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ABSTRACT. Let A be a Banach algebra and let ¢ and v be continuous homo-
morphisms on A. We consider the following module actions on A,
a-x=p(a)z, x-a=z(a) (a,x € A).

We denote by A, ) the above A-module. We call the Banach algebra A,
(,1)-weakly amenable if every derivation from A into (A, 4))* is inner. In
this paper among many other things we investigate the relations between weak
amenability and (¢, 1)-weak amenability of A. Some conditions can be imposed
on A such that the (¢”, 9" )-weak amenability of A** implies the (¢, 1))-weak
amenability of A.

1. INTRODUCTION AND PRELIMINARIES

Let A be a Banach algebra and let X be a Banach A-module. Then a derivation
from A into X is a (bounded) linear map D : A — X such that for every
a,b€ A, D(ab) = D(a)-b+a-D(b). If x € X, themapa— a-z—x-a, (a € A)
is a derivation. A derivation of this form is called an inner derivation. The set
of all bounded linear operators from A into X is denoted by B(A, X). The set
of all derivations from A into X is denoted by Z'(A, X), and the set of all inner

derivations from A into X is denoted by B'(A, X). Then H'(A, X) = gigﬁﬁ; is

the first Hochschild cohomology group of A with coefficients in X.
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Let A be a Banach algebra and X be a Banach A-module. Then X* is the
dual of Banach A-module X, and is also a Banach A-module as well, if for each

a€A,re X and z* € X* we define

(a-x",x)y = (2", x-a), (" - a,x) = (z",a- ).

A Banach algebra A is amenable if every derivation from A into every dual
Banach A-module is inner, equivalently if H'(A, X*) = {0} for every Banach
A-module X, this definition was introduced by Johnson in [12]. A is weakly
amenable if H'(A, A*) = {0}; this definition generalizes that introduced by Bade,
Curtis and Dales in [1]. We introduce the following new definition of amenability
which is related to homomorphisms of Banach algebras.

Let A be a Banach algebra and let ¢ and v be continuous homomorphisms on
A. We consider the following module actions on A,

a-z:=pla)r, z-a:=zP(a) (a,zx€cA).
We denote the above A-module by A, ).
Let X be an A-module. A bounded linear mapping d : A — X is called a
(p,)-derivation if

d(ab) = d(a) - p(b) +¥(a) - d(b) (a,b € A).
A bounded linear mapping d : A — X is called a (p,)-inner derivation if
there exists € X such that

d(a) = o - p(a) — (@) -z (a€ A).

Derivations of this form are studied in [14, 15, 16].

Definition 1.1. Let A be a Banach algebra and let ¢ and 1 be continuous homo-
morphisms on A. Then A is called (¢,1)-weakly amenable if H'(A, (Ay)*) =
{0}.

Let A and B be Banach algebras. We denote by Hom(A, B) the metric space
of all bounded homomorphisms from A into B, with the metric derived from the
usual linear operator norm || - || on B(A, B) and denote Hom(A, A) by Hom(A).
The following assertions hold for any Banach algebra A.

(a) If A is amenable then A is an (i, 1)-weakly amenable for each ¢ and 1 in
Hom(A).

(b) A is weakly amenable if and only if A is an (id,id)-weakly amenable
(id=identity homomorphism).

(c) Let A be a commutative weakly amenable Banach algebra. Then Z'(A, X) =
{0} for each Banach A-module X [3, Theorem 2.8.63]. Therefore A is (¢, ?)-
weakly amenable for all ¢, € Hom(A) if and only if A is commutative and
weakly amenable.

Definition 1.2. Let A be a Banach algebra, X be a Banach A-module and let
©, b € Hom(A). A derivation D : A — X is called approximately (¢, )-inner if
there exists a net (z,) in X such that, foralla € A, D(a) = lim, z,-p(a)—¢(a) x4
in norm.
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Definition 1.3. A Banach algebra A is approximately (y,)-weakly amenable
if every derivation D : A — (A,))* is approximately (¢, ))-inner.

Whenever ¢ = 1 = id, this is just the definition of approximate weak amenabil-
ity developed by Ghahramani and Loy in [9].

