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A STUDY ON ABSOLUTE FACTORS FOR A TRIANGULAR
MATRIX

(DEDICATED IN OCCASION OF THE 65-YEARS OF
PROFESSOR R.K. RAINA)

W. T. SULAIMAN

ABSTRACT. In this paper a result concerning summability factors theorem for
lower triangular matrices is presented. This result generalized and extend the
result of Savas [I].

1. INTRODUCTION

Let T = (tny) be a lower triangular matrix, (s,) be the sequence of the n-th
partial sums of the series > a,,, then, we define

T, = Ztnvsv. (1.1)
v=0
A series Y a,, is said to be summable | T' |, k > 1, if
> nFT AT, F< . (1.2)
n=1

One of the most interesting cases of | T' |-summability is the case when T is chosen
to be the Cesaro matrix. That is by putting

a—1
_ An—v

r 1
toy = =01, ., Ar = _LEatD
Ap

" T+ 1)I'(n+1)’

Given any lower triangular matrix 7" one can associate the matrices T and f, with
entries defined by

n
Env = Ztnz y and 1 = 07 172a ey %\nv = %nv - En—l,va

=0
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respectively. With s,, = Z?:o a;\;, we define and derive the following

n n v n n n
ty = Ztnvsv = Ztnu ZazAz = Za”)\z Ztnv = meaz)\l, (13)
v=0 =0 =0 v=1t =0

v=0
n n—1 n
Y, =t, —th1 = Ztmaz')\z' - Z tn—1,i0i\; = me‘ai)m astp—1, =0. (1.4)
i=0 i=0 =0
n
X, i=Up — Up_1 = Zamaiui. (1.5)
i=0

We call T a triangle if T is lower triangular and t,,, # 0 for all n. A triangle A is
called factorable if its nonzero entries a,,, can be written in the form b,,c,, for each
m and n. Recall that #,, = tn,. We also assume that (pn) is a positive sequence
of numbers such that

P,=po+p1+..+pn = 00, asn — oco.

A positive sequence (a,) is said to be almost increasing if Ab, < a, < Bb,,
where (b,,) is a positive increasing sequence and A and B are positive constants

(see [).

A positive sequence () is said to be quasi f—power increasing sequence if there
is a constant K = K(f,7) > 1 such that Kn®~, > m?,, holds for all n. > m > 1.
It should be mentioned that every almost increasing sequence is quasi S—power in-
creasing sequence for any 8 > 0, while the converse need not be true as for example
Yo =n"" 5 >0.

Here we generalize the quasi S-power increasing sequence by giving the following.
Definition.
A sequence (¢y,) is said to be quasi (8 — y)—power increasing sequence if there
exist K = K(B,7) > 1 such that Kn®(logn)?¢, > mP(logm)¥é,, holds for all
n>m > 1,7 > 0. Clearly quasi (8 —0)—power increasing sequence is the quasi f—
POWer increasing Sequence.

The series Y a, is said to be summable | R, p,, |k, k > 1, if

o0
Z:nk*1 | 00 — Op—1 |k< 0,

n=1

where
1 n
Op = Fn vz:(:)pvsv-

The (C,1)—mean of the sequence (f,) is equal to n%rl You_o fu, and we said that
f(n) =0(g(n)) if lim,,_, % =k < o0.

Very recently, Savas [I] proved the following theorem.
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Theorem 1.1. Let A be a lower triangular matriz with nonegative entries such
that

(i) @o = 1,n=0,1, ...,

(’”) Gp—1,v 2 Any fOT n Z v+ 17

(iit)nan, = O(1),1 = O(nan,),

(7"")22;11 Aoy | Gnpt1 [= Oann).

Let tL denote the n—th (C,1) mean of (na,). If

()5 o | A [FI 2 = O(1),

(W)Yo | v [ AN, [ £ 1= O(1),

then the series > anA, is | A | summable, k € N.

The aim of this paper is to give the following three improvements to the previous
result (see Theorem 2.):
1. The lower triangular matrix we assumed is not restricted to nonnegative entries.
2. The kind of summability we obtained is | 4,0 |, > 0, in which | A [,=] 4,0 |,
and k is not restricted to integers but k € [1, 00).
3. An extension is made by assuming further hypothesis.

