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KENMOTSU PSEUDO-METRIC FINSLER STRUCTURES

A. FUNDA SAĞLAMER, NURTEN KILIÇ∗, NESRIN ÇALIŞKAN

Abstract. The objective of this article is to introduce (almost) Kenmotsu

pseudo-metric Finsler structures and obtain some integrability(normality) con-
ditions for these structures. Also, many significant results for the curvatures of

indefinite Kenmotsu Finsler manifolds are acquired. Finally, Kenmotsu struc-

tures on indefinite Finsler manifolds are compared with Riemannian case.

1. Introduction

As well known, after the publication of Finsler’s dissertation about surfaces and
curves, a lot of articles have been dedicated to Finsler manifolds. Indefinite Ken-
motsu manifolds have been investigated by Massamba [10],[11] and Aktan [1]. Also,
Prasad and Pandey [15] have analyzed the topic in ”An Indefinite Kenmotsu Man-
ifold Endowed with Quarter Symmetric metric connection.” Miron [13] presented
a complicated approach about the research of Finsler geometry of vector bundles.
Almost Kenmotsu pseudo-metric manifolds have been studied by Wang Y. Liu X.
[19]. On the other hand, there are few papers dealing with the indefinite Finsler
manifolds, see, for example, [3], [4], [8], [9]. To the best of our knowledge, especially,
Kenmotsu structures on indefinite Finsler manifolds have not been studied before
in the literature. So, in this paper we introduce (almost)Kenmotsu structures on
indefinite Finsler manifolds and obtain some results for these structures.
The paper is put in order as following: after introduction, in second section, we
give some preliminaries. Let M be a (2n + 1)-dimensional manifold, then we de-
fine F 2n+1 = (M,M0, F ∗) indefinite Finsler manifold with fundamental function

F ∗ on M0 = TM \ θ(M) vector bundle, where F ∗ is described as gij = 1
2
∂2F∗

∂yi∂yj

quadratic form g with index of q is a pseudo-Finsler metric. Besides, horizontal
vector bundle (TM0)H (non-linear connection) and vertical vector bundle (TM0)V

of F 2n+1 are determined. Then, Finsler connection, tensor field, the operator of
h-covariant derivation and v-covariant derivation and differential form on M0 are
given. Finally, Finsler curvatures are described.
In third section, we use distribution of M0 = (M0)h ⊕ (M0)v. By this way, we
describe (φH , ξH , ηH , GH) almost Kenmotsu pseudo-metric Finsler structure on
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Submitted March 28, 2019. Published April 24, 2019.
Communicated by K.L. Duggal.

12



KENMOTSU STRUCTURES 13

(M0)h horizontal vector bundle and (φV , ξV , ηV , GV ) almost Kenmotsu pseudo-
metric Finsler structure on (M0)v vertical Finsler vector bundle. Hence,
((M0)h, φH , ξH , ηH , GH) and ((M0)v, φV , ξV , ηV , GV ) are called almost Kenmotsu
indefinite Finsler manifolds. Pseudo-Riemannian metric with index of 2q on M0 is
defined as below,

G = gF
∗

ij dx
i ⊗ dxj + gF

∗

ij δy
i ⊗ δyj = GH +GV

and it is named as Sasaki Finsler metric. gF
∗

is a pseudo-Finsler metric with index
of q of indefinite Finsler manifold. Shortly, gF

∗
can be considered as a pseudo

Riemannian metric on the Finsler vector bundles (TM0)H and (TM0)V . Then,
we give the normality conditions of (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) almost
Kenmotsu pseudo-metric Finsler structures on (M0)h and (M0)v Finsler vector
bundles, respectively. For dΩ = η ∧ Ω second fundamental form, (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) Kenmotsu pseudo-metric Finsler structures are described as
below:

(∇HXφ)Y H =
1

2
{εGH(φXH , Y H)ξH − ηH(Y H)φXH},

(∇VXφ)Y V =
1

2
{εGV (φXV , Y V )ξV − ηV (Y V )φXV }.

Then, ∇HXξH = − 1
2φ

2XH , ∇VXξV = − 1
2φ

2XV , (∇HXηH)Y H = Ω(φXH , Y H),

(∇VXηV )Y V = Ω(φXV , Y V ).
In fourth section,we find curvatures of indefinite Kenmotsu Finsler manifolds. Lo-
cally symmetric ((M0)h, φH , ξH , ηH , GH) and ((M0)v, φV , ξV , ηV , GV ) indefinite
Kenmotsu Finsler manifolds have constant curvatures − ε4 . If ξH and ξV are time-

like, then the curvature is 1
4 . (If ξH and ξV are space-like, then the curvature

is − 1
4 .) Finally, we find SH horizontal Ricci tensor and SV vertical Ricci tensor

of indefinite Kenmotsu Finsler manifold. As a conclusion, we compare indefinite
Kenmotsu structures with Riemannian case.

2. Some Preliminaries

We recall brief information about indefinite Finsler manifolds in this section.

2.1. Indefinite Finsler Manifolds. Let M be a real smooth manifold with
(2n+ 1)- dimensional and TM be the tangent bundle of M . A coordinate system
in M is referred by {(U,ϕ) : x1, ..., x2n+1}, where U is an open subset of M ; for
any x ∈ U ϕ : U → R2n+1 is a diffeomorphism of U to ϕ(U) and (x1, ..., x2n+1) =
ϕ(x). Denote by π the canonical projection of TM on M and by TxM the fibre
at x ∈ M , TxM = π−1(x). The coordinate system {(U,ϕ) : xi} in M describes
a coordinate system {(U∗,Φ) : x1, ..., x2n+1, y1, ..., y2n+1} = {(U∗,Φ) : xi, yi} in
TM , where U∗ = π−1(U) and for any x ∈ U and yx ∈ TxM Φ : U∗ → R4n+2 is
a diffeomorphism of U∗ on ϕ(U)×R2n+1 and (x1, ..., x2n+1, y1, ..., y2n+1) = Φ(yx),
[9]. Let M0 be a nonempty open submanifold of TM such that π(M0) = M and
θ(M)∩M0 = ∅, where θ is the zero section of TM . Assume that for any k > 0 and
y ∈M0

x ,M0
x = TxM ∩M0 is a positive conic set, we have ky ∈M0

x . Obviously, the
largest M0 holding the above circumstances is TM \ θ(M), ordinarily taken for the
description of a Finsler manifold. Now, we deal a smooth function F ∗ : M0 → R and
be F ∗ = F 2. Also, assume that {(U0,Φ0) : xi, yi} in M0 the following conditions
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are satisfied for any coordinate system.
(F1∗) F ∗ is positively homogeneous of degree two with respect to (y1, ..., y2n+1) ,
we get,