Definition 1.4. Let A be an algebra, and let ¢ € &, U{0} (®4 be the character
space of A). A linear functional d on A is a point derivation at ¢ if

d(ab) = p(a)d(b) + p(b)d(a) (a,be A).

Throughout this paper A denotes a Banach algebra and A** is the second dual
of A equipped with the first Arens product. This product can be characterized
as the extension to A** x A™ of the bilinear map A x A — A : (a,b) — ab with
the following properties:

i) for fixed b" € A*™, a" — a"b" is w*-continuous on A**.

ii) for fixed b € A, a” + ba" is w*-continuous on A**.

The image of A in A** under the canonical embedding is denoted by A

In section 2 we prove the main results for this new concept of amenability.
In section 3, we develop the relation between the (p,1))-weak amenability of
a Banach algebra A and A**. Finally in section 4 we give some examples to
show that the new concept of amenability is different from amenability and weak
amenability.

2. (p,9)-WEAK AMENABILITY

Let A be a Banach algebra, and let A% =span{ab: a,be A}.

Proposition 2.1. Let A be Banach algebra and let p,v» € Hom(A) such that
p(a)b = ayp(b) for all a,b € A. If A is (p,1))-weakly amenable, then A? = A,
where A2 is the closure of A% in A.

Proof. Suppose A2 # A. Take ay € A\A? and f € A* such that f|4» = 0 and
(f,ap) = 1. Define d : A — (A(pp)* by d(a) = (f,a)f. It is easy check that d is
a (i, 1)-derivation. Since A is (i, 1)-weakly amenable, d is (i, 1)-inner, so that
there is a g € (A(,p))* such that d(a) = g - ¢(a) —¥(a) - g, for all a € A. So we
have (dag, ap) = 1. On the other hand

(d(ao), ao) = (g, ¥(ao)ao) — (g, ao(ag)) = 0.
This is a contradiction. O

Corollary 2.2. Let A be a Banach algebra. Then A is (0,0)-weakly amenable if
and only if A2 = A.

Proof. Let A be (0,0)-weakly amenable. Then by the above theorem, A2 = A.
For the converse let d : A — (Aqp)" be a (0,0)-derivation. Then we have
d(A?) = {0}. Since d is continuous, we have d = 0. So d is (0,0)-inner. O

Let A be a weakly amenable Banach algebra or A be a Banach algebra with
a bounded left (right) approximate identity. Then A? is dense in A. Thus A is
(0,0)-weakly amenable.
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Proposition 2.3. Let A be a Banach algebra and 1, and \ are continuous
homomorphisms from A into A. If ¢ is an epimorphism and A is (¢ o @, Ao )-
weakly amenable, then A is (1, \)-weakly amenable.

Proof. Let d : A — (Ayn)* be a continuous (¢, A)-derivation, and D = d o .
We see that D is a (¢ o ¢, A o p)-derivation. So there exists a f € (Aqpoprop))*
such that for each a € A, D(a) = f- (Yo p)(a) — (Aoy)(a)- f. Let b € A. Then
there exists a a € A such that ¢(a) = b and so

d(b) = d(p(a)) = D(a) = [ -(p(a)) = A(p(a)) - f = [ -(b) = A(b) - f.
Thus d is an (¢, \)-inner. O

Corollary 2.4. Let A be a Banach algebra and let ¢ € Hom(A). If ¢ is an
epimorphism and A is (", ¢")-weakly amenable for some n € N. Then A is
weakly amenable.

There are Banach algebras which are (¢, p)-weakly amenable where ¢ is not
an epimorphism, and A is weakly amenable. This will be presented in Examples
4.3 and 4.4. The converse of the Corollary 2.4 is true when ¢? = 14 or ¢ is
an epimorphism such that ¢?|4) = 14 where [A] = {ab — bala,b € A}. In the
following theorems and corollaries we prove the above claims.

Theorem 2.5. Let A be a Banach algebra and let 1, \, o € Hom(A) and ¢* = 14.
If A is (¢, \)-weakly amenable, then A is (1) o p, X o p)-weakly amenable.

