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Abstract. We prove that a dictionary for a Banach space X has the strong
coefficient quantization property if it has the same property when it restricted
on the unit ball of X. We also obtain the same result for the strong net
quantization property.

1. Introduction and the main results

Dilworth, Odell, Schlumprecht and Zsák [2] introduced and investigated two
natural coefficient quantization properties in Banach spaces. For ε > 0 and δ > 0,
a dictionary (xi) for a Banach space X, which means X = [(xi)] := span(xi), is
said to have the (ε, δ)-coefficient quantization property ((ε, δ)-CQP) if

Fδ((xi)i∈F ) :=
{∑

i∈F

niδxi : ni ∈ Z
}

is ε-dense in [(xi)i∈F ]

for every finite F ⊂ N. We say that (xi) has the CQP if (xi) has the (ε, δ)-CQP
for some ε > 0 and δ > 0. The following second notion is more general than
the CQP. A dictionary (xi) is said to have the (ε, δ)-net quantization property
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((ε, δ)-NQP) if

Fδ((xi)) :=
{∑

i∈E

niδxi : E ⊂ N finite, ni ∈ Z
}

is ε-dense in [(xi)i∈F ]

for every finite F ⊂ N. We say that (xi) has the NQP if (xi) has the (ε, δ)-NQP
for some ε > 0 and δ > 0. The difference of the two concepts is the support of
the approximants.

One of the main results in [2] is to relax the definitions above by only requiring
that one can approximate each element of the unit ball instead of the whole space.
In the paper, we extend the result to strong quantizatioin versions which were
also introduced in [2]. A dictionary (xi) is said to have the (ε, δ)-strong coefficient
quantization property ((ε, δ)-SCQP) if

F bD((xi)i∈F ) :=
{∑

i∈F

dixi : di ∈ Di

}
is ε-dense in [(xi)i∈F ]

for every sequence D̂ := (Di) of δ-nets for R with 0 ∈ Di and for every finite
F ⊂ N. The (ε, δ)-strong net quantization property ((ε, δ)-SNQP) is similarly
defined by replacing the set of the approximants by

F bD((xi)) :=
{∑

i∈E

dixi : E ⊂ N finite, di ∈ Di

}
.

The (ε, δ)-SCQP (resp. (ε, δ)-SNQP) implies the (ε, 2δ)-CQP (resp. (ε, 2δ)-NQP)
because 2δZ is a δ-net. But it is open whether or not the CQP (resp. NQP)
implies the SCQP (resp. SNQP) [2, Problem 2.14(1), Question 7.1(2)].

We need the similar notations as in [2] for the SCQP and the SNQP to state
our results. Suppose that (xi) has the SCQP (resp. SNQP). The function εsc

(resp. εsn) : R+ → R+ is defined by

εsc(δ) (resp. εsn(δ)) = inf{γ : (xi) has the (γ, δ)-SCQP (resp. SNQP)}.
Then by the analogue for the SCQP and the SNQP of [2, Proposition 2.3(a)] the
functions εsc and εsn are well defined.

For each δ > 0, we also define εb
sc(δ) (resp. εb

sn(δ)) to be the infimum of those
γ > 0 such that

F bD((xi)i∈F ) (resp. F bD((xi))) is γ-dense in Ball([(xi)i∈F ])

for every sequence (Di) of δ-nets for R with 0 ∈ Di and for every finite F ⊂ N.
We now have:

Theorem 1.1. Let (xi) be a dictionary for X. The following assertions are
equivalent.

(a) (xi) has the SCQP.
(b) εb

sc(δ0) < 1 for some δ0 > 0.
(c) There exists a δ0 > 0 such that εsc(δ) = εb

sc(δ) < ∞ for all 0 < δ ≤ δ0.

Theorem 1.2. Let (xi) be a dictionary for X. The following assertions are
equivalent.

(a) (xi) has the SNQP.
(b) εb

sn(δ0) < 1 for some δ0 > 0.
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(c) There exists a δ0 > 0 such that εsn(δ) = εb
sn(δ) < ∞ for all 0 < δ ≤ δ0.

