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ABSTRACT. We prove that a dictionary for a Banach space X has the strong
coefficient quantization property if it has the same property when it restricted
on the unit ball of X. We also obtain the same result for the strong net
quantization property.

1. INTRODUCTION AND THE MAIN RESULTS

Dilworth, Odell, Schlumprecht and Zsdk [2] introduced and investigated two
natural coefficient quantization properties in Banach spaces. For € > 0 and ¢ > 0,
a dictionary (z;) for a Banach space X, which means X = [(z;)] := Span(z;), is
said to have the (e, d)-coefficient quantization property ((g,9)-CQP) if

Fs(()ier) = {Znﬁxz in; € Z} is e-dense in [(x;)icr]
el
for every finite F' C N. We say that (z;) has the CQP if (x;) has the (¢, )-CQP
for some ¢ > 0 and 9 > 0. The following second notion is more general than
the CQP. A dictionary (x;) is said to have the (g,0)-net quantization property
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((£,0)-NQP) if
Fs((x;)) :== {anéx, : B C N finite, n; € Z} is e-dense in [(x;)icr]

i€E
for every finite F' C N. We say that (x;) has the NQP if (x;) has the (¢,d)-NQP
for some € > 0 and § > 0. The difference of the two concepts is the support of
the approximants.

One of the main results in [2] is to relax the definitions above by only requiring
that one can approximate each element of the unit ball instead of the whole space.
In the paper, we extend the result to strong quantizatioin versions which were
also introduced in [2]. A dictionary (z;) is said to have the (e, §)-strong coefficient
quantization property ((g,9)-SCQP) if

Fo((xi)ier) == {Zdz% 2 d; € Di} is e-dense in [(x;)icF]
i€F
for every sequence D := (D;) of -nets for R with 0 € D; and for every finite
F C N. The (e,d)-strong net quantization property ((,0)-SNQP) is similarly
defined by replacing the set of the approximants by

Fol(x:) = {Zdixi . E C N finite, d; € Di}.
i€E

The (g, §)-SCQP (resp. (g,§)-SNQP) implies the (g,20)-CQP (resp. (g,2§)-NQP)
because 20Z is a d-net. But it is open whether or not the CQP (resp. NQP)
implies the SCQP (resp. SNQP) [2, Problem 2.14(1), Question 7.1(2)].

We need the similar notations as in [2] for the SCQP and the SNQP to state
our results. Suppose that (z;) has the SCQP (resp. SNQP). The function e,
(resp. €sn) : RT — RT is defined by

£sc(0) (resp. €5,(d)) = inf{~ : (z;) has the (v,0)-SCQP (resp. SNQP)}.

Then by the analogue for the SCQP and the SNQP of [2, Proposition 2.3(a)] the
functions ¢,. and e, are well defined.

For each § > 0, we also define £2,(0) (resp. €,(d)) to be the infimum of those
~ > 0 such that

F5((z:)ier) (vesp. Fp((x;))) is v-dense in Ball([(z;)icr])

for every sequence (D;) of d-nets for R with 0 € D; and for every finite F' C N.
We now have:

Theorem 1.1. Let (z;) be a dictionary for X. The following assertions are
equivalent.

(a) (x;) has the SCQP.

(b) €°.(60) < 1 for some 0y > 0.

(c) There exists a &y > 0 such that £4.(8) = €%,(6) < oo for all 0 < § < &g.

Theorem 1.2. Let (z;) be a dictionary for X. The following assertions are
equivalent.

(a) (x;) has the SNQP.

(b) b (89) < 1 for some 5y > 0.
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(c) There exists a 5y > 0 such that €4,(0) = &5 ,(§) < oo for all 0 < § < dp.

Theorem 1.1, which gives an affirmative answer of [2, Problem 2.14(2)], and
Theorem 1.2, respectively, are strong quantization versions of [2, Theorems 2.4
and 5.3]. The basic arguments of the proofs of Theorems 1.1 and 1.2 are the
same with the one of [2, Theorem 2.4]. Since the proof of Theorem 1.2 is slightly
different from the one of Theorem 1.1, we only prove Theorem 1.2 among them.
In view of the proof of Theorem 1.2, we remark that the ¢y > 0 in (¢) of Theorem
1.2 (resp. Theorem 1.1) is the same as the dp > 0 in (b) of that (resp. Theorem
1.1).

The NQP, even the SNQP, does not imply the CQP (see [2, Theorem 5.10]).
But, in [2, Theorem 5.11], it was shown that a semi-normalized basis has the
CQP if and only if its every subsequence has the NQP for the closed linear span
of the subsequence. We obtain the same result for the SCQP and the SNQP.

Theorem 1.3. Let (z;) be a semi-normalized basis for X. Then (x;) has the
SCQP if and only if every subsequence (x;,) of (x;) has the SNQP for [(xz;,)].