Proof. Let D : A — (A(poprop))* be a (o, Aog)-derivation and let d = Dop™!
It can be shown that d is a (1, A)-derivation. Thus there exist a f € (A x))* such
that for alla € A, d(a) = f-1(a)—A(a)- f and so we have D(a) = D(o ' (p(a)) =
d(e(a)) = f-Y(p(a)) —A(e(a))- f,ie., Dis an (o, Aoyp)-inner derivation. [J
Corollary 2.6. If A is weakly amenable and ¢ € Hom(A) such that p* = 14,
then A is (¢", ¢™)-weakly amenable for all n € N.

Theorem 2.7. Let ¢, € Hom(A) and let A be (1, ¢)-weakly amenable. If
©|ia) = id and ¢ is an epimorphism, then A is (@ o1, 0 1)- weakly amenable.

Proof. Suppose that D : A — (A(goyp,poy))” is an (p 01, ¢ o 1h)-derivation. Set
d:A— (Awy)" as follows

(d(a),b) := (D(a), ¢(b)).
Then d is a (¢, 9)-derivation. Thus there exists a f € (Agy,y))* such that for
every a € A, d(a) = f-v(a) —¢(a) - f. Let b € A. Since ¢ is onto, there exists
by € A such that b = p(b;). So

(D(a),b) = (d(a), br)

fv(a) —v(a)- f,b)

[ e((a)by — bﬂ/}( )

frpov(a) —poi(a)- f,b).

inner. O

{
=
= {
=
b)-

Therefore D is an (p o1, p o
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Corollary 2.8. Let A be a Banach algebra and let o € Hom(A). Suppose that
A is weakly amenable and ¢ is an epimorphism such that ¢|a) = id. Then A is
(™, @™)-weakly amenable for all n € N.

Proposition 2.9. Let A be a Banach algebra and ¢ € Hom(A). Suppose that
A is (™, @™)-weakly amenable for all n € N, and o™ — 14 in norm. Then A is
approximately weakly amenable.

Proof. Let D : A — A* be a derivation. For every n € Nset D,, : A — (A(pn om)",
D, (a) = D(¢™(a)). It is clear that D,, is an (¢", ¢™)-derivation. So there exists
a sequence (f,) in A* such that D,(a) = f, - ¢"(a) — ¢"(a) - fn. Since ¢™(a) —
a, D, (a) — D(a). Therefore D(a) = lim,(f,-a—a- f,) . O

In the proof of the Proposition 2.9, if the sequence (f,) has an accumulation
point then A is weakly amenable.

Theorem 2.10. Let A be a Banach algebra, ¢ € Hom(A) and 0 # ¢ € $y4.
Let A be (¢, ¢)-weakly amenable and Imp ¢ kert). Then there are no non-zero
continuous point derivations at ¥ o .

Proof. Let ¢ € &4 and let ¢ € Hom(A). Then ¥ o ¢ € ®,. Suppose that
d = dyop, : A — C is a point derivation at ¢ o . We define D : A — (A, )" by
D(a) := d(a)y. Then clearly D is a (¢, ¢)-derivation. Since A is (¢, p)-weakly
amenable, there exists a f € (A(,))* such that D(a) = f - ¢(a) — ¢(a) - f. On
the other hand since Im¢p ¢ kert) , there exist a; € A such that ¥(p(ay)) = 1. If
dyo, is a non-zero point derivation, then ker o ¢ ker dyo,. In fact if kerypop C
ker dyo,, then there is an o € C such that dy., = () 0 ). So

2 = 2a(( 0 p) (1)) = 2dyup(ar)
= 2dyop(a1) 0 p(ar)
= dyop(a1)¥ 0 p(ar) + 1 o p(ar)dyo,(a1)
= dyoy(ai) = a(P o p)(af) = a.
Thus a =0, i.e. d =0 which is a contradiction.

