Naturally harmonic maps between tangent bundles

H. El Hendi and L. Belarbi

Abstract. In this paper, we investigate the harmonicity of a tangent map
¢:(TM,5) — (TN, }NL), in the case when the tangent bundles TM and
TN are endowed with natural Riemannian metrics g, h. In this work we
generalize previous results related to the article of A. Sanini [24].
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1 Introduction

Let ¢ : M — N be a smooth map between the smooth manifolds M, N. The map
@ induces the tangent map ¢ = dp : TM — TN between the tangent bundles of
M and N. In the case where M, N are Riemannian manifolds, their tangent bundles
TM, TN may be endowed with the corresponding naturel metrics so that they become
Riemannian manifolds. The motivation of this paper is to study harmonicity of the
tangent map ¢ : (T'M,g) — (TN, iz)

In this paper we deal with these problems in the case where the tangent bundles
TM, TN are endowed with naturel Riemannian metrics g, h. We show that the map
¢ is harmonic if ¢ is totally geodesic. Further, if TM be a compact tangent bundle
¢ is harmonic if and only if ¢ is totally geodesic.

In section 4, we determine the conditions for a immersion isometric ¢ to induce a
harmonic map ¢; : (T1 M, g) — (TN, /~1) If N is a space of constant curvature, we

prove that F} is a harmonic map if and only if f(M) is a minimal Einstein submanifold
of N.

1.1 Harmonic maps

Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds,
then the energy functional is defined by

1
p(6) = 5 [ aofan,
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(or over any compact subset K C M A map is called harmonic if it is a critical point
of the energy functional E (or E(k) for all compact subsets K C M. For any smooth
variation {¢}ier of ¢ with ¢g = ¢ and V = %h:o, we have

(L1) 4 B(80)lmo = - /M B((6), V)dv,,

where
T(¢) = trace,Vdo

is the tension field of ¢. Then ¢ is harmonic if and only 7(¢) = 0. One can refer to
[15], [22] for the background on harmonic maps.

The existence and explicit construction of harmonic mappings between two given
Riemannian manifolds (M, g) and (N, h) are two of the most fundamental problems of
the theory of harmonic mappings. If M is compact and N has nonpositive sectional
curvature, then any smooth map from M to N can be deformed into a harmonic
map using the heat flow method [Eells and Sampson 1964]. However, there is no
general existence theory of harmonic mappings if the target manifold does not satisfy
the nonpositivity curvature condition. This fact makes it interesting to find harmonic
maps defined by vector fields as a map from Riemannian manifold (M, g) to its tangent
bundleT'M. Problems of this kind have been studied when T'M is endowed with the
Riemannian Sasaki metric see ([16], [17], [20], [22]) and with the Riemannian Cheeger-
Gromoll metric (see [17]).

2 Some results on M

Let (M, g) be an n-dimensional Riemannian manifold and (T'M, w, M) be its tangent
bundle. A local chart (U, x%);=;..,, on M induces a local chart (7= (U), 2%, y*);=1..., on
TM. Denote by Ffj the Christoffel symbols of g and by V the Levi-Civita connection
of g. We have two complementary distributions on TM, the vertical distribution V
and the horizontal distribution , defined by

V(x7u) = ker(dw(x,u))
) .
{a' ;at € R}
P 9 _
Hizw) = 4 == —ad'WITF, —  ;a'€Ry,
() {3x’|<m,u> SR }

where (z,u) € TM, such that T, .\ TM = H(zu) © V(zu)-
Let X = X 8?& be a local vector field on M. The vertical and the horizontal lifts
of X are defined by

(2.1) XV =x'

Y ey, . 9
2.2 XH=x'— =Xx* R) [
(22) ozt <8x1 Yt ayk)
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O \H _ ¢ 9 \V _ 2 [ o)
As consequences, we hav§ (557)"7" = 527 and (557)" = ,7> and hence (537 ayi)izl.,n
is a local adapted frame in TT M.

