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ABSTRACT. Hardy—Sobolev—type inequalities associated with the operator L :=
x -V are established, using an improvement to the Sobolev embedding theo-
rem obtained by M. Ledoux. The analysis involves the determination of the
operator semigroup {e~ ‘£ F},5 0.

1. INTRODUCTION

The following inequalities of Hardy and Sobolev are well-known to play a fun-
damental role in Analysis:

Hardy’s inequality

/lVf\pdx>CH / ‘X’ Pax, fecE®\{0}),  (L1)

with best possible constant Cy(n,p) = {(n —p)/p}?;

Sobolev’s inequality for 1 < p < n and p* :=np/(n — p),
11l 2o @ny < Cs(n, DIV flle@ny, [ € Ce°(R), (1.2)
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with best possible constant

Cs(n.p) = n-V2p 10 <P;1)(””“” { (F(1+n/2)r(n> )}1/”’

n—p I(n/p)I'(1+n—n/p

for 1 < p<mn, and
Cs(n,1) =7 V20 1 (T'(1 + n/2))1/n .
From (L.1]) and (L.2) it follows that for 0 < § < Cy(n,p),1 <p <n,

vaHLPR" - 5||f/| |||LP]R"
> {1=8/Cu(n, )MV e
> [{1=8/Culn. p)}/CEm P I
and so
11y < C LUV ooy — N/ |||Lp<Rn} (1.3)

where C' > C&(n,p){1 —3/Cy(n,p)} . In the case p = 2, Stubbe [§] shows that
the optimal value of the constant C' is

C2(n,2)[1 = §/Cy(n,2)]" "D/,

In Theorem 1 below we prove the inequality

[ Joc Dseapix = oy [ Ifeopax feCR@, (1)
which is satisfied (and non-trivial) for all values of n, including n = p, and show
that this implies Hardy’s inequality for 1 < p < n. The above argument leading to
(L.3) does not work with the right-hand side ||Vf||L,, &y — OIS/ |17 gy replaced
by [[(x - V) £l 7o @ny — SN fII Lo(rny Since, by scaling considerations, we don t have a
Sobolev—type inequality

[fllzany < CIG- V) fll o n)

for ¢ # p. It is natural to ask if there is some analogue of Stubbe’s inequality,
and indeed of the L? version (1.3)), when ||V f| is replaced by [|(x - V)f]|. This
was the question which initiated this research. Our investigation makes use of
the following result of Ledoux in [7] which, inter alia, improves on the standard
Sobolev inequality: for every 1 < p < ¢ < oo and every function f in the Sobolev
space WHP(R™),

Hf“Lq (R7) < CvaHLP R™) Hf‘ 9/(0 1) (1-5)

where 6 = p/q,C is a positive constant which depends only on p, ¢ and n, and
B, ., is the homogenous Besov space of indices (a, 00, 00); see [9]. The latter is

the space of tempered distributions for which the norm

1fllze. .. = sup{t™ | Pif |l =) }
t>0
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is finite, where P; = €2t > 0, is the heat semigroup on R" : recall that {P;};>0
is defined by Pyf = f and
1

Ptf(X)ZW i

for t > 0,x € R". Cases of were earlier established in [2], [3] and [4].
The inequality is easily seen to include the classical Sobolev inequality
(1.2). Ledoux’s technique requires specific information on the heat semi-group
e® in L*(R™). Our first task therefore was to determine the operator semi-group
associated with the inequality (1.4), namely e~**"%  where L = x - V. This is
done in section 3. We show that the analogue of is in fact a consequence
of Ledoux’s result. Corollaries of this analogue in the case p = 2, contain the
following inequalities:

fy)e ¥P/atgy

n2 1/n
I £y < C{IE ey = S 1 e |

2(1—1/n)
x wzungfHLszu))

n2 1/n
||TF<T)||3:2*(R+;dM)) < C {HLfH%Q(]R") - ZHfH%Q(]R”)}

2(1—1/n
x 17" (1.6)

where 2* = 2n/(n — 2),du(r) = r"“ldr,C is a positive constant depending only
on n and, in polar co-ordinates x = rw, F(r) is the integral mean of f over the
unit sphere S"~!, that is,

1
—_ rw)dw
N

These have a number of consequences. One is a Hardy—Sobolev type inequality
(Corollary 4) which is an analogue of the type we set out to establish of Stubbe’s
inequality: that if f, Lf € L*(R™),n > 3, then, for § € [0,n%/4),

n? _(n-1)
I vy < CLop = 015 {ILS ey = 31 W | -
It also follows from (1.6]) that, for § € [0, (n — 2)%/4),

n— 2)?
e gy < L2 (09 A By~ SN/ gy} (L7)

Since || F|| 2 @ty < [S"7 7Y || f]l L2 @y, by Hélder’s inequality, (1.7) is im-
plied by the case p = 2 of (|1.3)).

