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Abstract. In this paper, we prove that the Hodge-Laplace operator on
strongly pseudoconvex compact complex Finsler manifolds is a self-adjoint
elliptic operator. Then, from the decomposition theorem for self-adjoint
elliptic operators, we obtain a Hodge decomposition theorem on strongly
pseudoconvex compact complex Finsler manifolds.
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1 Introduction

It is well known that Hodge Laplacian plays an important role in the theory of har-
monic integral and Bochner technique in differential geometry. For the harmonic
integral theory in Kéhler geometry one can ref. [12, 14, 17, 18, 19]. S. S. Chern had
pointed out that ”complex Finsler geometry plays an important role for researching
the function theory of complex manifolds, since on every complex manifolds with
or without boundary there exist a Carathéodory metric and a Kobayashi metric,
and under proper condition they are C'?) metrics, and the most important fact is
that naturally they are Finsler metrics, -- -, to extend harmonic integral to the case
of Finslerian will be a new research region of differential geometry, and we expect
the prospect is boundless” [10, 11]. In the past two decades, under the initiation
of S. S. Chern, the global differential geometry of real and complex Finsler mani-
folds has gained a great development [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 15]. There are
some results for Hodge Laplacian have been obtained on a complex Finsler manifold
[20, 21, 22, 23, 24, 25]. In addition, there appear some papers about using complex
connections of Finsler geometry to research the theory of integral representation of
functions in several complex variables on complex Finsler manifolds [16].

D. Bao and B. Lackey [8] obtained a Hodge decomposition theorem for Finsler
spaces. Later, C. P. Zhong and T. D. Zhong [25] studied the Hodge decomposition
theorem on strongly Kéhler Finsler manifolds. In [13], we obtained the Hodge theorem
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for the natural projection of complex horizontal Laplacian on strongly pseudoconvex
compact complex Finsler manifolds. In the present paper, we research the Hodge
decomposition theorem for the Hodge-Laplace operator on strongly pseudoconvex
compact complex Finsler manifolds. We first prove that the Hodge-Laplace operator
on strongly pseudoconvex compact complex Finsler manifolds is a self-adjoint elliptic
operator. And then, from the decomposition theorem for self-adjoint elliptic opera-
tors, we obtain a Hodge decomposition theorem on strongly pseudoconvex compact
complex Finsler manifolds.

2 Complex Finsler manifolds

Let M be a compact complex manifold of dimension n and 7 : TH"°M — M be the
holomorphic tangent bundle of M. We denote by M the complement of zero section
o(M) in T%°M, and T"°M the holomorphic tangent bundle of M.

Let {7=Y(U),(z,v) = (2%,---,2"v',--- ;0v™)} be the complex coordinates on
TH9M induced by the covering of the system of complex coordinate neighborhoods
{U,z=(2%,---,2")} on M, with 2% = 2% +iz" T and v* = u®+iu"+®, so that {z =
(x!,--- ,2?")} are the real coordinates on M and {(x,u) = (z!, -, 22", ut, -+ u?")}
are the coordinates on Tr M which is the real tangent bundle of M.

Set C* = C\{0}, then the projectivized tangent bundle PT'M of M is defined by
PTM = M/C* with projection # : PTM — M. Thus the local coordinates (z,v)
on TH9M may be also considered as a local coordinate system for PTM as long as
(vt .-+ ,v") is considered as a homogeneous coordinate system for fibres.

Definition 2.1. [1] A strongly pseudoconvex complex Finsler metric on a complex
manifold M is a continuous function F :T1°M — R7T satisfying
(1) G = F? is smooth on M=T""M\o(M);
(2)F(v) > 0 for all v € M;
(3)F (M) = |\|F(v) for all v € TOM and X € C;
(4)The Hermitian matrix (G 3) is positive definite on M, where
G = 20
aB™ gveovP

A manifold M endowed with a strongly pseudoconvex complex Finsler metric will
be called a strongly pseudoconvex complex Finsler manifold.

Condition (4) allows us to introduce a Hermitian structure on the vertical bundle
V. Indeed, if v € M and Wi, Wy € V, with W; = W20, (j=1,2), we get

(W1, Wa), = G5 (0) WPy,

then there is a unique good complex vertical connection D making this Hermitian
structure parallel. We call it the Chern-Finsler connection.
The connection matrix is given by

W§ = GG e = G™(Gripudz + Ggrydv?),

in particular, the Christoffel symbols of the non-linear connection associated to F' is
given by
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Fg = G?QG?;#.

Denote by H € T19M the complex horizontal bundle associated to the Chern-Finsler
connection, the natural local frame for H is {01,---,0,}, where 6, = 0, — rgaa.