Remark 2.1. 1. Ifw = w' 8313 —HI}jaiyj € T(z,u)T M, then its horizontal and vertical
parts are defined by

.0 o 0
h _ 1 —1 k
w"” = w i ujrijiayk S /H(LU)

v — 1,7 0
w’ = {wk +w ujffj}a—yk € Vizu)

2. If u =t a?,;i € T, M then its vertical and horizontal lifts are defined by

u =l

gyt € View € T

[ 0 ; 0
H — g0 ) k
] U {63% Y sz—ayk }

Proposition 2.1. ([17]). Let (M,g) be a Riemannian manifold and R its tensor
curvature, then for all vector fields X,Y € T'(TM) and any point (p,u) in T?>M we
have

LOXT Y ) = XY~ (Ry(X, Y)Y,

2. [XH,YV}(p’u) = (ny)v

(p,u)’

3. XV, YV =0.

3 (- metric on T'M

Definition 3.1. Let (M, g) be a Riemannian manifold and 5 € R;. On the tangent
bundle TM, we define a S-metric noted § by

L G(XH,YH) = g(X,Y)or
2. G(XH YV)=0
3. G (XY, YY) = L (020X, V) + B0 (X, w)ga(V, ),

where X, Y e I'(TM), (z,u) € TM,r = g(u,u),a =1+ Pr.

Note that, if 5 = 0 (resp 8 = 1), then g is the Sasaki metric [16] (resp the
Cheeger-Gromoll metric [17]).

Theorem 3.1. ([10]). Let (M,g) be a Riemannian manifold and g be a S-metric
relative to g on TM. If V (resp V) denote the Levi-Civita connection of (M,g) (resp
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(T'M, g), then we have

(Vxn¥™)y = (Vx¥)f = SR, V)0

(Van¥")y = (Vx¥)) + o (Ralw V) X)"

(Txe¥™), = 5 (Ral, XV

Fory = [ Loy’ +gvwx") - Z o ug(vwn?
+ ﬁ@g(X,Y)uVL

(Vxud'), = 0= (Vo X™),

(Vyvu'), = é(XV—Fﬂg(X,u)uV)p

(Vo XV), = g(g(X,u)fTQXVL)

(Vovud"), = 4,

for all vector fields X, Y € T(TM) and p = (z,u) € TM, where R denote the curva-
ture tensor of (M, g).
4 Harmonic tangent maps

Lemma 4.1. . Let p : (M™,g) — (N™ h) be a smooth map between Riemannian
manifolds. The map ¢ induces the tangent map

p=dp: (TM™, g°) — (TN" K%
(@,y) — (p(2),de(y))/.
For all vector field X € T(TM), we have
as((x)7) = (do(x))"

ao(()") = (40))" + (Vaply, X))

Proof. Let o and (2%,9%) be a local coordinates on M and T'M respectively. The
local frames of vector fields on M respectively T'M is given by

If u® and (u®,v%) be a local coordinates on N and T'N respectively. The local frames
of vector fields on N respectively T'N is given by
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P
where v? = ¢ L =y ¢B

oxI
0 Op® 0 0¢y M c ., 0
(4.1) d¢(((9xi)H> 9z oue y’ (%Ji B Ffj yJ(ﬁkBF
J . v\ _ a0
d¢((axi) ) T g

We have

d¢<(aiz)) d)a(aw) :(d“’(aii))v
dp™ 9 0> 0 N 500% 0

R H Y __
Ozt du>  Oxt (8ua) T Lap v Ozt Ov’
Substituting in equation 4.1, we obtain
) 0™ 0 N 5900‘ 0 ;007 i ja O
(") = g+ Tan ', ‘%“’ or i_ri'y¢k37
B 0 .y 5¢ B&p M W\, 0 v
= (o) (o 4 2T T ) ()
On the other hand
o 0 B 0 8 v 0
M
0
— k y_Y
N (bj v /3 k ou
¢B 9 Boe 0 J\;@I v 0
T awow NV W‘F”’ Eaur
_ % 0 d,zﬂ@ O k0
ozt Ove J 8:10’ "ﬁ 81)“/ 9Tk gy

