( , )PTM

on the complex projectivized tangent bundle PTM . That is,

(∂Hφ,ψ)PTM = (φ, ∂
∗
Hψ)PTM , for all φ ∈ Ap,q, ψ ∈ Ap,q+1.

Lemma 3.1. [25] Assume that (M,F ) is an n-dimensional strongly pseudoconvex
compact complex Finsler manifold, then for any φ ∈ Ap,q, we have

(∂
∗
Hφ)ApBq−1

= −(−1)p
∑
β,µ

Gβµδβφα1···αpµβ1···βq−1
+ lower order terms.

Definition 3.1. [25] �H = ∂H∂
∗
H+∂

∗
H∂H is called the complex horizontal Laplacian

on PTM , and �H maps Ap,q into Ap,q.

Lemma 3.2. [25] Assume that (M,F ) is an n-dimensional strongly pseudoconvex
compact complex Finsler manifold, then for any φ ∈ Ap,q, we have

(�Hφ)ApBq
= −

∑
ν,µ
Gνµδνδµφα1···αpβ1···βq

+ lower order terms.

Now, we consider differential forms on M , let Ep,q be the space of smooth (p, q)-
forms on M . Since every elements of Ep,q can be regarded in a natural manner
as elements of Ap,q via the canonical projection π̃ : PTM −→ M , it follows that
Ep,q ⊂ Ap,q.

We denote

GApBqCpDq = Gc1α1 · · ·GcpαpGβ1d1 · · ·Gβqdq ,

we have

GApBqCpDq = GCpDqApBq ,

where the overline denotes the conjunction, and the matrix (GApBqCpDq ) is positive
definite. Set

N(z) =

∫
PTzM

gdσ,

NApBqCpDq =
1

N(z)
(

∫
PTzM

GApBqCpDqgdσ),

dM = N(z)dχ = N(z)
τn

n!
.

Proposition 3.3. [24] NApBqCpDq is a contravariant Hermitian tensor of rank 2(p+
q) on M .
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Proposition 3.4. [24] dM is a real invariant (n, n)-form on M .

Ep,q is viewed as a subspace of Ap,q, its inner product ( , ) is induced from Ap,q, that
is, for any φ,ψ ∈ Ep,q, we have

(φ,ψ) = (φ,ψ)PTM .

Let φ,ψ ∈ Ep,q, we define

(3.1) ⟨φ,ψ⟩ = φApBq
NApBqCpDqψCpDq

,

then

(φ,ψ) =

∫
M

⟨φ,ψ⟩dM.

Let ∂̄∗ : Ep,q+1 → Ep,q be the formal adjoint operator of the ∂̄ defined by

(∂̄φ, ψ) = (φ, ∂̄∗ψ), for any φ ∈ Ep,q, ψ ∈ Ep,q+1.

Lemma 3.5. [24] Let (M,F) be a strongly pseudoconvex compact complex Finsler
manifold, then for any ψ ∈ Ep,q+1, we have

(∂̄∗ψ)ApBq
(z) = N

CpDqApBq
(z)NEpµF qCpνDq∂ν∂µψEpF q

+ lower order terms.

Using the inner product (, )PTM for smooth horizontal (p, q)-forms on PTM , we
take the L2 closure of Ap,q and denote that as Lp,q(PTM). The weak extensions of

∂H and ∂
∗
H still preserve Lp,q(PTM), and remain formal adjoint of each other. So

�H = ∂H∂
∗
H+∂

∗
H∂H is well defined on Lp,q(PTM), we also call it complex horizontal

Laplacian.
Using the inner product ( , ) for smooth (p, q)-forms on M , we take the L2 closure

of Ep,q and denote that as Lp,q. The weak extension of ∂ and ∂̄∗ still preserve Lp,q,
and remain formal adjoint of each other, the weak extensions of ∂ and ∂H still agree,
when acting on Lp,q.

Lp,q(PTM) and Lp,q are Hilbert spaces, and Lp,q is the closed subspace of Lp,q(PTM),
then we have a L2 orthogonal projection P : Lp,q(PTM)→ Lp,q. Thus P ◦�H maps
Lp,q into itself. So we have the following definition.

Definition 3.2. [13] �̃H = P ◦ �H : Lp,q → Lp,q is called the natural projection of
complex horizontal Laplacian �H on M .

