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Abstract. In this paper, we exhibit example of Szabé metrics of neutral
signature, which is obtained by the deformed Riemannian extension.
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1 Introduction

Let M be an n-dimensional manifold with a torsion free affine connection V and let
T*M be its cotangent bundle. In [17], Patterson and Walker introduced the notion of
Riemannian extensions and showed how a pseudo-Riemannian metric can be given to
the 2n-dimensional cotangent bundle of an n-dimensional manifold with given non-
Riemannian structure. They shows that Riemannian extension provides a solution
of the general problem of embedding a manifold M carrying a given structure in a
manifold N carrying another structure, the embedding being carried out in such a
way that the structure on N induces in a natural way the given structure on M.
The Riemannian extension can be constructed with the help of the coefficients of the
torsion free affine connection.

In [11], the authors generalized the Riemannian extension to the so-called deformed
Riemannian extensions. In this paper, we shall consider some of the geometric aspects
of deformed Riemannian extensions and we will investigate the spectral geometry of
the Szabé operator on M and on T* M.

Our paper is organized as follows. In the section 2, we recall some basic defini-
tions and results on the classical Riemann extension and the deformed Riemannian
extension developed in the book [11]. In section 3, we recall some results on affine
Szabé manifolds. Finally in section 4, we construct example of pseudo-Riemannian
Szab6 metrics of signature (2,2), using the deformed Riemannian extensions, whose
Szabé operator is nilpotent.

Throughout this paper, all manifolds, tensors fields and connections are always
assumed to be differentiable of class C*.
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2 Deformed Riemannian extensions

Let (M, V) be an n-dimensional affine manifold and T*M be its cotangent bundle.
Let m: T*M — M be the natural projection defined by

m(p,w)=pe M and (p,w)eT M.

A system of local coordinates (U, u;),7 =1,...,n around p € M induces a system of
local coordinates (7~ *(U),u;,uy = w;), i/ =n+i=n+1,...,2n around (p,w) €
T*M, where u; = w; are components of covectors w in each cotangent space T,y M,

0
5‘ui

p € U with respect to the natural coframe {du’}. If we use the notation 9; =

0
and 9; = R then at each point (p,w) € T*M, its follows that

ws
{(81)(p,w)7 ceey (an)(p,w)7 (al’)(p,w)7 ceey (8n’)(p,w)}7

is a basis for the cotangent space (7% M), .,
For each vector field X on M, define a function ¢ X : T*M — R by

X (p,w) = w(Xy).
This function is locally expressed by,
1 X (wgy ugr) = up XY,

for all X = X?0;. Vector fields on T*M are characterized by their actions on functions
tX. The complete lift X of a vector field X on M to T*M is characterized by the
identity

XCz)=1[X,Z], forall ZeT(TM).

Moreover, since a (0, s)-tensor field on M is characterized by its evaluation on com-
plete lifts of vector fields on M, for each tensor field T of type (1,1) on M, we define
a 1-form (T on T* M which is characterized by the identity

T(XC) = u(TX).

For more details on the geometry of cotangent bundle, we refer to the book of Yano
and Ishihara [20].

Let V be a torsion free affine connection on an n-dimensional affine manifold M.
The Riemannian extension gy is the pseudo-Riemannian metric on 7*M of neutral
signature (n,n) characterized by the identity [11]

gv (X9, YY) = —(VxY + Vy X).

In the locally induced coordinates (u;,u;) on m#=*(U) C T*M, the Riemannian ex-

tension is expressed by ‘
v 65 0 y

with respect to {01,...,0,,01,...,0n }i, 5,k = 1,...,n;k" = k + n), where Z} are
the coefficients of the torsion free affine connection V with respect to (U, u;) on M.
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Riemannian extensions were originally defined by Patterson and Walker [17] and fur-
ther studied by Afifi [1], thus relating pseudo-Riemannian properties of T*M with
the affine structure of the base manifold (M, V). Moreover, Riemannian extensions
were also considered by Garcia-Rio et al. [10] in relation to Osserman manifolds (see
also [5]). Since Riemannian extensions provide a link between affine and pseudo-
Riemannian geometries, some properties of the affine connection V can be investi-
gated by means of the corresponding properties of the Riemannian extension gy. For
instance, (M, V) is locally symmetric if and only if (T*M, gv) is locally symmetric.
Furthermore (M, V) is projectively flat if and only if (T* M, gv ) is locally conformally
flat (see [4] for more details and references therein). For Riemannian extensions, also
see [15, 16, 19].