Theorem 1.1, which gives an affirmative answer of [2, Problem 2.14(2)], and
Theorem 1.2, respectively, are strong quantization versions of [2, Theorems 2.4
and 5.3]. The basic arguments of the proofs of Theorems 1.1 and 1.2 are the
same with the one of [2, Theorem 2.4]. Since the proof of Theorem 1.2 is slightly
different from the one of Theorem 1.1, we only prove Theorem 1.2 among them.
In view of the proof of Theorem 1.2, we remark that the δ0 > 0 in (c) of Theorem
1.2 (resp. Theorem 1.1) is the same as the δ0 > 0 in (b) of that (resp. Theorem
1.1).

The NQP, even the SNQP, does not imply the CQP (see [2, Theorem 5.10]).
But, in [2, Theorem 5.11], it was shown that a semi-normalized basis has the
CQP if and only if its every subsequence has the NQP for the closed linear span
of the subsequence. We obtain the same result for the SCQP and the SNQP.

Theorem 1.3. Let (xi) be a semi-normalized basis for X. Then (xi) has the
SCQP if and only if every subsequence (xik) of (xi) has the SNQP for [(xik)].

2. Proofs of Theorems 1.2 and 1.3

We note that εb
sn : R+ → R+ is a nondecreasing function.

Proof of Theorem 1.2. (a)⇒(b) and (c)⇒(a) are clear.
(b)⇒(c) Choose a t > 0 such that

εb
sn(δ) ≤ εb

sn(δ0) < t < 1

for all 0 < δ ≤ δ0.
Now assume that 0 < δ, δ̄ ≤ δ0 satisfy

t ≤ δ

δ̄
≤ 1

t
.

Let α > 0 be arbitrary. Let (Di) be a sequence of δ-nets for R with 0 ∈ Di

and let F ⊂ N be finite. Let x ∈ Ball([(xi)i∈F ]). Then there exists a y =∑
i∈E dixi ∈ F bD((xi)) such that ‖x − y‖ ≤ t. We see that ‖(δ̄/δ)(x − y)‖ ≤ 1

and (D′
i) = ((δ̄/δ)(Di − di)), where di = 0 if i 6∈ E, is a sequence of δ̄-nets

for R with 0 ∈ D′
i. Then there exists a z =

∑
i∈E0

d′ixi ∈ FcD′((xi)) such that

‖(δ̄/δ)(x− y)− z‖ ≤ (1 + α)εb
sn(δ̄). It follows that∥∥∥x−

(
y +

δ

δ̄
z
)∥∥∥ ≤ (1 + α)

δ

δ̄
εb

sn(δ̄).

To show that y + (δ/δ̄)z ∈ F bD((xi)), put

z =
∑

i∈E0∩E

d′ixi +
∑

i∈E0\E

d′ixi =
∑

i∈E0∩E

δ̄

δ
(ci − di)xi +

∑
i∈E0\E

δ̄

δ
cixi,



134 K. CHO, J.M. KIM, S.K. KIM, H.J. LEE

where ci ∈ Di. Then

y +
δ

δ̄
z

=
∑
i∈E

dixi +
δ

δ̄

( ∑
i∈E0∩E

δ̄

δ
(ci − di)xi +

∑
i∈E0\E

δ̄

δ
cixi

)
=

∑
i∈E\E0

dixi +
∑
i∈E0

cixi ∈ F bD((xi)).

Thus εb
sn(δ) ≤ (1 + α)(δ/δ̄)εb

sn(δ̄). Since α > 0 was arbitrary, we have

εb
sn(δ)

δ
≤ εb

sn(δ̄)

δ̂
.

By exchanging the roles of δ and δ̄ we also obtain the opposite inequality. We
have shown that

εb
sn(δ)

δ
=

εb
sn(δ̄)

δ̂

for every 0 < δ, δ̄ ≤ δ0 satisfying t ≤ δ/δ̄ ≤ 1/t. A simple verification shows that
εb

sn is linear on (0, δ0].
Now, in order to complete the proof, let δ ∈ (0, δ0]. Let α > 0 be arbitrary.