F ∗(x1, ..., x2n+1, ky1, ..., ky2n+1) = k2F ∗(x1, ..., x2n+1, y1, ..., y2n+1) (2.1)

for all (x, y) ∈ Φ0(U0) and k > 0.
(F2∗) At all point (x, y) ∈ Φ0(U0),

gij =
1

2

∂2F ∗

∂yi∂yj
, i, j ∈ {1, 2, ..., 2n+ 1} (2.2)

are the components of a quadratic form on R2n+1 with (2n+ 1)− q positive eigen-
values and q negative eigenvalues for 0 < q < 2n + 1. In this state, F 2n+1 =
(M,M0, F ∗) is called an indefinite Finsler manifold of index q. Particularly, if
q = 1, F 2n+1 is called a Finsler manifold with Lorentzian signature [9].

2.2. Vectorial Finsler Connections and Curvatures. Consider the structure
of F 2n+1 = (M,M0, F ∗) an indefinite Finsler manifold of index q. Then, the
tangent mapping π∗ : TM0 → TM of the submersion π : M0 →M and describe the
vector bundle (TM0)V = kerπ∗. As locally πi(x, y) = xi, we obtain πi∗(

∂
∂xj ) = δij

and πi∗(
∂
∂yj ) = 0, on a coordinate neighbourhood U0 ⊂M0. Thus, { ∂

∂yi } is a basis

of Γ(TM0|U0)V . We call (TM0)V the vertical vector bundle of F 2n+1.
Locally, we have XV = Xi(x, y) ∂

∂yi where Xi are smooth functions on U0 on a

coordinate neighbourhood U0 ⊂ M0. Afterwards, we note by (T ∗M0)V the dual
vector bundle of (TM0)V . Thus, a Finsler 1-form is a smooth section of (T ∗M0)V .
Assume {δy1, ..., δy2n+1} is a dual basis to { ∂

∂y1 , ...,
∂

∂y2n+1 }, i.e, δyi( ∂
∂yj ) = δij .

Then each w ∈ Γ(T ∗M0)V is locally showed as wV = wi(x, y)δyi where wi(x, y) =
w( ∂

∂yi ) [9].

A complementary distribution (TM0)H to (TM0)V in TM0 is said a non-linear
connection or a horizontal distribution on M0. Thus we can write

TM0 = (TM0)H ⊕ (TM0)V . (2.3)

The set of the local vector fields { δ
δx1 , ...,

δ
δx2n+1 } is a basis in Γ(TM0|U0)H . Thus

we have
δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
. (2.4)

Let X be a vector field on M0. Then,

X = Xi(x, y)
δ

δxi
+ X̃i(x, y)

∂

∂yi
, 1 ≤ i ≤ 2n+ 1 (2.5)

is obtained. Clearly, for X̃i(x, y) = 0, we get the subbundle of (M0)h ⊂M0 and for
Xi(x, y) = 0, we obtain the subbundle of (M0)v ⊂ M0. Suppose {dx1, ..., dx2n+1}
is a dual basis to { δ

δx1 , ...,
δ

δx2n+1 }, i.e, dxi( δ
δxj ) = δij . Then each w ∈ Γ(T ∗M0)H is

locally written as wH = w̃i(x, y)dxi where w̃i(x, y) = w(dxi) and w̃i = wi −N j
i wj .

Thus we can write

δyi = dyi +N i
j(x, y)dxj . (2.6)

Consider a w 1-form, then
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w = w̃i(x, y)dxi + wi(x, y)δyi. (2.7)

Then wH(XV ) = 0, wV (XH) = 0 where w = wH +wV . The Finsler tensor field

of type

(
p r
q s

)
has the following local form on M0

T = T
i1...ip,a1...ar
ji..., jq,b1...bs

(x, y)
δ

δxi1
⊗...⊗ δ

δxip
⊗dxa1⊗...⊗dxar⊗ ∂

∂yj1
⊗...⊗ ∂

∂yjq
⊗δyb1⊗...⊗δybs

(2.8)
[9].

Definition 2.1. A Finsler connection is called a linear connection ∇ = FΓ with the
horizontal (vertical) linear space (T(x,y)M

0)H , (x, y) ∈ M0 ((T(x,y)M
0)V , (x, y) ∈

M0) of the distribution N parallel to ∇ [12].

A linear connection ∇ on M0 is a Finsler connection if and only if

(∇XY H)V = 0, (∇XY V )H = 0,

∇XY = (∇XY H)H + (∇XY V )V (2.9)

for all X,Y ∈ T(x,y)M
0.

∇Xw = (∇XwH)H + (∇XwV )V ,

for all w ∈ T ∗(x,y)M
0.

Remark. Let ∇ on M0 is a Finsler connection. We have directly following state-
ments.

Y ∈ (T(x,y)M
0)V ⇒ ∀X ∈ T(x,y)M

0;∇XY ∈ (T(x,y)M
0)V ,

Y ∈ (T(x,y)M
0)H ⇒ ∀X ∈ T(x,y)M

0;∇XY ∈ (T(x,y)M
0)H . (2.10)

Definition 2.2. There is an associated pair of operators called h- and v- covariant
derivation in the of Finsler tensor fields algebra for a Finsler connection ∇ on M0.
For every X ∈ T(x,y)M

0,

∇HXY = ∇XHY,∇HXf = XH(f),∀Y ∈ T(x,y)M
0,∀f ∈ =(M0). (2.11)

If w ∈ T ∗(x,y)M
0, we define

(∇HXw)(Y ) = XH(w(Y ))− w(∇HXY ),∀Y ∈ T(x,y)M
0. (2.12)

Then, it is called the operator of h-covariant derivation.
Similarly,

∇VXY = ∇XV Y,∇VXf = XV (f),∀Y ∈ T(x,y)M
0,∀f ∈ =(M0) (2.13)

for each vector field X ∈ T(x,y)M
0.

