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ON APPROXIMATION OF ABSTRACT FIRST ORDER
DIFFERENTIAL EQUATION WITH AN INTEGRAL CONDITION

ABDELHAK BERKANE, ABDELKRIM ZEKRI

ABSTRACT. We apply an iteration approximation method to approximate an
initial condition of a boundary value problem for an abstract first order homo-
geneous linear differential equation with an integral boundary condition on a
Banach space.

1. INTRODUCTION

Let B (E) denote the Banach algebra of all linear bounded operators on a com-
plex Banach space E. The set of all linear closed densely defined operators in F
will be denoted by C (E). We denote by o (B) the spectrum of the operator B; by
p (B) the resolvent set of B; by A (B) the null space of B and by R (B) the range
of B.

Let A be a generator of analytic Cp-semigroup U (t), defined on a Banach space E,
which means that A: D (A) C E — E is a closed linear operator, such that

/\I—A_lH < f Re A > 0. 1.1
H( ) B(E) ~— 1+|A orany Hed = (1.1)
Consider in a Banach space F the equation

u (t) = Au(t),t €[0,T) (1.2)

Definition 1.1. The vector fonction u(t) = U (t) f; 0 < t < T, corresponding
to some element f € FE is called a generalized solution of . If, in addition,
f € D(A), then the solution u (t) = U (t) f is said to be classical.

Remark. In the case, when f € D (A) obuviously f coincides with the initial state
u (0) of the corresponding solution u (t).

Suppose that the initial state f is unknown, and consider the additional relation
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T

/w (t)u(t)dt = g; (1.3)
0

where g € E is a given element in E and w (t) is scalar measurable function of
bounded variation on the segment [0, T

Remark. The integral occurring in is well-defined in the sense of Bochner
for any function u (t) = U (¢) f.

Definition 1.2. A generalized solution of the problem , is defined to
be a function u(t) = U(t) f; 0 <t < T, corresponding to some element f € E
and reducing relation to a valid identity. If, in addition f € D (A), then the
corresponding solution u (t) = U (t) f of the problem (1.3), is called a classical
solution.

From Definition 1, the solution of (1.2)) is given in the form w(t) = U (t) f.
Therefore, the function w (t) = U (t) f satisfies the condition (1.3) if and only if f
satisfies the equation

T

/w@ﬂuwfﬁzg. (1.4)
0
So, for f € E, we have the operator equation Bf = g, where,

Bf:/@@nuﬂﬁn
0

Lemma 1.3. ([1]). The operator B maps E into D (A).

Remark. If g € E\D (A), then the problem , is unsolvable in the sense
of the Definition [1.3

Now applying the operator A in (1.4) and integrating by parts, we get the Fred-
holm second order equation in the form

(I-K)f=¢, (L5)
where,
w (T) 1 r
Kf= TO)U(T) + w(O)O/U(t)d(_w )] f, (1.6)
and, .
G= —mAg. (1.7)

In such settings one would say that the problem 7 is well posed if the
element g is given in the space D (A) and the unknow element f is considered as
an element from the space E. From it follows that the resolvent (Al — A)f1
exists for A = 0 and is positive operator, and therefore A~! exists, which implies
equivalence of the problem , to the Fredholm second order equation
Using ideas from [§] the aim of this paper is the construction of an algorithm for
the approximation of an element f, which solves the problem , or, in
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other words, we want to solve equation We present the algorithm as a general
approximation scheme, which includes finite element methods and finite difference
methods and projection methods.

The main question is a solvability of the problem 7 . It is clear that in
the case of compact operator K the operator (I — K) is Fredholm operator of index
0. Most of the results on the existence of solution of the problem (1.2)), are
concerned to compactness or positivity property of resolvent of operator A. So the
existence of bounded inverse operator (I — K )71 follows practically from condition
N (I — K) = {0} and compact convergence of resolvent, see Theorem [2.9|and Step
4 of the proof of Theorem There are some theorems proved, say, in [T} 2], which
guarantee that condition N' (I — K) = {0} holds. Namely, let us list some results
which could be applied here.

Consider in a Banach space E the problem of finding an element f from relations

u (t) = Au(t),t [0, T, (1.8)
with
T
/w (t)w(t)dt =g, (1.9)
0

where g € F is a given element in F and w (t) is scalar measurable function of
bounded variation on the segment [0, 7.

