Generic lightlike submanifolds of an indefinite
Kaehler manifold with an (¢, m)-type connection
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Abstract. We study generic lightlike submanifolds M of an indefinite
Kaehler manifold M with an (¢, m)-type connection subject to the condi-
tion that the characteristic vector field ¢ of M belongs to our screen dis-
tribution S(T'M) of M. We provide several new results on such a generic
lightlike submanifold. Also, we investigate generic lightlike submanifolds
of an indefinite complex space form M (c) with a semi-symmetric metric
connection subject such that ¢ belongs to S(T'M).
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1 Introduction

This author introduced a non-symmetric and non-metric connection on semi-Riemannian
manifolds (M, g) in paper [5] as follows:

A linear connection V on (M, g) is called an (¢, m)-type connection if this connec-
tion V and its torsion tensor T satisfy

(1.1) (Vx9)(YV,Z) = - H{o(Y)3(X, 2) +0(Z)g(X,Y)}
- m{e(Y)3(J X, Z) +0(2)g(J X, Y)},
(1.2) T(X,Y)=t{d(Y)X - 0(X)Y} + m{0(Y)JX —6(X)JY},

where ¢ and m are smooth functions, J is a tensor field of type (1,1) and 6 is a
1-form associated with a smooth unit spacelike vector field ¢, which is called the
characteristic vector field, by 0(X) = g(X,¢). We set (¢,m) # (0,0) and we denote
by X, Y and Z the smooth vector fields on M.

Remark 1.1. Denote by V the Levi-Civita connection of a semi-Riemannian man-
ifold (M, g) with respect to g. Then we see that a linear connection V on M is an
(£, m)-type connection if and only if V satisfies

(1.3) VeV = VgV +0(V){(X + mJX}.
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A lightlike submanifold M of an indefinite Kaehler manifold (M,g,J), with an
indefinite almost complex structure J, is called generic if there exists a screen distri-
bution S(T'M), which is a complementary non-degenerate distribution of Rad(TM) =
TM NTM* in TM, such that

(1.4) J(S(TM)*) c S(TM),

where S(TM)* is the orthogonal complement of S(T'M) in the tangent bundle T'M of
M such that TM = S(TM) @oren, S(TM)*. The notion of generic lightlike subman-
ifolds of indefinite almost complex manifolds or indefinite almost contact manifolds
was introduced by Jin-Lee [6] and later, studied by several authors [2, 3, 4, 7].

The objective of study in this paper is generic lightlike submanifolds of an in-
definite Kaehler manifold (M,g,.J) with an (£, m)-type connection subject to the
conditions that (1) the tensor field J, defined by (1.1) and (1.2), is identical with the
indefinite almost complex structure tensor J of M, and (2) the characteristic vector
field ¢ of M belongs to S(T'M).

2 (¢,m)-type connections

Let M = (M, g, J) be an indedinite Kaeler manifold, where g is a semi-Riemannian
metric and J is an indefinite almost complex structure;

(2.1) J?X =X, g(JX,JY)=g(X,Y), (VgJ)Y =0.

Replacing the Levi-Civita connection v by the (¢,m)-type connection V, the third
equation of three equations in (2.1) is reduced to

(2.2) (V)Y = {0(JV)X — 0(Y)JX} +m{0(Y)X + 0(JV)JX}.

Let (M,g) be an m-dimensional lightlike submanifold of an indefinite Kaehler
manifold (M, g) of dimension (m + n). Then the radical distribution Rad(TM) =
TM NTM is a subbundle of the tangent bundle TM and the normal bundle M=,
of rank r (1 < r < min{m, n}). In general, due to [1], we can take two complementary
non-degenerate distributions S(T'M) and S(TM~) of Rad(TM) in TM and TM*,
respectively, which are called the screen distribution and the co-screen distribution of
M, such that

TM = Rad(TM) @opin, S(TM), TM* = Rad(TM) ®open, S(TM™L),

where @®,,+;, denotes the orthogonal direct sum. Denote by F(M) the algebra of
smooth functions on M and by I'(E) the F'(M) module of smooth sections of a vector
bundle E over M. Also denote by (2.1); the i-th equation of (2.1). We use the
same notations for any others. Let X, Y, Z and W be the vector fields on M, unless
otherwise specified. We use the following range of indices:

i, Jy ky oo €41, ., T} a,bye,... €{r+1,..,n}
Let tr(T'M) and ltr(T'M) be complementary vector bundles to TM in T'Mjy; and
TM=* in S(TM)™*, respectively, and let {Ny, ---, N,.} be a null basis of ltr(TM),,,,

where U is a coordinate neighborhood of M, such that
9(Ni,&5) = d0ij,  g(Ni; Nj) =0,



Generic lightlike submanifolds of a Kaehler manifold 41

where {&y, ---, &} is a null basis of Rad(T'M),,.