Let (Di) be a sequence of δ-nets for R with 0 ∈ Di and let F ⊂ N be finite. Let
x ∈ [(xi)i∈F ]. If ‖x‖ ≥ 1, then (Di/‖x‖) is a sequence of δ/‖x‖-nets for R with
0 ∈ Di/‖x‖ and δ/‖x‖ ≤ δ0. Then there exists a

∑
i∈E(di/‖x‖)xi ∈ F bD/‖x‖((xi))

such that ∥∥∥ x

‖x‖
−

∑
i∈E

di

‖x‖
xi

∥∥∥ ≤ (1 + α)εb
sn

( δ

‖x‖

)
= (1 + α)

1

‖x‖
εb

sn(δ).

It follows that ∥∥∥x−
∑
i∈E

dixi

∥∥∥ ≤ (1 + α)εb
sn(δ).

If ‖x‖ ≤ 1, then clearly we can find a (1 + α)εb
sn(δ)-approximant of x. Thus

εsn(δ) ≤ (1 + α)εb
sn(δ). Since α > 0 was arbitrary, we complete the proof. �

The following corollary is a strong quantization version of [2, Corollary 2.5].

Corollary 2.1. Let (xi) be a dictionary for X. Let 0 < ε0 < 1 and δ0 > 0. If
for every sequence (Di) of δ0-nets for R with 0 ∈ Di and for every finite F ⊂ N
we have

F bD((xi)) is ε0-dense in Ball([(xi)i∈F ]),

then for all ε > ε0,

F bD((xi)) is ε-dense in [(xi)i∈F ]

for every sequence (Di) of δ0-nets for R with 0 ∈ Di and for every finite F ⊂ N.

Proof. By the assumption

εb
sn(δ) ≤ εb

sn(δ0) ≤ ε0 < 1
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for all 0 < δ ≤ δ0. We can apply the proof of Theorem 1.2 replacing t > 0
by ε0 < ε < 1 to show that εsn(δ) ≤ εb

sn(δ) for all 0 < δ ≤ δ0. In particular,
εsn(δ0) ≤ εb

sn(δ0) ≤ ε0. Hence we obtain the desired conclusion. �

Remark 2.2. We can adapt the proof of Theorem 1.2 to show Theorem 1.1 and
also obtain the analogue for Theorem 1.1 of Corollary 2.1 by replacing F bD((xi))
by F bD((xi)i∈F ).

Proof of Theorem 1.3. Since the SCQP is inherited by subsequences, the “only
if” part is clear. In order to show the “if” part, assume that (xi) does not have
the SCQP. We use the argument of the proof in [2, Theorem 5.11] to find a
subsequence of (xi) failing to have the SNQP for its closed linear span.

Let K be the basis constant of (xi) and we may assume that ‖xi‖ ≤ 1 for all i.

Step 1. For every δ > 0, there exists Mδ ⊂ N such that (xi)i∈Mδ
does not have

the (1, δ)-SNQP.

See the proof of Claim 1 in that of [2, Theorem 5.11] for the proof of Step 1.

Step 2. For every n ∈ N, there exists a sequence (Di,n)i of 1/n-nets for R with
0 ∈ Di such that for some finite Fn ⊂ [n + 1,∞) and some yn ∈ [(xi)i∈Fn ], we
have ‖y − yn‖ > 2K for all y ∈ FcDn

((xi)i∈Fn).

Proof of Step 2. Fix n ∈ N. By Step 1 there exists Mn ⊂ N such that (xi)i∈Mn

does not have the (2K +1, 1/n)-SNQP. Thus there exists a sequence (Di) of 1/n-
nets for R with 0 ∈ Di such that for some finite En ⊂ Mn and zn =

∑
i∈En

aixi,
we have ‖y − zn‖ > 2K + 1 for all y ∈ F bD((xi)i∈Mn).

Put wn = zn|[1,n], yn = zn|[n+1,∞), and Fn = En∩ [n+1,∞). For i ∈ En∩ [1, n],
choose di ∈ Di so that |ai−di| ≤ 1/n. Let y0 =

∑
i∈[1,n]∩En

dixi. Then ‖wn−y0‖ ≤
1, hence we have that for all y ∈ F bD((xi)i∈Fn)

‖y − yn‖
= ‖y0 + y − zn + zn − yn − y0‖
≥ ‖y0 + y − zn‖ − ‖wn − y0‖ > 2K + 1− 1 = 2K.

