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EXISTENCE AND UNIQUENESS OF A RENORMALIZED
SOLUTION OF A MULTIVALUED FOURIER PROBLEM WITH
L-DATA

TIYAMBA VALEA, AROUNA OUEDRAOGO

ABSTRACT. In this manuscript, we are concerned with the existence and unique-
ness of the renormalized solution of a nonlinear elliptic problem 3(u)—div a(z, Du) 3
f in Q, coupled with a Fourier boundary conditions a(z, Du).n + Au = g on

99, where f and g are functions of L'(Q2) and L1 (99) respectively. The func-
tional setting involves Lebesgue and Sobolev spaces with variable exponent.
Some a-priori estimates are used to obtain our results.

1. INTRODUCTION

The literature contains a wide field of research on Fourier-type problems involving
L'-data. Many of these studies deal with non-homogeneous boundary conditions
of the Fourier type. The aim of this paper is to investigate the nonlinear elliptic
boundary value problem
B(u) —diva(z,Du) > f in £,
Pry
’ a(z,Du)n+iu=g on 09,

where Q € RY, (N > 2) is a bounded domain with boundary 02, 7 is the unit
outward normal vector on dQ. The function f is in L(Q), g is in L'(9Q) and
(A > 0). The graph 8 = 95 is maximal monotone defined on R?, with the additional
constraint that 0 € 5(0). The vector field a is a Carathodory function such that
a(z,.) is continuous for almost everywhere z in {2 and measurable on 2 for every &
in RY and subject to followings conditions:
(H1) (coercivity) There exist constants o > 0 for every x €  and all £ € RV,

a(z,€).£ > afgt).
(H2) (monotonicity) For all z € Q and all £, 7 € RN with £ # n there holds

(a(z,€) —a(z,n)).(€ —n) > 0.
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(H3) (growth) There is a constant A > 0 and a function K € LP'()(Q), such that,
for all (x,£) € Q x RV,

la(z, &) < MK (2) + €O,

Recently, (cf.[I0]) the same type of problem with a Fourier boundary condition,
with the function b: R — R continuous, nondecreasing and surjective, instead of a
maximal monotone graph £, is studied, and the existence and uniqueness of entropy
solutions have been proved in the L!-setting. The exponent that appears in (H1)
and (H3) depends on the variable = that is we seek solutions to the problem in
variables exponent space. The motivation for working in these spaces arises from
their application in modeling electrorheological and thermorheological fluids (as
cited in [I4]), as well as in image restoration (as cited in [4]). When dealing with a
problem where the right-hand side is in L', Di Perna-Lions introduced the concept
of a renormalized solution, which can be applied when the exponent p is constant.
However, if p depends on x, the notion proposed by Wittbold and Zimmermann
(as cited in [16]) can be adopted and applied to our particular scenario. The rest
of the paper is organized as follows: In section 2, we recall the basic proprieties of
Lebesgue and Sobolev spaces with variable exponent and our main result is stated
and proven in section 3.

2. PRELIMINARIES

Let us compile some fundamental properties of Lebesgue spaces Lp(')(Q) and gen-
eralized Sobolev spaces W1P()(Q) here for convenience. Let us begin to defined
the following set

CT(Q)={p:Q— R" :p is continuous and such that 1 <p_ <p, < oo},

where
z€Q zeQ
For any p(-) € CT(Q), we recall the variable exponent Lebesgue space LPO(Q) as
LPO(Q) = {f : Q@ — R measurable: / |fIPOdz < 400},
Q

endowed with the Luxembourg norm

f p(+)
Iy =m0, [ |1 ar <1
alA

The space (LP()(Q), ||-[lp(.y) is a separable Banach space. Moreover LPO(Q) is a
separable, uniform convex Banach space, and its conjugate space is e (Q), where
1/p(-) +1/p'(-) = 1. Next (see [7]), we recall the two inequalities below:

(i) For any f € LPO)(Q) and all g € LP'()(Q), then we have the Holder in-
equality:

gdx <( )Ilfllp( y1gllp (- (2.1)

(ii) If p(-) < q(-) a.e. in Q, and |Q| < oo, then for all f € LPC)
oy < (412D fllge (22)
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We define the variable exponent Sobolev space W1P()(Q) as follows:
W) = {f € IP0() 1 Df] € L0 (@)Y)
with the norm,
1£1lp0) = 1 o) + IDfllpeys Y € WHPO(Q).
The Banach space (W5P()(Q), ]| f|l1,p() is both separable and reflexive. The mod-
ular p,y of the space LP()(Q), defined as p,)(f) = / |f|Pdz, plays a crucial

role in manipulating the generalized Lebesgue and Sobolev spaces. The subsequent
result is of great importance and will be useful for our purposes.

Proposition 2.1. . (see. [0]) If un,u € LPC)(Q) and py < 400, then the following
properties hold:

() Tl > 1= Nl < ppeo () < Julf;
() ey < 1= [ullf, < ooy () <l
(iii) [Jullpy <1 (resp. =1;>1) <= pyy(u) <1 (resp. =1;>1);
(iv) ||unllpey = 0 ((resp. — +00) <= pyey(un) = 0 resp. — +00);
p() p(-)

U
V=1
IIUHpc))

Let v : © — R be a measurable function. We define the function p; p)(u) as
follows:

(v) pp(-)(

p1p() (1) = / |u|p('),dx +/ |Vu|p('),da:.
The following proposition, which (?an be found inﬂ[17], holds:
Proposition 2.2. If u € W'P()(Q), then the following properties hold:
() flullipey >1= ||u||11);)(_) < prp( (w) < ul 11);7(»)"

(ii) HU’HLP(') <l= ”U”le;,(.) < Pl,p(-)(u) < Hu”]l):p(.);

(iii) flullip) <1 (resp. =1;> 1) <= pypy(uw) <1 (resp. =1;>1).

For additional properties of variable exponents, we direct the reader to the work of
Kovacik and Rakosnik in [7]. We bring to mind two inequalities: the Poincar-type
inequality and the Poincar-Sobolev type inequality.

Lemma 2.3. (cf. [13]) There exists a constant C} > 0 for every u € WH1(Q), we
have

/ |uldz < Cf </ | Du|dx —|—/ |u|d0) (Poincaré’s type inequality) (2.3)
Q Q a0
and there exists a constant Ch >0 for every u € Wh4(Q), 1 < ¢ < N , we have

(/ |u|q*dx> ’ <} (/ | Du|9dzx + (/ |u|do>q) (Poincaré-Sobolev type inequality).
Q Q 0 (2.4



4 T. VALEA, A. OUEDRAOGO

We will use the following notations in the rest of this paper: Let A be a measurable
subset of RYV. Its N-dimensional Lebesgue measure and its characteristic function
are denoted by |A| and x4, respectively. The positive and negative parts of r are
defined as r™ = max(r,0) and r~ = (—r)T. We denote signg(r) as 1, 0, or —1,
depending on whether r > 0, r = 0, or r < 0. Similarly, signar(r) is denoted as 1
or 0, depending on whether » > 0 or » < 0. Furthermore, we will use the notations
u A v = min(u,v) and v V v = max(u,v). Throughout the paper, T} denotes
the truncation function at height & > 0 defined by Ty (r) = max{—Fk, min(k,r)}
for all » € R and also define the continuous function h, : R — R by h,(r) =
min((n +1—|r|)*,1) for all n € R.

For any monotone graph v in R x R and ¢ > 0, we denote by 7. the Yosida

-1
approximation of v, given by 7. = e(I — (I + %fy) ) Note that 7. is maximal
monotone and Lipschitz.

We recall the definition of the main section vy of 7:
the element of minimal absolute value of y(s) if y(s) # 0,
Yo(s) = +0o0 if [s, +00) N Dom(7)
—00 if (—o0, s] N Dom(7)

=0,
=0

Before to give the definition of renormalized solution, let us define the gradient of
measurable functions whose truncates have finite energy (see [2]).

Lemma 2.4. For every u € ﬁicl(ﬂ) there exists a unique measurable function
v:Q = RN such that

DTy (u) = vX{ju|<k} a-€. in Q.