Now {3, 52} is a local frame for THM with its dual coframe {dz*,5v*}, where
dv® = dv* + I'jdzH.
Writing

wg =I'g;udzt + 5,007,
we get

IG5y = G™Gpry =T,

Fg;u = G76,(Gpr),

from which we have

5.z, Av) =I'G..(2,v), YA € C\{0},

ie. I'§,.(2,v) is zero homogenous on TYOM, thus it lives on PTM. Now we denote
by Ds,,, Ds, the covariant differentiation with respect to dn, dg, respectively.

Being D a good vertical connection, it extends to a complex linear connection
on M (still called the Chern-Finsler connection in this article). Using the complex
horizontal map © : V — H, we can transfer the Hermitian structure (,) on #H just by
setting

VH,K € H,,{H,K), = (071(H),07(K)),,

and then we can define a Hermitian structure on TH°M by requiring H to be or-
thogonal to V. It is easy to check that these definitions are compatible enough so to
get

X<KZ> = <DXY72> + <X7DYZ>7

for all X € TVOM, and Y, Z € X(T"°M).

3 Laplace operators on complex Finsler manifolds

Firstly, we introduce the definition of a complex horizontal Laplacian on the projec-
tivized tangent bundle PT M.

Let (M, F') be an n-dimensional strongly pseudoconvex compact complex Finsler
manifold with a complex Finsler metric F', then F' induces a natural Hermitian metric
on THOM,

G =G, 3d2* ® dz° + G 500" ® 60°.
It descends to a non-degenerated metric (still denote it by @)
G =G 5dz* ® dz° + (InG) 56v" @ 07,

on the total space PT' M. We further denote:
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wy = VI G), 560" A 8%, wyy = V=1G, 5d=" A dZ°.

Then the invariant volume form of PT'M is given by

w
= o A\
Since wy, is a horizontal (n,n)-form, the above expression is invariant by replacing
sv® and 67° by dv® and dv”, respectively.

If we denote by do the pure vertical form of the volume form of PTM, then

n—1

w
do = (n\il)l .

So we have
dvzda/\% = gdo A dy,
where
g =det(G,3),dx = Tn—T,T =/—15.dz" NdZ.

Let AP be the space of smooth horizontal (p, ¢)-forms on PTM, i.e., those co-
efficients of every ¢ € AP'? are zero homogeneous with respect to fibre coordinates
v.

Let dimM = n, we denote

Ap = (a1, q,),a; <ag < - <oy, L <oy <,

Anfp = (aerl 7~~'7an)7ap+1 << an71 <a; <n,
where (ay,...,q,,Qpt1,...,q,,) is a permutation of (1,2,---,n). Similarly, denote
Bq = (/Bla e 7ﬁq)aBn—q = (ﬁq-‘rla e aﬁn)v Cp = (Cla e 7Cp)7Cn—p = (Cp+1a e 7Cn)7
Dy = (d1, -+ ,dq), Dn—q = (dg41,- - ,dy), then with these notations, the elements of

AP:? in local coordinates are

A B,

4,8, dz"* Ndz"1,
e} D

1/}Cp5q dz"? Ndz"1 R

p=> ¢
Ap,Bq

5>
Cp7Dq

where dz?» = dz®1 A- - -Adz°7, dzBa = dzP1 A - AdZPa, dzCr = dzTA- - -NdzCP, dzPa =
dz% A --- Adz%. Thus at each point (z,v) € PTM, we define

<<P7 ¢>PTM = @Apﬁququ7
where - B B B B
wAqu — Z GEM L G (3BT L Gﬁq#qq/))\lm/\pﬁlmﬁq_
Ap

Notice that there is a natural Hermitian inner product in AP*¢ which is induced by
the complex Finsler metric F, i.e.,

(s ) prar = / (0, ¥) pppdv.

PTM
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Let o € AP o= ©a,B, dz4» A dzBs, then an operator p : AP — APaH1

;Dqu

5HS0 = Z (EH@)Ap§q+leAp A dZBq+1,
Ap,Bq+1

is defined by

where
q+1

_ _1\Ptitls_ -
(OHP) 4, B, 21( 1) 5&"0&17... p By By Bory.
i=
Let 52 be the adjoint operator of Oy with respect to the inner product (, )prars
on the complex projectivized tangent bundle PT M. That is,

(EHQQ,’L/))pTM = ((,0,5;[’1/1)131*1\/[, for all p e Ap,qu S .Ap’qul.

Lemma 3.1. [25] Assume that (M, F) is an n-dimensional strongly pseudoconvex
compact complex Finsler manifold, then for any ¢ € APY, we have

— _
Oue)a,m, , =—(=1)F %Gﬁ”%%lm%mnﬁq_l + lower order terms.

Definition 3.1. [25] Oy = 8505 4050y is called the complex horizontal Laplacian
on PTM, and Oy maps AP? into AP9.