_ (Zfbj ¢§386907 r —1“”“ ¢7)( 0 )V
(W%’%Dv-

Then, we obtain

%

d¢(aii)H - (d‘p(aii)>H + (W(%’y))
O

Lemma 4.2. Let p : (M™, g) — (N"™,h) be a isometric map between Riemannian
manifolds, then the energy density associated of the tangent map ¢ : (TM™,g§) —

(TN™, h) is given by

e(g) = m+T+2 tmceg(lwso(y, ) |+69(Vd<ﬁ(y,*)7dso(y))-
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Proof. We distinguish two cases.
First case: y = 0. Let {ej, ..., } be an orthonormal basis of T,,M. Then, we obtain

n unit vectors {ef!,...ef} of T(, 0T M which are orthogonal because g( Hell) =
g(ei,ej) = di;. Moreover, {e},...e} } are also orthonormal vectors of T(z,0)TMm since

g(eV,el) = glei e;) = b, When y = 0 So, {efl,...ell eY ...} } is an orthonormal

basis of T{, 0T M.

2€(¢)< (@), ()

Using lemma 4.1, we obtain

[\

e(®) (p(2),dp(v))

(ot aston (e ™, (dp(es)) ™)

'MSEMS

«
Il
-

(Aot aotn (@l (@delei))")

Ms

(Aot (Vdg(y. e)) (Vdiy, )" ).

<.
Il
_

Using Definition 3.1, we have

2e(9) (p(a).de(y))
=3 (hew(deler)), (dole:)
1 m
13 (ho(Vply, ), (Vg c0)
=1
#2307 (Aot (dp(en), (dp(er)

1
+§ (h(m)((d@(ei))adW(y))Q)'

From the isometry property of the map ¢ and at y = 0, we have

(D) (p(2)dp(0)) = M.

Second case: y # 0 The first step consists of constructing an orthonormal basis
of Tz, T'M. So, from an orthonormal basis {e; = ﬁ,eg, ..t} of T, M, we obtain
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n unit vectors {ef!, ...ef} which are orthonormal because g(eff,efl) = g(e;, e;) = d;;.

€ j
To obtain a basis, we complete with {f), ..., fV} where:

"

i =Vael,j=2.n

So {ef!,...ell, fV, ..., f¥} is an orthonormal basis of T\, ,)T'M. Analogously, we have
2¢(9) (o (@) do(w))

= Z (}Nl(sa(w)vdw(y))(déf’(@f{)vd¢(€f{)) + By dp(ey (dO( V), d¢>(fv)))
=1

Using lemma 4.1 and Definition 3.1, we have

[\

€(D) (o ().de(v))
Z@me@»mmm
=1

+é zm; (h (Vdep(y, ei)), (Vdp(y, ei))>
+§ i (hote) (Vdiply, e2)), dio(w))?)
+;§@waﬂ<ww>

23 (o). dolw)?):

m

+ 5= 2 (IVde(y,e) | + Bg(Vdi(y, e:). dip(y) )

i=1

O

Theorem 4.3. Let ¢ : (M™,g) — (N™, h) be a isometric map between Riemannian
manifolds, then the tension field associated of the tangent map ¢ : (TM™,§) —

(TN™, h) is given by

"(0) = [getroB (doly), Vgl )dp()] " + [trace, (div(Vde) )

—2§h(Vd<p(y7 *), dp(y))Vdp(y, *) — %Qh(Vckp(% %), deo(y))*de(y)

B(1+ )

14
n h(Vdp(y, %), Vde(y, *))d‘»"(y)ﬂ :
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),dp(y)) € TN, and {e, f}™, be a local orthonormal frame on
Ve, ei)z = 0 then by summing over i, we have

i

Proof. Let (¢(x
TM such that (

T(9) = Vislemdd(el) —do(VIH el

Vigtsvdo(f)) — do(Vid f1)
v(dS"(e )H(dso(el) + V(dga(e (Vd(p(ya ei))v
V(Vdsa(y,ez))" (dep(e ) V(Vdgp(y ei))V (Vdep(y, ei))v
Vi de(f)" = de(Via"ell) — do(V i £);

