Projective vector fields on the tangent bundle with
the deformed complete lift metrics

M. Zohrehvand

Abstract. Let (M,,g) be a Riemannian manifold and TM,, its tan-
gent bundle. In this paper, firstly, we determine the infinitesimal fiber-
preserving projective(IFP) transformations on T'M,, with respect to the
Riemannian connection of the deformed complete lift metric G F= g¢ +
(fg)V, where f is a nonzero differentiable function on M, and g and
gV are the complete lift and the vertical lift of g on T'M,,, respectively.
Then, we prove that (M,,g) is locally flat, if (TMn,éf) admits a non-
affine infinitesimal fiber-preserving projective transformation. Finally, the
infinitesimal complete lift projective transformations on (T M,,G f) are
studied.
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1 Introduction

Let M, be a connected n-dimension manifold and TM,, its tangent bundle. We
assume that the all geometric objects, which will be considered in this paper, are
differentiable of class C*°. Also the set of all tensor fields of type (r,s) on M, and
T M, are denoted by % (M,) and % (T M,,), respectively.

Let V be an affine connection on M,,. If a transformation on M,, preserves the
geodesics as point sets, then it is called projective transformation. Also, a transforma-
tion on M, which preserves the connection is called affine transformation. Therefore,
an affine transformation is a projective transformation which preserves the geodesics
with the affine parameter.

A vector field V on M, with the local one-parameter group {¢:} is called an
infinitesimal projective (affine) transformation, if for every ¢, ¢; be a projective (affine)
transformation on M,,.

It is well known that, a vector field V' is an infinitesimal projective transformation
if and only if for every X,Y € S§(M,,), we have

(LyV)(X,Y) = QX)Y + QY)X,
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where € is an one form on M,, and Ly is the Lie derivation with respect to V. In this
case ) is called the associated one form of V. One can see that V is an infinitesimal
affine transformation if and only if Q = 0[19].

Now let ¢ be a transformation on TM,,. If ¢ preserves the fibers, then it is called
the fiber-preserving transformation. Let V be a vector field on TM,, and {¢;} the
local one-parameter group generated by V. If ggt, for every t, be a fiber-preserving
transformation, then V is called an infinitesimal fiber-preserving transformation. In-
finitesimal fiber-preserving transformations form a rich class of infinitesimal transfor-
mations on T'M,, which include infinitesimal complete lift, horizontal lift and vertical
lift transformations as special subclasses. For more detalis see [15].

One of the interesting and important problems in the context of Riemannian geom-
etry is the classification of Riemannian manifolds, when the Riemannian manifold or
its tangent bundle admits an infinitesimal projective transformation, see [3, 6, 7, 8, 9]
and [11, 12, 14, 16, 17, 18]. For instance, in [11], it is proved that if a complete Rie-
mannian manifold M,,, with the parallel Ricci tensor, admits a non-affine infinitesimal
projective transformation, then M, is a space of positive constant curvature. Also, it
is proved that a simply contact Riemannian manifold M, is isometric to a unit sphere
if M,, admits a non-affine infinitesimal projective transformation[12].

It is well-known that, from a Riemannian metric g on M,,, several metrics can be
defined on TM,, such as 1) the Sasaki metric ¢° which was introduced by Sasaki in
[13], 2) the complete lift metric g©, 3) the vertical lift metric g*', and etc. For more
details, one can refer to [20].

In [8] and [14], the following theorem is proved.

Theorem A: Let (M, g) be a complete Riemannian manifold and 7'M, its tan-
gent bundle. If T'M,,, with respect to the Riemannian connection 1) the Sasaki metric
or 2) the complete lift metric, admits a non-affine infinitesimal projective transforma-
tion, then M, is locally flat.

Gezer and Ozkan in [4], have considered a pseudo-Riemannian metric on T'M,,,
which is of the form G F= ¢ + (fg)V, where f is a nonzero differentiable function
on M,. They called it the deformed complete lift metric. This new class of metrics is
very interesting because for f = 0, the metric G is the complete lift metric g€, thus
this is a generalization of the complete lift metric ¢g©. Also the deformed complete
lift metric is not included in the calss of g-natural metrics, in fact G ¢ is a g-natural
metric if and only if f is constant. For g-natural metrics, one can see [2, 1]. On the
other hand G'f is a subclass of the synectic lift metric of g, which is defined in [5] and
is of the form G = g + a", where a € SY(M,,) is a symmetric tensor field.