Theorem 1.4. ([l 2]). Let w(t) be a nonnegative non increasing function for
t €10,T] such that w(t) > 0 as t — 0%, and let the semigroup U (t) generated by
the operator A satisfy the estimate |U (t)|| < M exp (—8t) with constants M > 1,
B > 0. Then the problem @—@ is well-posed.

If F is a Banach lattice. We recall that an order set (E, <) is called a lattice
if for any pair of elements z,y € E the elements sup (z,y) and inf (x,y) exist in
E. Moreover, for any & € E we define z+ = sup (z,0), = = inf (—z,0) which
called positive and negative parts, respectively. The following relation is valid,
r=xT —x .

Definition 1.5. Let B be a linear operator on E. The operator B is called positive
if Bx =0 for all x > 0.

Definition 1.6. A Cy- semigroup exp (tA),t > 0, is called positive in a Banach
space with a cone ET if exp (tA) ET C ET for any t > 0.

Definition 1.7. A Cy- semigroup exp (tA),t > 0, is positive iff resolvent
(M — A ET CET for any A > w (A).

Definition 1.8. A linear A : D(A) C E — E is said to have the positive off-
diagonal (POD) property if (Au,$) > 0 whenever 0 < u € D (A) and 0 <X ¢ € E*
with (u, @) = 0.

Theorem 1.9. ([I, 2]). Let w(t) be a nonnegative non increasing function for
t € [0,T] such that w(t) > 0 ast — 07, and let the semigroup U (t) generated by
the operator A be positive and compact fort > 0. Assume that the spectrum of A lies
in the half-plane {\ € C : Re X < 0}. Then the problem (1.§)-(1.9) is well-posed.
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2. GENERAL APPROXIMATION SCHEME

Now we give the algorithm on general approximation scheme which includes
finite element and finite difference methods and projection methods.

The general approximation scheme, due to [5], 13} [I5] can be described in the
following way. Let E,, and E be Banach spaces and {p,} be a sequence of linear
bounded operators p, : E — E,,p, € B(EF;E,),n € IN = {1,2,...}, with the
property: |[pnz|lp, — [|zl|p as n — oo for any z € E.

Definition 2.1. The sequence of elements {x,},x, € E,,n € IN; is said to be
P-convergent to x € E iff |, — ppx|p — 0 as n — oo and we write this Pz
Definition 2.2. The sequence of bounded linear operators B,, € B (E,),n € IN,
is said to be PP-convergent to the bounded linear operator B € B (E) if for every

x € E and for every sequence {x,},x, € E,,n € IN; such that x, Py & one has
P PP
Bx,, — Bx. We write then B,, — B.
For general examples of notions of P-convergence see for instance [12].

Remark. If we put E,, = E and p, = I for each n € IN, where I is the identity
operator on E, then Definition leads to the traditional pointwise convergent
bounded linear operators which we denote by B, — B.

Definition 2.3. A sequence of elements {x,},x, € En,n € IN, is said to be P-
compact if for any IN' C IN there exist IN" C IN' and x € E such that ., r, x,
asn — oo in IN".

Definition 2.4. A system {p,} is said to be discrete order preserving if for all
sequences {xn},x, € Ey, and any element x € E, the following implication holds:

T, s implies ) — o7
It is know [6] that {p,} preserves the order iff ||p, 2™ — (p,2)"| 5, — 0asn — oo

PP
for any x € E. If B, — B and B,, = 0 for n > ng and the system {p,} is order
preserving, then [I0] B = 0. However, the inverse statement does not hold in
general and we need to assume positiveness of B, = 0.

Definition 2.5. A sequence of operators {B,},B, € B(E,),n € IN, converges

PP
compactly to an operator B € B(E) if B, — B and the following compactness
condition holds:

|znllg, = OQ),{Bnxyn} is P — compact.

Let us mention that the last implication could be writtten as u ({Bpzy,}) = 0 as
||z,|| <constant for mesure of noncompactness (). The main property of u(.) is
thaty ({yn}) = 0 iff {y,, } is P-compact. It is also easy to check that pn ({z,, + yn}) <
w{zn}) + p({yn}) and p ({Dpapn}) < limy, oo || Danll ||n|| for any operators D,, €
B (E,) and any sequences {z,},{yn}.

Definition 2.6. A sequence of operators {B,}, By, € B(E,),n € IN, is said to be

PP
stably convergent to an operator B € B (E) iff B, — B and HB; =0(1),n—

.