+

+
_|_

by Theorem 3.1, we have

Videmds(e) = (VEdp(e)”
VIR en (Yol )’ = (VEVdoly,es)” + (5 Rdoly), Vdp(y, e)dpleo)”
Ve o) = o (R(dply) Vg (y, e)dp(e:)”
Visusyeny (Vde(y, )" = %ﬁh(ww(%ei),dw(y))Vdso(yyei)

- %zh(w@(y, ei), dip(y))*dp(y)

+ wh(ww(y,ei),de(y,ei))dsO(y))V
VX o o) = L h(dp(f), dp(w))de ()

ﬁ2
= h(dp(fi), de(y))*de(y)

b P o), g gt
—dp(Vei'e') = —do((Ve,e)™) = —(dp(Viei)"
— Vdp(y,Vile))"
(V) = Py(fiaei)

+ ﬁ:h(f- 2d
S i, Y) dp(y)

- wh(ﬁ,fﬂd@(ynv;

by isometry of the map ¢, the proof of the Theorem 4.3 is completed. O

From Theorem 4.3, we obtain

Theorem 4.4. Let ¢ : (M™,g) — (N™, h) be a isometric map between Riemannian

manifolds, then the tangent map ¢ : (TM™,g) — (TN™, h) is harmonic if and only
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if the following conditions are verified

RN (dip(y), Vde(y, *))de(x) = 0

div(Vde)(y) — 2Lah(Vde(y, *), de(y)) Vdp(y, *) — %Zh(de(% %), dp(y))*de(y)
+ 8059 (T dip(y, ), Vi (y, ))dip(y) = 0.

Corollary 4.5. Let ¢ : (TM™,§5) — (TN”JNL) be a the tangent map of isometric
map ¢ : (M™,g) — (N™, h), if ¢ is totally geodesic then ¢ is harmonic.

Theorem 4.6. Let TM be a compact tangent bundle and ¢ : (TM™, §) —s (TN, h)
be its the tangent map of a isometric map ¢ : (M™,g) — (N™,h). Then ¢ is a
harmonic if and only if ¢ is totally geodesic.

Proof. If ¢ is totally geodesic, from Corollary 4.5, we deduce that ¢ is harmonic.
Inversely.
Let w: I x M — N be a smooth map satisfying for all t € I = (—e¢,€),e > 0 and all
reM
w(t,z) = p(x) = (1 +t)p(x),
and
w(0,z) = p(x).
The variation vector field v € T'(¢ T N) associated to the variation {¢;}1cr is given
for all x € M by
d
’U(I) = d(O,x)w(a)a

From Lemma 4.2, we have

11—« 14t)2
R

elgr) =m+ 2 2«

trace, (|Vdip(y, +)|*| + By (Vdi(y, ), dp(y) ).

If ¢ is a critical point of the energy functional, from equation 1.1 we have

d
7E _ —
o7 (¢¢)t=0 0
1
= = Vgt 0 + B(Vdpty ). dolu)dns =0
@ Jrm
then Vdy = 0. O

5 Harmonicity of the map ¢, : TYM™ — T1N"

Lemma 5.1. Let j: M{" — M™ be a isometric immersion of Riemannian mani-

fold M. Then the tension field associated of the map ¢ = poj : M{™ Ly Mm 5 N
s given by

(5.1) (@) = 7(P)ar, + mudip(Hy) — Vdp(ea, ea),

where ey be a local orthonormal frame on T My and Hy the mean curvature of M.
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Proof. Let j be a isometric immersion; Then the tension field associated of the map
J is given by
7(j) = miHy,
and we have
(@) = 7(poj)=dpot(j)+trgVde(dj(+),dj(x))
= dp(miHy) + Vde(dj(e;), dj(ei))
= mudp(H1) +7(0)|m, — Vdp(ea, €a).
O

Proposition 5.2. Let ¢ : TyM™ —s TN™ the restriction of the tangent map ¢ to
unit tangent bundle Ty M™. Then tension field associated of the map ¢ is given by
(5.2) T(CZB) =7()rm — (M — 1)(d90(y))v~

Proof. From the Lemma 5.1, we have

(5.3) (@) = T(@)ryar + do((2m — 1) H{M) — Vdg(Y,Y),

where Y the normal unit vector field on 7y M. Let {ef, fV}™ | be a local orthonormal

frame on T3 M™, the mean curvature of T3 M™ is given by
HIM = (el VY)Y = (VY)Y

by Theorem 3.1, we have
HIM'M — —(m+1)Y

and B
Vde(Y,Y) = 0.