F(r) =

(n 1)

— 4"

We also establish the following local Hardy—Sobolev type inequalities (see
Corollaries 6 and 7): if f is supported in the annulus Ag := {x € R" : 1/R <
x| < R}, then

PP gy < COn RO LY LIy = 2] I
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n — 2} 2

2
2 2(n—1)/n 2 .
P ey < O R (9 = 52 |5 [ - 09

The inequality (1.8)) is reminiscent of the case s = 1 of (2.6) in [6] (proved in
section 6.4); this is also proved in [I]. To be specific, it is that if f € C5°(Q2) and
2 <q< 2%,

1120 an) < C|Q 21 /a=1/2) {IIVfIIiz(Rn) — [—2 ]

IS

2
1.9
L2(]R”)} ’ (1.9)

where || denotes the volume of Q. It is noted in [6], Remark 2.4, that, in contrast
to , the ¢ in ([1.9) must be strictly less than the critical Sobolev exponent
2* =2n/(n — 2) if Q includes the origin.

The authors are grateful to Rupert Frank, Elliot Lieb and Robert Seiringer for
some valuable comments.

2. THE HARDY-TYPE INEQUALITY (|1.4))
Theorem 2.1. Letn > 1 and 1 < p < oco. Then for all f € C§°(R")

o wuspax= () [ gvax (2.)

R

Proof. On integration by parts and the application of Holder’s inequality we have
n |f(x)[Pdx = / div(x)|f(x)|Pdx
RTL n

——pRe [ (- V) o) P 7Ex)dx

(p—=1)/p

<o ([ 1 wiseorac) ([ ireoras)

which yields . O
Remark 2.2. The inequality implies for 1 < p < n. For we have from
V(|x|f) = %f + x|V

that
VX[ ey = XNV Flze@ey = (1]l o ny
= - V) flle@s = [[fllr@ny
>

n—p
Il zrmn
("52) e

whence on replacing f(x) by f(x)/|x].
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3. CALCULATION OF THE SEMIGROUP e tL'L

Theorem 3.1. Let L = x-V,x = rw,r = |x|. Then the semigroup e Ll is
gien by
(7 ) (x) = e_/—W/Llr_n/2 /OO 6_(1M1‘n5)2s_"/2¢(3w) s"ds (3.1)
4t 0 ' )

Proof. Before embarking on the proof, some preliminary remarks and results
might be helpful. The gist of the proof is that after a change of co-ordinates,
L*L is seen to be related to the Laplacian in R, and this then yields the result.
The co-ordinate change is determined by the map ® : L*(R") — L*(R x S"71)
defined by
(DY) (5,w) = e (e’ w) (3.2)
for w € S*! and s € R. Note that we equip R x S"™! with the usual one
dimensional Lebesgue measure on R and the usual surface measure on S*!. Thus
® preserves the L? norm. The inverse of ® satisfies ! : L2(R x S*~1) — L?(R")
and is given by
(@ 'p)(x) =r " 2p(Inr,w). (3.3)

The dilations U(t) : L?(R") — L*(R") given by
U(t)e(x) = ™% (e'x)

form a group of unitary operators with generator U(t) = ¢, where A is given
by
. 9, n 1
PAY = aU(t)i/}’t:() =(x-V+ §)¢ = i(x'V—i-V-x)z/;.
Thus )
n . n
and so n
L=1iA— —,
2

where A is the self-adjoint generator of dilations in L*(R™). In particular,
2

L*L = (—iA 2)(2A 2) A+4.

Since

(@) (s, w) = (U(s)¢)(w)
for w € S"7! and s € R, it follows from the group property of the dilations U(-)

that
(@U)Y))(s,w) = (Us)(U(t)Y))(w) = (U(s + )¢)(w) = (PY)(s + t,w).