The aim of this paper is to study of the infinitesimal fiber-preserving projective
(IFP) transformations on T'M,, with respect to the Riemannian connection of the
deformed complete lift metric G F= g% + (fg)V, where f is a nonzero differentiable
function on M,. Firstly, the necessary and sufficient conditions are obtained that
under which an infinitesimal fiber-preserving transformation on (T'M,,, G #) to be pro-
jective. Then it is shown that the theorem A is true about of the deformed complete
lift metric G ¢. Finally, as a special case, the infinitesimal complete lift projective
transformations on (T'M,,, G¢) are studied.



172 M. Zohrehvand

2 Preliminaries

Here, we give some of the necessary definitions and theorems on M,, and T M,,, that
are needed later. The details of them can be founded in [20, 21]. In this paper, indices
a,b,c,i,7,k, ... have range in {1,...,n}.

Let M,, be a manifold and covered by local coordinate systems (U, z*), where x*
are the coordinate functions on the coordinate neighborhood U. The tangent bundle
of M, is defined by TM,, := U,y To(My), where T, (M,) is the tangent space of
M,, at a point & € M,,. The induced local coordinate system on TM,,, from (U, z?),
is denoted by (7=1(U), ¢, 3%), where 7 : TM,, — M, is the natural projection and y*
are the Cartesian coordinates on each tangent space T, (M,,), x € U.

Let (M, g) be a Riemannian manifold and V the Riemannian connection related
to g. The coefficients of V with respect to frame field {9; := %} are denoted by F?i,
i.e. Vaj Gi = F;Liah.

Now, using the Levi-Civita Connection V, we can define the local frame field
{E;, E;} on each induced coordinate neighborhood 7~1(U) of TM,,, as follows

E; :=0; —y'T}05, FE;:=0;,

where 0; := Bzi' This frame field is called the adapted frame on T'M,. The dual
frame of {E;, E;} is {dz",5y"}, where 6y := dy" + y*T'", dz®. The following lemma
is proved by the straightforward calculations.

Lemma 2.1. The Lie brackets of the adapted frame {E;, E;} satisfy the following
identities:
1. [EJ,EZ] = be?jbEa,
2. |Ej, Ej] = I} Ea,
3. [EE’EE] =0,
where R, are the coefficients of the Riemannian curvature tensor of V.
Let X be a vector field on M,, and expressed by X = X?0; on a local coordinate

system (U, z%). We can define vector fields horizontal lift X, vertical lift X" and
complete lift X of X on T'M,, as follows

X1 .= X'F, XV :=X'FE, X°:=X'E+y'V,X'E;.

An important class of vector fields on T'M,, is the fiber-preserving vector fields,
which is determined in the following lemma.

Lemma 2.2. [15] Let V = V"E), + VI'E;, be a vector field on TM,,. Then V is an
infinitesimal fiber-preserving transformation if and only if V" are functions on M,,.

Thus, the class of fiber-preserving vector fields is include horizontal lift, vertical lift
and complete lift vector fields, and any fiber-preserving vector field V= VhEh—l—f/hE;L
on TM, induces a vector field V := V"9, on M,. Using a simple calculation, we
have the following lemma.

Lemma 2.3. Let V = VhEh—HN/;LE;L be a fiber-preserving vector field on T M,,. Then
we have
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1. [V,E]=—(0;V*)Eq, + (Vy’RE, —
2. [V,Ej = (VT — B;V®)E,.

From a Riemannian metric g, the Sasaki metric ¢°, the complete lift ¢¢ and the
vertical lift ¢¥ are defined as follows, respectively:

(2.1) ST YY) =0,

VOTg — B,V E,,

g“(XH yHY =,

(2.2) g“ (X YY) =g(X,Y),
“(xXV.YV) =0,
gV(XH YH):g(XaY)a

(2.3) gV (X" YY) =0,

V

xV,vV)=o,

for every X,Y € $¢(M,,). It would be noted that ¢° is a Riemannian metric, ¢© is a
pseudo-Riemannian metric and ¢" is a degenerate quadratic form. For more details,
see [20].