For each k = 0, 1, 2, · · · , let (Di,nk
)i be the sequence of 1/nk-nets, finite Fnk

⊂
[nk + 1,∞), and ynk

∈ [(xi)i∈Fnk
] in Step 2, where n0 = 1 and max Fnk

= nk+1.
Put M =

⋃
k≥0 Fnk

. Then we have

Step 3. (xi)i∈M does not have the SNQP.

Proof of Step 3. Suppose that (xi)i∈M has the (ε, δ)-SNQP for some ε > 0 and
δ > 0. Then we see that for some δ0 > 0 (xi)i∈M has the (1, 1/n)-SNQP for all
n ∈ N with 1/n < δ0.
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Choose k so that 1/nk < δ0. Then there exists a y ∈ FdDnk
((xi)i∈M) such that

‖y − ynk
‖ ≤ 1. Thus

‖PFnk
y − ynk

‖ = ‖PFnk
(y − ynk

)‖ ≤ 2K,

where PFnk
is the projection from X onto [(xi)i∈Fnk

]. This is a contradiction
because PFnk

y ∈ FDnk
((xi)i∈Fnk

). �

3. Bounded strong coefficient quantizations

In [1, Definition 4.1], a bounded version, which is associated to frames for
Banach spaces, of the NQP was introduced. We introduce a stronger notion of
that as in the previous concept. Let ẑ := (zi) be a sequence in a Banach space
Z. For ε > 0, δ > 0 and Kẑ > 0, a dictionary (xi) for X is said to have the
(ε, δ,Kẑ)-strong net quantization property ((ε, δ,Kẑ)-SNQP) if for every sequence
(Di) of δ-nets for R with 0 ∈ Di, for every finite F ⊂ N and x ∈ [(xi)i∈F ], there
exists a

∑
i∈E dixi ∈ F bD((xi)) such that∥∥∥∑

i∈E

dizi

∥∥∥
Z
≤ Kẑ‖x‖ and

∥∥∥x−
∑
i∈E

dixi

∥∥∥
X
≤ ε.

We similarly define the (ε, δ,Kẑ)- strong coefficient quantization property ((ε, δ,Kẑ)-
SCQP) replacing the set F bD((xi)) by F bD((xi)i∈F ).

We now obtain a strong quantization version of [1, Proposition 4.2].

Theorem 3.1. Let (zi) be a sequence in Z and (xi) a dictionary for X. For
0 < ε0 < 1, δ0 > 0, and K0 > 0, if for every sequence (Di) of δ0-nets for
R with 0 ∈ Di, for every finite F ⊂ N and x ∈ Ball([(xi)i∈F ]), there exists a∑

i∈E dixi ∈ F bD((xi)) such that∥∥∥∑
i∈E

dizi

∥∥∥ ≤ K0 and
∥∥∥x−

∑
i∈E

dixi

∥∥∥ ≤ ε0,

then (xi) has the (1, δ0, Kẑ)-SNQP, where Kẑ = K0

∑∞
n=0 εn

0 .

Proof. This proof is very similar to the proof of [1, Proposition 4.2]. First, for
every n ∈ N and δ ≤ εn−1

0 δ0, we assert that for every sequence (Di) of δ-nets
for R with 0 ∈ Di, for every finite F ⊂ N and x ∈ Ball([(xi)i∈F ]), there exists a∑

i∈E dixi ∈ F bD((xi)) such that∥∥∥∑
i∈E

dizi

∥∥∥ ≤ K0

n−1∑
k=0

εk
0 and

∥∥∥x−
∑
i∈E

dixi

∥∥∥ ≤ εn
0 .