If w ∈ T ∗(x,y)M
0 we define

(∇VXw)(Y ) = XV (w(Y ))− w(∇VXY ),∀Y ∈ T(x,y)M
0. (2.14)

We extend the action of ∇VX to any Finsler tensor field in a equivalent way, as
for ∇HX . Then, on M0 we obtain an operator on the algebra of Finsler tensor fields;
it is noted by ∇VX and called the operator of v- covariant derivation [2].
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Definition 2.3. Consider w ∈ T ∗(x,y)M
0 a differential q-form, ∇ is a linear con-

nection on M0 and T is the torsion of ∇. Then, its exterior differential dw is also
described as

dw(X1, ...Xq+1) =

q+1∑
i=1

(−1)
i+1

(∇Xi
w)(X1, ...X̂i, ...Xq+1)

−
∑

1≤i≤j≤q+1

(−1)
i+j

w(T (Xi, Xj), X1, ..., X̂i, ..., X̂j , ..., Xq+1)

(2.15)

where ∀Xi ∈ T(x,y)M
0 [16].

Proposition 2.4. If ∇ is a Finsler connection and w ∈ T ∗(x,y)M
0 is a 1-form on

M0, then its exterior differential is written by

dw(XH , Y H) = (∇HXw)(Y H)− (∇HY w)(XH) + w(T (XH , Y H)) (2.16)

dw(XV , Y V ) = (∇VXw)(Y V )− (∇VY w)(XV ) + w(T (XV , Y V )) (2.17)

where ∀X,Y ∈ T(x,y)M
0.

The Curvature of a Finsler Connection∇ is referred with the following equations,

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z = RH(X,Y )ZH +RV (X,Y )ZV

(2.18)
where ∀X,Y, Z ∈ T(x,y)M

0 [2].

Theorem 2.5. The curvature of a Finsler connection ∇ on T(x,y)M
0 is totally

given with the following Finsler tensor fields equations ,

R(XV , Y V )ZV = ∇VX∇VY ZV −∇VY∇VXZV −∇[XV ,Y V ]Z
V

R(XH , Y H)ZH = ∇HX∇HY ZH −∇HY ∇HXZH −∇[XH ,Y H ]Z
H . (2.19)

Let (R, F1) and (N2n, F2) be indefinite Finsler manifolds with their Cartan con-
nections∇1 and∇2 and let f : R→ R+ be a smooth function. Let p1 : R×N2n → R
and p2 : R × N2n → N2n. We consider the product manifold R × N2n = M2n+1

endowed with the pseudo-Riemannian metric F ∗ : R0 × (N0)2n → R, F ∗(v1, v2) =
F 2

1 (v1) + f2(π1(v1))F 2
2 (v2), where R0 = TR \ θ, (N0)2n = TN2n \ θ, we denote

this warped product by R ×f N2n, we show that (R ×f N2n, F ∗) is an indefinite
Finsler manifold. The canonical projection π1 gives rise to the vertical bundle
(V1, dπ1, TR), where V1 = ker(dπ1) and dπ1 : TTR → TR. The canonical projec-
tion π2 gives rise to the vertical bundle (V2, dπ2, TN

2n), where V2 = ker(dπ2) and
dπ2 : TTN2n → TN2n.
Now we have that

dπ1 × dπ2 = d(π1 × π2) : TTR× TTN2n = TTR× TN2n

and
Kerd(π1 × π2) = kerdπ1 ⊕ kerdπ2.

It follows that the vertical space of the manifold R×N2n = M2n+1, V = V1⊕V2,
so the pseudo-Riemannian metrics g1 and g2, defined on V1 and V2, that is,

GV = gV1
1 + f2(π1(v))gV2

2
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G(XV , Y V )(v,w) = f2(π1(v))g2(XV
w , Y

V
w )

where v ∈ TR, w ∈ TN2n and π1(v) ∈ R. This term is constant on leaves. Thus,

ZG(XV , Y V )(v,w) = 2fZ(f(π1(v)))g2(XV
w , Y

V
w ) = 2fZf(π1(v))

1

f2(π1(v))
G(XV , Y V )(v,w).

From these relations, we have that

ZVG(XV , Y V ) = 2(
ZV f

f
)G(XV , Y V ).

Now, let H1 and H2 be the horizontal space with respect to the Cartan connec-
tions ∇1 and ∇2 on the Finsler manifolds (R, F1) and (N2n, F2), resp. We get the
direct-sum decomposition

TT (R×N2n) = TTM2n+1 = TTR⊕ TTN2n = V1 ⊕H1 ⊕ V2 ⊕H2.

The Finsler metrics, F1, F2 on the manifolds R and N2n, resp., generate the
Riemannian metrics g1 and g2 on the horizontal spaces H1 and H2, resp. Finally,
these Riemannian metrics generates a pseudo-Riemannian metric on T (TR×TN2n).
It follows that we work mostly on the direct sum H1 ⊕H2. The direct sum of the
liftings of H1 and H2 to the TTR× TTN that is,

G(XH , Y H)(v,w) = f2(π1(v))g2(XH , Y H).

This term is constant on leaves. Thus,

ZHG(XH , Y H)(v,w) = 2fZH(f(π1(v)))g2(XH
w , Y

H
w ) = 2(

ZHf

f
)G(XH , Y H).

Proposition 2.6. Consider F 2n+1 = (M,M0, F ∗) an indefinite Finsler manifold
with the warped product space M2n+1 = R ×f N2n. We assume that (N0)2n =

TN2n \ θ is a Kahlerian pseudo-metric manifold and f(t) = ce
t
2 . For the almost

Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV )
on (M0)h and (M0)v, resp., the 1-forms ηH , ηV and the second fundamental forms
ΩH , ΩV hold the following conditions:

dηH = dηV = 0, dΩH = ηH ∧ ΩH , dΩV = ηV ∧ ΩV , dΩ = η ∧ Ω, dη = 0.

Proof. Let G = GH + GV : TTM × TTM → =(TM) and G2 : TTN × TTN →
=(TN) are Sasaki metrics.