2. PROOFS OF THEOREMS 1.2 AND 1.3
We note that €2 : R* — R is a nondecreasing function.

Proof of Theorem 1.2. (a)=-(b) and (c)=-(a) are clear.
(b)=(c) Choose a t > 0 such that

el (6) < el (d) <t<1

sn

for all 0 < § < d. -
Now assume that 0 < 9,9 < J, satisfy

1
1< =< -,
t

Sl >

Let a > 0 be arbitrary. Let (D;) be a sequence of d-nets for R with 0 € D;
and let ' C N be finite. Let z € Ball([(z;)ier]). Then there exists a y =
i dit; € Fp((x;)) such that |lz — y|| < t. We see that [|(5/6)(z — y)|| < 1
and (D}) = ((6/6)(D; — d;)), where d; = 0 if i ¢ E, is a sequence of J-nets
for R with 0 € Dj. Then there exists a z = »_, p diz; € Fp((;)) such that

1(6/0)(x —y) — 2|| < (1+a)eb (§). It follows that
| (v+22)] < 1+ 3t 3)

To show that y + (§/8)z € F5((x;)), put

z = Z d.z; + Z dix; = Z g(ci—di)xi—i- Z gcﬂi,

i€EBNE i€E)\E i€EoNE i€E0\E
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where ¢; € D;. Then

L
Y 32 ) )
) ) )
= dzﬂfl + = —(Ci — dl)fEl + =G X5
ot s X e 3 o)
1€E\Ep 1€Ey

Thus b (8) < (1 +a)(6/6)e%,(0). Since a > 0 was arbitrary, we have
() _ 2 (0)
o T 9
By exchanging the roles of § and & we also obtain the opposite inequality. We
have shown that

en(0) _ £2,(0)

0 0
for every 0 < 8,0 < d satisfying t < §/6 < 1/t. A simple verification shows that
b is linear on (0, &y].

Now, in order to complete the proof, let § € (0,dy]. Let a > 0 be arbitrary.
Let (D;) be a sequence of d-nets for R with 0 € D; and let ' C N be finite. Let
x € [(z;)ier]|. If [|z|| > 1, then (D;/||z||) is a sequence of ¢/||x|-nets for R with
0 € D;/||z| and §/[|z[| < do. Then there exists a >, p(di/||z|)z:i € Fp ), ((2i))
such that

|-
lzll Sl '

It follows that

<(1+ a>ggn(ﬁ) = (1 @) el (9)

< (1+a)eb (6).

i€l

If ||z]] < 1, then clearly we can find a (1 + a)eb, (§)-approximant of x. Thus
en(0) < (14 ) (6). Since a > 0 was arbitrary, we complete the proof. O

The following corollary is a strong quantization version of [2, Corollary 2.5].

Corollary 2.1. Let (x;) be a dictionary for X. Let 0 < g9 < 1 and 6y > 0. If
for every sequence (D;) of do-nets for R with 0 € D; and for every finite FF C N
we have

Fz((z;)) ts eo-dense in Ball([(x;)ier)),
then for all € > €,
F5((x;)) is e-dense in [(2;)icr]
for every sequence (D;) of dg-nets for R with 0 € D; and for every finite F' C N.
Proof. By the assumption

6bn<5) < gl;n(éo) <eg <1

s
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for all 0 < § < 99. We can apply the proof of Theorem 1.2 replacing t > 0
by e < € < 1 to show that e,,(5) < &b () for all 0 < § < &. In particular,
€sn(00) < €8 (8p) < g9. Hence we obtain the desired conclusion. O

Remark 2.2. We can adapt the proof of Theorem 1.2 to show Theorem 1.1 and
also obtain the analogue for Theorem 1.1 of Corollary 2.1 by replacing F5((x;))

by fﬁ((l’i)z’eF)-

Proof of Theorem 1.3. Since the SCQP is inherited by subsequences, the “only
if” part is clear. In order to show the “if” part, assume that (x;) does not have
the SCQP. We use the argument of the proof in [2, Theorem 5.11] to find a
subsequence of (z;) failing to have the SNQP for its closed linear span.

Let K be the basis constant of (z;) and we may assume that ||x;|| < 1 for all 4.

Step 1. For every ¢ > 0, there exists Ms; C N such that (x;);enr, does not have
the (1,5)-SNQP.

See the proof of Claim 1 in that of [2, Theorem 5.11] for the proof of Step 1.

Step 2. For every n € N, there exists a sequence (D; ,,); of 1/n-nets for R with
0 € D; such that for some finite F,, C [n + 1,00) and some y, € [(z;)icr,], we
have ||y — y| > 2K for all y € F5- ((%i)icF, )-

Proof of Step 2. Fix n € N. By Step 1 there exists M,, C N such that (x;);cnr,
does not have the (2K + 1,1/n)-SNQP. Thus there exists a sequence (D;) of 1/n-
nets for R with 0 € D; such that for some finite £, C M, and z, = ), a;z;,
we have ||y — z,|| > 2K + 1 for all y € F5((2:)iem, )-

Put w, = zu|[.m), Yn = Znlnt1,00), and F, = E,N[n+1,00). Fori € E,N[1,n],
choose d; € D; so that |a;—d;| < 1/n. Let yo = > d;x;. Then ||w,—yol|| <
1, hence we have that for all y € F5((2;)icr,)

1€[1,n]NEy

Hy_ynH
> lyo +y — znl| = [Jwn — wo|| > 2K +1 — 1 = 2K.