In particular, in the new co-ordinates given by @, the dilations U(t) act simply

as shifts by ¢ and should be diagonalizable with the help of a Fourier transform!
We now proceed to confirm this prediction.
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Define M : L*(R") — L*(R x S"1) by

1 —18T
(M) (T,w) == E/Re (DY) (s,w) ds, (3.4)

so that M = F o ®, where F is the Fourier transform on R. Then

(MU#))(7,w) = \/% / T (D) (5 + £, w) ds

eitT

T Von

The map M = F o ® is the Mellin transformation and has an explicit represen-
tation using the group structure of R under multiplication: it is the Fourier
transform on this group.

e 5T(DY)(s,w) ds = e (M) (1, w). (3.5)

The next step is to show that
(MAY)(1,w) = 7(M1p)(T,w) (3.6)

for ¢ in the domain D(A): it follows that ¢» € D(A) if and only if (7,w) —
7(Mv)(1,w) € L*(R x S"71). To see (3.6) we note that iAe™* = 9,U(t) and so,
from (3.5))

(MiAe ")) (1, w) = (MO,U (t))(T,w) = (MU (t)3))(7,w)
= 0, (M) (1,w) = iTe" (M) (1,w).
Setting ¢ = 0 yields (3.6)).
We are now in a position to complete the proof of the theorem. We have

emtTE = e=tn? /4=t and by (3.4)

(M 9)(r,w) = e (MY)(7,0).
So
et = Mle M.
Since M = F o ®, we see that
e = Lo F (e Fo @),
Of course,

FHe ™ M) (A w )—J—"‘ (e F o ®)(\,w)

/ / T T () (5, w) sl

27r (/RetTQJ”()‘ “dT)(CIDw)(s w)ds

The integral in big parentheses is a Gaussian integral which gives

i T _(-s)?
e tre+i( A s)TdT: Ze rranll
R t
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Thus

F (e M) (\w) S5 () (5,w) ds = (A w)

\/E

and, with x = rw,

(e ) (rw) = (27 0) (rw)

= r_”/2g0t(ln rw)

_ W%T—m /R =" (D) (s, w) ds.

Since (®v)(s,w) = e52yh(e® ) we get from the change of variables z = €*,

(4 p) (rw) = %é/(“5¢w@@s
_”/2/ S m) 237 L (zw)dz.

So
(7 ) (rw) = e e ) (rw)

_ 1 rin/2eitn2/4 0067%2%712/)(2&)) dZ
Vit 0

]_ 2 o0 (1[]7‘—1[]2)2 n

_ —n/2 —tn?/4 _lar=mz)l _n n—1

= ——r " e w2z 29(2w) 2" dz
Vit /0

which is (3.1)).

Once it is realised that A is simply multiplication by 7 in the sense of (3.6)), it
is clear that A is the momentum operator on R, that is, ® AP~ is given by

PAP™! = —i0, ® 1gns

On using this and the functional calculus we get

2 2
OLLO ! = (AP )2 4 ”Z = P ® L + ”Z.

Thus, L*L = —®7'9? @ 1ga-1® + = and

—tL*L —tn? /4, —t® 0@l gn 1 @

e =e — ¢ APl 1§ (3.7)

which is a convenient way of expressing (3.1)).

On substituting (3.2)) and (3.3]) and making an obvious change of variables, we
obtain from (3.1)) the followmg representatlon for e see also ‘)

Corollary 3.2. Let P, denote e ***. Then

PO o(r,w) \/_/ p{— r—s) to(sw)ds. (3.8)
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4. THE MAIN INEQUALITIES

The fact that e 4" ®~1 in is essentially radial means that the analogue
of derived by Ledoux’s technique is a consequence of the one-dimensional
case of . Defining B* to be the space of all tempered distributions g on
R x S*! for which the norm

—a A2 4 —
lglls~ = supit (| @e™ D7 g||| o mxgn1y} < 00, (4.1)
>

one obtains from the n = 1 case of (1.5, that for any w € S"~1,

/R\Q(T,w)!qdr < Cq/R 9g(r,w) "
Iv=7Ka )QH)

d
or "
v ( sup 19/20-0)
a p q(1-0)
:C’q/ gg”,w) dr( sup ¢9/2(=6) ‘Q)e_m?(l)_lg(r,w)’)
R T

P (s, w)ds

t>0,reR
t>0,reR

P q(1-0)
< Cq/ Og(r,w dr (sup 10/2(1=0) H(IJe_tAQ(ID_lgH )
R or t>0 Lo (RxSn—1)

<o [ |2 gy

ar RBO/(6-1)"

~—

On integrating with respect to w over S* ! we obtain

Theorem 4.1. Let 1 < p < g < oo and suppose that g is such that PA® g =
—i(0/0r)g € LP(R xS ) and g € BY~Y 0 = p/q. Then there exists a positive
constant C, depending on p and q, such that

9|l Laxsn-1) < 0”(6/87’)9HLP(RxSn 1 HQHBe/e - (4.2)

The theorem has two natural corollaries featuring the Hardy-type inequal-
ity (2.1), the first an inequality of Sobolev type , and the second of Gagliardo-
Nirenberg type.