Furthermore, u € VVlloc1 () if and only if v € L}, (), and then v = Du in the usual
weak sense.

We also define the space
THPOQ) = {u: @ = R measurable such that, Ty (u) € WP (Q),Vk > 0}.

On the other hand, we define ’Ei’p(')(ﬂ) as the set of functions u € THP()(Q) such
that there exists a sequence (uy,), C WHP()(Q) satisfying the following conditions:

(i) Up — uw a.e. in Q,
(i) DTy (un) = DTy (u) in LY(Q) for any k > 0,
(iii) There exists a measurable function v on 0€, such that u,, — v a.e. in €.

The function v is the trace of u in the generalized sense (see [2]). In the sequel the
trace of u € 7;}.’1)(')(9) on 0Q will be denoted by tr(u). If u € WHP()(Q), tr(u)
coincides with 7(u) in the usual sense. Moreover, for u € 7,7 (')(Q) and for every
k> 0, 7(Ti(u) = Ti(tr(u)) and if ¢ € WO (Q)NL=(Q) then (u—¢) € T ()
and tr(u — ¢) = tr(u) — tr(¢).

3. MAIN RESULTS

Definition 3.1. A renormalized solution to Pf[ig is a pair of functions (u,b) satis-
fying the following conditions:
(i) u : Q — R is measurable and finite a.e. in Q, tr(u) € L*(0Q), b € LY(Q) and
b(z) € B(u(x)) for a.e. z in Q,
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(ii) for each k > 0, Tj(u) € W) (Q) and
(iif)
/Qbh(u)gdx—i—/Qa(x,Du).D(h(u)é)dx—i-)\/

o0
holds for all h € CX(R) and £ € WLPL)(Q) N L=(R).
Moreover,

lim | DulP®) da: = 0. (3.2)
k=00 J{k<|u|<k+1}

Remark. If (u,b) is a renormalized solution of problem Pﬁg then, it satisfying the
following entropy formulation:

/Qa(x, Du).DTi(u— &) dx < /

Q

(f =b)Ti(u—&)de + /69(9 — ) Ty (u — &)do,
(3.3)

for all £ € WHPO)(Q) N L>®(Q) such that &(x) € B(u(x)) for a.e.  in Q.

Remark. Fach term in equation (3.1) is clearly well-defined, and the condition
expressed in equation (3.2)) is a necessity in the context of renormalized solutions.
Additionally, it provides further details about Du.

Proposition [3.2] presented below establishes the connection between the concepts of
renormalized and entropy solution.

Proposition 3.2. (see [11]) Let’s f € LY(Q) and g € L*(09Q). Under assump-
tions (H1)— (H3), renormalized solution and entropy solution of problem Pﬁg are
equivalent.

The following result is the most significant one that we establish

Theorem 3.3. Assume that (H1) — (H3) hold. Then, the problem Pﬁg has a
unique renormalized solution.

Proof. To prove the existence of renormalized solution, we use approximate meth-
ods for the multi-step proof. Firstly, we prove, for bounded data f € L°°(2) and
g € L>(09), the existence of a weak solution u of the elliptic problem with addi-
tional strongly monotone perturbation. Secondly, for L'-data, we approximate f
and g by fu., = (fAp)V(—v) and g, = (gAp)V (—v) respectively, non decreasing
in g, non increasing in v such that ||f, |1 < || fll1 and [|guv|1 < |g][1. Our third
step is to establish the uniqueness of a renormalized solution to Pﬁ .

3.1. Existence and uniqueness results for L°°-data.

Proposition 3.4. For f € L*(Q) and g € L>®(0NQ), there exists at least one
renormalized solution (u,b) of Pﬁg.

Proof. Our approach involves approximation through the use of a non-decreasing
function s +— |s[?()=2s and a minimization technique. We will prove certain pre-
liminary estimates and convergence results that will enable us to pass to the limit

uh(u)édo = /th(u)gdx + /BQ gh(u)édo,(3.1)
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Step 1: Approximate solution for L°°-data.
Consider the following penalized approached problem for ¢ > 0

{ Be(T1ye(ue)) + €lu[PO2u, — diva(z, Duc) = f in Q,

a(z,Duc).n+ Mue =g on 09,

ﬁé
Pﬁg

with B, the Yosida approximation of 3 as defined in section 3.

Proposition 3.5. For every f € L>™(Q), g € L (0NQ) there erists at least a weak
solution

ue € WHr0O(Q) N L=(9Q) of Py

Proof. (of Proposition . The operators A, is defined for every ¢ > 0 from

Whrh)(Q) to (Wl’p(')(Q)) as follows:

(e = [ 8T uedore [ fuPO 2ugdein | uctdos [ ate.Du.Deds,
Q Q a0 Q

(.,.) is the duality bracket between WP()(Q) and its dual space (Wl’p(')(Q))*.

We assert that A, is surjective through this lemma.
Lemma 3.6. The operator Ac is bounded, coercive and verifies the (M)-property.

Proof. The proof is divided into several claims.

Claim 1: A, is bounded.
To do this let’s take u, € WHP()(Q) N L>®(9Q),

(Aeue,u6>:/ﬁﬁ(Tl/e(ue))uedm—i—e/ \u6|p(')_2u6uedx+)\/ \u6|2da+/a(x,Due).DuEdac.
Q Q a0 Q
Then,
[(Actie, ue) g/ |BE(T1/€(u6))ue|da:+e/ |u6|p(')dac
Q Q
+)\/ |u€|2da+/ la(x, Duc).Due|dz. (3.4)
a0 Q

As Bc(T/e(uc)) is bounded in LP'()(Q), then there exist a constant C; > 0 such
that by using Holder’s inequality, we get

/Q|ﬁ6(T1/€(u€))uE|dx <Be(Trye(ue))llpr () Itellpy < Crlluell1 pey- (3.5)

The same the Holder type inequality implies that

. S AN
e [ ucPds < (Lt Y 1007 el < el (3.6)
Q p— p_

)\/ lu|*do
onN

and

IN

1 1
A +> Ue|lp’ () ]| Ue .
(o5 + o ) By el

CB”“eHl,p(-)' (3.7)

IN
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Furthermore, by applying Holder type inequality and using the growth condition
(H3), we can deduce the expression of the last term in inequality (3.4]) as follows:

1 1
/Q |a(z, Due).Duclde < A <p + p’> | K || (o [[Duel| gy + Al Dl

Clluell1,p()- (3.8)

IA

Gathering (3.5)-(3-8) in (3.4), it follows that there exists a positive constant C,
which is dependent on C1, Cy, C3, and Cy,

[{Actie, ue)| < CHUGHLp(')v

so that A, is bounded.

Claim 2: The operator A, is coercive.

(Acue,ue) = /5€(T1/€(u6))uedw+)\/ |u5\2d0
Q a0
+e/ |u€|p(')dx+/ a(z, Du.).Dudzx.
Q Q

Thanks to the monotonicity of 8 o T} ., we use the hypothesis (H1) to obtain

(Acuc,ue) > /a(x,DuE).Duedw—i—e/ |ue|PO) da
Q Q

> a/ |Du€|p(')dm+e/ |u6|p(~)d$
Q Q
Z min(a,e) </ \Du€|p()dx—|-/ |U€|p()dx>
Q Q
> min(a, ) fucl}'))- (3.9)
It come from ((3.9) that

<A€ueaue> . p()—1

el > min(a, ffu 20, (3.10)
Huﬁnl,p(-) Lp()

(Acte, ue)

and since p(-) > 1, — 400 as |[uell1,p(.y — oo. Then A, is coercive.

luell1,pe)

We recall the notion of operator of type (M).

Definition 3.7. (Definition 8.3 [8]) Let X be a reflexive Banach space. A bounded
operator B from X to its dual X' is type (M) if

Uy —u in X

Bu, — x in X’ = y = Bu.

lm (Buy, un) < (x,w)

n—00
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Claim 3: A, is type (M).
Let us define Ac = A¢1 + Ac 2. According to [I7], if Ac ;1 is type (M) and A, 2 is
monotone, weakly continuous then A, is type (M).