PP
oco. We will write this as: B, — B stably.
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Definition 2.7. A sequence of operators {B,},B, € B(E,), n € IN, is called

PP
reqularly convergent to the operator B € B (E) iff B, — B and the following impli-
cation holds: ||z p = O (1) and {Byx,} is P-compact, {x} is P-compact. We

PP
write this as: B, — B reqularly.

Theorem 2.8. ([15]). Let C,,,Q., € B(E,),C,Q € B(E) and R(Q) = E.
Assume also that Cy, e compactly and Q,, e Q stably. Then Q,+C), L QR+C
converge reqularly.

Theorem 2.9. ([I5]). For B, € B(E,) and B € B(E) the following conditions
are equivalent.

(i): Bn P B regularly, B, are Fredholm operators of index 0 and N (B) =

{0};

(ii): B, 2% B stably and R (B) = E;

(iii): B, T p stably and reqularly;
If one of conditions (i)-(iii) holds, then there exist B, € B(E,), B! € B(E),
and B, T p-1 reqularly and stably.
Definition 2.10. The region of stability Ay = As ({An}), An € C(Ey), is de-
fined as the set of all A € C such that A € p(A,) for almost all n and such that
the sequence {H()\In — An)fl‘ } is bounded. The region of convergence A, =
A, ({An}), A, €C(E,), is deﬁngj as the set of all A € C such that A € A; ({An})
and such that the sequence of operators {()\In — An)fl} N is PP— convergent to
some operator S (\) € B (E). "e

Definition 2.11. A sequence of operators {L,},L, € C(E,), is said regularly
compatible with an operator L € C(E) if (L, L) are compatible and, for any bounded
sequence ||y p = O(1) such that x, € D (L) and {Lnx,} is P-compact, it
follows that {x,} is P-compact, and the P- convergence of {x,} to some element

x and convergence of {L,x,} to some element y as n — oo in N' C N imply that
x € D(L) and Lz = y.

Definition 2.12. The region of reqularity A, = A, ({An},A), is defined as the
set of all X € C such that (L, (\),L (X)) are regularly compatible, where L, (X\) =
My, — Ay and L(\) = A — A.

The relationships between these regions are given by the following statement.

Proposition 2.13. ([14]). Suppose that A. # O and N (S (\)) = {0} at least for

one point A € A, so that S(\) = (A\[ — A)~'. Then (A,, A) are compatible and
Ac=ANp(A)=AsNA =ANp(4).

Definition 2.14. The region of compact convergence of resolvent,

Ace = Ace (Ap, A), where A, € C(E,) and A € C(E) is defined as the set of all

A€ A.Np(A) such that (AL, — A,) ™" jais (M — A)™" compactly.

Theorem 2.15. ([]). Assume that A.. # 0. Then for any pn € As the following

implication holds:
lznllg, =O01) and |[(pln — An) znllp, = O (1) = {An} is P — compact (2.1)
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Conversely, if for some p € A. N p(A) implication holds, then A.. # (.
Corollary 2.16. ([]). Assume that Aq. # 0. Then A = AN p(A).
Theorem 2.17. ([4]). Assume that A.. # 0. Then A, = C.

In the case of unbounded operators, and we know in general infinitesimal gener-
ators are unbounded, we consider the notion of compatibility.

Definition 2.18. The sequence of closed linear operators {A,}, A, € C(Ey),n €
IN, are said to be compatible with a closed linear operator A € C (E) iff for each
x € D (A) there is a sequence {x,}, v, € D (A,) C Ep,n € IN, such that x, K
and A,z B Az. We write (A, A) are compatible.

Note, that (A4,, A) are compatible if resolvent converge

(A, — A,) 7! s (M — A)™'. Usually in practice Banach spaces E,, are finite
dimensional, although, in general, say for the case of a closed operator A, we have
dimE, — oo and [|A,||gp, ) — 00 as n — oo.

3. DISCRETIZATION OF SEMIGROUPS

Let us consider the well-posed Cauchy problem in the Banach space E with
operator A € C (E)

{ u (t) = Au(t);t € [0;00), (3.1)

u(0)=u’ € E, '
where operator A generates Cp-semigroup U (t). It is well-known that the Cpy-
semigroup gives the solution of by the formula u (t) = U (t)u® for t > 0.
The theory of well-posed problems and numerical analysis of these problems have
been developed extensively, see [4, [7]. Let us consider on the general discretization
scheme the semidiscrete approximation of the problem in the Banach spaces

En,

(0 eigcg

with the operators A,, € C (F,,), such that they generate Cy-semigroups, which
are consistent with the operator A € C (E) and u{) Boub.