From our assumption, the assertion follows for the case n = 1.
Now we assume that the assertion is true for n ∈ N. Let δ ≤ εn

0δ0. Let
(Di) be a sequence of δ-nets for R with 0 ∈ Di and let F ⊂ N be finite and

x ∈ Ball([(xi)i∈F ]). Since δ ≤ εn−1
0 δ0, we can choose

∑
i∈E d̃ixi ∈ F bD((xi)) such

that ∥∥∥∑
i∈E

d̃izi

∥∥∥ ≤ K0

n−1∑
k=0

εk
0 and

∥∥∥x−
∑
i∈E

d̃ixi

∥∥∥ ≤ εn
0 .
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Since ε−n
0 ‖x−

∑
i∈E d̃ixi‖ ≤ 1 and (ε−n

0 (Di − d̃i)) (d̃i = 0 if i 6∈ E) is a sequence

of δ0-nets for R with 0 ∈ ε−n
0 (Di− d̃i), by our assumption, for some finite E ′ ⊂ N

we can find a d′i ∈ ε−n
0 (Di − d̃i) for i ∈ E ′ (d′i = 0 if i 6∈ E ′)such that∥∥∥ ∑

i∈E′

d′izi

∥∥∥ ≤ K0 and
∥∥∥ε−n

0

(
x−

∑
i∈E

d̃ixi

)
−

∑
i∈E′

d′ixi

∥∥∥ ≤ ε0.

Hence we have that ∥∥∥ ∑
i∈E∪E′

(d̃i + εn
0d

′
i)zi

∥∥∥ ≤ K0

n∑
k=0

εk
0

and ∥∥∥x−
∑

i∈E∪E′

(d̃i + εn
0d

′
i)xi

∥∥∥ ≤ εn+1
0 .

As in the proof of Theorem 1.2, we see that d̃i + εn
0d

′
i ∈ Di for i ∈ E ∪E ′, which

completes our assertion.
In order to complete the proof, let (Di) be a sequence of δ0-nets for R with

0 ∈ Di and let F ⊂ N be finite and x ∈ [(xi)i∈F ].
If ‖x‖ ≥ 1, then choose an n ∈ N so that εn

0 < 1/‖x‖ ≤ εn−1
0 . From our

assertion, we can find a
∑

i∈E(di/‖x‖)xi ∈ F bD/‖x‖((xi)) such that∥∥∥∑
i∈E

di

‖x‖
zi

∥∥∥ ≤ K0

n−1∑
k=0

εk
0 ≤ Kz and

∥∥∥ x

‖x‖
−

∑
i∈E

di

‖x‖
xi

∥∥∥ ≤ εn
0 .

Hence ∥∥∥∑
i∈E

dizi

∥∥∥ ≤ Kz‖x‖ and
∥∥∥x−

∑
i∈E

dixi

∥∥∥ ≤ εn
0‖x‖ ≤ 1.

If ‖x‖ < 1, then take di = 0 for all i ∈ F . �

Remark 3.2. We can also obtain the analogue for the bounded version of SCQP
of Theorem 3.1 by replacing F bD((xi)) by F bD((xi)i∈F ).

Acknowledgement. The authors would like to thank the referee for valuable
comments. The second author was supported by NRF-2013R1A1A2A10058087
funded by the Korean Government. The fourth author was supported by Basic
Science Research program through the National Research Foundation of Korea
(NRF) funded by the Ministry of Education, Science and Technology (NRF-
2012R1A1A1006869).

References

1. P.G. Casazza, S.J. Dilworth, E. Odell, T. Schlumprecht and A. Zsák, Coefficient quantiza-
tion for frames in Banach Spaces, J. Math. Anal. Appl. 348 (2008), 66–86.

2. S.J. Dilworth, E. Odell, T. Schlumprecht and A. Zsák, Coefficient Quantization in Banach
Spaces, Found. Comput. Math. 8 (2008), 703–736.

1 Bangmok College of Basic Studies, Myong Ji University, Yong-In, Kyung-Ki
449-728, Korea

E-mail address: kgjo@mju.ac.kr



138 K. CHO, J.M. KIM, S.K. KIM, H.J. LEE

2 Department of Mathematical Sciences, Seoul National University, Seoul
151-747, Korea.

E-mail address: kjm21@kaist.ac.kr

3 Department of Mathematics, Kyonggi University , Suwon 443-760, Korea.
E-mail address: sunkwang@kgu.ac.kr

4 Department of Mathematics Education, Dongguk University - Seoul, Seoul
100-715, Korea.

E-mail address: hanjulee@dongguk.edu


	1. Introduction and the main results
	2. Proofs of Theorems 1.2 and 1.3
	3. Bounded strong coefficient quantizations
	References