TM = TM @ tr(TM) = {Rad(TM) & tr(TM)} ®open, S(TM)
= {Rad(TM) @ ltr(TM)} ®ortn S(TM) ©open, S(TM™).

A lightlike submanifold M = (M, g, S(TM), S(TM™)) of M is called an r-lightlike
submanifold [1]if 1 < r < min{m, n}. For an r-lightlike M, we see that S(T'M) # {0}
and S(TM+) # {0}. In the sequel, by saying that M is a lightlike submanifold we
shall mean that it is an r-lightlike submanifold, with following local quasi-orthonormal
field of frames of M:

{517"'75’1”7 Nl»"'vN’l“v FT+17”'7Fm; E’r‘+1a"'7En}a

where {F,y1,---,Fp} and {E;41, -+, En} are orthonormal bases of S(T'M) and
S(TM+), respectively. Denote e, = §(Eq, E,). Then €,645 = §(Fq, Ep).

In this paper, we consider generic lightlike submanifolds M of an indefinite Kaehler
manifold M equipped with an (£, m)-type connection and a screen distribution S(TM)
which contains the characteristic vector field (. Let P be the projection morphism of
TM on S(TM). Then the local Gauss and Weingarten formulae of M and S(TM)
are given respectively by

Then we have

(2.3) VxY = VxY + Y h(X,Y)Ni+ Y hi(X,Y)E,,
=1 a=r+1
B T n

(2.4) VxNi = =Ay X+ 7i;(X)N; + Y pia(X)Ea,
j=1 a=r+1

(2.5) VxEy = =4, X+ Xai(X)Ni+ D pan(X)Ep;
=1 b=r+1

(2.6) VxPY = VPY +Y hi(X,PY)¢,
i=1

(2.7) Vx& = —A;X—ZW(X)%
j=1

where V and V* are induced linear connections on M and S(T M), respectively, hf and
h; are called the local second fundamental forms on M, h} are called the local second
fundamental forms on S(TM). ANi, A, and Ag are called the shape operators, and
Tijs Piasr Aai and gy are 1-forms on M.

For a generic lightlike submanifold M, from (1.4), we show that the distributions
J(Rad(TM)), J(ltr(TM)) and J(S(TM=)) are subbundles of S(TM). Thus there
exist two non-degenerate almost complex distributions H, and H with respect to J,
i.e., J(H,) = H, and J(H) = H, such that

S(TM) = {J(Rad(TM)) D J(ltT(TM))} Dorth J(S(TML)) Porth Ho,
H = Rad(TM) Dorth J(Rad(TM)) PBorth Ho.

In this case, the tangent bundle TM of M is decomposed as follow:
(2.8) TM = H & J(Itr(TM)) @open, J(S(TM™Y)).
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Consider r-th local null vector fields U; and V;, (n — r)-th local non-null unit vector
fields W,, and their 1-forms w;, v; and w, defined by

(2.9) Ui = —JNi, Vi=—-J&, Wy, = —JE,,
(2'10) ui(X):g<X>V;)7 ’UZ'<X)=g(X,U¢), wa(X):eag(X7Wa)'

Denote by S the projection morphism of TM on H and by F the tensor field of type
(1,1) globally defined on M by F' = .J o S. Then JX is expressed as

T n
(2.11) JX =FX+> w(X)Ni+ Y wa(X)E
i=1 a=r+1

Applying J to (2.11) and using (2.1);, (2.9) and (2.11), we have

(2.12) F2X =X+ w(X)Ui+ > we(X)W,.
1=1 a=r+1

By using (2.1)2 and (2.11), we obtain

(2.13) g(FX,FY) = g(X,Y) - Z{Uz( Joi(Y) 4 ui(Y)vi(X)}

= > eawa(X)wa(Y).

a=r+1

We say that F' is the structure tensor field of M.
Using (1.1), (1.2, (2.3)) and (2.11), we see that

(2.14) (Vx9) (Y. 2) Z{MXYM )+ hi(X, Z)ni(Y)},
—e{0< )9(X, Z) +6(Z)g(X,Y)}
- m{0(Y)g(J X, Z) +6(Z2)g(JX,Y)},
(2.15) TX,Y)={0(V)X —0(X)Y}+m{0(Y)FX —0(X)FY},
(2.16) hf(X,Y%hf(Y,X)fm{e( Jui(X) — 0(X)ui(Y)},
(2.17) he(X,Y) = hi (Y, X) = m{0(Y )wa(X) — 0(X)wa(Y)},

where 7,’s are 1-forms such that 7;(X) = g(X, N;).