Corollary 4.2. (i) Let p* :=np/(n —p),1 < p <n—1, and suppose (0/0r)g €
LP(R x S™ 1) and supgcgn1 [|g(-,w)|| o) < 00. Then

191l 1y < CIHO/0r) gl tsn sup. lg(- )G (43)
e
(i1) If G = M(g) denotes the integral mean of g, namely,
1
G(r) = M(g)(r) = 1] Jos g(r, w)dw,

then if g,(0/0r)g € LP(R x S*1),

1/n n—1)/n
G e iy < CHO/ M) oty gl oy (4.4)
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If g is supported in [—A, A] x S"~1, then

g1l sy < CACD(O/0r)g fnny sup llgCoollg)'s  (45)
also
|G| Lo ®) < CAT=D™1(8/0r) g Lo @xsn-1)- (4.6)
Proof. From , it follows that, for any s € [1, 00),
t_9/2(0_1)||CI)Pt(I)_lg||L°°(R><S"*1) < Ot020-D-12 g

wesSn—1

If1<p<n-—1setfd=p/q,q=p(p+1)and s =p. Then, from Theorem {.1}

1 1) 1)
1)l st @enry < ClO/ON)gI L e Y sup HQH%(’Q : (4.7)

L3 (R)-

Thus g € LPPFD(R x S 1) N LP(R x S 1), and since

np_plp+l)  plo—p—1)
(n—p) (n—p) (n —p)
we have by Holder’s inequality,

. 1/(n—p) (n—p—1)/(n—p)
/ lg|P"d\ < (/ ‘g‘p(pﬂ)d)\) (/ |g|pd)\) ]
RxSn—1 RxSn—1 RxSn—1
Hence, from (4.7)),
(p+1)/n n—p—1)/n

||gHLP*(]R><S”—1) = ||g||Lp(p+1) RxS7—1) ||gHLp RxSn—1)
1/n n—1
0H<a/ar>gnLé,(Rxgn_l) sup. g @) Fre)
weS"

N

IN

If p=mn—1, we choose s =n—1,¢g = p* =n(n—1) and § = 1/n. Then

Theorem 3 gives ({4.3)) immediately. The inequality (4.5 follows on applying
Hélder S inequality to [lg(-, w)||lzr@)- The inequalities (4.4) and (4.6) follow from

and (4.5) respectively, on substltutlng G for g and noting that

|G || rmxsn-1y < [[(0/07) gl Lr@xsn—1
1Gllewy < 1S™ 77l g]| o @nsn-1)-

O

Corollary 4.3. (i) Let 1 < p < q < oo,m = (q/p) — 1, and suppose that
(0/0r)g € LP(R x S"™ 1) and sup,,egn-1 ||g(- )||Lm < 00. Then

lolzsqeesnry < CIO/ONigsey s lloC i (48)
(ii) If (0/0r)g € LP(R x S*™1) and g € Lm(R x S*71), then, with G = M(g),

1G] oy < CNO/OM) gl sy 9N gy (4.9)
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Proof. From (3.8)), with 8 = p/q and m = ¢q/p — 1, we deduce that
t= OO PO || pmxsnyy < OOV sup lg(,w)||pm )

wesn—1
< C sup |[jg(-,w)[lzmm)
wesn—1
and this yields (4.8]). The inequality (4.9)) follows from (4.8]) on substituting G
for g. O

The case p = 2 of Corollary [4.2]is of special interest.
Corollary 4.4. (i) Let f be such that Lf € L*(R"),L =x-V, and

sup Hf(VuOHL%R+ﬂm < Q.
wesSn—1

Then, forn > 3,

n2 1/n
I £ () oy < c{|rqu%2<Rn>——|rfu%2(w)}

X sup [ (@)1 (4.10)

wesn—1
where 2* = 2n/(n — 2) and du = r"dr.
(ii) If f,Lf € L*(R™), then, with F' := M(f),
2 2 n e
||TF(T)”L2*(R+;du) < C {||Lf||L2(R”) - ZHfHLQ(Rn)}
xS (4.11)