(A, &) = /a(x,Du).D&dx+/5E(T1/5(u))§dz+e/ |uv’<'>*2ugdx+/\/ wédo
Q Q Q

o0
= / a(:L’, D’U,)ngw + <A5,2ua €>
Q

(a): For the monotony of A, 2,
we have

Aeaw§) = [ BTy la)edo + e [ PO 2usdo o [ o
Q Q 09
We have for u and v belonging to W'*()(Q),

(Acou— Acv,u—v) = (Acou,u—v) — (Ac20,u —v)
=[BT ) = BT ) o)

+e / (Ju|PO 2y — Jo|PO=20) (u — v)dz
Q

+>\/ lu — v|?do. (3.11)
o9
From the monotony of v — |v|P() =20, we deduce that
0< e/(|u\P<->*2u — 0[PY20) (u — v)de.
Q

From the monotony of 3. o T} /., we conclude that
(Acou — Ac2v,u —v) > 0. (3.12)

(b): We prove that for all € > 0, the operator A, o is weakly continuous, that is,
for all sequences (un)neny € WHPO(Q) such that u, — u in WHP()(Q), we have
Ae 2ty = Ac2u as n — o0.

For all £ € W2()(Q), we have

(Ac2un, &) = / ﬂE(Tl/e(un))fd-T+ 6/ |un|p(.)72un€dx+/ up &do. (3.13)
Q Q o0

We have | (T /e (un))€| < max(|Be(1/€)], [Be(~1/€)])[¢] € LPO ().
Let (u,) C W'P()(Q) be converging weakly to some u € W'P()(Q). Then
u, — u strongly in LPO)(Q). Thus, IM > 0,|u,| < M, so |u,|PO~1¢ <
max(MP-—1 MP+—1)|¢| € LPO)(Q).
Using the Lebesgue dominated convergence theorem, we can passing to the limit
in we obtain limy, oo (Ae 2Un, &) = (Ac2u, &). We conclude that A, 2u, —
A 2u as n goes to co.

For all u,v € WP()(Q) we have

(Acqu — Ac1v,u — v) = /Q (a(z, Du) — a(z, Dv))(u — v)dz.

As the integral is non-negative and a satisfies the monotonicity condition (H2), it
follows that A ; is monotone. Thanks to the growth condition (H3) on a, it follows
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that A is hemi-continuous. We can conclude that A, ; is pseudo-monotone, thus
type (M). Since A, 1 of type (M) and A, » is both monotone and weakly continuous,
we can infer that the operator A, is also of type (M). This ends the proof of Lemma
O

By applying a well-known theorem for monotone operators (see, for instance, [9]),
it follows that A, is surjective and hence that P]? Y has at least one weak solution
ue € WHPO(Q) N L>®(99) i.e.

/ﬁe(Tl/e(ue))gdx—ke/ |u€|1’<'>*2u5§dx+/\/ ue Edo
Q Q on

+/Qa(x,DuE).D§dm:/Qfgdx—k/(mgfda, £ewrt(Q). (3.14)
O

Through a comparison principle, we demonstrate the uniqueness of solutions u. to
problem PP o where the right-hand sides f € L°(£2). This principle will play an
important role in the next.

Proposition 3.8. Suppose u,i. € WHPO(Q)NL>®(9Q) are two weak solutions of
P?‘q and P]?Z, respectively, for fired e >0 f, f € L>®(Q) and g,g € L*>(02). The
comparison principle below holds

e/ (\ue|p(')72us — |115|p(‘)72u})+ + A (e — 1) Tdo
Q 20

< /Q (f - f)signar(ue — ) + /{m (9 — g)signg (ue — ). (3.15)

Proof. Consider two weak solutions, denoted by u. and ., of two different equations

Pfﬁfg and PJ?;, respectively. Let k be a positive constant and define £ = %Tk (ue —

)T as a test function in (3.14)). Substituting the to equation writen in u. and 1,
we have:

W+ T+ T35+ Ty =15+ Tg, (316)
with
N 1 .
T, = /Q(ﬁE(Tl/E(uE)) — BTy () 3 Telue — ) *dor,
1
T, - 6/ (e PO — [P O~2) L T — i)
Q
1
T3 = >\/ (ue — u}) 7Tk(u6 — ’lfe)+ d0—7
o k
1
T4 = E (a($7DUE) —a(x,Dde»D(ue —d€)+d$,
U

Ts = /Q (f - ]E)%Tk(ue - d€)+dl',

1
TG = / (g — g) %Tk(ue — de)"' dO',
o0

with U = {0 < u. — 4. < k}. By taking the limit as £k — 0 in (3.16)), we obtain
B15). O
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Step 2: L°°-a priori estimate.

Lemma 3.9. Assume (H1) — (H3) and f € L>®(Q), g € L*(09). Let uc be a
weak solution of problem Pﬁfg, then for all k >0

/Q DucPOdz < Ch(| sy + l9llz: o) (3.17)
and
/Q Bu(Ty e () Ti(ue)dz < k(| Fll ey + lllzs o)) (3.18)

hold for all 0 < e < 1, where C' is a positive constant. Moreover,

1 —+ 1
el om) < Ilfllz o) )\HQHL (99) (3.19)

holds for all 0 < e < 1.

Proof. Let us proves (3.17). By taking & = Ty (u.) as test function in (3.14)), we
have

/Be(Tl/e(ue))Tk(uE)dere/ |uE‘P(.)72u€Tk(ue)dw+)\/ te Ty (ue)do
Q Q a0

—|—/Qa(:v,DuE).Dude:/Qka(ue)d:c—l—/aﬂng(ue)dJ. (3.20)

Notice that the three first terms of (3.20) are nonnegative. Then, using Hoder type
inequality we can estimate the right-hand side of (3.20) as follows

/Qka(uE)d:c + /89 9Ti(ue)do < || fllpr @l Tk (ue) | 20y + 9]l o0 | Tr (we) | o< (o02)
< k(Ifllzr @) + llgllzr a0))- (3.21)
Thanks to (H1) we get

a /Q DuPOda < k(| o + 9]l 2t 0m); (3.22)

which implies (3.17)).
Next, from (3.20) and (3.21)) we deduce (3.18)). Using equations (3.20)) and (3.21]

once more, we can infer that

k
| < S0 ley + ol om) (323)
By dividing (3.23) by k£ > 0 and then letting £ — 0, we obtain
1
[ tuckde < Sz + gl o), (324)
o
which gives (3.19). O

Lemma 3.10. The sequence {Be(Tl/E(ug)} is uniformly bounded in L(£2).

>0
Proof. Divide the inequality (3.18) by k, we get

1
/Qﬂe(Tl/e(ue)) ETk(Ue)d‘r <N f ) + gl a0y, (3.25)
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which implies, when k£ — 0,

/Q\Be(Tl/e(ue)Nde <z + gl on)- (3.26)
(]

Lemma 3.11. Assume (H1) — (H3) and f € L>®(Q), g € L>(0N). Let u, be a
weak solution of problem Pffg, then for all k > 0,

/ | DT} (ue) [P~ dz < const(|| fllL1 (s l9llL1 (a0), ) (k + 1), (3.27)
Q
and
+
/ (T (u)|do < Il H9‘|L1(852)7 (3.28)
90 A

where const(|| fl|L1 (), l9llL1 (00, Q) is a positive constant depending on || f| 11 (),
l9llz1(a0) and Q.

Proof. We first prove (3.27). Observe that

[ 10meuede = [ D) do+ [ | DTy ()P~ de
Q {IDT(ue)[>1} (1D (o) <1}

< / DT (u )l da + 19|
{IDT, (uc)|>1}

< [ DTl Ods + 9. (3.29)

By the above inequalities and thanks to , we obtain
[ 1DT - do < const(1f 3oy ol omy, @)+ 1. (330
To prove (3.28)), note that |Tj(uc)| < |uc|, then according to (3.19), we obtain the
desired result. O

The following result is necessary for our purposes.