From the facts that hf(X,Y) = g(VxY,&) and €,h3(X,Y) = g(VxY, E,), we
know that h¢ and h? are independent of the choice of S(T'M). The above local
second fundamental forms are related to their shape operators by

(2.18) hi(X,Y) = g(ALX,Y) = D hi(X, &)me(Y) + mO(Y )u; (X),
k=1
(2.19) cahi(X,Y) =g(A,, X,Y) ZAM Y) + eamf(Y)wa(X),

(2.20) hi(X,PY) = g(Ay, X, PY) + 9(PY){zm( ) + mu; (X)}.
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Applying Vx to §(E,, Ey) = €dap, 9(&,&) =0, g(&, Eq) =0, g(N;, N;) =0 and
g(N;, E;) = 0 by turns, we obtain eppiqp + €4/tpq = 0 and

2.21) R &) + (X&) =0, h(X, &) = —eahai(X),
0 (A, X) +mi(Ay, X) =0, G(A, X, Ni) = capia(X).
Furthermore, using (2.21); we see that
(2.22) hi(X,&) =0, hi(&,&) =0,  AL& =0.
Applying Vx to (2.9)1,2.3 and (2.11) by turns and using (2.2), (2.3)~ (2.7),

(2.10) ~ (2.12) and (2.9) ~ (2.11), we get
(2.23) ho(X,Us) = uj(Ay, X) +m(Us)u;(X)

= hi(X,V;) +mO(U;)u;(X)

= 0(Vi){lni(X) + mui(X)},

(2.24) he(X,U;) = wa(Ay, X) +mb(Us)we(X)

= €.h; (X, W) + mb(U;)we(X)
— a0 (Wa){lni(X) + mvi(X)},

(2.25) h(X, Vi) = wa (AL X) + mb(V)wa(X)

= eah{(X,Wa) + m{0(Vi)wa(X) — eaf(Wa)ui(X)},
(2.26) hS(X, Vi) = hE(X, Vi) + m{0(Vi)u; (X) — 0(V;)us (X))},
(2.27) e {hi (X, W,) — mO(W,)wy(X)}

= ea{hZ(X, Wb) - ma(Wb)wa(X)}v

(2.28) VxU; = F(A, X) +Z% U, + Z pia(X
7j=1 a=r+1

T 0(U){EX + mFX},

(2.29) ViV = F(ALX Zrﬂ X)V;+ > hi(X, &)U,
j=1

— Z €arai(X)Wo + 0(V){{X + mFX},
a=r+1

(2.30) VxWa = F(A,, X)+ ) XAai(X)U; + Z tran (X)W,
=1 b=r+1

+ O(W){0X +mFXY,

(2.31) (VXFY_ZuZ Y)A, X+Zwa VA, X
i=1 a=r+1
—ZhéXYU—ZhSXY
a=r+1

+ é{e(FY)X —O(Y)FX} +m{0(Y)X +0(FY)FX}.
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Definition 2.1. We say that a lightlike submanifold M of M is called
(1) irrotational[9] if Vx& € T(TM) for all i € {1, --- , r},
(2) solenoidal [8] if A, and A, are S(T'M)-valued,
(3) statical [8] if M is both irrotational and solenoidal.
Remark 2.2. From (2.3) and (2.21)s, the item (1) is equivalent to
(2:32) h§(X, &) =0, hi (X&) = Xai(X) = 0.
By using (2.21)4, the item (2) is equivalent to
(2.33) 1j(Ay, X) =0, pia(X) = ni(Ap, X) = 0.
For an irrotational M, taking ¥ = &; to (2.17) and using (2.32)1, we get
hi (&, X) = 0.
Taking X = ¢; to (2.18) and using the last equation, we obtain

(2.34) Az € =0.

3 Some results

Theorem 3.1. There exist no generic lightlike submanifold M of an indefinite Kaehler
manifold M with an (£, m)-type connection such that ¢ belons to S(TM) and F is par-
allel with respect to the connection V on M.