Therefore there exist ay € ker1 o ¢ such that d(ag) = 1. Put ag = a3 + (1 —
d(ay))ag, then

Yoplag) = op(ar) + (1 —d(a))p oplaz) =1,

and

d(ao) = d(al) + (1 — d(al))d(ag) = d((ll) + 1-— d((ll) =1.
Therefore
1 = d(ao)¥(¢(ao))
(D(ao), p(ao)) = (f - (ao) — ¢(ao) - f, ¢(ao))
(f, ((a0))*) = (f, (¢(a0))*) = 0.

Which is a contradiction. O
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By using the Theorem 2.10, if A is a weakly amenable Banach algebra, then
there is no non-zero continuous point derivation on A. Therefore Theorem 2.10
could be considered as a generalization of [3, Theorem 2.8.63]. If A is approxi-
mately (¢, p)-weakly amenable, then the Theorem 2.10 is also true.

Theorem 2.11. Let o € Hom(A) and ©*> = . Suppose that A and ker ¢ are
weakly amenable, Imy is an ideal of A. Then A is (p, p)-weakly amenable.

Proof. Let D : A — (A(,))" be a (¢, p)-derivation. Take d : A — A* with
(d(a),b) := (D(a), (b)), and so d is a derivation. Then there exists a f € A*
such that d(a) = f-a—a- f, (a € A).

Since ¢ : A — Ime is a projection, A=Impdkery where Imy and kerp are closed
ideals of A. Let a € A. Then there exist a;,a2 € A such that a = a1 + a»
where a; € Imp and ay € kerg. Since ker ¢ is weakly amenable, (kerp)? =
ker p. So, there is a net (t,84)a C (ker¢)? such that t,s, — ag, and D(ay) =
lim, D(ta5q) = lima(D(ta) - ¢(Sa) — ¢(ta) - D(sa)) = 0.

Therefore

= (d(—p(D)), p(a)) = (f - p(a) — p(a) - f,p(b)).
On the other hand b = by + by such that b; € Imyp, by € ker ¢ we have p(b) =
©(b1) = by, hence

<D(CL), b2> = hgl 1%11<D(8113826)7 tlat2a>

= lim hénw(sm) 0(823) + @(s18) - D(528), trataa)

«

= lim llén<D(Slﬁ), @(SQﬁ)tlat2a> + hg[l’l h};ﬂ(D(Sgg), tlatga@(slg»

«

= O’
since s18, S5 €kerg. p(s28)t1at2a, tiat2ap(s18) € Imp Nker p = {0}. Therefore
A is (¢, p)- weakly amenable. O

3. (¢,1%)-WEAK AMENABILITY OF THE SECOND DUAL

Let A be a Banach algebra. We consider A** the second dual of A. It is
known that the Banach algebra A inherits amenability from A** [11]. No example
is yet known whether this fails if one considers the weak amenability instead,
but the property is known to hold for the Banach algebras A which are left
ideals in A**[10], the dual Banach algebras [%], the Banach algebras A which
are Arens regular and every derivation from A into A* is weakly compact [7],

Banach algebras for which the second adjoint of each derivation D : A — A*
satisfies D"(A*) C WAP(A), and the Banach algebras A which are right ideals
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in A* and satisfy A**A = A** [7]. Now let A be a Banach algebra and let
v, € Hom(A) such that p(a)b = ay(b) for all a,b € A. If A** is (¢”,¢")-weakly

amenable, then by Proposition 2.1, A*? = A**. Thus we can show that A2 = A
[8, Proposition 2.1]. So by Corollary 2.2, A is (0, 0)-weakly amenable. A question
remains whether the (¢”,1”)-weak amenability of A** implies the (¢, )-weak
amenability of A and vice versa?

L'(R) is (id,id)-weakly amenable but L'(R)** is not (id,id)-weakly amenable.
In general if G is a nondiscrete locally compact group then L'(G)** is not (id,id)-
weakly amenable [1], but L'(G) is (id,id)-weakly amenable [13].

For an infinite compact metric space X, lip,(X) is (id,id)-weakly amenable,for
0 < a < 1/2, but lip,(X)** is not (id,id)-weakly amenable [1].