Lemma 3.12. Assume that (H1)— (H3) hold, f € L>(Q) and g € L>*(09). Let
ue be a weak solution of Pffg. For k large enough, we have

const(|| £l 1, 191l L1 00), P—> (P-)", 2)

ol = 1= ke (3.31)
and
t ’ 7Q k 1
{(1Du| > Ky < stz Ilﬂmam )k + 1)
! ’ ,P—, (p-)", Q2
| cons (Ul HQLLZI(BQ) p_, (p_) )’ o

where ﬁ = p% - %, a=(p)(1- p%)

Proof. (of Lemma |3.12)) To begin with, we establish (3.31)). Subsequently, we can
deduce the following from inequality (3.27):

/ | DT (ue) P~ da < kK. (3.33)
Q
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Here, Ky > 0 depending on || f||1,[|glz1 a0y and |©2]. Now, using Poincaré-Sobolev
type inequality (2.4)), there exists a constant Ky > 0 depending on 2 such that

(/Q Tk(u5)|(p)*d9c>(;_)* < K, </Q|DTk(u€)|pdx+ (/m |Tk(ue)da>p).

(3.34)

After using Holder’s inequality on the last term present on the right hand side of
equation ([3.34)), and considering the inequality (3.28)), it becomes clear that

(/m Tk(u6)|do>p < Kk, (3.35)

where K3 > 0 depending on || f||1, [lg]|z1 (a0, A, [2] and [09]. From (3.33)),(3.34)
and (3.35]), we deduce that for any k > 1,

- (pp:)*
(/ | T (ue)|P-) dx) < Kk, (3.36)
Q

where Ky > 0 depending on || f||1, |g]lz1a0), P—, (p—)*, X, |Q] and meas(082).
From ([3.36)) we derive that

. (r_)*
/ Ty (ue)|P-) " da < Ksk™ 7=, (3.37)
Q

where K5 is a positive constant depending on || |1, [|gllz1(00), =, (P=)*, A, |9
and meas(0Q). Relation (3.37) implies that

[ Mo e < Kok 7 (33)
which is equal to
EP)"{ue| > kY| < K5k%. (3.39)
From we have
{Jue| > k}| < Ksk® =71, (3.40)

We have obtained the desired result (3.31)). Our next task is to show the estimate
(3-32)). Let k and € be positive parameters. We have

O (k,0) = meas{|Due|P~ > 0, |ue| > k}.
Using (3.31)) and for a sufficiently large value of k > 0, we get

const(|[fll ) 19l (o), P, (P-)", )

P <
(k70) — ka

(3.41)
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Since the function 6 — ®(k, 6) is non-increasing, we have the inequality ®(0,6) <
®(0, s) for any k,0 >0 and 0 < s <0,

0 0
(0,0) = [{|DucP- > 0} = é/ (0, 0)ds < %/0 (0, )ds
%/} ksds—|—9/ — ®(k, s))ds

1 1
< 5/ (k,0)ds + = /0 (@(0,s) — ®(k, s))ds
< ®(k,0) + 9/ (©(0,s) — ®(k, s))ds. (3.42)
Hence,
1 /0
{|DuelP~ > 0} < |{|ue|] >k} + 5/0 (®(0,s) — ®(k, s))ds. (3.43)

Finally, we can express ®(0, s) — ®(k, s) as meas(|Du|P~ > s, |uc| < k). Therefore,
we obtain

/ T (@(0,5) — Bk, 5))ds = / | Dug|P-dz. (3.44)
0 {lue| <k}

From

/Q DT (ue) [P~ dee < const (|| sy 9]l oy Q) (k + 1),

we deduce that
[ IDupds < const()xcon gl oy, @)k + 1), (3.45)
{lue| <k}
By combining ((3.44) and (3.45)), we obtain the following
/ (2(0,5) — (K, 5))ds < const(|| fll L1, 9]l o), @) (k + 1). (3.46)
0

From (3.43)), (3.46)), and (3.31), we can infer that

const(|| fll 1), 19l 21 (00 ) (k + 1)
0
+00"5t(||f|\L1(Q)7 gl a0y, -, (P-)*, )

ke '
An optimal choice can be determined by minimizing this inequality with respect to
6. It is given by 8 = kP— | up to a multiplicative constant. Substituting this optimal
choice into the inequality leads to . Hence, we have completed the proof of
Lemma, O

Step 8: Basic convergence results.

The convergence results below follow from the a priori estimates stated in Lemma
0.9

{IDuelP~ > 0} <

(3.47)

Lemma 3.13. For any k > 0, when € tends to 0,

(i) Ti(uc) = Te(u) in LP~(Q) and a.e. in Q, DTy (uc) — DTy (u) in (LPO(Q))N
(ii) a(x, DTy (u.)) — a(x, DTy (u)) in (LP" @ (Q))N,

(1it) . converges to some function v a.e. in O€.
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Proof. (i) For k > 0, the sequence (DTj(u))eso is bounded in LP()(Q), thus,
the sequence (Tj(uc))eso is bounded in WHP()(Q). Therefore, we can extract a
subsequence, still denoted (T (ue))eso for every k > 0, (Tk(uc))eso converges weakly
to o in WHPO)(Q) and also that (Ty(uc))eso converges strongly to o in LP- ().
We show that the sequence (u.)>o converges to some function u in measure. To this
end, we prove that u. is a Cauchy sequence in measure. Let s > 0 and k& > 0 be fixed.
Define B, = {[uy| > k}, B, = {[ua] > k} and By, = {[T(u) — Te(u)] > s}
Note that {|u, —u,| > s} C E, UE,UE,,, and thus,

meas({|u, —u,| > s}) < meas(E,) + meas(E,) + meas(E, ). (3.48)
Let n > 0, using the previous inequality, we choose k = k(n) such that
meas(E,) < g and meas(E,) < g (3.49)

As Ty (ue) converges strongly in LP-(Q), it is a Cauchy sequence in LP-(Q2). Hence,

Vs> 0,n>0,3vg =wp(s,n) such that Yv,u>wy(s,n),

(] 170t = Tetwn)0ae) ™ < (25) 7

So,
1
Vv = o, Y > v, meas(Ey,) < - / (1T (w) — Tio(w,) )P da < (g). (3.50)
~Ja
From ([3.48)-(3.50) we deduce that
meas({|u, —uy| > s}) <n, (3.51)

for all v, > vo(s,n). The inequality shows that (u)eso is a Cauchy se-
quence in measure, which implies the existence of a measurable function u such
that ue — w in measure. Then, (uc).>o converges almost everywhere to some mea-
surable function u. We can then extract a subsequence still denoted (ue)eso such
that ue — u a.e. in Q. As for k > 0, T}, is continuous, then Ty (uc) — Tk (u) a.e. in
Q and o = Ti(u) a.e. in . Using similar arguments as in the proof of Lemma 3.7
n [11], we deduce that DTy (u.) — DTy (u) strongly in (LPC)(Q))N as e — 0.
Proof of (ii): Thanks to (H3) and (3.17), the sequence (a(z, DT (uc))eso is
bounded in (L") (€2))V, so there exists a sub-sequence, still denoted (a(z, DTk (uc))eso,
such that a(z, DTy (uc)) = @ in (L7 O)(Q))YN as € — 0. It remains to prove that
div @), = diva(z, DTy (u)). Let us first show that the following inequality holds for
all k>0,

limsup/ a(x, DTy (ue)).D (T (ue) — T (u)) dx < 0. (3.52)
o

e—0

Indeed, let k,e > 0. Using & = hy, (ue) (Tk(ue) — Tk(u)) as a test function in ((3.14)
leads to

/ hn(ué)a(xa DTk(ue))D(Tk(ue)_Tk(u))d(E = Ak,n,e+Bk,n,e+Ck,n,5+Dk,n,e+Ek,n,e+Fk,n,e;
Q
(3.53)
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where
e = [ o) (i) = Teta) o,
Brne = [ ah(u)(Tu(u) = Tifw)) o
Cune = = [ BTie(un () (Tl = Tifw).
Dine = —e /Q 1 PO 20 (T (1) — To(w)) o () d,
Eine = —X agug(Tk(ue)—Tk(u))hn(ue)dx,
Fime = — [ hp(uoa(z, DTi(ue)).Due(Tr(ue) — Ti(uw))dx.

