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ABSTRACT. The aim of this paper is to study the superstability problem of the
mixed trigonometric functional equations and the Hyers-Ulam-Rassias stability
for a Jensen type functional equation.

1. INTRODUCTION

J. Baker, J. Lawrence and F. Zorzitto in [3] introduced the following : if f
satisfies the inequality |F1(f) — Eo(f)| < €, then either f is bounded or E;(f) =
Es(f). The stability of this type is called the superstability.

The superstability of the cosine functional equation (also called the d’Alembert
functional equation)

fla+y)+ flz—y) =2f(2)f(y) ©)
and the sine functional equation
TS = 15 = 1@ ) (S)

were investigated by J. Baker [2] and P.W. Cholewa [4], respectively.
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The cosine functional equation is generalized by the following functional
equations

flx+y) + flz—y) =2f(2)g(y), (Crg)
fle+y)+ flx—y) =2g9(x)f(y), (Cor)
flx+y) + flz —y) =29(x)g(y), (Cyq)

where the two unknown functions f, g are to be determined. The equation (C,|)
is sometimes referred to as the Wilson equation. The above cosine type equations
have been investigated by Badora, Ger, Kannappan, Kim, ([1], [2], [4], [8], [9],
[10]) and others.

Motivated by some trigonometric identities (for example, sin(a + ) — sin(a —
) = 2cos asin 3) we consider the following trigonometric functional equations:

flz+y) = flz—y) =2f(2)f(y), (7)

flety) = flz—y)=2f(x)g(y), ()

f@+y) = fle—y) =29()f(y), (Tyr)

flety) = fl@z—y) =29(x)g(y). (7o)

Let g(x) =11in , then we also obtain the Jensen type functional equation
fl@+y) = fle—y)=2f(y). (J)

In this paper, we will investigate the superstability problem for the mixed

trigonometric functional equations (7)), (7)), on the Abelian group, and
the Hyers-Ulam-Rassias stability for the Jensen type functional equation (7]).

As a consequence, we obtain the results for the equation (7)) as a corollary,
extending the obtained results to the Banach algebra.

In this paper, let (G, +) be an Abelian group, C the field of complex numbers,
and R the field of real numbers. Whenever we deal with , we need to assume
additionally that (G, +) is a uniquely 2-divisible group. We will write then “under
2-divisibility” for short. We may assume that f and g are nonzero functions and
€ is a nonnegative real constant.

2. STABILITY OF THE EQUATION (7))

In this section, we will investigate the superstability of the trigonometric func-
tional equations (7, related to the cosine functional equation (Cl).

Theorem 2.1. Suppose that f,g: G — C satisfy the inequality

[fz+y) = flz—y) —29@=)fy)| < e (z,y€q). (2.1)
Then either f is bounded or g satisfies .

Proof. Let f be unbounded. Then we can choose a sequence {y,} in G such that

0# |f(y,)| = 00 as n — 0. (2.2)
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Substituting y, for y in (2.1) we obtain

that implies
f(x—i_yn)_f(x_yn)

nh_{glo 2 = g(x) (x € G). (2.3)
Using we have

|f(x+ (Y +un) — [l —(y+ya) —29(z) f(y + yn)
—fle+W—yn) + fl@— (Y —ya) +29()f(y — yn)l
<|fl@x+ Y +ya) — f@— W +ya) —29(@) f(y + ya)|
+f@+ @y —yn) = fl@— (Y —ya) —29(x) f(y — yn)|

§2€7
so that
f(x+y) +ya) = f((x+y) —yn)
2f<yn)
&=y tyn) = (@ =y) —y) oSG +Y) = Fy =)
’ 2 () 200 S )
g
= Tl

for all x,y € G. By virtue of (2.2) and ({2.3]), we have
l9(z +y) + g(z —y) — 29(x)g(y)| <0
for all z,y € GG. Therefore g satisfies . O

Theorem 2.2. Suppose that f,qg: G — C satisfy the inequality .
If g fails to be bounded, then
(i) g satisfies (C]),
(i1) f and g are solutions of and (Cygl),
(i11) f satisfies under 2-divisibility.