4. THE SIMPLEST DISCRETIZATION SCHEMES

We have the following version of Trotter-Kato’s Theorem on general approxima-
tion scheme.

Theorem 4.1. ([12, Theorem ABC]). Assume that A € C(E); A, € C(E,) and
they generate Cy-semigroups. The following conditions (A) and (B) are equivalent
to condition (C).
(A): Consistency. There exists A € p (A) NNup (Ay) such that the resolvents
converge (AL, — A,) " jais (M —A)";
(B): Stability. There are some constants M > 1 and w; which are not de-
pending on n and such that ||Uy, ()| < M exp (wt) fort > 0 and any n € N;
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(C): Convergence. For any finite T > 0 one has
r%u%] U (8) ub — ppU (t) u|| = 0 as n — oo; whenever ul) Bl for any
te|0;
w e E,;u’ eE.

Remark. The condition (A) in the contents of these Theorems is equivalent to
compatibility of operators (Ay, A).

Theorem 4.2. ([4]) Let operators A and A,, generate analytic Co-semigroup. The
following conditions (A) and (By) are equivalent to condition (C1).

(A): Consistency. There exists A € p(A) NNpp (Ay) such that the resolvents
converge (A, — A,) " s (M —A)"";

(B1): Stability. There are some constants My > 1 and wy independent of n
such that for any Rel > wq, ||(A, — An)_lH < M for alln € N;

\A—wl\
s

(C1): Convergence. For any finite i > 0 and some 0 < 0 < T we have

max |Un (n) ub, = puU () u®|| = 0 as n — oo whenever u) B,
nex(f,p

Here X (0, p) ={z€2(0):|z| <p} and £ () = {z € C: |argz| < 6}.

Definition 4.3. An element e € ET is said to be an order unit in a Banach lattice
E if for every x € E there exists 0 < A € R such that —Xe < < Xe. Fore € intE™
we can define the order unit norm by

lz|l, =inf{A>0:—-Xe <z < Ae}.

An order Banach space E is callad an order unit space if there exists e € intE™
such that .|| g = .||,

The following version of the Trotter-Kato’s Theorem for positive Cy- semigroup
holds.

Theorem 4.4. ([10]) Let the operators A,, and A from and be compat-
ible, let E, E,, be order unit spaces, and let e, € D (A,) NintE,". Assume that the
operators A, have the POD property and Ane, < 0 for sufficiently large n. Then

exp (tA,) PP exp (tA) uniformly in t € [0,T)].

We can assume that conditions (A) and (B) for the corresponding Cp- semigroups
case are satisfied without any restriction of generality if any discretization processes
in time are considered.

We denote by T), (.) a family of discrete semigroups as in [7], i.e.

T, (t) = T, (1,)"", where k,, = [i], asn — 0, n — oco. The generator of dis-

Tn

N

crete semigroups is defined by A, = % (T () — I,) € B(E,) and so T, (t) =
- kn
(In + TnAn> ; where t = ky, 7.

Theorem 4.5. ([I12, Theorem ABC- discr]). The following conditions (A) and

(Bo) are equivalent to condition (Cy): (A) Consistency. There exists A € p (A) N
—1

Nnp </(n) such that the resolvents converge (/\In - Avn> 4 (M — A)_l, (Bo)

Stability. There are some constants Ms > 1 and wy € R such that || T, (t)]| <
Msexp (wat) fort € IR+, n € IN, (Cy) Convergence. For any finite T > 0 one
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has n%gujgl ||Tn (t)ul — ppexp (tA) u0|| — 0 as n — oo, whenever u® B0 for any
te|0;

uw e E,, uw’ e k.
Theorem 4.6. ([12]). Assume that A€ C(E), A, € C(E,) and they generate Cy-
semigroup. Assume also that conditions (A) and (B) of Theorem [4.1] holds. Then

the implicit difference scheme

Un (t + Tn) _ﬁn(t)

Tn
is stable, i.e. H(In — TnAn)_k"

proximation to the solution of the problem , ie. Uy (t) = (I, — TnAn)_k” ud i
exp (tA) ul P-converges uniformly with respect to t = k,7, € [0;T] as u2 B,
n — oo, k, — 00, 7, — 0.