Then
T(¢) = T(¢)|T1M — (m —1)do(Y)
= T(¢)|T1M —(m— 1)(d90(y))v~
O

Proposition 5.3. ([2/]) Let ¢ : (M™,g) — (N™,h), f : (N",h) — (P%,1) are
smooths maps. Then the map ¢ is harmonic if and only if T(p o f) is orthogonal to
N.

Using Propositions 5.2, 5.3, we obtain the Theorem

Theorem 5.4. The differential of an isometric immersion ¢ : M™ — N induces
a harmonic map ¢, : TAM™ — TyN™ if and only if the following conditions are
verified

RN (do(y), Vdp(y,*))de(x) = 0

div(Vdep)(y) — 2Lah(Vde(y, *), de(y)) Vdp(y, *) — %h(de(% %), dp(y))*de(y)
+ 2059 (T dip(y, ), Vde(y, ))dep(y) = Ade(y).
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In other words, identifying M with f(M) and place b = Vdep, if X an arbitrary
unit vector field then we have

Theorem 5.5. Let N™ be a smooth manifold with a constant sectional curvature k.
Then the differential of an isometric immersion ¢ : M™ — N™ induces a harmonic
map ¢1 : TYM™ — T1N™ if and only if the following conditions are verified

kh(X,X)=0, |X|=1, keR

B(1 + a)h(div(b) X, X))

nVYH + Ricci™ (X) = pX, w=A+ "

+ k(1 —n).

Proof. By Theorem 5.4, the map ¢, : Ty M™ — T1 N™ is harmonic if and only if

(5.4) RN (X,b(X,e;))e;i =0
(VIb)(es, X) — %ah(b(X, ei), X)b(X,e;) — %Qh(b(X, i), X)2X
(5.5) +@h(b(}(, e), b(X, €)X = AX.

Then, we have

(5.6) RN(X,b(X,e:))e; = kb(X,X)
(ng)(eiv X) = V%(b(ezy e;)) — RN(ei, X)e; + RicciM(X)
(5.7) = nVYH + (k(n —1))X + Ricci™ (X)
div(b)(X) = (VIVb)(e;, X) = Vb(e;, X) — (Ve X)

- b(eia Vé\fX)

h(div(b)(X), X) h(VYb(es, X), X) = —h(b(e’, X), VY X)
(58) = _h(b(th)?b(eiaX))

(5.9) h(b(X, e;), X) = 0.

Replacing equations (5.6), (5.7), (5.8), (5.9) in equations (5.4) and (5.5) the proof of
Theorem 5.5 is completed. O

Theorem 5.6. Let N™ be a smooth manifold with a constant sectional curvature
k # 0. Then the differential of an isometric immersion ¢ : M™ — N™ induces
a harmonic map ¢1 : TIM™ — TAN"™ if and only if f(M) is a minimal Einstein
submanifold of N.
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Proof. By theorem 5.5, ¢1 : 1 M™ — T1N™ is harmonic if and only if
kb(X,X) =0, IX|=1, keR

B(1 + a)h(div(b) X, X))

(0%

nVYH + Ricci™ (X) = pX, W=+ + k(1 —n).

If k # 0 then b(X, X) = 0, for each unit vector X tangent to M and therefore
WX, Y)=hX,Y)H, VX, YeD(TM)

we have b(X,X) = H = 0. Then M is a minimal submanifold of N.
nVYH + Ricci®(X) = pX is equivalent to the condition of Einstein, because
VYH = —|H’X. 0
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