Proof. Taking the scalar product with N; to (2.31) with VxF = 0, we get

n

(3.1) Do u(YVmi(Ay, X)+ Y wa(Y)ni(Ag, X)
k=1 a=r+1
L)+ o (I — {00(X) — mns(X)}6(Y) = .
Replacing Y by &; to (3.1) and using the fact that F'§; = —V;, we have
{n;(X) + mv;(X)}6(V;) = 0.
Taking X = ¢; and X =V} to this equation by turns, we obtain
(3.2) (V;) =0, ml(V;) =0 Vi.
Replacing Y by ¢; to (2.31) with VxF = 0 and using (3.2), we obtain
SOh(X ) U+ > hi(X,&)Wa =0.
k=1 a=r+1

Taking the scalar product with V; and W}, to this by turns, we have

(3.3) hi(X, &) =0, (X, &) = 0.
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Taking Y = U; to (3.1) and using the fact that FU; = 0, we obtain
(3.4) ni(Ay, X) = {€vi(X) — mn:(X)}0(U;).
Taking ¢ = j to (3.4) and using (2.21)3, we obtain

{lv;(X) — mn;(X)}6(U;) = 0.

Taking X = V; and X = ¢; to this equation by turns, we have
(3.5) 0(U;) =0, mé(U;) =0, Vi.
From (3.4) and (3.5), we see that
(3.6) m(Ay, X) =0,

Taking Y = W, to (2.31) with VxF = 0 and using (3.5), we obtain
(3.7) A, X = Z hE(X, Wa)U; + zn: h (X, Wo )W,

1=1 b=r+1
+ (W) {LFX —mX}.

Taking the scalar product with U; to (3.7) and using (2.19), we have
hy (X, U;) = —€a (W) {ni(X) + mu;(X)}.

Taking X = ¢; to this, we have h3(&;,U;) = —e,L0(W,). Also, taking X = U; to
(3.3)2, we have hi(U;,&;) = 0. Taking X = U; and Y = & to (2.17), we have
hi(U;, &) = hi(&,U;). Therefore, we get £0(W,) = 0. Taking the scalar product
with N; to (3.7) and using ¢0(W,) = 0, we obtain

(3.8) Ni(Ag, X) = —€amb(Wo)vi(X).
Replacing X by &; to (3.1) and using (3.6) and (3.8), we have
(3.9) O(FY)+ml(Y) = 0.
Taking Y = W, to this, we have m#(W,) = 0. Thus, from (3.8), we get
(3.10) (A, X) =0.
Using (3.6), (3.9) and (3.10), the equation (3.1) is reduced to
mli(FY) —£6(Y) =0.

As (Lm) # (0, 0), from (3.9) and the last equation, we see that (X) = 0, i.e.,
9(¢, X) =0 for all X € T'(T'M). As ¢ belongs to S(T'M), we see that { = 0. Hence
0 = 0. It is a contradiction to 6 # 0. O

Theorem 3.2. Let M be a generic lightlike submanifold of an indefinite Kaehler
manifold M with an (£, m)-type connection such that ¢ belongs to S(TM). If U;s are
parallel with respect to the induced connection V of M, then 7;; = 0 for all i and j,
and M is solenoidal.
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Proof. Assume that U;s are parallel with respect to the connection V. Taking the
scalar product with U; to (2.28) with VxU; = 0, we have

i (Ay, X) = 0(Ui){tv;(X) — mn;(X)}.

Taking ¢ = j to this equation and using (2.21)s, we obtain
0(Uj){lv;(X) —mn;(X)} = 0.

Taking X =V, and X = ¢; to this equation, we have
(3.11) 6(U;) =0, mb(U;) = 0, ni(Ay, X) = 0.
Taking the scalar product with V;, W, and N; to (2.28) by turns, we have
(3.12) Ti; = 0, pia(X) =ni(A,, X) =0, hi (X, U;) = 0.
From (3.11)3 and (3.12), 2, we see that 7;; = 0 and M is solenoidal. g

Theorem 3.3. Let M be a generic lightlike submanifold of an indefinite Kaehler
manifold M with an (€, m)-type connection such that ¢ belongs to S(TM). If V;s are
parallel with respect to V, then M is irrotational.

Proof. Assume that V;s are parallel with respect to V. Taking the scalar product
with NV; to (2.29) with VxV; = 0 and using (2.18), we have

(3.13) BEX, Uy) = mB(U, )i (X) — 0(Vi) {€ny (X) + mo; (X) .
From (2.23) and (3.13), we see that

(3.14) hi(Y,V;) = 0.