Theorem 4.7. ([]). Assume that conditions (A) and (By) of Theorem[{.4 hold

and condition

= AU, (t+7),U, (0) = u (4.1)

no

< Msexp (wat), t = kn7ry € IR+; and gives an ap-

1
nAn| < ———;,n € IN, 4.2
Il < G757 € (42)
is fulfilled. Then the difference scheme
U, (t+ 1) — U, (t
7)) =0 _ g 1 (1), U, (0) = o, (4.3)

Tn

is stable and gives an approximation to the solution of the problem , i€
Up (t) = (In 4+ TnAn)"™ v A u(t) discretely P-converge uniformly with respect
tot =k, €[0;7T) asu%guo, n — 00, ky — 00, T, — 0.

Let us introduce the following equivalent conditions:
(B}) Stability. There are constants M , w such that

’ ’ M’ 2
llexp (t4,)]| < M exp (w t) A exp (t4,)]| < = exp (w t) teIR+.

(BY) Stability. There are constants M, w and 7* > 0 such that

H(In — TnAn)ikH < M exp (w'/an) ,

HanAn (I, — T,LAn)*’“H < M exp (u’m) for 0 < 7, < 7*,n,k € IN.
Theorem 4.8. The conditions (A) and (B}) are equivalent to the condition (Cy).
Proof. See ([12]). O
Remark. Conditions (By), (By) and (BY) are equivalent, see ([11])

5. MAIN RESULTS

Let A,, be a generator of compact analytic Cp-semigroup U, (t). Consider in a
Banach space E,, the equations

’

u,, (t) = Apuy, (t),t € 0,7 (5.1)
with the integral conditions



APPROXIMATION OF SOLUTIONS 27

T
/wn (t) uy, (t) dt = gp. (5.2)
0

The solution of the problem (5.1]), (5.2) is given by the formula w,, (t) = Uy, (t) fa,
where f, = (I — Kn)_1 G, and corresponding second order Fredholm equation
can be written in the form:

(I, — K,) frn = G, (5.3)
where
(1) 1
Kofo= | 2 G0. 0+ / Un @ d(un @)t ] fur (5
and
1
n — _mAngn

Before we formulate our main results just recall that condition N (I — K) = {0}
could be obtained from Theorems in Section 2.

Theorem 5.1. Let w (t) be a nonnegative non increasing function for t € [0,T]
such that w(t) > 0 as t — 07, w, (t) be a nonnegative non increasing function
for t € [0,T] such that wy, (t) > 0 as t — 0T, and they converge w,, (t) — w(t)
uniformly int € [0;T]. Let conditions (A); (Bo1) be satisfied and G, — G. Assume
also that N (I — K) = {0}; operator (\I — A)~" is compact and (M, — A,)”"" —
(M — A)f1 compactly. Then solutions of the problems exist and converge to
the solution of the problem ; i.e. fn—f.

Proof. The proof is done in four steps.

Step 1. First, let us show that the com
pact convergence of resolvents R (\; A,) — R (A\; A) is equivalent to the compact
convergence of Cy-semigroups U, (t) — U (¢) for any ¢ > 0. Let ||,|| = O (1).
Then from the estimate || A, U, (t)| < & exp (wt); which is exactly condition (Bj),
we obtain the boundedness in n of the sequence {(A,, — AI,,) Uy, (t) 2, } for any fixed
t > 0. Because of the compact convergence of resolvent, we obtain the compactness
of the sequence {U, (t) z,}.

The necessity will be proved if for the measure of noncompactness p (.) (for

the definition, see [15]), we establish that ({()‘In _ An)ﬂ xn}) — 0 for any
2]l = O (1).We have
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({0 = 40w }) =

exp (—tA) Uy, (t) zpdt

=

exp (—tA) Uy, (t) zpdt

+u | € (f exp(—tA) Uy (1) zndt

IN
=
S g OQQ o g

wul o, / exp (—t\) Uy (£ — &) zpdt

Two first terms can be made less than ¢ by the choice of g, p. The last term is equal
to zero because of the compact convergence Uy, (€) — U (g) for any 0 < £ < q.