Proof. (i) If f is bounded, choose yo € G such that f(y) # 0, and then by (2.1)

we obtain

g(z)] |f(l“ + y(;)fzyf)(ﬂf — %) |
9

= 2]

from which it follows that g is also bounded on G. Namely, since f is nonzero,
the unboundedness of g implies the unboundedness of f. Hence g satisfies @ by
Theorem 2.11
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(ii) For the unbounded g, we can choose a sequence {z,} in G such that
0 # |g(z,)| — oo as n — 0.
A similar reasoning as in the proof applied in Theorem with z = x,, in (2.1]

gives us
. f(xn_’_y)_f(xn_y)i
Tim. 2000 =fly)  (Weq). (2.4)

Replacing x by x,, + 2 and z,, —z in (2.1]), since g satisfies (C)) by (i), we obtain
Crg

that validates in an application of (2.4). The equation (Cy,|) also validates
by replacing = by z, + y and x,, — y, and replacing y by x in ({2.1)), respectively.
(iii) Since g satisfies (C|), g(0) = 1 holds, the equation (Z,¢)) implies that f is
odd, hence f(0) = 0. Putting x = y in , we get
f2y) =29()fly)  (yeG)
Keeping this in mind, by means of and @, we infer the equality
flat+y)? = fle—y?=[fz+y) + flz—yllfz+y) - [z - y)
=2[f(z+y)+ flz—y)lg(x)f(y)
= [fQ2x +y)+ f2z —y)] f(y)
= [fly +22) = f(y — 22)] f(y)
=29(y)f(22) f(y)
=f20)f(2y)  (z,yeG)
This validates in the light of the unique 2-divisibility of G. O

Applying g = f in Theorem 2.1 and Theorem [2.2] the following corollary may
be stated.

Corollary 2.3. Suppose that f : G — C satisfies the inequality

fx+y) = fle—y) =2f(@)fy)l<e  (z,yeq). (2.5)
Then f is bounded.
Proof. Suppose that f is unbounded. Applying ¢ = f in Theorem [2.1] and Theo-

rem , we obtain that f satisfies and @, simultaneously. This would mean
that f must be a zero mapping, hence bounded — a contradiction. [

3. STABILITY OF THE EQUATION (7))

In this section, we will investigate the stability of the trigonometric functional
equations ([77,)) related to the sine functional equation (SJ).

Theorem 3.1. Suppose that f,g: G — C satisfy the inequality

[flx+y) = flz—y)=2f(z)gy)l <e (2,9 €G). (3.1)
If f fails to be bounded, then
(i) g satisfies under 2-divisibility,
(i) if, additionally, f satisfies (C|), then f and g are solutions of g(z +y) —
g9z —y) =2f(x)g(y).



STABILITY OF MIXED TRIGONOMETRIC EQUATIONS 231

Proof. (i) For the unbounded f, we can choose a sequence {z,} in G such that
0# |f(x,)] — o0 as n — oc.

A similar reasoning as in the proof applied in Theorem with x = z,, in (3.1)
gives us

tim 2P S )y e (32)

Substitute x,, + = and z,, — z for x in (3.1)), dividing by 2f(z,), then it gives
us the existence of a limit function

flzp+2)+ f(z, — )

h(z) := lim , 3.3
(z) := lim 2F () (3.3)

where the function h : G — C satisfies the equation
9@ +y) —glz—y) =2h(z)g(y)  (v,y€q). (3-4)

From the definition of h, we obtain the equality h(0) = 1, which jointly with
implies that ¢ is an odd function. Hence g(0) = 0.

A similar procedure to that applied in (iii) of Theorem in equation ((3.4))
allows us to show that ¢ satisﬁes (S])-

(ii) In case f satisfies . means h = f. Hence, from equation (3.4 . f
and ¢ are solutions of g(x + y) —g(x—y)=2f(x)g(y).

Theorem 3.2. Suppose that f,g: G — C satisfy the inequality .
If g fails to be bounded, then
(i) g satisfies under 2-divisibility,
(i1) f and g are solutions of ,
(111) f satisfies under 2-divisibility and one of the cases f(0) =0, f(z) =
f(=x) forallz € G,
() if g satisfies @ or @), then f and g are solutions of @)
Proof. (i) Similar to (i) of Theorem 2.2} we know that g is also bounded whenever
f is bounded. Hence, by contraposition, g satisfies by (i) of Theorem

(ii) A slight change to Theorem gives us
n—o0 29(yn)
Replacing = by = + y,, and x — y,, in (3.1)), which gives, with an application of

(3.5), the required result(Z,)).