Proposition 3.1. Let A be Banach algebra and ¢ € Hom(A), if A** is (¢”,0)-
weakly amenable, then A is (p,0)-weakly amenable.

Proof. Suppose that D : A — (A, 0)" is a continuous (¢, 0)-derivation. Take
a’ V" € A** and take bounded nets (a,) and (bs) in A with a, — a”, bg — b”
in the w*-topology of A™*. Then D" : A™ — (A{}, )" is an (¢",0)-derivation
because

D"(a"V") = w* — limlim D" (Gabgs)

=w" —lim lign (D(am(b,g))

— D//(G///) . (p//(b//)
Therefore there exists ay € A*™* such that D"(a") = ay'¢”(a”) for all a” € A**.
We obtain D(a) = agp(a)for all a € A, where qy is the restriction of af to A.
Thus A is an (@, 0)-weakly amenable. O

If A* is (0,v")-weakly amenable, then A is (0, 1))-weakly amenable if and only
it D"(a"b") =" (a”) - D"(V") if and only if ¢"(a”) - D"(V") = w* — lim, ¢¥"(a,) -
D"(t") [9]. The last equality is true if A** is a Banach algebra under the second
Arens product. Let A be a Banach algebra with a bounded approximate identity,
then A is (¢,0) and (0, )-weakly amenable (see Example 4.2).

For a Banach algebra A, let A°? be the Banach algebra with underlying Banach
space A and with product o given by aob = ba . We have the following simple
observation.

Proposition 3.2. Let A be Banach algebra and o, € Hom(A). Then A is
(i, ¥)-weakly amenable if and only if AP is (¢, ¢)-weakly amenable.

For a Banach algebra A, A** is (0,0)-weakly amenable with the first Arens
product if and only if A** is (0, 0)-weakly amenable with the second Arens prod-
uct. We immediately observe that the (0,0)-weak amenability of A** implies
that A is (0,0)-weakly amenable. However, the (0, 0)-weak amenability of A does
not imply that A** is (0,0)-weakly amenable unless every derivation from A**
to A™* is w*-continuous. Some conditions can be imposed on A such that the
(", 1" )-weak amenability of A** implies the (¢, 1))-weak amenability of A where

o, ¢ # 0.
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Theorem 3.3. Let A be a Banach algebra and p,v0 € Hom(A). Let A* be

(", ") -weakly amenable,and suppose Aisa left ideal in A™*. Then A is (¢, ¥)-
weakly amenable.

Proof. 1t is known that ¢"(a) = 90/(5) and ¥ (a) = Q,D/(E), for all a € A. The proof
of the Theorem is similar to [10, Theorem 2.3]. O

A Banach algebra A is said to be dual if there is a closed submodule A, of A*
such that A = A*. Let i : A, — A* be the canonical embedding and i’ be the
adjoint of i. If a € A, we have (@) = a. Obviously ¢ is norm-continuous, hence
i’ is w*-continuous. Let a”, 0" € A** and take nets (a,) and (bg) in A such that

Wy, %, ¢ and /Z;g 7, . Then
i'(a"b") =4 (w* — li(gn lién/dagﬁ) =w* — lim lién i (Gabg)

07

= w* — lim hén(aa@,) = (w* — lima,)(w* — li{rgn/b\g)

= i'(w* — lim @ )i (w* — nénag) = i'(a")i' (V).

Hence 7' is an algebra homomorphism from A** onto A. Let ¢ : A — A be a
continuous homomorphism. Then the second conjugate ¢” is w*-continuous and

('(¢"(@)), b) = (¢" (@), i(b)) = (¢"(a), b) = (¢"(I'(a)), ).
Hence ¢'(¢"(a)) = ¢"(i'(a)). We know that ¢"|4 = ¢ , if a” € A | (a,) C A,

~

ay v, a”, then
o(i'(a")) = ¢"(i'(a")) = " (' (w" =1lim@,)) = w* — limae" (i (Aa))
=w* — lim 7 (¢"(a,)) = i'(¢"(w* — lima,)) = '(¢"(a")).

Theorem 3.4. Let A be a dual Banach algebra and let v, € Hom(A). If A**
is (¢, Y")-weakly amenable then A is (p,¢)-weakly amenable.