In [4], the authors introduced a deformation of the Riemannian extension above
by means of a symmetric (0, 2)-tensor field ¢ on M; more precisely, they consider
the cotangent bundle T*M equipped with the metric gv + 7*¢, which is called the
deformed Riemannian extension.

Let ¢ be a symmetric (0, 2)-tensor field on an affine manifold (M, V) and let 7
be the natural projection from the cotangent bundle T*M to M. The deformed
Riemannian extension gv 4 is the metric of neutral signature (n,n) on the cotangent
bundle given by:

9v.¢ =9gv + 1.

Let Z’; be the coefficients of the torsion free affine connection V and let ¢;; be the local
components of the symmetric (0, 2)-tensor field ¢. In local coordinates the deformed
Riemannian extension [11] is given by

i (u) — 2up 6]
9<W’>:< e 0 )

with respect to {01,...,0n,01,...,0n }, (4,4, k =1,...,n; k" = k + n). Equivalently,
99,695, 05) = di(w) = 2un fli; 99,0)(95,05) = 65 9(v,9)(0r,030) = 0

Note that the crucial terms g(v 4)(0;, d;) now no longer vanish on the 0-section. The
Walker distribution is the kernel of the projection from 7% M:

D = ker{n*} = Span{0;}.

The tensor ¢ plays an essential role. Even if the underlying connection is flat, the
deformed Riemannian extension need not be flat [11]. Deformed Riemannian exten-
sions have nilpotent Ricci operator and hence, they are Einstein if and only if they
are Ricci flat. They can be used to construct non-flat Ricci flat pseudo-Riemannian
manifolds [4]. For deformed Riemannian extensions, also see [2, 3, 6].

The classical and deformed Riemannian extensions provide a link between the
affine geometry of (M,V) and the neutral signature metric on 7*M. Some prop-
erties of the torsion free affine connection V can be investigated by means of the
corresponding properties of the classical and deformed Riemannian extensions.
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3 The affine Szab6 manifolds

Let (M, V) be an affine manifold and X € I'(T,M). The affine Szabé operator [13]
SV(X) with respect to X and p € M is given by SV (X) : T,M — T,M such that
SY(X)Y = (VxRY)(Y, X)X,

for any vector field Y. The affine Szabé operator satisfies S¥ (X)X = 0 and SV (8X) =
B3S(X), for feR* and X € T,M. If Y = 0y, for m=1,2,...,nand X =, a;;,
one gets

SV(X)am: Z aiajak(ViRv)(8m7aj)ak,
i,7,k=1

where V; = V,,.
Definition 3.1. [7] Let (M, V) be a smooth affine manifold and p € M.

(i) (M,V) is called affine Szab6 at p € M if the affine Szabé operator SV has the
same characteristic polynomial for every vector field X on M.

(ii) (M, V) is called affine Szabd if (M, V) is affine Szabé at each p € M.

Theorem 3.1. [7] Let (M, V) be an n-dimensional affine manifold andp € M. Then
(M, V) is affine Szabd at p € M if and only if the characteristic polynomial of the
affine Szabé operator SY is P\[SY (X)] = A", for every X € T,M.

We have a complete description of affine Szabé surfaces.

Theorem 3.2. [7] Let (M,V) be a two-dimensional smooth affine manifold. Then
(M, V) is affine Szabs at p € M if and only if the Ricci tensor of (M, V) is cyclic
parallel at p € M.