2. RESULTS.

The following is our main result.

Theorem 2.1. Let T be a lower triangular matriz, t,, denote the n—th (C,1) mean
of the sequence (na, ), and let (A\,) be a sequence of numbers such that T, t,, A, are
all satisfying

n | tnn |: 0(1)7 1= O(’I’L | tnn |)7 (21)
n—1
> tow | oo [= Ol tan 1), (2.2)
v=1
n—1
Z | tyo || tn,v+1 ‘: O(| tnn ‘)7 (23)
v=1
Z nék |?nv |: O(Uék)a (24)
n=v+1
n—1
v=1
> 0% Ayt [= O |t |), (2.6)
n=v+1
Zvék | tow || o \k\ Ay |k: O(1), (2.7)
v=1
ZUM | L |k| tov |17k| AX, |k: o(1), (2.8)

v=1
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then the series Y apAy, is summable | T,0 |,k > 1,5 > 0.
Furthermore if (X,,) is a quasi (8—)—power increasing sequence, 0 < 3 < 1,y > 0,
and if (Bn) is a sequence of numbers satisfying

AN, < P, (2.9)

Brn = 0as n — oo, (2.10)
niln | ABn | X < o0, (2.11)
| A | X = O(1), (2.12)

M 0k—1 |tv ‘k:

v=1

then the conditions and (2.8) are omitted in order to obtain the | T,8 |
—summability of > anAy.

Proof of Theorem [2.1l We have

n n i
" tnv>\v
Y, = E tnoApQy = E Vy
v=0 v=1 v

B> ()

n—1
1 ~ 1 ~ 1
= Z(U + ]-)tv ( tnv)‘v + 7Atnv)\v + n +
— v(v+1) v+1

v+1

%\n,v+1A)\v) + tntnn>\n

i n+1
- E (tvtnv)\v + thvtnvAv + tvtn,erlA)\v) + tntnn)\n
v n
v=1

=Yp1 + Yn2 + YnS + Yn4-

In order to prove the Theorem, by Minkowski’s inequality, we have to show that

n5k+kfl | Y.

n

i|F<oo, j=1,2,34.

NE

n=1
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By Holder’s inequality

n—1

[eS) ) 1
Zn6k+k—l | Y, |k _ Zn6k+k_l | Z “tolnode |k
n=2 n=2 v=1 v

INA
gt

] n—1
0(1) Znék(n | tan Dk_l Zv_k | tow ‘1_k| ty |k| (= Il Ao |k
n=2 v=1

o0 o0
= O(l)Zv_k | tow |1_k| 28 |k| Av |k Z no* |tA7w |
v=1 n=v-+1

= O(l)zv6k_k | tow |1_k‘ ty |k| Ay |k

v=1
= O(l)zvék | tow || to |k| Av |k: (1),
v=1
in view of (2.2) and (2.7).

oo ) n—1
Zn5k+k71 | Y0 |k _ Zn6k+k71 | Zthvtm))\v |k
n=2 v=l

[\v)

3

S n—1 n—1 k-1
< N B At | A F (Z | Ayt |>
v=1 v=1

oo n—1
=0(1) Znék(n | tan ‘)1%1 Z | to |k| Ayt Il Aw |k

n=2 v=1
0o 00

=0M)> It [F1 A [F D 0 | Ayt |
v=1 n=v+1

=0(1) Zvék | tow || o |k\ Av |k: o(1),

- S k—1
O TEL S [F ] by B B (] A [ (Z | tow 1] Tao I)
= v=1
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in view of (2.5), (2.6) and (2.7).

00 00 n—1

Z n6k+k—1 I Yn3 |k _ Zn5k+k—1 | Ztvtn,erlA)\v |k
n=2 n=2 v=1

o n—1 n—1 k—1
< Zn6k+k_1 Z | ty ‘k‘ 2 ‘1_k| tnot1 || AXy |k (Z | toy || tnot1 |>
n=2 v=1 v=1

o] n—1
=0(1) Znék(n | ton Dk_l Z |t |k| 2 |1_k| tAn7v+1 Il Ay Ik
o0
Zm | too 751 AN Y 0 g |
n=v+1

Zvék | t |k| too |1_k‘ AN, |k: O(1),

in view of (2.3| ., and ( .

n+1
Zn6k+k 1‘Y Z Sk+k— 1‘ tntnn n|k

n=2

n6k+k—1 | tn ‘k| tnn |k| )\n ‘k

Mg

=0(1)

Il
—

n

n’* | ton || tn |k| An |k: O(1),

NE

=0(1)

I
-

n

in view of (2.7)).