A new class of metrics on T'M,, was introduced in [4], which is a generalization of
the complete lift metric ¢¢ and is of the form éf = g%+ (fg)V, where f is a nonzero
differentiable function on M,. It is called the deformed complete lift metric. It is
easy to see that G 1 is a pseudo-Riemannian metric on T'M,, and it is defined by

G(X™YH) = fg(X,Y),
(2.4) Gy (X YY) = g(X,Y),
Gp(xV,YV) =0,
for every X,Y € S§(M,,). )
The coefficients of the Levi-Civita connection V, of the deformed complete lift

metric G, with respect to the adapted frame field {E;, E;} are computed in [4]. In
fact, the following lemma is proved.

Lemma 2.4. [{] Let V be the Riemannian connection of the deformed complete lift
metric Gy = g% + (fg)V, where f is a nonzero differentiable function on M, then
we have

Vi, B = liBy + {y* Rl + 5 (i) + f;6" — g5/ ") } Ex,
Vi, E; =TlLE;,

Vi E; =0,

Vi, E; =0,

where Fh and Rffﬂ are the coefficients of the Levi-Civita connection and the Rieman-

nian curvatur@ of g = (g;i), respectively and f; == 0;f, f" = g" f;.
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3 Main Results

Theorem 3.1. Let (M,,g) be a Riemannian manifold and T M, its tangent bundle
with the Riemannian connection of the deformed complete lift metric éf =g+ (f9)V
where f is a nonzero differentiable function on M,. Then V is an infinitesimal fiber-
preserving projective(IFP) transformation on T M,,, with the associated one form Q,
if and only if there exist ¢ € IY(M), V = (V*),D = (D") € I{(M) and C = (CF) €
SH(M), satisfying

1. (Vh,Vh) = (Vh, DM 4 yoCh),

2. (2;,02%) = (9;,0),

8. W, =0ph, V;¥; =0

4. VON.R, + RM, Y,V + Rl V, VO 4+ RELCE — R%,.CH =0

jbi abi jba jai jbi~a

5. VOl = VORL . + W8

iaj

6. Lyl = V;V,V" + VORE, = W;0" + 0,0,

aji

7. LpT, = V,;V;D" + D*Rh., = CEMS — VOV, M — MY,V — MLV, Ve

aji

where f/ = (f/h,f/ﬁ) = V'E, + VBE;” Q2 = (2;,9%) = Qudxt + Q:0y°, f; = Oif,
fe=g" fi and MJ; = 5(fi0} + f;00 — g5i ).
Proof. Firstly, we prove the necessary conditions. Let V = V'E, + f/ﬁEﬁ be an

infinitesimal fiber-preserving projective transformation and Q2 = Qpdz" + Qﬁéyh its
the associated one form on T'M,,, thus for any X,Y € S (TM,,), we have

(3.1) (LyV)(X,Y) = Q(X)Y + Q2(Y)X.

From
(Ly V)(E;, B;) = (5 B; + (5 E;,

we have
(3.2) 050;V" = (500 + 000

Form (3.2) we obtain that, there exist & = (®;) € SV(M), D = (D") € I$(M) and
C = (CF) € 31(M) which are satisfied

(3.3) 2; =&,

and

(3.4) V= DM 4y Cl 4+ "y b,
From

(LyV)(E;, E;) = ;E; + O, E,
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and (3.3) and (3.4) we have

(35)  {(ViCl+ VR, + " (Vidio) + Viudl) ) b Ey = @60 By + Q01 By,

atj
Comparing the both sides of the equation (3.5), we see that
(3.6) b, =0,
0 =W, = iy,
ViCl = VR, + U8},

iaj

where v := %Cg
Lastly from
(Ly V)(E), Ei) = QE; + Q;E;,

and (3.6)-(3.8) we obtain

ajti aji

VB + ;B = {V;V;V"+ V'Rl E) + {vjviDh + DR
+ VOV MY+ Vi VEME, + YV VM — Ch MY,
+ 4" (VOVRY, + RI, YV + R, V.V + R CF
(3.9) — Ry, Cl + V;Wi07) } By
From which we have