G(X,φY ) = G(XH +XV , φY H + φY V ) = f2(π1(v))G2(X,φY )

= f2(π1(v))G2(XH +XV , φY H + φY V ),

G(XH , φY H) +G(XV , φY V ) = f2(π1(v))[G2(XH , φY V ) +G2(XV , φY H)],

Ω(XH , Y H) + Ω(XV , Y V ) = f2(π1(v))[Ω∗(XH , Y V ) + Ω∗(XV , Y H)]

where Ω∗ is the second fundamental form with respect to Kahlerian metric G2 on
Kahler vector bundle TN . That is dΩ∗ = 0. Thus we have
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dΩ(XH , Y H) + dΩ(XV , Y V ) = 2f(t)f ′(t)dt ∧ [Ω∗(XH , Y V ) + Ω∗(XV , Y H)]

dΩH + dΩV = (
2f ′

f
)dt ∧ [ΩH + ΩV ]

f(t) = e
t
2 → 2f ′(t)

f(t)
= 1

and

dt = η, dηH = dηV = 0, dΩH = ηH ∧ ΩH , dΩV = ηV ∧ ΩV , dΩ = η ∧ Ω, dη = 0

�

3. Kenmotsu Pseudo-metric Finsler Structures

In our main results, we present almost Kenmotsu and Kenmotsu structures on
indefinite Finsler manifolds. Then, we acquire some integrability or normality con-
ditions for these structures.

3.1. Almost Contact Finsler Structures. Consider tensor field φ, 1-form η and
vector field ξ on M0, as follows:

φ = φH + φV = φij(x, y)
δ

δxi
⊗ dxj + φ̃ij(x, y)

∂

∂yi
⊗ δyj (3.1)

η = ηH + ηV = ηi(x, y)dxi + η̃i(x, y)δyi

ξ = ξH + ξV = ξi(x, y)
δ

δxi
+ ξ̃i(x, y)

∂

∂yi
(3.2)

Definition 3.1. Assume that φ, η and ξ are given by (3.1) and (3.2) on M0 such
that

(φH)2 = −IH + ηH ⊗ ξH , (φV )2 = −IV + ηV ⊗ ξV , (3.3)

ηH(ξH) = ηV (ξV ) = 1. (3.4)

Then, (φH , ηH , ξH) and (φV , ηV , ξV ) are called the almost contact Finsler structures
on (M0)h and (M0)v, respectively, where M0 = (M0)h⊕ (M0)v is a Finsler vector
bundle.

Theorem 3.2. Suppose that horizontal and vertical Finsler vector bundles (M0)h

and (M0)v have the almost contact Finsler structures, then

φH(ξH) = φV (ξV ) = 0, ηH ◦ φH = ηV ◦ φV = 0. (3.5)

Proof. By (3.3) we get (φH)2(ξH) = −ξH + ηH(ξH)ξH . Then φH(ξH) = 0 or
φH(ξH) is a nontrivial eigenvector of φH corresponding to eigenvalue 0. Using
(3.3), we obtain

0 = (φH)2(φH(ξH)) = −φH(ξH) + ηH(φH(ξH))ξH

or

φH(ξH) = ηH(φ(ξH))ξH .
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Now, if φH(ξH) is a nontrivial eigenvector of the eigenvalue 0, then ηH(φH(ξH)) 6=
0. Thus, we have

0 = (φH)2(ξH) = ηH(φH(ξH))φH(ξH) = ηH(φH(ξH))2ξH 6= 0

which is a contradiction. Therefore φH(ξH) = 0. Similarly by (3.3) we get
φV (ξV ) = 0. On the other hand, since φH(ξH) = 0, then we get for all XH ∈
(TM0)H

ηH(φ(XH))ξH = (φH)3(XH) + φH(XH) = 0

and for all XV ∈ (TM0)V

ηV (φV (XV )ξV ) = 0.

Hence ηH ◦ φH = 0 and ηV ◦ φV = 0. �

Remark. We deduce that (φH , ξH , ηH) and (φV , ξV , ηV ) are almost contact struc-
tures on subbundles (M0)h and (M0)v, where (M0)h and (M0)v have (2n + 1)−
dimensional. We call that ((M0)h, φH , ξH , ηH) and ((M0)v, φV , ξV , ηV ) are almost
contact Finsler manifolds.

3.2. Almost Kenmotsu Pseudo-Metric Structures on Indefinite Finsler
Manifolds. Let F 2n+1 = (M,M0, F ∗) be an indefinite Finsler manifold. We define

gF
∗

: Γ(TM0)V × Γ(TM0)V → =(M0),

gF
∗

(ij)(x, y) = gF
∗
(
∂

∂yi
,
∂

∂yj
)(x, y). (3.6)

Obviously, gF
∗

is a symmetric Finsler tensor field. gF
∗

is called the pseudo-
Finsler metric of F 2n+1. Thus, gF

∗
is thought of as a pseudo-Riemannian metric

on the Finsler vector bundle (TM0)V . Similarly, we define

gF
∗

: Γ(TM0)H × Γ(TM0)H → =(M0),

gF
∗

(ij)(x, y) = gF
∗
(
δ

δxi
,
δ

δxj
)(x, y) (3.7)

where gF
∗

ij are functions given by (2.2). On the Finsler vector bundle (TM0)H ,

gF
∗

is thought of as a pseudo-Riemannian metric. A Finsler vector has a casual
character described with following statements:
X ∈ (T(x,y)M

0)V (X ∈ (T(x,y)M
0)H) is called

gF
∗

(x,y)(X,X) > 0orX = 0⇒ Space− like,

gF
∗

(x,y)(X,X) < 0⇒ time− like, (3.8)

gF
∗

(x,y)(X,X) = 0, X 6= 0⇒ light− like(null)
where (x, y) ∈ M0. The Finsler norm (length) of X is a non-negative number

‖X‖ described by

‖X‖ = |gF
∗

(x,y)(X,X)| 12 . (3.9)
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If gF
∗

(x,y)(X,X) = 1, X is called a unit spacelike or gF
∗

(x,y)(X,X) = −1, then it is called

a unit timelike Finsler vector. If X is a unit Finsler vector then ε = gF
∗

(x,y)(X,X) is

demonstrated the signature of X. We describe,

G : Γ(TM0)× Γ(TM0)→ =(M0),

G(X,Y ) = GH(X,Y ) +GV (X,Y ),∀X,Y ∈ Γ(TM0). (3.10)

Evidently, on M0, G is a symmetric tensor field of type (0, 2). Furthermore, it is
non-degenerate with a constant index. G is a pseudo-Riemannian metric on M0 of
index 2q(q is the index of the pseudo-Finsler metric gF

∗
). G is called the Sasaki

Finsler metric on M0. Then, we remark ,

G = gF
∗

ij dx
i ⊗ dxj + gF

∗

ij δy
i ⊗ δyj = GH +GV (3.11)

[9].