In order to complete the proof the rest, it is sufficient to show that

ZUM | too || to |k| Ay |k: 0(1),
v=1

Zqﬁk |ty [F] too P75 AN, [F= O(1).
v=1

Now,
~ ok k k o P k—1
ZU | oo [t [ Aw | :O(I)Z?va | A "7 A |
v=1 v=1 v
,UcSlcfl ‘t |k
=0(1) A
v=1 Xy
m—1 v 7"6]971 ‘tr ‘k: m 5k 1 |tv |
=0M 3 (2 | 1AM 1400 | 0= | 1A
v=1 r=1 r v=1
m—1
=0(1) ) Xo| AN [+0(1) X | A |
v=1
m—1

=0(1) Y XuBy +O0(1) X0 | A |= O(1).
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m m
D 0 [ty [F] tow [FF AN [F = 0(1) > 0 g, L AN, [P
v=1

v=1

v=1
m0k—1 Ity |F
_O(l)vz1 P e
m—1/ v 5k—1 k mo o §k—1 k
T tr v ty
—om S (B p A o) (305 e ) g,
v=1 \r=1 XT v=1 X”
=0(1) Y XyBy +0(1) Y _vX, | ABy [ +O(1)mX
v=1 v=1
=0(1).

This completes the proof of the Theorem.
Recalling Lemma 2.2 and its proof.

Lemma 2.2. Let (X,,) be a quasi ( — v)—power increasing sequence, 0 < ff <

1,v > 0, then the conditions and implies

D BuXn < o0 (2.14)
n=1
nBnX, < 0o. (2.15)

Proof. Since 3, — 0, then AB,, — 0, and hence
n=1 n=1 v=n v=1 n=1

(o) v
= Z | ABy | Znﬁ(logn)'YXnn*ﬁ(log n)~"
v=1 n=1

=0(1)> | ABy | vP(logv)" X, Y n~?(logn) ™

v=1 n=1
o0 v

=0(1) Z | AB, | vP(logv)7 X, er(logn)_"’n_ﬁ_e, O<e<f+e<l

v=1 n=1

=0(1) Z | AB, | v*(log v)” X,v¢(log v) ™" Z n=Pe
v=1 n=1

=0(1)> | AB, | vﬁ+fxv/0 z P Cdx
v=1

=0(1) ) [ A, [ v X v P
v=1

= O(].) Z'U | AB, | Xy = O(l),

v=1
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in view of (2.11)).

=n'"P(logn) "n’(logn)" X, Z | AB, |

<n'=P(logn)~" Z v? (logv) "X, | AB, |

n=uv

< Zvl_ﬂ(log v) 7 X,0" (logv) X, | AB, |

n=v

= iva | AB, |< o0,

n=v

in view of (2.11)). O

Corollary 2.3. Let (p,) be a positive sequence such that P, = > \'_ip, — 00,1ty
denote the n—th (C,1) mean of the sequence (nay), and let (\,) be a sequence of
numbers such that pp,t,, A, are all satisfying

np, = O(P,), P, = O(npy), (2.16)
ok Pn _ Sk
Z PP O/ Py-1), (2.17)
n=v+1
SR B, F A F= 0(), (2.18)
v=1 v
00 P k—1
> v (p) | t, [F| AN, [F=0(1), (2.19)

v=1
then the series Y apA, is summable | R, p, |k, k > 1,8 > 0.
Furthermore if (X,) is a quasi (8—-)—power increasing sequence, 0 < < 1,7 >0,

and if (Bn) s a sequence of numbers satisfying (@) ' then the conditions
(-) are omitted in order to obtain the | R, py, |k —summability of Y anAn.

Proof. The proof follows from Theorem 2.1 by putting T' = (R, p,,), that is

Pv pnpv—l n PnDPv
t, =2V P EnTvTl oA} i
nv Pn b) nv PnPn71 b vi¥nu PnPn71
O
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