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SOLUTION OF SYSTEM OF URYSOHN INTEGRAL EQUATIONS
IN a - COMPLETE EXTENDED BRANCIARI b -DISTANCE
SPACES

USHA BAG, REENA JAIN

ABSTRACT. In this paper, an a-complete extended Branciari b-distance space
and rational o — A — JS contractive conditions in the underlying spaces are
introduced. Further, we establish the coincidence point, common fixed points,
and uniqueness of fixed points for two pairs of mappings in new spaces under
the aforementioned contractive conditions. We illustrate the work with an
example and apply the results to determine the existence of solutions for a
system of Urysohn integral equations.

1. INTRODUCTION AND PRELIMINARIES

Denote R := the set of real numbers, Ry := [0, +00), N := the set of natural
numbers, and N* := NU {0}.

Numerous authors [I4, 15, [16] 17, [T, Bl 19, 20, 22] introduce and generalize
the concept of distance within the metric fixed point theory in a variety of ways.
Bakhtin [4] defines the concept of b-metric space, which Czerwik employs in [7, [§].
Kamran et al.[I9] introduces the concept of extended b-metric space, whereas Bran-
ciari [5] extends the metric space and introduce the concept of Branciari distance
by replacing the triangle inequality property with a quadrilateral inequality.
Definition 1.1. [19] Let Z # 0 be a set and w : 22 — Ry\(0,1). A function
0. 1 22 — Ry is said to be an extended b-metric (o.-metric, for short) if the
following conditions are met:

(ebl) cc(3,w) =0 <= = w;
(eb2) oe(3t,w) = oc(w, »);
(eb3) 0.(3t,w) < w(se,@)[oe(32,0) + 0c(v, @)],
for all sc,0,v € E. The symbol (2, 0,.) denotes a oe-metric space.

Definition 1.2. [5] Let = # 0 be a set and let oy, : 22> — R, such that, for all
»,w € 2 and all distinct u,v € Z\{5, w},
(bdl) op(s3¢,w) = 0 if and only if » = w;
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(bd2) op(s, @)

= op(w, »);
(bd3) op(sr,w) < O’b

(5¢,u) + op(u,v) + op(v, @).

The symbol (Z, o) denotes Branciari distance space and abbreviated as “BDS.
Abdeljawad et al. [I] define an extended Branciari b-distance space by combining
the extended b-metric and the Branciari distance.

Definition 1.3. [I] Let = # () be a set and w : 22 — R, \(0,1). We say that a
function b, : =2 — R, is an extended Branciari b-metric (bo-metric, in short) if it
satisfies:

(B1) be(s¢,) =0 if and only if » =

(B2) be (s, @) = be(w, ),

(B3) be(56,@) < w(se, @)[be (54, v) + be(v, 0) + be(0, @)]
for all s, € E all distinct v,0 € E\{3¢,w}. The symbol (Z,b.) denotes an ex-
tended Branciari b-distance space (EBbDS, in short). For w(se,w) =1, (E,be) will
be called a Branciari b-distance space (BbDS, in short).

Example 1.4. [I]

Let 2= C([0,1], R) and define b, : 22 — R by b.(A, B) fo B(t))%dt
with w(A, B) = |A(t)| + |B(t)| + 2. Note that be(A, B) >0 for all A B €E, and
be(A, B) =0 if and only if A= B. Also b.(A, B) =b.(B, A). Hence it is clear
that (2, be) is an EBbDS, but it is neither a BDS nor a metric space.

Definition 1.5. [I] Let = # 0 be a set endowed with an extended Branciari b-
distance be and and a: Z x Z — R,

(a) A sequence {5} in = converges to » if for every e > 0 there exists N =
N(e) € N such that be(s,, ) < € for alln > N. For this particular case,
we write lim,, o 3¢, = .

(b) A sequence {3,} in Z is called Cauchy if for every ¢ > 0 there exists
N = N(e) € N such that be(s¢m,, 2¢,) < € for allm,n > N.

(c) A be-metric space (2,b.) is complete if every Cauchy sequence in E is con-
vergent.

(d) A be-metric space (Z,b.) is a-complete if every Cauchy sequence {,} in
= with a(st,, 2,41) > 1 for all n € N is convergent in Z.

For a self mapping &1 on a nonempty set = and a point » € =, we use the
following notation: 37 (x) = {w € Z: 31w = x}.
We apply the concepts discussed in [I3] to an EBbDS.

Definition 1.6. Let (2,b.) be an EBbDS, a: EX Z — Ry and $1,32,34: E = =
be four mappings such that 31(Z) C S4(2) and S2(E) C S4(E). The ordered pair
(81, S2) is said to be:

(a) a- weakly increasing with respect to Yy if, for all s € 2, we have a (1, Saw) >
1 for all w € S (S15) and a(Saes, S1w) > 1 for all w € I (Sgx).

(b) partzally a-weakly increasing with respect to Sy if a(S1¢, Sow) > 1 for all
we S, 1(\s1 %).

Definition 1.7. Let (E,b,) be an EBbDS, a: EX E = Ry and $1,82: 2 = = be
three mappings. The pair (31, S2) is said to be an a-compatible if

lim be(glsg%n, %2%1}%) =0
n—00



COMMON FIXED POINT RESULTS AND APPLICATIONS 43

whenever {,} is a sequence in Z such that a(s,, 1) > 1 for alln € N and

lim sz, = lim $Soe, = v
n—oo n—oo

for some v € E.