Lemma 3.6. Let φ ∈ Lp,q. Then ∂̄φ = ∂̄Hφ and ∂̄∗φ = P ∂̄∗Hφ.

Definition 3.3. � = ∂̄∗∂̄ + ∂̄∂̄∗ : Lp,q → Lp,q is called the Hodge-Laplacian on M .

It is easy to see that the Hodge-Laplacian � is a self-adjoint operator.

Definition 3.4. [13, 24] φ ∈ Lp,q is called a horizontal harmonic form on M , if

�̃Hφ=0, or if �Hφ=0. And φ ∈ Lp,q is called a harmonic form on M , if �φ = 0.

From Lemma 3.6, we know that the space of horizontal harmonic forms is the
subset of the space of harmonic forms. In [13], we obtain the Hodge theorem for the
natural projection of complex horizontal Laplacian on strongly pseudoconvex compact
complex Finsler manifolds. Moreover, we prove that the space of horizontal harmonic
forms is a subgroup of the Dolbeault cohomology group.
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4 Hodge decomposition for the Hodge-Laplacian on
strongly pseudoconvex compact complex Finsler
manifolds

LetM be a complex manifold of dimension n and {U, z = (z1, . . . , zn)} be the complex
local coordinates on M and zµ = xµ + ixµ+n. Let L be a linear partial differential
operator

L : Ep,q → Ep,q,
where Ep,q = Γ(M,∧p,qT ∗M) is the space of the smooth differential forms of degree
(p, q) on M . Then in a real local coordinate {U, x = (x1, . . . , x2n)} on M , L can be
written as

L =
∑
|α|6k

(−i)|α|AαD
α,

where {Aα} are matrices of C∞ functions on U , Di =
∂

∂xi and Dα = Dα1
1 · · ·D

α2n
2n .

And then the k-symbol σk(L) of L is given by [18]

σk(L)(x, v) =
∑
|α|=k

Aαξ
α,

where v = ξ1dx1 + · · · + ξ2ndx2n is a real cotangent vector. For each fixed (x, v),
σk(L)(x, v) is a linear mapping from ∧p,qTx∗M → ∧p,qTx∗M , given by the usual
multiplication of a vector in ∧p,qTx∗M by the matrix∑

|α|=k

Aα(x)ξ
α
.

Definition 4.1. [18] A linear partial differential operator L

L : Ep,q → Ep,q

is called elliptic if for any v ̸= 0, the linear map

σk(L)(x, v) : ∧p,qTx∗M → ∧p,qTx∗M

is injective (or isomorphism).

We consider the Dolbeault complex on a complex manifold M ,

(4.1) Ep,0 ∂̄−→ · · · ∂̄−→ Ep,q ∂̄−→ Ep,q+1 ∂̄−→ · · · ∂̄−→ Ep,n −→ 0.

Then this has an associated symbol sequence

(4.2) −→ ∧p,q−1Tx
∗M

σ1(∂̄)(x,v)−→ ∧p,qTx∗M
σ1(∂̄)(x,v)−→ ∧p,q+1Tx

∗M −→,

where σ1(∂̄)(x, v) : ∧p,qTx∗M → ∧p,q+1Tx
∗M is a linear map for each (x, v). And the

above symbol sequence is exact. Let φ = (φApBq
) ∈ ∧p,qT ∗

xM be a non zero vector.

Then σ1(∂̄)(x, v)φ = ((σ1(∂̄)(x, v)φ)ApBq+1
) ∈ ∧p,q+1T ∗

xM , which is given by

(4.3) (σ1(∂̄)(x, v)φ)ApB̄q+1
=

q+1∑
j=1

(−1)p+j+1
ηβj

φ
α1,··· ,αp,β̄1,··· ,̂̄βj ,··· ,β̄q+1

,
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where v = ξ1dx
1 + · · ·+ ξ2ndx

2n = η + η, η = ηµdz
µ and ηµ = 1

2 (ξµ − iξµ+n).
Let ∂̄∗ be the adjoint operator of ∂̄. Then its associated symbol sequence is

(4.4) ←− ∧p,q−1Tx
∗M

σ1(∂̄
∗)(x,v)←− ∧p,qTx∗M

σ1(∂̄
∗)(x,v)←− ∧p,q+1Tx

∗M ←−,

where σ1(∂̄
∗)(x, v) : ∧p,qTx∗M → ∧p,q−1Tx

∗M is a linear map. Then from Lemma
3.5, σ1(∂̄

∗)(x, v)φ = ((σ1(∂̄
∗)(x, v)φ)ApBq−1

) ∈ ∧p,q−1T ∗
xM , which is given by

(4.5) (σ1(∂̄
∗)(x, v)φ)ApB̄q−1

= N
CpDq−1ApBq−1

NEpµF q−1CpνDq−1ηνφEpµFq−1
.