Let X be a surface endowed the torsion free affine connection V given by
V3131 = f1 (u1)82 and Vg}l 82 = f2(u1)82.
The non zero component of the curvature tensor R of the torsion free affine connection
V is
RV (81, 82)81 = a@z,
where a = 0y fo + f3. The non zero component of the Ricci tensor Ric is

Ric(al, 81) = —a

Let X =), @;0;, i = 1,2 be a vector on M, then, the affine Szabé operator is given
by
(VXxRY)(01, X)X = Ady, (VxRY) (2, X)X = By,

where the coefficients A and B are given by

A= a%agﬁla + alagﬁga

B = —a%(‘)la — a%agaga.
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The matrix associated to SV (X) with respect to the basis {91, s} is given by

sTe=( 5 )

Its characteristic polynomial is given by Py[SY (X)] = A2 — AB. Since (M, V) is affine
Szabé, by Theorem 3.1, 0 is the only eigenvalue of the affine Szabé operator SV (X).
Therefore, trace(SY (X)) = B = 0, which implies that

O0ha=0, and 0Ora=0.
The converse is obvious. We have the following:

Theorem 3.3. Let (X,V) be an affine surface endowed with the torsion free affine
connection V given by Vo 01 = fi(u1)02 and Vg, 02 = fa(u1)ds. Then (3,V) is
affine Szabé if and only if O1a = 0 and dea = 0, where a = Oy f2 + fa.

An n-dimensional affine manifold (M, V) is a generalized affine plane wave mani-
fold if

Vaﬁj = Z F;Cj (ul, ce ,uk_l)ak.

k>max(%,5)

If n = 2, then the only possible non-zero coefficient of the torsion free affine connection
could be I'?; (u;). Now, we have the following observation:

Theorem 3.4. Let (X,V) be a generalized affine plane wave surface. Then (X,V) is
affine Szabo.

In higher dimensions the situation is however more involved where the cyclic par-
allelism of the Ricci tensor is a necessary but not sufficient condition for an affine
connection to be Szabd. Affine Szabd connections are of interest not only in affine
geometry, but also in the study of pseudo-Riemannian Szabd metrics since they pro-
vide some nice examples without Riemannian analogue by means of the Riemannian
extensions. See [8, 9] for more details.

4 The deformed Riemannian extensions of an affine
Szabdé manifold

A pseudo-Riemannian manifold (M, g) is said to be Szabé if the Szabd operators
S(X) = (VxR)(-, X)X has constant eigenvalues on the unit pseudo-sphere bundles
SE(TM) . Any Szabé manifold is locally symmetric in the Riemannian [18] and the
Lorentzian [12] setting but the higher signature case supports examples with nilpotent
Szabé operators (cf. [14] and the references therein). Next, we will use the deformed
Riemannian construction to exhibit a four-dimensional Szabé metric.

Let M = R? and V be the torsion free connection defined by

(4.1) VB161 = fl(ul)ag and Valag = fg(ul)ag.
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The deformed Riemannian extension of the torsion free affine connection defined by
(4.1) is the pseudo-Riemannian metric tensor on R* of signature (2,2) given by

9v,e = (611 —2uafi)dus @ duy + daadus @ dus
+(P12 — 2ua fo) (dus ® dug + dug ® dus)
(42) +(du1 ® dU3 —|— dU3 ® du1 —|— d’UQ ® dU4 + dU4 ® dUQ)

Further assume that f; and fo satisfies
(4.3) Oia=0 and dra =0,

where a = 0y fo + f3. Then the non-zero Christoffel symbols of gy , are given by

f%l = f17 f‘%2 = f2a

8, = —fi, Tu=—fo, I3 =—f,

~ 1

ry, = 53@11 — ¢12f1 + 2uafifo — ua0h f1,

~ 1

I, = 0112 — 53%2511 — Paa f1 — 2u40: fo,

~ 1 ~ 1

s, = 55'242511 — ¢1afo + 2uafafa, Tly= 53@22 — ¢22fa,
) 1 1

I3, = Os1o— 53@22, I3, = 532(2522

The only nonvanishing covariant derivatives are given by

. 1
Vodi = i+ (50161 — b10fs + 2usfify — uadh f1) s
1

+<31¢12 - 532%1 — ¢ f1 — 2u431f2>847
i 1
Vo,02 = [fa02 + (532(2511 — ¢12f2 + 2U4f2f2)53

1
+<§31¢22 - ¢22f2)84,

. - 1 1
Vo,0s = —f103— f204, Vo,00 = (52¢12 - §8l¢22>83 + (532%2)347
Vo,01 = —f20s.