(3.10) Lyt =V, V,V" + VORl = W;6" + W67,

aji
(that is, V := V"3, is an infinitesimal projective transformation on M,,),

LpI'; =V;V;D" + DR}, = CI M}, — V'V M), — M}, V;V*

ajt
(3.11) - MLV, Ve,
(3.12) VOV R, + RIYyVVE+ RY ViV 4+ RECR— RY,CR =0,
and
3.13 VU, = 0.
J

This completes the necessary conditions. The proof of the sufficient conditions are
easy. ]

Theorem 3.2. Let (M,,g) be a complete n-dimensional Riemannian manifold and
TM, its tangent bundle with the Riemannian connection of the deformed complete
lift metric éf = g% 4+ (f9)V where f is a nonzero differentiable function on M, If
(TM,, éf) admits a non-affine infinitesimal fiber-preserving projective transformation
then M, is locally flat.
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Proof. Let V be a non-affine infinitesimal fiber-preserving projective transformation
on (TM,,Gy). Tt is easy to see that ¥ := (¥;) is a nonzero one form on M, and || ¥||
is a constant function.

We put X = (V,Vh — C W, where U2 := ¢%¥,. Using of (3.8), (3.10) and (3.13)
one can see that

Lxgji = ViXi+ ViX; = (V;VaVi = V;Cia) ¥ + (ViVaVj — ViCja) ¥
(3.14) = 2(V, ) gji = 2[|¥[|g;i-

This means that X is an infinitesimal non-isometric homothetic transformation on
M,,. In [10] it is proved that if a complete Riemannian manifold (M, g) admits
an infinitesimal non-isometric homothetic transformation then (M, g) is locally flat.
Therefore M, is locally flat. |

In [4], the Riemannian curvature of (7'M, G) is computed and the conditions
are considered that under which (T'M,,, Gy) is locally flat(Theorem 4.2). In fact the
following theorem is proved.

Theorem 3.3. [4] Let (My,,g) be a Riemannian manifold and T M, be its tangent
bundle equipped with the deformed complete lift metric Gy. Then T M, is locally flat
if and only if M, is locally flat and the function f satisfies the condition

(3.15) Valfi6] + 1567 = gif") = Vil fa} + [304 = gjaf™) = 0.
where V is the Levi-Civita connection of g .

From Theorems 3.2 and 3.3, the following thorem is proved.

Theorem 3.4. Let (M,,g) be a complete n-dimensional Riemannian manifold and
TM, its tangent bundle with the Riemannian connection of the deformed complete
lift metric éf = g%+ (f9)V where f is a nonzero differentiable function on M,. Let
(TM,, éf) admits a non-affine infinitesimal fiber-preserving projective transformation
then TM,, is locally flat if and only if the function f satisfies in the equation (3.15).

As we said that, the complete lift vector fields are included in the class of fiber-
preserving vector fields. Thus, as a special case, we consider the complete lift projec-
tive vector fields on (T'M,,,Gy).

Theorem 3.5. Let (M,,g) be a complete n-dimensional Riemannian manifold and
T M, its tangent bundle with the Riemannian connection of the deformed complete lift
metric @f = g% + (f9)V where f is a nonzero differentiable function on M,. Then
every infinitesimal complete lift projective transformation on T M, is an affine one
and induced an infinitesimal affine trnsformation on (M,, g).

Proof. Let V.= V"9, be a vector field on M, where V¢ is a projective vector field
on TM,,. From 5 and 6 of Theorem 3.1 we have that there exists a 1-form ¥ := (0;)
on M,, such that

LyTl =V, Vi VI + VORE, = 06" = U367 + W67,

aji

Therefore ¥, = 0 and thus V and V¢ are affine vector fields. O
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From the theorem 3.5, we have the following corollary.

Corollary 3.6. Let (M,,g) be a complete n-dimensional Riemannian manifold and
TM,, its tangent bundle with the deformed complete lift metric Gy = g© + (fg)”
where f is a nonzero differentiable function on M,. Then there is a one-to-one
correspondence between complete lift projective vector fields on (T M, éf) and affine
vector fields on (M,,g).
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