Taking X = ¢; to (3.13) and using (2.16) and (2.22)2, we obtain
(3.15) 0(V;) = 0.

Taking the scalar product with V; and W, to (2.29) with VxV; = 0 by turns and
using (3.15): £0(V;) = 0, we have

(316) hf(X, 5]) - 0, )\az(X) = hZ(Xa 61) =0.

Thus, due to (2.32), we see that M is irrotational. O

4 Indefinite complex space forms

Definition 4.1. An indefinite complex space form M/(c) is a connected indefinite
Kaehler manifold of constant holomorphic sectional curvature ¢ such that

(4.1) R(X,Y)Z = Z{g(Y,Z)X ~-§(X,2)Y
+g(JY,2)JX —g(JX,2)JY +2g(X,JY)JZ},

where R is the curvature tensor of the Levi-Civita connection V on M.
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Denote by R the curvature tensors of the (£, m)-type connection V on M. By
directed calculations from (1.2) and (1.3), we see that

(4.2) R(X,Y)Z = R(X,Y)
(V) (D)UY +mIVY — (Ve0)(2){(X +mJI X}
+O2){(XOY — (YOX + (Xm)JY — (Ym)JX}.

N N

Denote by R and R* the curvature tensor of the induced connections V and V*
on M and S(TM), respectively. Using the Gauss-Weingarten formulae, we obtain
Gauss equations for M and S(T'M), respectively:

(4.3) R(X,Y)Z =R(X,Y)Z

+ Y (X, Z2)A, Y - hi(Y, Z)A, X}
1=1

+ Z {hZ(Xa Z)AEQY - hZ(Yv Z)AEQX}
a=r+1

+ 2 UVxh)(Y.2) ~ (Vyh)(X, 2)
+ Z[le(X)h Y, 2) - Tji(Y)hf(X7 Z)]
+ zn: Mai (XY, Z) — Nas(Y)RE(X, Z))]

a=r+1
—UO(X)h(Y, Z) — (Y )h(X, Z)]
—m[0(X)N{(FY, Z) = 0(Y)hi(FX, Z)]}N;

£ Y {(Vah).2) - (Vyh) (X, 2)

a=r+1

+ Z pla hé Y Z) pza(Y)hf(X7 Z)]

+ Z Toa(X)WE(Y, Z) — 0pa(Y)DE(X, Z)]
b=r+1

— LX) (Y, Z) = 0(Y)hg (X, Z)]

—m[0(X)he(FY, Z) = 0(Y)hy(FX, Z)]} Ea,
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(4.4) R(X,Y)PZ = R*(X,Y)PZ

+ > {h}(X,P2)ALY — hi(Y,PZ) A, X}

i=1

+ S UVkY.P2) ~ (V3 1)) (X, P2)

+ Y [ (Y)hi(X, PZ) = 7 (X)hj (Y, PZ)]
k=1

— (OCXR; (Y, PZ) - 6(Y)h; (X, PZ)]
—ml8(X)h: (FY, PZ) - 0(Y )b} (FX, PZ)]}&.

Taking the scalar product with N; to (4.2) and using (4.1), (4.3) and (4.4), we
obtain

(4.5) (Vxhi)(Y, PZ) = (Vyhi)(X, PZ)

=Y T (X)R(Y, PZ) — man (V)R (X, PZ)}
k=1

= > (Y PZ)ni(Ay X) = hi(X, PZ)ni(A,, )}
k=1

= Y0 Y PZ)n(AL, X) — (X, PZ)ni(A,,Y)}
OO Y. P2) — 60 (X, P2)

— m{0(X)h:(FY,PZ) — 0(Y)h*(FX,PZ)}

— (VxO)(PZ{t(Y) +mui(Y)} + (Vy 6)(PZ){ni(X) + muvy(X))
— OPZ){(XOm(Y) = (Y Omi(X) + (Xm)ui(Y) = (Ym)o,(X))

= (V. PZni(X) - g(X, PZ)ni(Y )}

+0:(X)g(JY, PZ) — v;(Y)G(JX, PZ) + 20;(PZ)§(X, JY)}.

< —

Theorem 4.1. Let M be a generic lightlike submanifold of an indefinite complex
space form M(c) with an (¢, m)-type connection such that ¢ belongs to S(T'M). If
either U;s or V;s are parallel with respect to the connection V, then ¢ = 0 and M(c)
18 flat.