Step 2. Consider the operators K and K, defined by and on the
spaces F and F,. The operator K defined by is compact in F. Indeed, we
obtain that the

T
K= |20+ o [V @ du)
is a product of compact and bounded operato;. Moreover || K. — K|| < Ce, where
T
K= mU(T)—i— ﬁ/U(t)d(—w(t))
0

and € > 0. Then it follows that the operator K : £ — E is compact.
Step 3. It is easy to see that K,, — K. To show that K,, — K compactly, we
assume that || f,[|z = O (1). Now {K, f,} is P-compact because of representation

wy, (T)
wy, (0)

T
1
Ko = U (1) + 5 [ U () d = (1)
€
and one can easy verify the vanishing of the noncompactness measure p ({ K, fr}) =
0 for all n € N, taking into an account that || K., — K, || < Ce.

Step 4. Now [, — I stably and K,, — K compactly. Hence it follows from
Theoremthat I, — K,, — I — K regularly. Moreover, the nullspace N (I — K) =
{0} and the operators I,, — K, are Fredholm of index zero. Then it follows from
Theorem [2.9| that I,, — K, — I — K stably, i.e. (I, — K,) " = (I — K)™".

Since G,, — G, one gets f, = (I, — Kn)f1 G, —» (I—- K)f1 G = f. The
Theorem is proved. O

One can find that solution of the problem (5.3)) according to Theorem and
under the assumption that functions wy, (t),w (t) € C* ([0;T]) and they converge
wy, (£) — w (t) uniformly in ¢ € [0; 7).
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Theorem 5.2. Let Cy-semigroups U, (t) be positive and compact fort > 0. Assume
that the spectrum of A, lies in the half-plane {A € C:Re A < 0} and w, (t) >
0,w, (0) > 0;w,, (t) <0 for any t € [0;T]. Define the operator K,, as in (@ Then
r(K,) < 1.

We are recalling that 7 (A) is the spectral radius of A € B(FE). The spectral
radius of A, denoted by r (A), is the radius of the smallest disk centered at zero
that contains o (A),

r(A)={|A:Aea(A)}.
It is well known that for every A € B (E), we have
r(A) = lim [|A”[[", and r (4) < | A]l.

n—oo

Proof. The proof of the Theorem [5.2]is similar to the proof of the Theorem O
As a consequence of the Theorem [5.2] we have the following

Theorem 5.3. Let Cy-semigroup U, (t) be positive and compact fort > 0. Assume
that the spectrum of A, lies in the half-plane {\ € C: Re A <0} and wy, (t) >
0,wy, (0) > 0;w, (t) < 0 for any t € [0;T]. Then for any g € D(A,), there is
unique solution of the problem , ,

Since r (K,) < 1, could be organized as follows

1 .
fn7j+1 = annJ — mAngn, n,jg= O, 1, (55)

with initial condition f,, o = 0. The value K, f,, ; is nothing else as a solution of

Cauchy problem

/ w, (T — 1) wn (T)

Uy, (t) = An'Un (t) - an;ja Un (0) = w, (O) fn;j
at the point T’ i.e.
(1) Lo
W, ,
Kby =00 (T ) = 20D s + / — 0, () Un (8) fol.

So (b.5)) could be written in the form, starting from

fn70 :07 fn,j+1 = Un (vamj) - )AngTu n,j :O§1; ~~~~~~

1
wy, (0
Moreover, f, ; = fn as j — oo since r (K,,) < 1.

There are different ways how one can calculate v, (T, f, ;) One can use directly
Theorems [47]or maybe some higher order difference schemes for approximation
of Uy, (T);

say as in [4, 0], and then apply some quadrature formula for approximation the
term

T
1 ’

Wn
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In this paper we consider just the simplest way which comes from Theorem [£.6
In case of Theorem we have to assume stability condition, but the other con-
siderations are the same. So following the scheme we consider approximation
of the equation (1) by

Uy (t+71)— Uy, (t)

Tn

=AU, (t+71),

and approximation of the condition (5.2)) by
k-1

Z W, (]Tn) Un (]Tn + Tn) Tn = gn- (56)
=0

The solution of the scheme can be written in the form

o —k
U, (t) = (In — 10 An) "l t = krp,
To construct approximation of operator K, in (|5.4)),we just consider the simplest
formula (T' = k,,7,):

Ko = (I — mp )~ 22D
wy, (0)
kn—1
1 < —] W (lTn + Tn) — Wn (lTn)
_ .0 Z (I, — ThAp) - Tn-

Theorem 5.4. Let Cy-semigroup Uy, (t) be positive and compact fort > 0. Assume
that the spectrum of A, lies in the half-plane {A € C: Re A <0} and wy, (t) >

0, wy, (0) > 0;w,, (t) <0 for any t € [0;T]. Define the operator K,, as in (5). Then
T (I;n> < 1.