In any linear space ∧p,qTx∗M , there is an inner product <,>, which is given by
(3.1). Let (σ1(∂̄))

∗ be the adjoint of σ1(∂̄) with respect to the inner product (3.1).
We have the following lemma.

Lemma 4.1. (σ1(∂̄))
∗ = σ1(∂̄

∗).

Proof. Let φ = (φApBq
) ∈ ∧p,qT ∗

xM,ψ = (ψApBq+1
) ∈ ∧p,q+1T ∗

xM . For each (x, v),

from (3.1), (4.3) and (4.5), we have

< σ1(∂̄)(x, v)φ,ψ >=< φ, σ1(∂̄
∗)(x, v)ψ > .

That is, the lemma is proved. �

Let σ2(�) be the 2-symbol of Hodge-Laplacian �. Then from Lemma 4.1, we have

σ2(�) = σ2(∂̄
∗∂̄ + ∂̄∂̄∗) = σ1(∂̄

∗)σ1(∂̄) + σ1(∂̄)σ1(∂̄
∗)

= σ1(∂̄)
∗σ1(∂̄) + σ1(∂̄)σ1(∂̄)

∗.

Now we consider a diagram of finite dimensional Hilbert spaces and linear mappings,

∧p,q−1Tx
∗M

↕
∧p,q−1Tx

∗M

σ1(∂̄)(x,v)→

σ1(∂̄)
∗(x,v)←

∧p,qTx∗M
↕

∧p,qTx∗M

σ1(∂̄)(x,v)→

σ1(∂̄)
∗(x,v)←

∧p,q+1Tx
∗M

↕
∧p,q+1Tx

∗M,

which is exact at ∧p,qTx∗M . Then ∧p,qTx∗M = Imσ1(∂̄)(x, v) +Ker(∂̄)
∗
(x, v), more-

over, σ1(∂̄)
∗(x, v)σ1(∂̄)(x, v)+σ1(∂̄)(x, v)σ1(∂̄)

∗(x, v) is an isomorphism map on ∧p,qTx∗M .
So the Hodge-Laplacian � is an elliptic operator.

Theorem 4.2. The Hodge-Laplacian � is a self-adjoint elliptic operator.

From the decomposition theorem for self-adjoint elliptic operators [18], we have
the following Hodge decomposition theorem.

Theorem 4.3. Assume that (M,F ) is an n-dimensional strongly pseudoconvex com-
pact complex Finsler manifold. Then
(1) The space of all harmonic forms on M , Hp,q = {φ ∈ Lp.q|�φ = 0} ⊆ Ep,q, and
dimHp,q <∞.
(2) There exists an operator G : Lp,q −→ Lp,q, such that

I = PH +�G,
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where PH is the projective operator from Lp,q onto H = Hp,q, and G(Ep,q) ⊂ Ep,q.
(3) Ep,q = Hp,q

⊕
�(Ep,q) = Hp,q

⊕
∂̄(Ep,q−1)

⊕
∂̄∗(Ep,q+1).

From the above theorem, we know that the space of harmonic forms is isomorphism
to the Dolbeault cohomology group.

Remark 4.2. From [13],[23] and [24], one can easy to know that the operator �
is more complex than the operators �H and �̃H . Therefore, it is difficult to discuss
the Bochner technique about the Hodge Laplace operator �, but we can obtain the
Bochner technique about the horizontal Laplace operator �H in [20].

Remark 4.3. If the complex Finsler metric F is a Kähler metric, then the op-
erator � is the usual Hodge Laplacian. Thus Theorem 4.3 reduces to the Hodge
decomposition theorem on a compact Kähler manifold.

Remark 4.4. If the complex Finsler manifold is strongly Kähler or Kähler [9],
Theorem 4.3 reduces to the Hodge decomposition theorem on a compact strongly
Kähler Finsler manifold [25].
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