Definition 3.3. Suppose that (φH , ξH , ηH) and (φV , ξV , ηV ) are almost contact
structures on horizontal and vertical Finsler vector bundles (M0)h and (M0)v. If
the metric structures GH and GV satisfy the following equations;

GH(φXH , φY H) = GH(XH , Y H)− εηH(XH)ηH(Y H)

GV (φXV , φY V ) = GV (XV , Y V )− εηV (XV )ηV (Y V ) (3.12)

ηH(XH) = εGH(XH , ξH), ηV (XV ) = εGV (XV , ξV ) (3.13)

where ε = ±1, then (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) are called almost con-
tact pseudo-metric Finsler structures, respectively, on (M0)h and (M0)v.

Result 3.4. Let (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) are the almost contact
pseudo-metric Finsler structures on (M0)h and (M0)v, respectively. Then from
(3.12) and (3.13), we get [17],

GH(φXH , Y H) = −GH(XH , φY H),

GV (φXV , Y V ) = −GV (XV , φY V ) (3.14)

and

GH(φXH , φY H) = −GH(φ2XH , Y H),

GV (φXV , φY V ) = −GV (φ2XV , Y V ). (3.15)

Now, we define fundamental 2-form.

Ω(XH , Y H) = GH(XH , φY H),

Ω(XV , Y V ) = GV (XV , φY V ). (3.16)

Proposition 3.5. The fundamental 2-form, given above, hold [17]

Ω(φXH , φY H) = Ω(XH , Y H),Ω(φXV , φY V ) = Ω(XV , Y V ), (3.17)

Ω(XH , Y H) = −Ω(Y H , XH),Ω(XV , Y V ) = −Ω(Y V , XV ). (3.18)
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Definition 3.6. ∇ be a Finsler connection on M0 and η be the fundamental 1-
form which satisfies dη(X,Y ) = 0,then there exists a function f on M0 such that
η = df ,[17]

(∇HXηH)(Y H)− (∇HY ηH)(XH) + ηH(T (XH , Y H)) = 0,

(∇VXηV )(Y V )− (∇VY ηV )(XV ) + ηV (T (XV , Y V )) = 0. (3.19)

Then, the almost contact pseudo-metric Finsler structure is called an almost Ken-
motsu pseudo-metric Finsler structure and the Finsler connection ∇ satisfying
(3.19) is called an almost Kenmotsu Finsler connection on M0. Thus ((M0)h, φH , ξH , ηH , GH)
and ((M0)v, φV , ξV , ηV , GV ) are called the almost Kenmotsu pseudo-metric Finsler
manifolds or almost ε-Kenmotsu Finsler manifolds.

Theorem 3.7. If the almost Kenmotsu Finsler connection ∇ is torsion free, then
we have the following equations for XH , Y H ∈ (TM0)H and XV , Y V ∈ (TM0)V

(∇HXηH)(Y H)− (∇HY ηH)(XH) = 0, (∇VXηV )(Y V )− (∇VY ηV )(XV ) = 0 (3.20)

[17].

3.3. Integrability Tensor Field of the Almost Kenmotsu Pseudo-Metric
Finsler Manifolds. Let F 2n+1 = (M,M0, F ∗) be an indefinite Finsler manifold.
The integrability tensor field of the almost Kenmotsu pseudo-metric Finsler struc-
tures (φH , ξH , ηH) and (φV , ξV , ηV ) on (M0)h and (M0)v are given by:

NH
φ (XH , Y H) = [φXH , φY H ]− φ[φXH , Y H ]− φ[XH , φY H ] + φ2[XH , Y H ],

NV
φ (XV , Y V ) = [φXV , φY V ]− φ[φXV , Y V ]− φ[XV , φY V ] + φ2[XV , Y V ],

∀XH , Y H ∈ (TM0)H and ∀XV , Y V ∈ (TM0)V .
We determine four tensors N (1),N (2),N (3) and N (4), respectively by

N (1)(XH , Y H) = NH
φ (XH , Y H), (3.21)

N (2)(XH , Y H) = (LHφXη
H)(Y H)− (LHφY η

H)(XH) (3.22)

N (3)(XH) = (LHξ φ)(XH), N (4)(XH) = (LξHη
H)(XH) (3.23)

and
N (1)(XV , Y V ) = NV

φ (XV , Y V ),

N (2)(XV , Y V ) = (LVφXη
V )(Y V )− (LVφY η

V )(XV ),

N (3)(XV ) = (LVξ φ)(XV ), N (4)(XV ) = (LξV η
V )(XV ).

Proposition 3.8. The almost Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) on (M0)h and (M0)v are normal if and only if NH

φ = 0 and

NV
φ = 0.

Lemma 3.9. The almost Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) are normal if and only if N (1) = N (2) = N (3) = N (4) = 0.
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Lemma 3.10. For the almost Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) on (M0)h and (M0)v, we get following equations.

2GH((∇HXφ)Y H , ZH) = dΩ(XH , φY H , φZH) + εN (2)(Y H , ZH)ηH(XH) (3.24)

− dΩ(XH , Y H , ZH) +G(N (1)(Y H , ZH), φXH),

2GV ((∇VXφ)Y V , ZV ) = dΩ(XV , φY V , φZV ) + εN (2)(Y V , ZV )ηV (XV ) (3.25)

− dΩ(XV , Y V , ZV ) +G(N (1)(Y V , ZV ), φXV ).

Proof. The Finsler connection ∇ with G is presented with following equations,

2GH(∇HXY H , ZH) = XHGH(Y H , ZH)

+ Y HGH(XH , ZH)− ZHGH(XH , Y H) +GH([XH , Y H ], ZH)

+GH([ZH , XH ], Y H)−GH([Y H , ZH ], XH), (3.26)

2GV (∇VXY V , ZV ) = XVGV (Y V , ZV )

+ Y VGV (XV , ZV )− ZVGV (XV , Y V ) +GV ([XV , Y V ], ZV )

+GV ([ZV , XV ], Y V )−GV ([Y V , ZV ], XV ). (3.27)

Also, we get

dΩ(XH , Y H , ZH) = XHΩ(Y H , ZH) + Y HΩ(ZH , XH)

+ ZHΩ(XH , Y H)− Ω([XH , Y H ], ZH)

− Ω([ZH , XH ], Y H)− Ω([Y H , ZH ], XH). (3.28)

By using (3.16), from(3.26), we obtain

2G((∇HXφ)Y H , ZH) = φY HGH(XH , ZH)− ZHΩ(XH , Y H)

+GH([XH , φY H ], ZH) + Ω([ZH , XH ], Y H)−GH([φY H , ZH ], XH)