Q

We examine the behavior of the each terms in as € — 0 then n — oo, respec-
tively. By observing that | fhn, (we) (T (ue) =Tk (u))| < 2k|f| € L (Q), |ghn (we) (T (ue)—
Tk(u))| < 2k|g| € LY(09), and |u€hn(ue)(Tk(ue) — Tk(u))\ < 2kC € LY09), we
can apply the Lebesgue dominated convergence theorem to conclude

lim Ay e = lim/ fhn(ue)(Tk(ue) — Tk(u))dﬂc =0, (3.54)
el0 el0 Jo
lim By e =lim [ ghn(ue) (Th(ue) — Ti(uw))do = 0, (3.55)
Gio Eio onN
limEy, e = — lim A Ue (T (ue) — T (u)) b (ue)dz = 0. (3.56)
€l0 e—0 90

Next, we focus on term C .. Due to Lemma and the convergence of sequence
Ti(ue) — T (u) to zero almost everywhere in Q and in L°°(2) weak-+ as € goes to
zero, Lebesgue Dominated Convergence Theorem leads to

hﬁ)l Crme = —lifg sup/ Be(Ty je(ue) ha (ue) (Tr(ue) — Ti(u))dz = 0. (3.57)
€ € O

Moreover, one has ‘|u6|p(')_2u€(Tk(u6) — Tr(u))hn(ue)| < 2kC then we can deduce

that

lim Dy, c = — lime / e [PO 20 (Th (ue) — Th())hn (ue)dz = 0. (3.58)
el0 el0 Q

Considering the term Fj, ,, ., we have
| Fiom,e| < Qk/ a(z, Du.)Ducdz.
{n<|ue|<n+1}
We prove that

lim sup lim sup/ a(z, Duc)Ducdz < 0. (3.59)
{n<|ucl<n+1}

n—o0 e—0
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To prove (3.59), we take & = Ty (ue — T}, (ue)) as test function in to obtain
/Qﬂe(Tl/e(Ue))Tl(Ue — T (ue))dx + 6/Q el PO u Ty (we — T (ue))dae
+ A /(’)Q ue Ty (ue — Ty (ue))do + /Q a(z, Due).DTy (ue — Ty (ue))de

= / f T (u, an(ue))d:c+/ 9T (ue — Ty (ue)) do.  (3.60)
Q

a0
Since the three first terms of (3.60)) are non-negative, then we deduce that

/ a(x,DuE)Duede/le(uean(ue))der/ 9T (ue — T (ue)) do.
{n<|ue|<n+1} Q oN

(3.61)
By the Lebesgue Dominated Convergence Theorem, one sees that

tim ( /Q F Ty (=T () da—+ /a ) o7 (1T () do ) = /Q F T (u—To (w))da+ /8 Ty (=T ) do

Again, by the Lebesgue Dominated Convergence Theorem,

lim (/Qle(uE — T (ue))da + /m 9T (ue — Ty (ue)) do) ~0. (3.62)

n— oo

Passing to the limit as e — 0 and to the limit as n — oo in (3.61)) and using (3.62)),
we deduce (3.59). Using the peceding result, we obtain

lim sup lim sup Fj, e < 0. (3.63)

e—0 n—00

Combining (3.54))-(3.63) and letting n — oo, we obtain (3.52)).

Using the MintyBrowders arguments, we identify a(z, DTj(u)) with ®5. To do it,
let ¢ € D(Q) and A € R\ {0}. Using (3.52) and assumption (H2) we get

/\/<I>kDg0dx = lim [ Xa(z, DTy(ue))Dodx
Q

e—0 Q

e—0

> lim sup/ﬂa(:c, DTy (ue))D(Ti(ue) — Ti(u) + Ap)dx,

e—0

> lim sup/ﬂa(m, DTy (u) — A@]) D(Tx (ue) — Tr(u) + Ap)de,

> )\/Qa(a:,D[Tk(u) — Ap])Dep. (3.64)

Dividing by A < 0 and by A > 0, and passing to the limit with A — 0, we obtain

/@kDgpda::/a(a:,DTk(u))Dgpda:, Yo € D(Q).
Q Q

Consequently, we have a(z, DTy (u)) = @, a.e. in Q. This leads us to the conclusion
that

a(z, DTy (uc)) — a(z, DTy (u)) weakly in (LY ) (Q))V. (3.65)
It remains to show (iii). Using Lemma we obtain thanks to the Holder

inequality and the Poincaré-Sobolev type inequality,

/Q (T (ue)da < (meas(Q)) T (Ck)7=, (3.66)



NONLINEAR MULTIVALUED FOURIER PROBLEMS 17

and
/g DT (uoldr < (meas(@) ™7 (Ck) 7~ . (3.67)

By applying Fatou’s Lemma, we can take the limit in (3.66) and (3.67]) as e — 0 to
obtain

/Q To(w)lde < (meas(Q) 77 (Ck) 7= (3.68)
and
/Q DT (u)]dz < (meas() T (Ck) 7~ (3.69)

for all £ > 1.
For any k£ > 0, let

Ap = {2 € 00 : [Ty (u(x))| < k} and B :=0Q\ | ] Ax.
k>0

Then
1 1
meas(B) = 7/ | T (u)|dx < f/ | Tk (w)|dx
kJg k Joo
M
< TIHTIC(U)”WLl(Q)

M
< 2 (IT@)ls @) + 1DT@) 22 o))
M,
B

As p_ > 1, by letting k — +oo we deduce that meas(B) = 0. Define on 909, the
function v by

<

v(x) :=Tp(u(x)) if © € Ay.
We take z € 92\ (B U B), then there exists & > 0 such that # € A and we have
ue(r) — v(@) = (ue(®) = Th(uc(2))) + (Th (ue(2)) — T(u(x))).

Since z € Ay, we have |Ty(u(z))| < k and so |Tk(ue(x))| < k, from which we deduce
that |ue(z)| < k. Therefore

ue(z) — v(x) = (Tp(ue(x)) — Tr(u(z))) = 0 € —0.

This means that u. converges to v a.e. on 92, which ends the proof of Lemma

B.13l O
Lemma 3.14. For all h € C}(R) and ¢ € W20 (Q) N L>=(Q),
D[h(ue)e] — D[h(u)p] strongly in  (LPO(Q)N, as e — 0.

Proof. The proof of this statement is analogous to the proof of Lemma 3.8 in
([A2)). O
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Step 4: Passage to the limit: Testing (3.14) by hy, (uc)h(u)¢ where h € CL(R) and
£ e WHPO(Q) N L®(Q), we can write

I+, +2,+1t, =01,+1, (3.70)
with

I, = / Bu(Th e (1) Y (1t (),
2, = / 1o PO 2 (ue) (),
B, = /mum Dh(u)é do,

I, = / a(z, Due) Dl (ue) ()€ e,

~
[
Il

on / fhn(ue)h(u)éde,
6 _
I, = /(9Q ghn(ue)h(u)é do.