Proof. The operator K, is positive and compact, so by Krein-Rutman Theorem
there are A\g > 0 and 0 < f2 # 0 such that K,, fJ = \of2, and moreover,
r <Kn> = )\g. Assume now in contradiction that Ag > 1.

Substutting U, (t) = (I, — 7 An) " fu in
k-1

Z Wy, (I7) W, (I, + 7)) T (5.7)
1=0

with f,, = f°. One gets that
k—1
Z Wn (ZTTL) (In - TnAn)ilil ngn (58)
1=0

is positive for positive f2. Putting

k—1
On = Z wn (1) (Iy = T Ay) ™71 fO7,. (5.9)
1=0
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So, applymg the operator A, to , and using the formula of summation by
k-1

parts. T, sz+1 Ly = (yrvr — Yovo anZley’“ YL 'We obtain that A,¢, =
1=0
—wy (0 )fn + wy, (0) nfr? = —wn (0) fu + wn (0) Xofr = wn (0) (Ao — 1) f, >0,
since w, (0) > 0, A\g > 1, and f% > 0. So, if we apply (fAn)fl; then because
of positiveness of Cy-semigroup U, (t), the resolvent (—A, )~ " is also positive and
(—An)_1 Appn > 0; which means that 0 > ¢,,. From the other hand from
it follows that ¢, > 0 for fg > 0. This means that ¢, = 0; which means that
wy, (I70) (In — 7',,An)_l_1 fn=0foralll =0,.....k—1, in particular for [ = 0 we have
Wy, (0) (I, — TaAn) " fn = 0, because Ker (I, — taAn)~" = {0}, and w,, (0) # 0,
one gets that f0. But this contradicts to f2 # 0. The Theorem is proved. O

From Theorem it follows that one can organize the processf, j+1 = Kn fn,j —

N N

ﬁm)“lngn’ n;j = 0; 1, which converges f,, ; — fn as j — oo; where f, is a solution
of the problem f, = nfn ~ o Angn

Theorem 5.5. Let Cy-semigroups U, (t) be positive and analytic. Assume also that
functions w, (t),w (t) € C* ([0;T]) and they converge w,, (t) — w’ (t) uniformly in

€ [0;T]. Let conditions (A); (Bo1) be satisfied and G,, — G. Assume also that
N (I — K) = {0}, operator (A — A)~" is compact and (AL, — A,) ™" — (AT — A) ™!
compactly and w, (t) € C3([0;T)]) and |w, (t)’ <constant; t € [0;T]. Then solu-
tions of the problems (@ exist and converge to the solution of the problem ;

i.e. fn—f asn— .

Proof. If K,, — K compactly, then the statement of the Theorem follows the
same way as in the Step 4 of Theorem |5.1} So, we are going to show that K, — K
compactly. To do this it is enough to prove that || K, — KH — 0 as n — o0; since

the statement K,, = K compactly is already proved in Theorem One can write

U (T)— (I, — mnAy) " wn ( T / w, £ di—

1 11 Wy (U7 + ) — wy (I7)
Wnp, (O) Z (In TnAn) Tn ™

where k.7, = T. In [3], it is proved under condition (Bj) that

|

as k, — oo and ¢t = k7,,.Let us consider now the difference

Uy (t) = (In — TaAn) "