+ Y HΩ(XH , ZH)− φZHGH(XH , Y H) + Ω([XH , Y H ], ZH)

+GH([φZH , XH ], Y H)−GH([Y H , φZH ], XH). (3.29)

Also from (3.21) by using (3.16), we get

GH(N (1)(Y H , ZH)φXH) = −Ω([Y H , ZH ], XH) + Ω([φY H , φZH ], XH)

−G([φY H , ZH ], XH) + ηH [φY H , ZH ]ηH(XH)

−GH([Y H , φZH ], XH) + ηH [Y H , φZH ]ηH(XH). (3.30)

From (3.22), we have

N (2)(Y H , ZH)ηH(XH) = φY H(ηH(Y H))ηH(XH)

− φZH(ηH(Y H))ηH(XH)− ηH [φY H , ZH ]ηH(XH)

− ηH [Y H , φZH ]ηH(XH). (3.31)
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Then, from (3.28), we have

dΩ(XH , φY H , φZH) = XHΩ(Y H , ZH) + φY HG(ZH , XH)

− εφY H(ηH(ZH)ηH(XH))− φZHG(XH , Y H)

+ εφZH(ηH(XH)ηH(Y H)) +G([XH , φY H ], ZH)

− εηH [XH , φY H ]ηH(ZH) +GH([φZH , XH ], Y H)

− εηH [φZH , XH ]ηH(Y H)− Ω([φY H , φZH ], XH). (3.32)

By using (3.30), (3.31) and (3.32), we have the equation (3.24). Similarly by using
(3.16), (3.27) and (3.30) we get equation (3.25). �

Lemma 3.11. For the almost Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) with dΩ = η ∧ Ω and N (1) = N (2) = 0, we get

(∇VXφ)Y V =
1

2
{εGV (φXV , Y V )ξV − ηV (Y V )φXV } (3.33)

and

(∇HXφ)Y H =
1

2
{εGH(φXH , Y H)ξH − ηH(Y H)φXH}. (3.34)

Proof. From (3.25), we can write

2GV ((∇VXφ)Y V , ZV ) = −ηV (Y V )GV (φXV , ZV )− εGV (ξV , ZV )GV (XV , φY V )

= GV (−εG(XV , φY V )ξV − ηV (Y V )φXV , ZV ),

(∇VXφ)Y V =
1

2
{εGV (φXV , Y V )ξV − ηV (Y V )φXV }.

Similarly, from (3.24) we obtain (3.34). �

Theorem 3.12. The almost Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH)
and (φV , ξV , ηV , GV ) on (M0)h and (M0)v are the Kenmotsu pseudo-metric Finsler
structures if and only if

(∇HXφ)Y H =
1

2
{εGH(φXH , Y H)ξH − ηH(Y H)φXH},

(∇VXφ)Y V =
1

2
{εGV (φXV , Y V )ξV − ηV (Y V )φXV }.

Conversely, we suppose that the structures satisfy (3.33) and (3.34). Putting Y V =
ξV in (3.33), we have

(∇VXφ)ξV =
1

2
{εG(φXV , ξV )ξV − ηV (ξV )φXV },

−φ(∇VXξV ) = −1

2
φXV ,

∇VXξV = −1

2
φ2XV =

1

2
(XV − ηV (XV )ξV ). (3.35)

Similarly we obtain from (3.34)

∇HXξH = −1

2
φ2XH =

1

2
(XH − ηH(XH)ξH). (3.36)
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Moreover from (3.35) and (3.36) we get,

(∇HXηH)Y H + (∇HY ηH)XH = Ω(φXH , Y H) = G(φXH , φY H), (3.37)

(∇VXηV )Y V + (∇VY ηV )XV = Ω(φXV , Y V ) = G(φXV , φY V ), (3.38)

2(∇HXηH)Y H = Ω(φXH , Y H) = G(φXH , φY H), (3.39)

2(∇VXηV )Y V = Ω(φXV , Y V ) = G(φXV , φY V ). (3.40)

Thus, these structures are the Kenmotsu pseudo-metric Finsler structures.

4. The Curvatures of Indefinite Kenmotsu Finsler Manifolds

In this section, we calculate curvatures of indefinite Kenmotsu Finsler manifolds.
Firstly, we give the following theorem.

Theorem 4.1. If (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) are the Kenmotsu pseudo-
metric Finsler structures on the Finsler vector bundles (M0)h and (M0)v, then from
(2.19), (3.3), (3.4), (3.35) and (3.36), we have

R(XH , Y H)ξH =
1

4
{ηH(XH)Y H − ηH(Y H)XH} (4.1)

and

R(XV , Y V )ξV =
1

4
{ηV (XV )Y V − ηV (Y V )XV }. (4.2)

That is, we have

R(X,Y )ξ = R(XH , Y H)ξH +R(XV , Y V )ξV (4.3)

=
1

4
{(ηH(XH)Y H + ηV (XV )Y V )− (ηH(Y H)XH + ηV (Y V )XV )}.

Theorem 4.2. Let (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) be the Kenmotsu pseudo-
metric Finsler structures on (M0)h and (M0)v. From (3.33), (3.34), (3.37), (3.38),
(3.39) and (3.40), we find that,

R(XH , Y H)φZH = φR(XH , Y H)ZH − ε

4
{G(φXH , ZH)Y H

−G(φY H , ZH)XH +G(XH , ZH)φY H −G(Y H , ZH)φXH} (4.4)

R(XV , Y V )φZV = φR(XV , Y V )ZV − ε

4
{G(φXV , ZV )Y V

−G(φY V , ZV )XV +G(XV , ZV )φY V −G(Y V , ZV )φXV } (4.5)

Result 4.3. From (4.4), (4.5), we obtain the equations below.

R(XH , Y H)ZH = −ε
4
{G(Y H , ZH)XH −G(XH , ZH)Y H −G(φY H , ZH)φXH

+G(φXH , ZH)φY H} − φR(XH , Y H)φZH (4.6)
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R(XV , Y V )ZV = −ε
4
{G(Y V , ZV )XV −G(XV , ZV )Y V −G(φY V , ZV )φXV

+G(φXV , ZV )φY V } − φR(XV , Y V )φZV (4.7)

Definition 4.4. A plane section is called a horizontal (vertical) φ− section if there
exists a unit vector XH (XV )in (TM0)H ((TM0)V ) orthogonal to ξH (ξV ) such
that {XH , φXH} ({XV , φXV }). Thus, horizontal and vertical flag curvature can
be given with following equations.