Lemma 3.2. [25] Assume that (M, F) is an n-dimensional strongly pseudoconvex
compact complex Finsler manifold, then for any ¢ € AP, we have

= v _ _
(DHgo)Aqu = %G ‘(5,,6M<palmapﬁlmﬂq + lower order terms.

Now, we consider differential forms on M, let £7¢ be the space of smooth (p, q)-
forms on M. Since every elements of £P9 can be regarded in a natural manner
as elements of AP¢ via the canonical projection 7 : PT'M — M, it follows that
EPa - AP,

We denote

GAPEqCpﬁq — Gzlal c. GzpapGgldl c. Gquq’

we have

GAPEqCqu = GCPDquBq ,

where the overline denotes the conjunction, and the matrix (GAPEQCPEQ) is positive
definite. Set

n

dM = N(z)dx = N(z)m

Proposition 3.3. [24] N4»Ba%»Dajs g contravariant Hermitian tensor of rank 2(p—+
q) on M.
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Proposition 3.4. [2/] dM is a real invariant (n,n)-form on M.

EP-1 ig viewed as a subspace of AP its inner product ( , ) is induced from AP-?, that
is, for any ¢, ¥ € P9, we have

(907 w) = (807 w)PTMc
Let p,¢ € EP9, we define

A,B,C,D,
(31) <3071/)> = <pAp§qN pBq quprﬁq’
then

(o) = / (o, ¥)dM.
M
Let 0* : EP9FT1 — £P:4 be the formal adjoint operator of the 9 defined by
(D, 1) = (p,0"9), for any @ € EP9,4p € EPIHL,

Lemma 3.5. [24] Let (M,F) be a strongly pseudoconvexr compact complex Finsler
manifold, then for any ¢ € EP9TL we have

(a*w)APEQ(Z) = NCPE(,APEI (z)NEpﬁﬁqcpfﬁqﬁuﬁﬁzﬁEpfq + lower order terms.

Using the inner product (,)pras for smooth horizontal (p, g)-forms on PT M, we
take the Lo closure of AP? and denote that as LP*7(PTM). The weak extensions of
Og and 52 still preserve LP¢(PTM), and remain formal adjoint of each other. So
Oy = EHEL "'E*HEH is well defined on LP*?(PT M), we also call it complex horizontal
Laplacian.

Using the inner product ( , ) for smooth (p, ¢)-forms on M, we take the Lo closure
of £P¢ and denote that as LP9. The weak extension of 0 and 0* still preserve LP:,
and remain formal adjoint of each other, the weak extensions of 0 and O still agree,
when acting on LP9.

LP9(PTM) and LP>? are Hilbert spaces, and LP? is the closed subspace of LP¢(PTM),
then we have a Lo orthogonal projection P : LP*9(PTM) — LP?. Thus P o0y maps
LP9 into itself. So we have the following definition.

Definition 3.2. [13] Oy = P o Oy: L7 — LP4 is called the natural projection of
complex horizontal Laplacian Oy on M.

Lemma 3.6. Let o € LP9. Then O¢ = Opy and 0*p = Pé}}cp.
Definition 3.3. 00 = 0*0 + 90* : LP9 — LP*9 is called the Hodge-Laplacian on M.
It is easy to see that the Hodge-Laplacian O is a self-adjoint operator.

Definition 3.4. [13, 24] ¢ € LP is called a horizontal harmonic form on M, if
Opep=0, or if Ozp=0. And ¢ € LP is called a harmonic form on M, if Oy = 0.

From Lemma 3.6, we know that the space of horizontal harmonic forms is the
subset of the space of harmonic forms. In [13], we obtain the Hodge theorem for the
natural projection of complex horizontal Laplacian on strongly pseudoconvex compact
complex Finsler manifolds. Moreover, we prove that the space of horizontal harmonic
forms is a subgroup of the Dolbeault cohomology group.
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4 Hodge decomposition for the Hodge-Laplacian on
strongly pseudoconvex compact complex Finsler
manifolds

Let M be a complex manifold of dimension n and {U, z = (2!,...,2™)} be the complex

local coordinates on M and z# = z# + iz T™. Let L be a linear partial differential

operator
L:EPY — £PA,

where EP7 = T'(M, AP9T* M) is the space of the smooth differential forms of degree
(p,q) on M. Then in a real local coordinate {U,z = (x!,...,2*")} on M, L can be
written as
L=>Y (-ia,n,
o<k
where {A,} are matrices of C* functions on U, D; = 52 and D* = D' --- Dg2".
And then the k-symbol oy (L) of L is given by [18]
O’k(L)(.’L’,U) = Z Ant?,
|| =k

where v = &dxy + -+ + &opdxa, is a real cotangent vector. For each fixed (z,v),
orx(L)(x,v) is a linear mapping from AP9T,*M — APYT,*M, given by the usual
multiplication of a vector in AP9T,* M by the matrix

Z Aa(z)€”.

|oe|=F
Definition 4.1. [18] A linear partial differential operator L
L:&PT — g
is called elliptic if for any v # 0, the linear map
or(L)(x,v) : APIT,*M — NPT, "M
is injective (or isomorphism).