Proof. Let i be as above. Suppose that d : A — (A, )" is an (¢, 1)-derivation.
Set D = " odoi: A" — (Az‘*,, w,,))*, then for every a”,b”, " € A** we have
(D(@'H), ) = (A @) 1)), ()

= (d(i'(a")) - p(i'(b")) + (i (a")) - d(i'(b")), 7' (c")

= (d(@'(a")), " (0" (0"))i' (")) + {d(i"(b")), ' (") (V' (a")))
= (d(@'(a")), 7' (" (0"))i' (")) + {d(i"(b")), ' (")i' (¥ (a")))
= ((i"odod'(a")),¢"(V")") +{(i" o d 0 i'(b")), "¢ (a"))
= (D(a") - " (V") +¢"(a") - D(V"), ).

Therefore D is an (¢”,1")-derivation. Since A** is (¢”,1)")-weakly amenable,
there exists a € A** such that

~.

D(a//) — aloll . SOll(a//l) _ w//(a//) . a/g/7 a// E A**
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Now let R : A** — A* be the restriction map. Set aj = R(ag’). For every
a,b € A we have

(d(a),b) =

(d(i'(@),4' (b)) = (i" o d o (@), b)

= (D(@),b) = {ay - ¢"(@),b) — (¢"(@) - ay,b)

= (afl, " (@)b) — {ag, 0" (@)) = {ay, p(a)b) — (ag/, bio(a))

= (R(ap), (a)b) — (R(ag),bir(a)) = (gl - (a) — (a) - ap,b).

So d(a) = ag - p(a) — ¥(a) - ap. Therefore d is an (i, 1)-inner. O

4. EXAMPLES

Example 4.1. Let A be a commutative weakly amenable Banach algebra. A
Banach A-module X is called symmetric if a.x = z.a, for a € A and z € X.
Then for every symmetric Banach A-module X we have H'(A, X) = {0} [I]. On
the other hand for every ¢ € Hom(A), (A¢s))* is a symmetric Banach A-module.
Thus A is (@, ¢)-weakly amenable.

Example 4.2. Let A be a Banach algebra with a bounded right approximate
identity (en). Let D : A — (A(o,))" be a derivation. Then for every a,b € A,
we have D(ab) = v¥(a) - ( ). Since D is bounded, (D(e,)) is a bounded net
in (Apy)) . Let f € ( )" be a cluster point of (D(eq)). We can suppose
that w* — lim, D(e,) = f in (A(oy))". Then for every a € A, we have w* —
lim, aD(e,) = af in (A ow)) Thus we have

D(a) = liénD(aea) = liénw(a) - D(eq) =Y(a) - f.

This means that D is (0,t¢)—inner. So A is (0, )-weakly amenable. Similarly
every Banach algebra with a bounded left approximate identity is (¢, 0)-weakly
amenable. So every group algebra and C*-algebra are (p,0) and (0, ) —weakly
amenable.

Example 4.3. Let A = [*(N) with the product ab := a(1)b (a,b € I*(N)). For
every ¢,1 € Hom(A), A is (¢,1)-weakly amenable [16]. It is easy to check that
A dose not have a bounded right approximate identity, thus A is not amenable.

Example 4.4. Let S = {x1, o, 73, 24, 75} be a semigroup with 22 = z, 7129 =
To, T3T1 = X3, r3T2 = x4 and all other products equal to 5. We identify the
elements of S with the point masses on S(6, := x). We know that, for any
semigroup S,

= {Zasés; Z | a5 |[< 00,5 €5, a; EC}

sES sES

is a Banach algebra with the norm || > s, ||= > .cq | @s | and the con-
volution reduced to d; * 6, = 0, for s,t € S (see citeDal for details). In our
case

5 5
1'(S) = {A =D awrn; {andis CC {zh, 8, A=) |an\} :

n=1 n=1
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and ['(S) is weakly amenable [2]. Since S is not regular semigroup, ['(S) is
not amenable [0]. Let ¢, : [1(S) — [*(S) be continuous homomorphisms and
D 1MS) — (I'(S)(pw))* be a (¢, 1))-derivation we show that D = 0. Therefore
D is an (i, v)-inner derivation for each ¢,v € Hom(I'(S)). If z,y € S we show
that (Dx,y) = 0.