K(XH , φXH) =
GH(R(XH , φXH)φXH , XH)

G(XH , XH)G(φXH , φXH)
(4.8)

is named a horizontal φ− sectional curvature, denoted by KH(XH). Vertical flag
curvature

K(XV , φXV ) =
GV (R(XV , φXV )φXV , XV )

G(XV , XV )G(φXV , φXV )
(4.9)

is named a vertical φ− sectional curvature,denoted by KV (XV ). The φ− sectional
curvature on a Kenmotsu pseudo-metric Finsler manifold is

K(X) = KH(XH) +KV (XV ).

Proposition 4.5. Let (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) be the Kenmotsu
pseudo metric Finsler structures on (M0)h and (M0)v. If (M0)h and (M0)v are
locally symmetric, then (M0)h and (M0)v are indefinite Kenmotsu Finsler mani-
folds with constant curvature − ε4 .

Proof. For XH , Y H , ZH , ξH ∈ (TM0)H from (3.33), (3.34), (4.1) and (4.2), we get

(∇HZR)(XH , Y H , ξH) = −ε
4
{G(Y H , ZH)XH −G(XH , ZH)Y H} −R(XH , Y H)ZH

(4.10)
Since (M0)h locally symmetric, that is, ∇HZR = 0, from (4.10) we get

R(XH , Y H)ZH = −ε
4
{GH(Y H , ZH)XH −GH(XH , ZH)Y H} (4.11)

Y H must be space-like vector when XH is a time-like vector for any orthonormal
pair {XH , Y H}. Two vectors both time-like(or space-like) can not be perpendicular
to each other. Thus, we get

G(R(XH , Y H)Y H , XH) = −ε
4
{G(Y H , Y H)G(XH , XH)} =

ε

4
,

K(XH , Y H) =
G(R(XH , Y H)Y H , XH)

G(Y H , Y H)G(XH , XH)
= −ε

4

where if ξH is a time-like vector, then we have K(XH , Y H) = 1
4 , if ξH is a space-like

vector, then we obtain K(XH , Y H) = − 1
4 .

In a similiar way, we get

R(XV , Y V )ZV = −ε
4
{GV (Y V , ZV )XV −GV (XV , ZV )Y V }.

for XV , Y V , ZV , ξV ∈ (TM0)V .
We have for any orthonormal pair {XV , Y V }

G(R(XV , Y V )Y V , XV ) = −ε
4
{G(Y V , Y V )G(XV , XV )} =

ε

4
,
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K(XV , Y V ) =
G(R(XV , Y V )Y V , XV )

G(Y V , Y V )G(XV , XV )
= −ε

4
.

For any orthonormal pair {X,Y } on TM0, we obtain

K(X,Y ) =
GH(R(XH , Y H)Y H , XH) +GV (R(XV , Y V )Y V , XV )

GH(XH , XH)GH(Y H , Y H) +G(XV , XV )G(Y V , Y V )
= −ε

4
. (4.12)

�

The horizontal Ricci tensor SH of an indefinite Kenmotsu Finsler manifold
(M0)h is given with {EH1 , ..., EH2n, ξH} is a local orthonormal frame of (TM0)H

as follows.

SH(XH , Y H) =

2n∑
i=1

G(R(XH , EHi )EHi , Y
H) +G(R(XH , ξH)ξH , Y H)

=

2n∑
i=1

G(R(EHi , X
H)Y H , EHi ) +G(R(ξH , XH)Y H , ξH). (4.13)

The vertical Ricci tensor SV of an indefinite Kenmotsu Finsler manifold (M0)v is
given with {EV1 , ..., EV2n, ξV } is a local orthonormal frame of (TM0)V as follows.

SV (XV , Y V ) =

2n∑
i=1

G(R(XV , EVi )EVi , Y
V ) +G(R(XV , ξV )ξV , Y V )

=

2n∑
i=1

G(R(EVi , X
V )Y V , EVi ) +G(R(ξV , XV )Y V , ξV ). (4.14)

Proposition 4.6. A contact pseudo-metric structure (φH , ξH , ηH , GH) on an in-
definite Finsler vector bundle (M0)h with index q is the Kenmotsu pseudo-metric
structure if and only if

S(ξH , ξH) =
q−2n

4 , ξH is a space-like vector
q−2n−1

4 , ξH is a time-like vector
(4.15)

Proof. From (4.1) and (4.13), we have

S(ξH , ξH) =

2n∑
i=1

G(R(EHi , ξ
H)ξH , EHi )

=
1

4

2n∑
i=1

G(ηH(EHi )ξH − ηH(ξH)EHi , E
H
i )

=
1

4

2n∑
i=1

−G(EHi , E
H
i )

= −ε1 + ...+ ε2n

4
.
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Since F 2n+1 = (M,M0, F ∗) is an indefinite Finsler manifold with index q, if
G(ξH , ξH) = ε = 1, then ξH is a space-like vector and we obtain

S(ξH , ξH) = −1

4

q∑
i=1

G(EHi , E
H
i )− 1

4

2n∑
i=q+1

G(EHi , E
H
i ) =

q − 2n

4

If G(ξH , ξH) = ε = −1, then ξH is a time-like vector and we obtain

S(ξH , ξH) = −1

4

q−1∑
i=1

G(EHi , E
H
i )− 1

4

2n∑
i=q

G(EHi , E
H
i ) =

q − 2n− 1

4

�

Proposition 4.7. A contact pseudo-metric structure (φV , ξV , ηV , GV ) on an in-
definite Finsler vector bundle (M0)v of index q is the Kenmotsu pseudo-metric
structure if and only if

S(ξV , ξV ) =
q−2n

4 , ξV is a space-like vector
q−2n−1

4 , ξV is a time-like vector
(4.16)

Proof. From (4.2) and (4.14), we have

S(ξV , ξV ) =

2n∑
i=1

G(R(EVi , ξ
V )ξV , EVi ) = −1

4

2n∑
i=1

G(EVi , E
V
i ).

Since F 2n+1 = (M,M0, F ∗) is an indefinite Finsler manifold of index q, ifG(ξV , ξV ) =
ε = 1, that is ξV is a space-like vector, we obtain

S(ξV , ξV ) =
q − 2n

4
.

If G(ξV , ξV ) = ε = −1, that is ξV is a time-like vector we obtain

S(ξV , ξV ) =
q − 2n− 1

4
.