For each k =0,1,2,---, let (D;,); be the sequence of 1/ni-nets, finite F,,, C
[nk +1,00), and y,, € [(l'z)zepnk] in Step 2, where ng = 1 and max F,,, = ny41.
Put M = Ukzo F,,. Then we have

Step 3. (z;)ienm does not have the SNQP.
Proof of Step 3. Suppose that (x;);cps has the (g,0)-SNQP for some £ > 0 and

d > 0. Then we see that for some dy > 0 (x;);enr has the (1,1/n)-SNQP for all
n € N with 1/n < d.
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Choose k so that 1/nj < . Then there exists a y € F5~ ((2;)icnmr) such that
Nk
1y = yn, || < 1. Thus

1 Pr, ¥ = Yni | = 1 Pro, (¥ — yn ) || < 2K,

where Pr, is the projection from X onto [(2i)icr, |- This is a contradiction
because Pr, y € Fp ((zi)ier,, ). O

3. BOUNDED STRONG COEFFICIENT QUANTIZATIONS

In [1, Definition 4.1], a bounded version, which is associated to frames for
Banach spaces, of the NQP was introduced. We introduce a stronger notion of
that as in the previous concept. Let Z := (2;) be a sequence in a Banach space
Z. Fore > 0,6 >0 and K; > 0, a dictionary (z;) for X is said to have the
(g,0, K3)-strong net quantization property ((e,d, K3)-SNQP) if for every sequence
(D;) of d-nets for R with 0 € D;, for every finite ¥ C N and = € [(x;);ecr], there
exists a ) .. p dixr; € Fp((x;)) such that

Sl < K _ .
H Zdzzl , S K:||z]| and Hx Zdle
i€R i€ER

We similarly define the (e, §, K3)- strong coefficient quantization property ((e, 9, K3)-
SCQP) replacing the set F5((x;)) by Fp((@i)icr)-
We now obtain a strong quantization version of [1, Proposition 4.2].

<e.
X

Theorem 3.1. Let (z;) be a sequence in Z and (x;) a dictionary for X. For
0 < e <1, 6 >0, and Ky > 0, if for every sequence (D;) of dg-nets for
R with 0 € D;, for every finite F C N and x € Ball([(z;)ier|), there exists a
Y oicr divi € Fp((x;)) such that

)Zdizi < Ko and H:z: — Zdixi
icE icE

then (z;) has the (1,00, K;)-SNQP, where K; = KoY~ €.

S €0,

Proof. This proof is very similar to the proof of [I, Proposition 4.2]. First, for
every n € N and § < g0y, we assert that for every sequence (D;) of J-nets
for R with 0 € D;, for every finite ' C N and = € Ball([(z;)er|), there exists a
Y icp divi € Fp((x;)) such that

n—1
HZCZZZZ SK()Z&TIS and HI—Zdz(L’z
i€l k=0 i€l

From our assumption, the assertion follows for the case n = 1.
Now we assume that the assertion is true for n € N. Let § < €(dy. Let
(D;) be a sequence of é-nets for R with 0 € D; and let F' C N be finite and

x € Ball([(z:)ier]). Since § < ef~'dy, we can choose 3, dix; € Fp((z;)) such

that »
S k=0 S

< &p.

<eg-
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Since ;" ||z — >, eEal z;|| < 1and (5™(D; — dy)) (d; = 0if i € E) is a sequence
of dg-nets for R with 0 € £, (D; — d;), by our assumption, for some finite £' C N
we can find a d, € eg™(D; — d;) for i € E' (d! = 0 if i ¢ E')such that

ek’ ick ek’

Hence we have that

< gg.

< K, and ’

H 3 (di+ )z

1€EUE’

and
Hx— S (i +epdya|| < gt
1€ EUE!

As in the proof of Theorem 1.2, we see that d; + egd, € D; for i € EU E’, which
completes our assertion.

In order to complete the proof, let (D;) be a sequence of dp-nets for R with
0 € D; and let F' C N be finite and x € [(x;)icr].

If ||z|]] > 1, then choose an n € N so that ¢§ < 1/||z|| < ¢;~'. From our
assertion, we can find a >, p(di/||z[))z; € Fp ), ((2:)) such that

1
d:

< K, ed < K, and Hi— —x;
HZ BE Z 9 ERA

Hence
HZd z|| < K,||z|| and Hx—dez <eggllz|| < 1.
ick
If ||z]] < 1, then take d; =0 for all i € F. O

Remark 3.2. We can also obtain the analogue for the bounded version of SCQP
of Theorem 3.1 by replacing F5((x;)) by Fp((2i)icr)-
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