It follows that the only nonvanishing components of the curvature tensor of (R*, 9v.0)
are given by

R(01,0,)01 = ady, R(D1,04)00 = —ads, R(dy,2)0s = —ads,
N 1 1
R(01,02)01 = a0y +a {2U4f2 - (2512] 03 + bafﬁbm — 020112 + 533%1

1
— 02201 fo — f20122 + §f132¢22}84,

- 1 1 1
R(01,0:)00 = |0102¢12 — 0722 — =051 — da2f3 — = f102022 + f201¢22| O3,
2 2 2
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where a = 01 fo + f3. Putting
]%(81, 82)(91 = ag90y + a303 + a40s4 and R(al, 82)(92 = b363,

where a9, a3, as and bz are the components of the curvature tensor. Now, let X =
Z?Zl a;0; be a vector field on R*, then Szabé operator are:

(VxR)(O1,X)X = S3105+ Su10s,
(VxR)(02, X)X = 83205+ S4204,
<R

(VxR)(D5,X)X = 0 and (VxR)(d4, X)X =0,
where
S31 = al [(9263 + 2ar32] +afas [61a3 — 0312, 4+ al'}, — asl2, + asl'3, + a4F£1)’4]
+arai {82(13 + O1bg — 3b3T'%, + 3al'ly + asl's, + a4F§4}
+ajaoay {84(13 + 3al%, + 3al'}, + 2a1":{’4} +aday [af%l + aI“h] ,
Sz = af [ —dras —al'3y, — al'}, + agf1 + asfo + bsf@
+adaz| — Oibs — Bas — aTy + 3b f2 + aafz — 3aT'y
—|—a%a4 [ — Osas + 2af2} + ala% [ — Oobs — 2aF32} ,
Sy = a%az {81a4 - a4Ff2 + a4Fil4] + alag [82&4} ,
Sip = a:f [2a4f2 — 81a4} - a?a282a4.
Hence, the matrix associated to the Szabé operator with respect to the basis {01, ...,04}
is given by
0 0 00
(@4 SO = s 5 0 o
Si1 S22 0 0

It follows from the expression (4.4) of the Szabé operator S(X), where X is a nonnull
vector field on R?, that its characteristic polynomial

Py (S(X)) = det(S(X) — Aldy) = A

Thus all eigenvalues are zero. This proves that (gv,¢) is Szabd. Hence we have the
following

Theorem 4.1. Let M = R? and V be the torsion free connection defined by Vg, 01 =
f1(u1)92 and Vi, 05 = fa(u1)de. Assume that fi and fo satisfies 01a = 0 and Oz2a = 0,
where a = Oy fo + f2. Then the pseudo-Riemannian metric 9(v,¢) on the cotangent
bundle T*M of neutral signature (2,2) defined by setting

9v.e = (11 —2uafi)dur ® duy + daadus ® dus
+(hr2 — 2uyfo)(duy ® dug + duy @ dus)
(45) +(du1 ® dus + dus ® duq + dus ® dug + dug ® dUQ)
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is Szabo for any symmetric (0,2)-tensor field ¢.

Remark 4.1. Condition (4.3) on the coefficients f1 and fs of the torsion free affine
connection helps us to simplify the calculation. Also, such a condition is equivalent
to (I M, gv ) being Szabd.

By using the result of [11, p.35, Lemma 1.36], we have

Corollary 4.2. The Szabd metric defined by (4.5) is Einstein if and only if a = 0,
where a = Oy f2 + fa.

1
Remark 4.2. If a = 0, then f2(u1) = — + ¢, where ¢ is constant.
U1
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