�

Lemma 4.8. The horizontal Ricci tensor SH of an indefinite Kenmotsu Finsler
vector bundle (M0)h and the vertical Ricci tensor SV of an indefinite Kenmotsu
Finsler vector bundle (M0)v satisfy the following equations:

S(XH , ξH) =

{ (−2n+q
4

)
ηH(XH), ξH is a space-like vector(−2n+q−1

4

)
ηH(XH), ξH is a time-like vector

, (4.17)

S(XV , ξV ) =

{ (−2n+q
4

)
ηV (XV ), ξV is a space-like vector(−2n+q−1

4

)
ηV (XV ), ξV is a time-like vector

(4.18)

S(X, ξ) =

{ (−2n+q
4

)
η(X), ξ is a space-like vector(−2n+q−1

4

)
η(X), ξ is a time-like vector

(4.19)

Proof. Let ξH is a space like vector. By using (4.4) and (4.13) we obtain
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S(XH , ξH) =

2n∑
i=1

G(R(EHi , X
H)ξH , EHi ) +G(R(ξH , XH)ξH , ξH)

= −1

4

2n∑
i=1

G(ηH(XH)EHi − ηH(EHi )XH , EHi )− 1

4
G(ηH(XH)ξH − ηH(ξH)XH , ξH)

= −1

4
{

2n∑
i=1

ηH(XH)G(EHi , E
H
i )} − 1

4
{ηH(XH)G(ξH , ξH)− εηH(XH)}

= −2n− q
4

ηH(XH) =
q − 2n

4
ηH(XH)

If ξH is a time-like vector, we obtain

S(XH , ξH) = (
q − 2n− 1

4
)ηH(XH)

Similarly, we obtain, if ξV is a space-like vector,

S(XV , ξV ) = (
q − 2n

4
)ηV (XV ).

If ξV is a time-like vector.

S(XV , ξV ) = (
q − 2n− 1

4
)ηV (XV ).

�

5. Conclusion

Let (M, φ̄, ξ̄, η̄, ḡ) be an (2n+1)- dimensional Kenmotsu pseudo-metric manifold,
where φ̄ is a (1, 1) tensor field, η̄ is a 1-form, ḡ is the pseudo-Riemannian metric
on M and F 2n+1 = (M,M0, F ∗) is an indefinite Finsler manifold. It is well known
that (φ̄, ξ̄, η̄, ḡ) satisfy

η̄(ξ̄) = 1

φ̄2X̄ = −X̄ + η̄(X̄)ξ̄

φ̄ξ̄ = 0

η̄(φ̄X̄) = 0

rankφ̄ = 2n

ḡ(φ̄X̄, φ̄Ȳ ) = ḡ(X̄, Ȳ )− εη̄(X̄)η̄(Ȳ )

η̄(X̄) = εḡ(X̄, ξ̄), ḡ(ξ̄, ξ̄) = ε

∇X̄ ξ̄ = −φ̄2X̄

(∇X̄ φ̄)Ȳ = εḡ(φ̄X̄, Ȳ )ξ̄ − η̄(Ȳ )φ̄X̄

(∇X̄ η̄)Ȳ = ḡ(X̄, Ȳ )− εη̄(X̄)η̄(Ȳ )

R(X̄, Ȳ )ξ̄ = η̄(X̄)Ȳ − η̄(Ȳ )X̄

R(X̄, Ȳ )Z̄ = −ε{ḡ(Ȳ , Z̄)X̄ − ḡ(X̄, Z̄)Ȳ }
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S(X̄, ξ̄) =

{
(q − 2n) η(X), ξ̄ is a space-like vector

(q − 2n− 1) η(X), ξ̄ is a time-like vector
,

S(ξ̄, ξ̄) =

{
(q − 2n) , ξ̄ is a space-like vector

(q − 2n− 1) , ξ̄ is a time-like vector

for any vector fields X̄, Ȳ , Z̄ ∈ TxM , where ∇ is the Levi-Civita connection of
pseudo-Riemannian metric ḡ, R is the Riemannian curvature tensor, S is the Ricci
tensor.
For the Kenmotsu pseudo-metric Finsler structures (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV )
on subbundles (M0)h and (M0)v, the following relations hold;

ηH(ξH) = 1, ηV (ξV ) = 1

φH(ξH) = 0, φV (ξV ) = 0

ηH(φHXH) = 0, ηV (φVXV ) = 0

(φH)2(XH) = −XH + ηH(XH)ξH , (φV )2(XV ) = −XV + ηV (XV )ξV

ηH(XH) = εGH(XH , ξH), ηV (XV ) = εGV (XV , ξV )

GH(φXH , φY H) = GH(XH , Y H)− εηH(XH)ηH(Y H)

GV (φXV , φY V ) = GV (XV , Y V )− εηV (XV )ηV (Y V )

(∇XHφH)Y H =
1

2
{εGH(φXH , Y H)ξH − ηH(Y H)φXH}

(∇XV φV )Y V =
1

2
{εGV (φXV , Y V )ξV − ηV (Y V )φXV }

(∇XHηH)Y H =
1

2
G(φXH , φY H)

(∇XV ηV )Y V =
1

2
G(φXV , φY V )

∇XH ξH = −1

2
φ2XH

∇XV ξV = −1

2
φ2XV

R(XH , Y H)ξH =
1

4
{ηH(XH)Y H − ηH(Y H)XH}

R(XV , Y V )ξV =
1

4
{ηV (XV )Y V − ηV (Y V )XV }

S(XH , ξH) =

{ (−2n+q
4

)
ηH(XH), ξH is a space-like vector(−2n+q−1

4

)
ηH(XH), ξH is a time-like vector

,

S(XV , ξV ) =

{ (−2n+q
4

)
ηV (XV ), ξV is a space-like vector(−2n+q−1

4

)
ηV (XV ), ξV is a time-like vector

S(ξH , ξH) =

{ (−2n+q
4

)
, ξH is a space-like vector(−2n+q−1

4

)
, ξH is a time-like vector

,

S(ξV , ξV ) =

{ (−2n+q
4

)
, ξV is a space-like vector(−2n+q−1

4

)
, ξV is a time-like vector
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R(XH , Y H)ZH = −ε
4
{G(Y H , ZH)XH −G(XH , ZH)Y H}

R(XV , Y V )ZV = −ε
4
{G(Y V , ZV )XV −G(XV , ZV )Y V }

where XH , Y H , ZH ∈ (TM0)H and XV , Y V , ZV ∈ (TM0)V .
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