Let’s go to the limit in (3.70]), when € — 0 then n — co.
Item 1: Passing to the limit as € | 0
By Lebesgue dominated convergence Theorem, we see that

2, = lime / e PO~ () h(w)Eda = 0, 3.71)
limI?, = lim/ fhu(ue)h fd:z:f/fh w)édr =12, (3.72)
o © o Jo
limI?, = lim)\/ Ue b (ue)h(uw)€ do = )\/ why (u)h(u)é do = I3(3.73)
clo ! 0 Jaq 1o}

and

HmI®, = lim [ ghy(uc)h(u)édo = / ghy (w)h(u)édo = I8.  (3.74)
o 0 Jaq o0

Using (3.65) and according to Lemma we deduce that

!13%1‘{ = lim | a(z, Duc).Dhn(uc)h(u)€lde = / a(z, Du).D[hy (u)h(u)é]dx := I:. (3.75)
Q Q

Now, we are concerning with the term I, €1n
By (3.26)), B(T4 /e(ue)) is uniformly bounded in L'(€2). It follows that there exists

b such that
Be(Tyje(ue)) =* b in L=(Q). (3.76)
‘We deduce that
lim !, = lim [ Be(Ti/e(ue))hn(ue)h(u)éde = / bhy, (u)h(u)édr =1L, (3.77)
e—0 e—0 Q Q

Item 2: Passage to the limit with | — +o0
Combining (3.70) with (3.71))-(3.77) we find

N1t =13 415 (3.78)
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Choosing j > 0 such that supp h C [—j, j], we can replace u by Tj(u) in I}, I3 and
I*. Tt follows that

. 1

nEIJIrlooIn = /Qbh(u)ﬁda:, (3.79)
. 3 .

ngr}rloo[n = )\/émuh(u)f do, (3.80)
lim I} = / a(z, Du).D[h(u)¢] dz, (3.81)

n——+o0o Q
. 5

ngrfoo I = A fh(u)éde, (3.82)
. 6

ngrfoo I = /an gh(u)&do. (3.83)

Combining (3.70) with (3.79))-(3.83]) we obtain

/Qbh(u)gdx—l-)\/ wh(u)é do

o0

+ /Q a(z, Du).D[h(u){] dx = /Qf h(u) & dx + /Bﬂgh(u)gda, (3.84)
for all h € C}(R) and ¢ € WPO)(Q) N L>(RQ).

Step 5: subdifferential argument.
Consider a maximal monotony graph 3, there exists a convex, lower semicontinuous,
proper function j : R — [0,00] such that S(r) = 9j(r) for all » € R, almost
everywhere in ). The function j. has the following properties:
(i) for € > 0, j. is convex and differentiable. Also, B(r) = 9j.(r) for r € R and a.e.
in Q.
(i) lir%je(r) = j(r). It follows from (i) that
€E—>

Je(r) > je(Tl/e(ue)) + (7" - Tl/s(ue))ﬂe(Tl/e(UE)) (3-85)
holds for all » € R and a.e. in . Suppose we have a measurable subset A of
Q, and let x4 be its characteristic function. Let us fix ¢y and multiply (3.85)) by

the function h,(ue¢)xa. Next, we integrate this resulting expression over the set A.
Using (ii), we arrive at

/ Je (Y (use)de > / oo (Toss (w0) o (120
A A

+(r — Tn+1(UE))hn(ue)ﬁe(Tl/e(ue)) (3.86)
for all € R and 0 < € < €. By stretching ¢g — 0 and [ — oo, we obtain

/ j(r)dz > / jw)dx + b(r — u).
A A
Since A is arbitrarily chosen, we deduce from preceding inequality that
J(r) = j(u)) + b(r — u), (3.87)

for r € R and for x € Q, u(z) € D(B(u(z))) and b(z) € B(u(zx)) a.e. in Q.
To end the proof of Proposition [3:4] it remains to show that u satisfies the renor-
malized condition (3.2). Thanks to (3.59) and using assumptions (H1) and (H2),
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it follows that

lim lim |Du|POdz = 0. (3.88)

n—=00 €20 Jrp clu |<n+1}

Thanks to Lemma [3.13
Du, — Du strongly in (LPO)(Q))V,

which is equivalent to say

lim/ |Du, — Du|POdz =0
Q

e—0

Consequently, Lebesgue generalized convergence theorem implies that

/ |Duc [P da — / |Du|POdz as € — 0.
Q Q

Then,
lim lim |Du|POdz = lim |Du[POdz = 0. (3.89)
n—o0 e—0 {n<|uc|<n+1} n—00 {n<|u|<n+1}

O

Next, we demonstrate that the renormalized solution of Pf g» When f € L> () and
g € L>(09), can be considered as an extension of the weak solution concept.

Proposition 3.15. Let (u,b) be a renormalized solution to Pﬁg for f € L>(Q)
and g € L>®(99). Then u € WPO)(Q) N L>®(9Q) and thus, in particular v is a
weak solution to Pﬁg.

Proof. The proof of Proposition is similar to that of Proposition 5.2 in [16]. O

3.2. Existence results for L'-data.
To prove the existence of renormalized solutions for L'-data, the primary approach
is to examine the problem through its approximated version.

by —diva(x, Duy,) = fu. in Q,

P(b ,va v 9 ,u)
o a(x, Duyy).n+ ANy = guw on Of),

where f, , and g, ,, are some bi-monotones sequence defined by f,, = (fAp)V(—v)
and g, = (g A p)V (—v) respectively, non decreasing in y, non increasing in v such
that || fu I < | fll and gl < llgl-

From Proposition it follows that for all i, v € N there exists v, € wirt)(Q),
by, € L>*(Q), such that (uy,,b,,,) is a renormalized solution of P(b, ., fuv, Ju.v)-
Choose h(u, .)€ as test function, we have

/bmyh(uu,l,)gdx—k)\/ Uy (U, )Edo
Q a0

+ /Q a(e, Dup).D(h(uy0 )€)d — /Q Fowh(ty )eda + /3 ) gu,,,h(umy)f(c;aéo)

holds for all h € C}(R) and ¢ € WHPO)(Q) N L>(Q). We will now present some a
priori estimates that will be essential for the remainder of the study.
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Lemma 3.16. Let (uy,,b,.) be a renormalized solution of P(b,.u, fu.v,9uv)-
Then, for any k > 0 and p,v € N, we have

) k
[ TP < 211+ ). (3.91)
[ Buslda <171 + gl (3.92)
1
[ awoldo < 5 (151 + lgl). (3.99)
o

hold for all p,v € N.

Proof. The proof of Lemma follows the same lines as the proof of Lemma
3.9 O

In order to pass to the limit as p1, ¥ — 00, in the approximate problem P(b,, ., fu.v, Gu.v),
the strong convergence of u, , in L'(Q) is necessary. Thus, we need the following
lemma.

Lemma 3.17. For any p,v € N, we have

Upptl S Uy S Upg1,p e in €, (3.94)

Upot1 < Upp S Upygr  a.e in 0N (3.95)
and

byt <buy <byt1, ae in€Q. (3.96)

Proof. Since f,, and g,, are increasing in p and decreasing in v, then for all
p,v >0,

a1 < fup < furrv and guvs1 < 9up < Gutip-
From Proposition it follows that for all € > 0,

Up 1 Sup, <up g, ae in (3.97)
and

Up 1 S U, <up g, ae in 0. (3.98)
Then, passing the limit with ¢ — 0 in (3.97)-(3.98)), yield (3.94)-(3.95). Setting
be := Be(T1(uc)), using (3.94), the monotonicity of B¢ o Ty and the fact that

Be(T1je(ue)) —=* b in L=(Q) we get ’
byt <bu, <byi1, ae. in. (3.99)
O

Remark. By and ([3.92), for any v € N there exists b, € L*() such that
buy — by as p — +oo in L'(Q) and a.e. in Q and b € L*(2), such that b, — b as
v — +oo in LY(9).

According to , we can infer that the sequence (u, ), is monotone increasing.
Thus, for any v € N, u,,, — u, almost everywhere in Q, where u, : @ — R is a
measurable function. Using again, we can conclude that the sequence (u,),
is monotone decreasing. Consequently, u, — u, where v : Q — R is a measurable
function. In consequence, we can write:

Uy Ty by w strongly in L' (Q), (3.100)
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and
buw Tuby b b weakly in L'(Q). (3.101)

To show that u is finite almost everywhere, we give an estimate of the sets of u,, ,
at different levels, as shown below.

Lemma 3.18. For pu,v € N, let (u,,,,b,,) be a renormalized solutions of P(by, fu, Guv)-
Then, there exists a constant C' > 0, not depending on u,v € N such that

{luw| >} < CUmP=71, (3.102)

> 1y = [{ul > 1} < CI-0-"D < 017?-"V (3.103)

lim lim [{|luu.
V—+00 m——+00

foralll > 1 and
be B(u) a.e. in . (3.104)

Proof. The demonstration of Lemma [3.18] proceeds similarly to that of Lemma 6.2
in [16]. O

On the basis of these estimates, the following results are given.