(iii) Using the same method of proof as in Theorem [2.2] i.e., replacing y by
y+y, and —y + vy, in (3.1)), taking the limit as n — oo with the use of (3.5]), we
conclude that, for every z € GG, there exists

9WYn +y) + 9(yn — v)

(€ Q). (3.5)

ha(y) := lim ,
2(9) n—o0 29(Yn)
where the function hs : G — C satisfies the equation
fla+y)+ flz—y) =2f@h(y) (2,9 €G). (3.6)

In the case f(0) =0 in (3.6]), we see that f is an odd function.
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Using the same method of proof as that applied in (iii) of Theorem in
equation (3.6 shows us that f satisfies .

Next, for the case f(x) = f(—=x), it is enough to show that f(0) = 0. Suppose
that this is not the case.

Putting x = 0 in , from the above assumption and a given condition, we

obtain the inequality
€

l9(y)| < 2]

This inequality means that ¢ is globally bounded — a contradiction. Thus, the
claim f(0) = 0 holds, so the proof of theorem is completed.

(y € G).

(iv) For the case g satisfies (), we know that the limit function hs is g. So

becomes

Finally, consider the case g satisfies @ Replacing y by y + v, and y — y,, in
(3.1, and taking the limit as n — oo with the use of (3.5)), we conclude that f
and g are solutions of (Cy,). O

4. STABILITY OF THE EQUATION ({7,,))

In this section, we will investigate the stability of the trigonometric functional
equation ([7,]).

Theorem 4.1. Suppose that f,q: G — C satisfy the inequality

fl@+y) = fl@—y) —29()9) < (z.y€q) (4.1)
Then either g is bounded or g satisfies under 2-divisibility.

Proof. (i) Let g be an unbounded solution of the inequality (4.1). Then, there
exists a sequence {z,} in G such that 0 # |g(z,)| — oo as n — oo.
Taking x = x,, in (4.1)), dividing both sides by |2¢g(z,)| and passing to the limit
as n — oo we obtain
: f(xn+y)_f(xn_y)
g(y) = lim
W)=, 29(xn)

Using the same method of proof as that applied after (2.4 of Theorem in

(4.1) shows, with an application of (4.2)), the existence of a limit function such
that

(y € G). (4.2)

. T, +x)+glx, —x
ha(a) = lim 9( 2)9(:59)( ).

where the function h3 : G — C satisfies the equation

9@ +y) —glx —y) =2h3(x)g(y)  (v,y €G). (4.3)
From the definition of hs, we get h3(0) = 1, which with (4.3]) implies that g is
odd. The oddness of g forces it to vanish at 0. Putting x = y in (4.3)), we have

9(2y) = 2h3(y)g(y) for all y € G.
A slight modification in (iii) of Theorem runs, by means of (4.3), that g

satisfies . O
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5. EXTENSION TO THE BANACH ALGEBRA

All results in Sections can be extended to the Banach algebra. For sim-
plicity, we only will represent the case of Theorem [2.2] and the extension to the
other theorems will be omitted.

Given mappings f,g : G — C, we will denote their differences D : G x G — C
as

DCy(x,y) = glo+y)+g(r—y)—29(x)g(y),
DS(ry) = f(E) - (D) - f)fw),
DTyp(x,y) = flz+y) = flz—y)—29(2)f(y),
DCyo(z,y) = fle+y)+flz—y)—2f(z)9(y)
for x,y € G.
Theorem 5.1. Let (E,|| - ||) be a semisimple commutative Banach algebra. As-
sume that f,qg: G — E satisfy the inequality
[f(x+y) = flz—y)=29(x) W)l <e  (r,ye) (5.1)

For an arbitrary linear multiplicative functional x* € E*,
if the superposition x* o g fails to be bounded, then
(i) g satisfies (C)),

(ii) f and g are solutions of and ,
(i11) f satisfies under 2-divisibility.

Proof. (i) Fix arbitrarily a linear multiplicative functional z* € FE*, we have
|z*|| = 1 as known. In (5.1]), we have

e> | f(xz+y) = flz—y) —2g9(x)f(y)l
= sup |y (flz+y)— flz—y) —29(z)f ()|

ly*ll=1
(fle+y) - (fz —y) — 22" (g(x))2* (f(y)) (z,y € G).

In the above inequality, we know that the superpositions z*o f and 2*og yield a
solution of inequality in Theorem . Assume that the superposition x* o g
is unbounded, then Theorem forces the following results:

(i) the function z* o g solves (C)),

(ii) the functions z* o f and z* o g are solutions of and (Cyg),

(iii) the function z* o f solves (S]).