Proof. (1) Assume that U;s are parallel with respect to the connection V. Applying
Vx to (3.11); 2 and using the fact that VxU; = 0, we get

(4.6) (XO0(U;) + L(Vx0)(U;) =0,  (Xm)O(U;) +m(Vx0)(U;) = 0.
Applying Vx to (3.12)3 and using the fact that VxU; = 0, we get
(4.7) (Vxh)(Y,U;) = 0.

Replacing Z by U; to (4.5) and using (3.11)3, (3.12)2 3, (4.6) and (4.7), we obtain

Lo (VX)) = v (X)m (V) = 0i(X)my (V) + vilY e (X)} = 0.
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Taking Y = V; and X = §; to this equation, we obtain ¢ = 0.
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(2) Assume that V;s are parallel with respect to the connection V of M. Applying

Vx to (3.14) and using the fact that VxV; = 0, we get

(4.8) (Vxhy)(Y,V;) =0.

Taking X =V}, to (3.13), we obtain

(4.9) hi(Vie, Uj) = =mB(Vi)djk-

Taking X =V, and Y = U; to (2.16) and using (4.9), we get

(4.10) hi(Uj, Vie) = m{8(Vi)dij — 0(V;)dju}-

Taking X = Uy to (2.26) and using (4.10), we have

(4.11) he(Uk, Vi) = 0.

Taking ¢ = j to (4.10) and using (4.11) and the fact that » > 1, we obtain

(4.12) mé(Vy,) = 0.

Applying Vx to (3.15): £6(V;) = 0 and (4.12): m6(V;) = 0 by turns and using the

fact that VxV; =0, we get

(4.13) (XOO(V)) + UV x0)(V;) =0, (Xm)8(V;) +m(Vx0)(V;) = 0.

Replacing X by W, to (3.13), we obtain
hE(W,,U;) = 0.
Taking X =W, and Y = U; to (2.16) and using the last equation, we get
Wi (U, Wa) = mB(Wa)ds;.

Replacing X = U; to (2.25) and using the last equation, we have
(4.14) hy(U;,V;) = 0.
Taking Z = V; to (4.5) and using (3.14), (4.8) and (4.13), we obtain

= > A V)m(Ay, X) = Bi(X, Vimi(A,, V)

k=1

= > AR Vimi(Ay, X) = Wy (X Vini(Ag, Y)}
a=r+1

= Ll (Vn(X) = oy (X)mi(Y) + 26,3 (X, JY)}.

Taking Y = U; and X = & to this equation and using (2.16), (2.17), (3.16), (4.11)

and (4.14), we obtain ¢ = 0.

]
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Theorem 4.2. Let M be a solenoidal generic lightlike submanifold of an indefi-
nite complex space form M(c) with an (£, m)-type connection such that ¢ belongs to
S(TM). If Wys are parallel with respect to V, then ¢ = 0.

Proof. Assume that W,s are parallel with respect to V. Taking the scalar product
with W}, to (2.30) with VxW, = 0, we have

(4.15) trap(X) = —L0(Wa)ws(X).

From (4.15) and the fact that eppap + €apiva = 0, we have
Hend(Wa)wy(X) + eaf(Wy)wa(X)} = 0.

Taking X = ¢,W}, to this equation, we obtain

(4.16) 0(W,) =0, fiap = 0.

Taking the scalar product with V;, U; and N; to (2.30) with VxW, = 0 by turns
and using (2.19) and (4.16)1: £60(W,) = 0, we have

(4.17) Aai =0, ni(Ag, X) = —mO(We)n:i(X),
he (X, U;) = m{B(U; Jwa(X) — ead(Wa)vi (X))}

From (2.24) and (4.17)3, we obtain
(4.18) I (X, W,) =0.
Applying Vx to (4.18) and using the fact that VxW, = 0, we get
(4.19) (Vch?) (¥, W,) = 0.

Now we shall assume that M is solenoidal. Then we obtain (2.33):
(4.20) ni(Ay, X) =0, ni(Ag, X) = 0.
from the second equation of the last equations and (4.17)2, we obtain

ml(W,) = 0.

Applying Vx to £0(W,) = 0 and m#(W,) = 0 and using the fact that VxW, = 0,
we get

(4.21) (XO)O(W,) + £(Vx0)(Wo) =0, (Xm)8(W,) +m(Vx8)(W,) = 0.
Taking X = W, to (4.5) and using (4.18) ~ (4.21), we have

c{wa (Y)ni(X) — wa(X)n:(Y)} = 0.
Taking Y = W, and X = & to this equation, we obtain ¢ = 0. O
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