Lemma 3.19. For p,v € N, let (u,,,,b,,.) be a renormalized solutions of P(byu, fuw, Guv)-
There exists a subsequence (u(v)), such that setting b, = buw) v, fu = fu@w),y and u, 1=
Up(v),w> we have,

(i) w, — u almost everywhere in €,

(i5) Ti(u,) — Ti(uw) in LPO(Q) and a.e. in Q
(i1i)  DTy(u,) — DTy(u) in (LPO(Q))Y,

(iv) wu, converges to v a.e. on ON).

Proof. For the proof of (i), we proceed in the same way as in Lemma[3.13] For (ii),
(iii), observe that from (3.91)), the sequence (T} (u,))ven is bounded in WP ().
We can extract from this sequence a subsequence still denoted (T} (u,)),en which
converges weakly to Ty (u) in WP (Q), strongly in LPO)(Q) and a.e. in Q when
v — +oo. Since {DTy(uy)}ven is bounded in (LP()(Q))N and converges in mea-
sure to DT} (u), then DT} (u,) — DT} (u) strongly in L*(Q) (See[2] Lemma 6.1).
Moreover u, — u a.e. in Q. Consequently u € 7P() ().

The proof of (iv) is similar to the proof of (iii) Lemma [3.13|for a sequence indexed
by v. [l

Now we have to prove the pseudomonotony argument.

Lemma 3.20. There exists a field @y, € (Lp/(')(Q))N satisfying

a(x, DTy (u,)) — @y, in (L7 O ()"

and

div @y, = diva(z, DTy (u)).
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Proof. The sequence (a(z, DTk (u,))yen is bounded in (L?' ) (Q))N by (H3). Then,
there exists ®; € (LP')(Q)N) such that a(z, DTk (u,)) — @ in (LPO(Q)N) as
v — oo. It remains to prove that div @y, = diva(z, DTy (u)).

We claim that

lim sup/Qa(x,DTk(uy)).D(Tk(uy) — Ty (u))dz <0. (3.105)

V—r00

The proof of is the same as that shown in (ii) of Lemma Indeed, the
choice of the admissible test function A, (u,)(Tk(uy) — Ti(w)) in P(buv, fuw, 9uv)
and a study of the behavior of each term when v — oo allows us to obtain the
desired result i.e. . Now, our goal is to prove that

div®y, = diva(z, DTg(u)) in D'(Q) for all k > 0. (3.106)
Indeed, for @y € D'(Q), D, > 0, A € R, we have

A | ®yDpdx = lim [ Ma(x, DTy(u,))Dpdx
Q v=0 Jq

> lim sup/ﬂa(x, DTy (u,))D(Tk(uy) — Ti(u) + Ap)dz,

v—0

> lim sup/ﬂa(x, DTy (u) — A@]) D(Tx (uy,) — Tk (u) + Ap)dz,

v—0
> /\/ a(z, D[Ti(u) — Ap]) Dy dx. (3.107)
Q
Dividing by A < 0 and by A > 0, and passing to the limit with A — 0, we obtain

/@kDgodx:/a(m,DTk(u))Dgodx, Yo € D(Q).
Q Q

Hence a(z, DTy (u)) = @, a.e. in Q.
We conclude that

a(z, DTy(u,)) — a(z, DTy(u)) weakly in  (LP O (Q)N.
O

To conclude with the proof of existence part, we pass to the limit in (3.90)
as p,v — +o0o. So, testing (3.90) by h,(u,)h(u)¢ where h € CHR) and ¢ €
Wr)(Q) N L=(Q) we write

Ii,l + Ig,l + Iﬁ,z = I;L,z + I;”,l, (3.108)

where

I, = /Q by b (uy) h(u) Ede,

I, = A / y, hy (u,) h(u)édo,

oN
I, = /Qa(x,Du,,).D[hn(ul,)h(u)f}dm,
I, = i fu hn(w,) h(u) Edz,

IS,Z = /69 G hn (uy) h(u)édo.
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We aim too take the limit of (3.108) as v — oo, and then n — co.

Step 1: passing to the limit with v — +o0
The convergence results of Lemma [3.19] allow us to conclude that

lim I, = / bhy(u) h(u) € de = I}, (3.109)
n o0 Q

lim I?, = )\/ ty, hy () h(uw)édo = I7, (3.110)
v—00 ’ 90

lim I, = /fhn(u)h(u)gdx = I, (3.111)
14 o0 Q

lim I3, = /ghn(u)h(u)gda =1Ip. (3.112)
V—00 ’ 90

With similar arguments as the precedent,

lim I3, :/a(:r,Du).D[hn(uu)h(u) ¢ d =13, (3.113)
v—oo <’ Q
Step 2: passage to the limit with n — 400
By combining (3.109) with (3.110)-(3.113)), we obtain for all n > 1
NP+ =141 (3.114)

Choosing j > 0 such that supp(h) C [—7,j], then T;(u) = u on supp(h). This
allows us to substitute u with Tj(u) in I}, I and I7. Thus, we have:

lim I} = /bh(u)fdz, (3.115)
n—oo Q
lim I? = )\/ uh(u) &de, (3.116)
lim 3 = / a(x, Du).D[h(u) €] dz, (3.117)
n oo Q
lim I} = fh(u)¢dr, (3.118)
n—oo Q
lim I° = / g h(u)&d. (3.119)

Gathering (3.115))-(3.119)), we obtain (3.1)).

3.3. Proof of uniqueness for L!-data.

To prove Theorem [3.3] and establish the uniqueness of renormalized solutions for
the problem Pf’ , with L' (Q)-data, we consider two renormalized solutions (u, b)
and (@,b), where f € L'(Q) and g € L'(99), and let v and k be two positive
real numbers. We use £ = T,(@) as the test function for the solution (u,b) and
& =T, (u) as the test function for the solution (4, l;) in the entropy inequality ,
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lead to:
/ bTy(u—Ty(w)) dx + )\/ uy Ti(u — Ty (0)) do + / a(x, Du).DTy(u — T (1)) dx
Q a0 Q

/ka u—"T. ))dx+/mng(u—Tv(a))do
(3.120)

and

/ bTh (@ — T, (u))dx + /\/ ug T (@ — Ty (u))do + / a(z, Du).DTy(a — Ty (u)) dz
Q I9) Q

/ fTy(a—T ))dx—i—/mng(ﬁ—T,y(u))da.
(3.121)

Adding inequalities (3.120)) and (3.121]), we get

K%k —&-L%k—I— &k < / f T/,C u—"T. )—l—Tk(u—T (u))dm

+ / 9 (Th(u — T, (@) + Th(@ — Ty (w))do.  (3.122)
o0

where
L _/ a(z, Du) DTk(u—Ty(ﬂ))dx—l—/ﬂa(x,Da)).DTk(a—Tv(u))d:v,
Wk—/kau— dx—|—/kau—T(u))dx,

L, k= w1 Ty (u — Ty ())do + A U Ty (0 — Ty (u)) do.
a0 a0
Our goal is to take the limit as v — +oo for k fixed and then & — 400 in (3.122]).
Since Ty (u — Ty (@) + Tr(a — Ty (u)) = 0 in {Ju| < ~v,|a| < ~v}, it is possible to
estimate the two integrals on the right-hand side of equation (3.122)) by

Af(ﬂﬁw“BWD+TMﬂ—Tﬂw0dw§2k(AM>”wa+Am>ﬂUMH)

and
< 2k:</ |g|da+/ |g|da>.
{lul>~} {lal>~}

/899 (Tk(u_Tw(a))+Tk(12—T7(u))> do

By the Lebesgue converge dominated Theorem and using the fact that, meas({|u;| >
h}) = 0 when v — 400 ( for i = 1,2), it follows that

A{Egloo Qf (Tk(uT,,(ﬂ)) +Tk(ﬁTV(u))>d:ﬂ =0 (3.123)
and
'YEI-POO ; g (Tk(u — T, (a) + Tp(a — Tv(u))>da =0. (3.124)

For the two first terms of (3.122)), notice that, Ty(u — T, () and Ti(a — T, (u))
tends respectively to Ty (u — @) and Ty (@ — u) when h goes to infinity. Obviously,

b T (u— T, (@)] < kib| € L'(©)
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and ) }
b T (@ — T, (u)] < k[b| € L(Q).
Then by the Lebesgue’s dominated convergence theorem, it yields
lim (/ bTy(u — Tv(a))dx—k/ b Ty (i — Tﬂu))dw) = / (b—b) Tr(u — @) da.
1=+ \Ja Q Q
(3.125)

By the same way we obtain

7EIJPOC)\ </8Q“Tk(u_T’Y(ﬂ))dm"‘/E)QﬂTk(ﬁ_Tv(“))) = /(m(u—a) Ti(u— 1) de.