These statements mean, keeping the linear multiplicativity of * in mind, that
the each difference DC,(x,y), DS(z,y), DT4¢(x,y), DCy(x,y) for all z,y € G
falls into the kernel of x*. Since x* is arbitrary, we deduce that

DCy(z,y), DS(x,y), DT45(x, y),DCyq(x, y)
€ ﬂ{kerx* cat e B}

>

for all z,y € G.
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Since the Banach algebra F has been assumed to be semisimple, the last term
of the above formula coincides with the singleton {0}, i.e.

DCy(w,y) = DS(v,y) = DTy¢(x,y) = DCsy(z,y) =0 (7,y € G),
as claimed. O

Corollary 5.2. Let (E, | -||) be a semisimple commutative Banach algebra. As-
sume that f : G — E satisfy the inequality

[f(x+y) = fla—y)=2f(x)fyl <e  (z,y € Q).

For an arbitrary linear multiplicative functional x* € E*, the superposition
x* o f 1s bounded.

6. SOLUTION AND STABILITY OF THE FUNCTIONAL EQUATION (/7))

In 1940, the stability problem raised by S. M. Ulam [13] was solved by D. H.
Hyers [5]. The generalized results of Hyers have been introduced in Hyers, Isac
and Rassias [0]. In this section, let F; be a real normed space and E, a Banach
space. We prove the Hyers-Ulam-Rassias stability for the functional equation
. As a consequence, we obtain the Hyers-Ulam stability.

Theorem 6.1. Suppose that f : E1 — Fsy satisfies the inequality

f(z+y) = fle—y) = 2f @I < e(lz]]” + [[yl]") (6.1)

for all x,y € Ey and for some fixed p € R such that 0 < p < 1.
Then there exists an unique additive mapping A : Fy — FEs as a solution of

(7)), which satisfies

Afz) = lim @ (6.2)
and
@)+ £O) - A < 29 e ) (6.3
Proof. Putting y = z in (6.1) we have
1£(22) = £0) = 2 (&) < 22ljal? (6.0
for all # € Ey. Let F(x) := f(z) + f(0) for all z € Ey. Then F(0) = 2/(0) and
|P(2r) - 2P ()| < 2] (6.5)

for all z € E,. Replacing z by 2"z in (6.5)) and dividing its result by 2" we get

F(2"z) F(2"x) 2 "
20) IO < 2 e (6:6)

for all x € E; and all nonnegative integers n. Using and the triangle
inequality we have

2m 2n

HF(me) F(2"x) ' —

1
<e )y 2—k||2kx]|” (6.7)

k=m
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for all x € F; and all nonnegative integers m and n with m < n. This shows
that {w} is a Cauchy sequence for all x € E; because the right side of 1|

converges to zero, since 0 < p < 1, when m — oo . Consequently, since Fy be a
Banach space, we can obtain a mapping A : F; — Fy of (6.2) defined by

F(2"z)
Nn—00 on
for all = € E;. Putting m = 0 in (6.7)) and taking the limit as n — oo, we obtain
(6.3). Also, we have
|A(z +y) — A(z —y) — 2A(y)]|

th—{gog_n[Hf(Q x+2"y) — f(2"x — 2"y) — 2f(2"y)|[]
< lim e 2" (|J]|” + [y ]|”) = 0

(6.8)

for all z,y € E;, which means that A satisfies the equation . It also follows
that A is additive mapping with A(0) = 0.
Now, let A’ : By — E5 be another additive mapping satisfying (6.3). Then we
have
|A(z) — A'(2)]]
=27"||A(2"z) — A(2")]|
<27"([[AQ2") — f(2"x) — fO)|| + [|A'(2"2) — f(2"2) — FO)]])

o0

2-2
< o D2
k=n

99w

for all x € F; and all positive integers n. Taking the limit in the above inequality
as n — 00, we can conclude that A(x) = A’(z) for all x € E;. This proves the
uniqueness of A. O

Corollary 6.2. Suppose that f : E1 — FEs satisfies the inequality
(@) ellll?
1z +y) = fle—y)=2fW)ll <
(i) ellyllP
for all x,y € Ey and for some fixed p € R such that 0 < p < 1.
Then there exists an unique additive mapping A : Fy — FEs as a solution of

, which satisfies and
p
@) + £(0) - A < 4P

Corollary 6.3. Suppose that f : Fy — E5 satisfies the inequality
1f(@+y) = flz—y) - 2f)ll <e

Then there exists an unique additive mapping A : E1 — Es as a solution of
, which satisfies and
1f(2) + f0) —A@)]| <e  (z € En).

(x € Ey).
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