Suppose that ¢(z;) = Y _; ajar, () = S0 Biwaw, (1< J <5, g, B €
C). Since 80(95@ = p(), 04%1 = (g1, 011012 = Qq2, Q30 = Q13 Q1302 = 4.

) If ay; = 0, then ajp = a3 = g = 0, a?5 = ay5. It is easy to show that
above (¢, 1)-derivation is zero.

II) If 11 = 611 =1 then

5 5
pzj) =1+ Y agar, Play) =1+ Y Buze (2<j<5). (4.1)
k=2 k=2
We put (Dz;, z;) = t;j, (1,7 € {1,2,3,4,5}, z;,x; € S, t;; € C). Also
(Dxizy, vj) = (D, p(an) ;) + (Dag, 259 (x:)) (4.2)

for all 4,7,k € {1,2,3,4,5}.
Since @3 = x1, t1; = (D1, p(x1)x;) + (Dx1, 2;0(21)) . Therefore

tiy =ti5 = (2 + c1g + a1z + a1y + s + Bro + Bis + Bua + Bis)tis.
If
a1z + a3+ o+ a5 + Bia+ Bz + Pu+ Bis +1=0 (4.3)
since p(z?) = p(x1) and ¥(z?) = (x1), we have a1y = apay3, B4 = Pr2613 and
ozfQ + 0@3 + 04320@3 + ozf5 + 204%20413 + 20412&%3 + 20190130015
+3a12013 + 200120015 + 200130015 + 12 + g3 + a5 = 0, (4.4)

By 4 B3 + B2t 4 015 + 2052513 + 2612375 + 2612613515
+30812013 + 2012615 + 2613015 + Bi2 + Biz + P15 = 0. (4.5)
From (4.4)and (4.5) the following relation is obtained
Q15 = —Qi2003 — 12 — gz + 1
or (4.6)
Q15 = —Q20i3 — Q2 — (13
and

Bis = — P2z — B2 — Bz + 1
or (4.7)

615 = _512613 - 612 - 613

by inserting these solutions in (4.3), we get the contradictions: 3 =0,2 =0,1 = 0.
Therefore

tiy = t15 = 0. (48)
Since ¢(z2) = ¢(z5) and 1(x2) = ¥(x5), similar to the above
ts5a = 155 = 0. (49)
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From (4.1), (4.2) and (4.8), we deduce that
tog = tos = (1 + Bia + P13 + Bua + Bis)tas.
Since Dxs = Dxoxy,
ts; = (Dig, p(1)a;) + (Dy, 250(22)). (4.10)
From (4.8), (4.9) and (4.10), we have
(14 a1z + g3 + g + aas)tes = 0.

If B1o 4+ P13+ Pia + Bis = 0 and 1 + a2 + a3 + aqg + a5 = 0, from the relations
a1y = Qiaais, Pa = Pi2fiz , (4.6) and (4.7), we conclude the contradictions:
1 =—1and 1 =0. Therefore

tog = to5 = 0. (411)

From (41), (42) and (48), we have t3qs = U35 = (1 + Qo + 3 + Qg + 0615)t35.
Since 1 + o + Qi3 + g + Qs 7é 0,

tgq = t35 = 0. (4.12)
Since Dxy = Dxsxs,
tyy = (Daws, p(x2)a5) + (Dig, 259(23)). (4.13)
From (4.1) and (4.13), we have

5 5
tag =tss = (1 + Z aop)tos + (1 + Zﬁ%)t%- (4.14)
k=2 k=2
From (4.11), (4.12) and (4.14), we conclude that
tag = t45 = 0.

If 11 # 0, we can conclude that ay3 = 0 and ay3 = 2, which is a contradiction.
Hence t;; = 0. By using of the above relations ¢;; = 0 for every ¢ and j. Therefore
D =0.
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