(3.126)
To deal with I, j, we can use the same manage as in [10].
Define
wr = {|lu—a| <k, ju| <~} wy =wi N{|u| <} and ws=wi N{Jul >}

We start with the first term of I, ;. By (H1), we have

/ a(z, Du) .DTy(u— T, (@))de = / (e, Du).D(u— T, (@)ds
o {lu=T, (@)| <k}

Y

/w (e Du).D( — i) — / a(z, Du). D{Bd127)

w3
According to growth conditions (H3) and the Holder inequality, the last integral
in (3.127) converges to 0 as v — co. Consequently,

/ a(xz, Du) .D(u — T, (a))dz > / a(z,Du).D(u—a)dx. (3.128)
{lu=Ty(@)|<k} wa
By the same technique, we treat the last term of I, ; to obtain

/ (e, Di).D(a— T (w)ds > —/ a(z, D). D(u — i) dz.  (3.129)
{lu=T, (@) <k}

w2

Combining (3.125),(3.126), (3.128) and (3.129), it follows from (3.122) that

oN

/ (b—b) Ty (u — @)dx + A/ (uy — ug) Ti(u — @)do
Q

+ / (a(z, Du) — a(z, Da)).(Du — Da)dz < 0. (3.130)

{lu—al<k}

Since b € 9j(u), b € 8j(#) and the sub-gradient of a convex function j is monotone
then
(07(u) — 9j(a),u—a) > 0. Moreover, thanks to assumption (H2) and the fact that
(w—)Tk(u—a) > 0, it follows that

/ (b —b) Ty (u — @) dz > 0, (3.131)
Q
A/@Q(ul —uz) Ty, (u — @) do > 0, (3.132)

/ (a(z, Du) — a(x, Dit)).(Du — Di) da > 0. (3.133)
{lu—a|<k}
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Consequently, we deduce from (|3.130))

/(b—@TMu—@dx:O, (3.134)
Q
A (ur —u2) Ti(u — @) do =0, (3.135)
o0
/ (a(z, Du) — a(z, Da)).(Du — Da) dz = 0. (3.136)
{lu—ul<k}

Since a is strictly monotone, it can be deduced from that Du = Du almost
everywhere in ). This implies the existence of a constant ¢ such that v — @ = ¢
almost everywhere in €.

By taking the limit of equation as k tends to zero, we can derive the following
result:

~1 -
%ii% A (b— b)%Tk(u —u)dx = / (b—b)signo(u — @)dx

Q
|b—b|dx = 0. (3.137)
Q

To summarize, using equation (B.137)), we can conclude that b = b almost every-
where in Q.

u—a=c and b=b ae. inQ. (3.138)
From (3.135]), we obtain

1
lim A — )T (u—u)do = A —tuldo =0
lim /aQ (u u)k k(u—u)do /aQ |u — d|do

this leads to

u—u=0 ae in 09, (3.139)
hence ¢ = 0 and v = @ almost everywhere in €.
Finally,
uz}] a.e.'inQ, (3.140)
b=b a.e. in ),
so the proof of Theorem [3.3]is achieved. O

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.

REFERENCES

[1] F. Andreu, N. Igbida, J. M. Mazén and J. Toledo; LY existence and uniqueness results for
quasi-linear elliptic equations with nonlinear boundary conditions. Ann. Inst. H. Poincaré.
Anal. Non Linéaire 24 (2007), 61-89.

[2] Ph. Bénilan, L. Boccardo, T. Gallout, R. Gariepy, M. Pierre & J.L. Vazquez; An L1 theory
of existence and uniqueness of nonlinear elliptic equations, Ann Scuola Norm.Sup.Pisa, 22
no.2 (1995) 240-273.

[3] Bénilan, P., Crandall, M.G. & Sacks, P; Some L' eristence and dependence results for semi-
linear elliptic equations under nonlinear boundary conditions. Appl Math Optim 17, 203224
(1988).

[4] Y. Chen, S. Levine and M. Rao; Variable exponents, linear growth functionals in image
restoration, STAM J. Appl. Math., 66 (2006), 1383-1406.



28

[5
[6
[7
8
[9
10

[11

[12
13
[14

[15

[16

17

T. VALEA, A. OUEDRAOGO

| R.J. DiPerna and P-L, Lions, On the Cauchy problem for Boltzmann equations: global exis-
tence and weak stability, Ann. of Math. 130 (1989), no. 2, 321-366.

] X. Fan and D. Zhao; On the spaces LP() (Q) and W1-P()(Q), J. Math. Anal. Appl. 263(2001),
424-446.

] O. Kovacik and J. Rakosnik; On spaces LPC) and WHP() | Czech. Math. J., 41(1991) no.1,
592-618.

| Le Dret, H. Equations auz derives partielles elliptiques non linaires. Springer Berlin Heidel-
berg (2013). https://doi.org/10.1007/978-3-642-36175-3

| J.L. Lions; Quelques Méthodes de Résolution des Problémes aux Limites NonLinaires,
Dunod, Paris, 1969.

| 1. Nyanquini, S. Ouaro; Entropy solution for nonlinear elliptic problem involving variable
exponent and Fourier type boundary condition, Afr. Mat. 23, No.2, 205-228 (2012).

] S. Ouaro and A. Ouédraogo, L' Ewxistence and Uniqueness of Entropy Solutions to Nonlin-
ear Multivalued Elliptic Equations with Homogeneous Neumann Boundary Condition and
Variable Exponent (2014).

| A. Ouedraogo, T. Valea; Ezistence and uniqueness of renormalized solution to multivalued
homogeneous Neumann problem with L'-data. Gulf J. Math. 13, No. 2, 42-66 (2022).

| A. Prignet, Conditions aux limites non homogénes pour des problémes elliptiques avec second
membre mesure. Ann. Fac. Sci. Toulouse Math. 6(2), 297318 (1997).

| M. Ruzicka; Electrorheological fluids : modelling and mathematical theory, Lecture Notes in
Mathematics 1748, Springer-Verlag, Berlin, 2002.

| R.E.Showalter; Monotone Operators in Banach Space and Nonlinear Partial Differential
Equations, American Mathematical Society, Mathematical Surveys and Monographs, Vol.
49, 1997.

| P. Wittbold & A. Zimmermann; FEzistence and uniqueness solutions to nonlinear elliptic
equations with variable exponent and L'-data, Nonlinear Analysis, Theory, Methods & Ap-
plications 72 (2010). pp. 2990-3008.

] J. Yao, Solutions for Neumann boundary value problems involving p(-)— Laplace operators,
Nonlinear Anal., Theory Methods Appl. 68, No. 5, A, 1271-1283 (2008).

TIYAMBA VALEA

DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE NORBERT ZONGO, BP 376 KouDOUGOU, BURK-
INA FAsO

E-mail address: vtiyamba@yahoo.com

AROUNA OUEDRAOGO

DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE NORBERT ZONGO, BP 376 KouDOUGOU, BURK-
INA FAsO

E-mail address: arounaoued2002@yahoo.fr



	1. Introduction
	2. Preliminaries
	3. Main Results
	3.1. Existence and uniqueness results for L-data
	Step 1: Approximate solution for L-data
	Claim 1:
	Claim 2:
	Claim 3:
	3.2. Existence results for L1-data
	3.3. Proof of uniqueness for L1-data
	Acknowledgments

	References