For 0 <6 < n?/4, we have

n—1)/n
I F ) ey < C (0274 = 8) ™" LILF ey = 311 f gy |- (412)

Proof. On using the facts that ® : L*(R") — L*(R x S"!) is an isometry and,
with g := ®f,

H(a/ar)gH%Q(RxS"—l) = ||(I)A(I)_lg||%2(R><S"—1)
= [ AflIZ2@n
2
n
= |ILfZ2@n) — Z||f||2L2(Rn)

since A? = L*L — (n?/4) from (3.6), it follows from (4.3) that

n2 1/n
18I sy < O{HquiQ(Rn)——1|fu%2<Rn>}

(1-1/n)
X w2§£1”ﬂ )||L2(]R+du)

Then (4.10) follows since
||(I)f||L2*(R><S"*1) = ||7°f(7‘aw)||L2*(Rn)-



104 A. BALINSKY, W.D. EVANS, D. HUNDERTMARK, R.T. LEWIS

The inequality (4.11)) follows in a similar way from (4.4)) since

[M@) |2y = [I7F ()] 2 (et sap)-
From Young’s inequality we have for any ¢ > 0 that

nle/(n — 1)) "V"ab < " + eb™/ (7D,
On applying this to we get

N E () [ ey < CUIE By — [(5)7 = £l g
This yields on setting ¢ = n?/4 — 4.
Corollary 4.5. (i) Let Vh € L*(R"),n > 3, and
sup [[A(,w)/| - I Z2@s ) < 00

wesn—1

Then

n—2 2 1/n
120172 gny < CLIVANZ2Rny — ( 5 ) N0/ 1 2 §

1-1/n
X sup {IAC /1 Mie@eant
wesn—1

(i) If h,Vh € L*(R™) then, with H :== M(h),
n—2.2 1/n
I gy < CLIVRILa@ny = (=5=) /1 12 geny }

1-1/n
< AR/ 2@}
For 0 <6 < (n— 2)%/4, we have

n—1)/n
VI gy < € (0= 22/4 = 8) " {1 VAI ey

= 8R/1 e }

(4.13)

(4.14)

(4.15)

Proof. Since n > 3, we have that f := h/|-| € L*(R"). We claim that Lf €

L*(R™). For
2

V(xIPI = \l T4V
PP+ (I + 2Refi(x - V)

and, on integration by parts, initially for f € C§°(R") and then by the usual

continuity argument,

Toe V) fix = Z [ T

— _Z/nf{?+$]g}dx

_ —/Rn [nlfl? + fx- V)T dx.

R’I’L
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This gives
2Re/ [f(x-V)f]Jdx = —n [ [f]?dx
n Rn
and hence

VixIpPdx = [ (VA dx - - 1) [ [P
Rn R R™
> |Lf|Pdx — (n—1) [ |f|]*dx (4.16)
R Rn
which confirms our claim. On substituting (4.16|) and f = h/|-| in (4.10]), we get
Wy < C{IVA gy + (0 = D71 - e
1/n n
(n?/4)||0/] - |\|%2(Rn)} sup [[h/]- 175 @

wesn—1

which yields (4.13 - - follows similarly from ) and - 4.14)) yields (4.15)

If in (4.6) g = ®f, where f is supported in the annulus Ag :=={x € R": 1/R <
|x| < R}, then G is supported in the interval [—In R, In R] and we have as in the
proof of Corollary 4

Corollary 4.6. Let f € C3°(Ag). Then, with F := M(f),

2(n 1) TL2
I F ey < O R (UL ) = e} (010

On putting f = h/| | in (4.17) and using (4.16|), we have
Corollary 4.7. Let h € C3°(Ag). Then, with H := M(h),

(n 1)

n—2)%* h
|’H|’%2*(R+;dp) > C(ln R) ( ) 2 } .

{19y = S50 e
Finally we have the following p = 2 case of Corollary 3(ii).

Corollary 4.8. Let 2 < g < o0 andm =q/2—1. Then, if f is such that f, Lf €
LAR™) and [ [on s | f(5,0)|™sF Vdsdw < 0o, we have that [, |F(s)|9s'Z Vds <
oo and

ng _ n? 2
[ e vas < c{HLfniQ(Rn)—anuiQ@Rn)}

2
{/ / (s,w)|ms% dsdw}
R+ JS§n—1
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Proof. Corollary (ii) with p = 2 yields

n2 2/q
M@ < IR — T B |

X R F | o sy
Since
M@ ey = [P s
and

Ty / / F(s, )| Vs

the corollary follows.

O
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