We consider the Dolbeault complex on a complex manifold M,

(4.1) gr0 25 Lgpa i gpatt O, Zigrn ),
Then this has an associated symbol sequence
42) s ety TG jpaq gy OEY jpatip ey

where o (9)(x,v) : APIT,*M — AP9TYT,* M is a linear map for each (x,v). And the
above symbol sequence is exact. Let ¢ = (¢ A,,Eq) € AP9T*M be a non zero vector.

Then o1 (9)(z,v)p = ((01 (5)(x,v)<p)Ap§qH) € AP4HLT* M| which is given by

q+1 4
(43) (1)@, 0)@)a,5,., = 2 (1" g, 0 B;

— - sap, By By Batr
J:
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where v = Sudx! + - 4+ Epdr® =1 + 7, n =nudz" and n, = %(5“ — &gn)-
Let 0* be the adjoint operator of 9. Then its associated symbol sequence is

@4)  «— ppaig g 7O jpaq s HOEY jparip sy

where 01(0*)(z,v) : APIT,*M — AP97YT,*M is a linear map. Then from Lemma
3.5, 01(0%)(x,v)p = ((01 (8*)(x,v)<p)Ap§qil) € AP4=IT* M | which is given by

% EpfiF4—1CpUD,—
(45) (@)@, 0)0)a,, = No 5 a5 N g,

In any linear space AP9T,* M, there is an inner product <, >, which is given by

(3.1). Let (01(9))* be the adjoint of o1(9) with respect to the inner product (3.1).
We have the following lemma.

Lemma 4.1. (04(0))* = 01(0%).

Proof. Let ¢ = (¢4 5,) € NPITTM, ¢ = (Y 5
from (3.1), (4.3) and (4.5), we have

) € /\p,q+1T;‘M. For each (z,v),

q+1

< 0'1(5)(33,1])(,0,’¢ >=< 9070-1(6*)('7%1})1/) >
That is, the lemma is proved. O

Let 02(0) be the 2-symbol of Hodge-Laplacian 0. Then from Lemma 4.1, we have
O'Q(D) = 02(5*5 + 55*) = 01(5*)01(5) + 0'1(5)0'1(5*)

= 0'1(5)*0'1(8) + 0'1(3)0’1(3)*.

Now we consider a diagram of finite dimensional Hilbert spaces and linear mappings,

N R BN SR VAL Sl

! !

pq—1 * o1(8)* (z,v p,q * o1(0)* (z,v p,q+1 *
A T, M 1(8<)_( ) AP M 1(5<)_( ) A T, M,

o1 (

/\p7q+1Tx *M

a Ak

which is exact at AP4T,* M. Then AP4T,* M = Imo(9)(z,v) + Ker(d) (z,v), more-

over, 01(0)*(z,v)o1(9)(x,v)+01(9)(z,v)01(9)* (x, v) is an isomorphism map on AP9T,* M.
So the Hodge-Laplacian [ is an elliptic operator.

Theorem 4.2. The Hodge-Laplacian O is a self-adjoint elliptic operator.

From the decomposition theorem for self-adjoint elliptic operators [18], we have
the following Hodge decomposition theorem.

Theorem 4.3. Assume that (M, F) is an n-dimensional strongly pseudoconvex com-
pact complex Finsler manifold. Then

(1) The space of all harmonic forms on M, HP?1 = {p € LP?|0p = 0} C EPY, and
dimHP? < oo.

(2) There exists an operator G : LP9 — LP9  such that

I =Py +0G,
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where Py is the projective operator from LP9 onto H = HP?, and G(EPT) C EP1.
(3) EP4 = HPa P O(EPT) = HP1 P (EP91) @ §* (EP-at?).

From the above theorem, we know that the space of harmonic forms is isomorphism
to the Dolbeault cohomology group.

Remark 4.2.  From [13],[23] and [24], one can easy to know that the operator O
is more complex than the operators Oy and Oy. Therefore, it is difficult to discuss
the Bochner technique about the Hodge Laplace operator [, but we can obtain the
Bochner technique about the horizontal Laplace operator O in [20].

Remark 4.3. If the complex Finsler metric F' is a Kéahler metric, then the op-
erator [J is the usual Hodge Laplacian. Thus Theorem 4.3 reduces to the Hodge
decomposition theorem on a compact Kahler manifold.

Remark 4.4. If the complex Finsler manifold is strongly K&hler or Kahler [9],
Theorem 4.3 reduces to the Hodge decomposition theorem on a compact strongly
Kéhler Finsler manifold [25].
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