TTn exp (wt)
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ko —1 (I+1)7n
n 1 ,
— t)U,, (t)dt
() W, () U (1)
=0 Ity
1 Red I Ayl Wn (T + Tn) — wp, (ITh)
- W (0) ; ( n — Tn n) oy Tn-
To finish with the demonstration we have to use
ot g P (170 + Ta) — wa (I72)
- wy, (I1y, + 71,) — wy, (I,
+ U, (t) ——2—" R, dt
Z Wy, (0) / n (t) .y Tn
=0 lTh
terms.Indeed, it is easy to show that difference
ko —1 ) (I+1)7,
Z W, (0) / - Wy (t) U, (t) dt
1=0 Ity
ko —1 (I4+1)7y,
3 -1 / U, () wy, Iy, + Tn) — Wy (ZT")Tndt
wy, (0) Tn
=0 Iy
converge to zero as k, — oo and T = k,,7,; since
(I4+1)7y
-1 / U, () w;L () — wp, (ITn, + Tn) — Wy (lTn)Tn dt
wy, (0) Tn
Iy
is estimated by
. (I+1)1p 0 ) (i)
’ Wy, (UTp + Tp) — Wy, (U,
C Un t t _ n n n n n dt _ O 2 .
g | vol(no x) )=o)
Ity
The second term from =+ construction could be estimated as
bt g P l l
_ Us (t) — (I — TnAn)ilildtwn (Itn, + Tn) — wy (I7)
wy, (0) Tn
=0 ITh
k1 (I4+1)7y,
1
<cy / Un (£) = Us, (17 + 70| dt + C
=1 Wn (0) .
kp—1
+C Z ‘ U (I + 7)) — (I, — TnAn)flfl‘ Tn
1=0

knflTn kn—1 -
SC(ZZJF §l+1>+m.

=1
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Where we used the fact that for any t € [j7,, (j+ 1) 7],1 <j <k, — 1,
. T)
[Un () = Un (j7n + 1) < Cj—

n
T

The Theorem is proved.

O

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.

1
2
3
[4
[5
[6
[7
8
[9
[10
[11
[12
(13

[14
[15

REFERENCES

] M. Denche, A. Berkane, Boundary value problem for abstract first order differential equation
with integral condition, J. Math. Anal. Appl.333 (2007) 657—666.

] M. Denche, A. Berkane, On abstract first order differential equation with a nonlocal integral
condition, Kobe J. Math., 25 (2008), 25-38.

| H. Fujita, A. Mizutani, On the finite element method for parabolic equations, I; approzimation
of holomorphic semigroups, J. Math. Soc. Japan, 28 4 (1979) 749-771.

] D. Guidetti, B. Karasozen, S. I. Piskarev, Approzimation of abstract differential equations,
J. Math. Sci.122 2 (2004) 3013-3054.

| R. D. Grigorieff, Diskrete Approzimation von Eigenwertproblemen, II. Konvergenzodnung.
Numer. Math. 245, (1975), 415-434.

| R. H. W. Hoppe, A constructive approach to the Bellman semigroup, Nonlinear Anal. 9 11
(1985), 1165-1181.

] T. Kato, Perturbation theory for linear operators. Classics in Mathematics, Springer-Verlag,
Berlin, 1995. Reprint of the 1980 edition.

| D. Orlovsky, S. I. Piskarev, On approximation of inverse problems for abstract elliptic prob-
lems, J. Inverse and Ill-posed Problems 17 8(2009) 765-782.

| S. I. Piskarev, Error estimates in the approximation of semigroups of operators by Padé
fractions, 1zv. Vuzov, Mat.4 (1979) 33-38.

| S. L. Piskarev, Approzimation of positive Co semigroups of operators, Differentsial’nye Urav-
neniya 27 7 (1991),1250-1287 (in Russian).

| P. E. Sobolevskii, The coercive solvability of difference equations, Dokl. Akad. Nauk
SSSR.201(1971) 1063-1066.

| T. Ushijima, Approximation theory for semigroups of linear operators and its application to
approzimation of wave equations, Japan. J. Math., 1 1 185-224, 1975/76.

| G. Vainikko, Funktionalanalysis der Diskretisierungsmethoden, Teubner Verlag, Leipzig,
1976.

] G. Vainikko, S. I. Piskarev, Regularly compatible operators, Izv. Vuzov. Mat.10 (1977) 25-36.

| G. Vainikko, Approzimative methods for nonlinear equations (two approaches to the conver-
gence problem), Nonlinear Anal. 2 (1978), 647-687.

ABDELHAK BERKANE

DEPARTMENT OF MATHEMATICS, FRERES MENTOURI UNIVERSITY, LABORATORY OF DIFFERENTIAL

Eq

UATIONS, CONSTANTINE, ALGERIA,
E-mail address: berkane@usa.com

ABDELKRIM ZEKRI

DEPARTMENT OF MATHEMATICS, FRERES MENTOURI UNIVERSITY, LABORATORY OF DIFFERENTIAL

Eq

UATIONS, CONSTANTINE, ALGERIA,
E-mail address: zekri6080@gmail.com