Definition 1.8. Let (Z,b.) be an EBbDS, a: Ex Z = Ry and $1: 2 — 2 be two
mappings. We say that 31 is an a-continuous at a point »x € Z if, for each sequence
{3n} in 2 with 3, — 3 as n — oo and a5, sp+1) > 1 for alln € N, we have

lim &2, = S,
n— o0

Definition 1.9. Let (Z,b.) be an EBbDS, and o: EXZ — Ry. A mapping 31: Z —
= is said to be an a-dominating on E if a3, 1) > 1 for each » in =.

In [18], Jleli and Samet introduce a new type of control functions and generalized
the Banach contraction theorem. Nashine and Kadelburg [22] used this concept to
generalized the earlier work in b-metric spaces for two pairs of mappings. In this
paper, we extend the work of Nashine and Kadelburg to an a-complete extended
Branciari b-distance spaces.

2. MAIN RESULTS

In this section, the concept of an o« — A— rational contraction in an EBbDS is
introduced.
We begin with the following concepts.
The set of all functions 6 : (0,00) — [1, 00) satisfying the conditions listed below
is denoted by © after [18].
(61) 0 is strictly increasing;
(62) 6 is continuous;
(03) for each sequence {7,} C (0, 00), lim, o0 O(7,) = 1 if and only if
lim,, yoo 7 = 0.
Now we are in a position to define new contractive concept.
Definition 2.1. Let (Z,b.) be an EBbDS and an a: Z2 — Ry and \; : = — [0,1)
(i =1,2,3,4,5) with A = Zle X < 1. The mappings 31, S2,93,34: 2 — = are
said to be rational-a — X\ — JS-contractive, if there exist v € [0,1), § € © such that
for x,w e =
(S35, Saw) > 1 with be(J3¢, Syw) > 0,b.(S15¢, Sow) > 0 implies (2.1)
O(w (5, @)be (S152, Sow)) < [0(Ap(3¢,@))]”
where
Ap(e,w) = A(56) be(S332, Suw) + Aa(32) be (36, S12¢) + A3(32) be(Suw, Sow)
w, SZW)D + bE(%S}fa %1%)]

w(se, @) [1 + be (I3, Syw))

be(gg%, %1%).be(%4w, ggw)

A
Ts(2) w(s,@).be (I3, J4w)

We denote by J(Z, a, A) the collection of all rational-a—A—JS-contractive mappings
on (E2,b.).
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Let = be a nonempty set and 31, S : Z — =. Then denote

Fiz(31) :={x € E: Q150 = 5},
C(%l,gg) :{%EE Ry %232%}
OF(%l,gz) Z{%EE %2%1%2%2%}

We can now state and demonstrate the outcome.
Theorem 2.2. Let (2,b,) be an a-complete EBbDS and an a: 2 x 2 — [0,00).
Let 31,83, 89,840 2 — E be given mappings satisfying

(Hl) (%1; %3; %25 %4) c 3(:a «, )‘)7

(H2) S1(E) € S4(B) and $2(2) € S3(E);

(H3) the pairs (31, S2) and (Se, 1) are partially a-weakly increasing with respect
to 34 and I3, respectively;

(H4) « is a transitive mapping, that is, for »,w, ¥ € &,

a(x,w) > 1 and a(w, V) > 1= alsx,9) > 1

(H5) 1,892,853 and Sy are a-continuous;

(H6) the pairs (31,S3) and (S2,J4) are a-compatible.
Then there exists (* € 2 such that ¢* € C(SJ1,F3) N C(Se, S4). Moreover, if
04(%34*,(34(:*) Z 1 or 04(%4C*,83C*) Z 1, then C* S 0(31732733,%4).

Proof. By using the condition (H2) and any starting point in =, we can consider
the sequences {5, } and {w,} in E that are defined by

— <k — Cx — e — Cx
Won+1 = 34202n+1 = 5172n, W2on42 = 53X2n42 = I272n41

for n € N*. Since s € 321(31%0), 9 € Sgl(ggzl) and the pairs (39, S9) and
(B2, 1) satisfy (H3), we have

a(wl,w2) = a(%l%o,gg%l) Z 1, Ot(WQ,w;;) = a(i‘sQ%l,%l%g) Z 1.

We obtain by repeating this process

o(wp, Wpy1) > 1 for all n € N*. (2.2)

Step 1: First, we demonstrate that

lim b, (wn, wni1) = 0. (2.3)
n—roo
We define g, = be(wg, wr41) for all k € N*. If we suppose that g, = 0 for some
ko € N*, then wy, = wk,+1, and the proof is complete. Assume that w,, # w41
for all n > 0. Then, for all n € N*, g,, > 0.
Assume n is an odd number. Since a(wy,wnt1) > 1, we can deduce from
(S1, 89, 93,84) € J(E, a, A) that the condition implies that
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a(w(%nfly J’fn)Qn) = 9(’(1}(%”,1, %n)be(%lxnfly (\}2%71))

Cx IS x Cx
A1 (2 -1)be (35001, Su22n) + Mo (260 -1)be (S350 -1, 1260 1)
FA3 (200 1)be (S50, J25¢,)
be (Su5en, 256 ) [14be (S336n 1,81 360 1)]
FA Gt 1) e S b (S s Saren)]
A ( )ba(33%71,—1,C\?l%n—1)-be(34%n,§?2%n)
5\ n—1 Ww(2n—1,%n).be (3300 _1,F45¢p)

IA
SS

)\l(wn—l)be(wn—la wn) + )\2 (wn—l)be(wn—la wn)

be(Wn,@n 14+be (w0 —1,n
=90 +A3 (wnfl)be(wm zv7l+1) J’; ?‘;(wn;l)) ;H(ET;7L7;7;:);[[11176((wnfllan))]]
F5(Tn-1) 4o e o o)

Al(wn—l)bE(wn—la wn) + A2(wn—1)be(wn—17 wn)
+A3 (wn—l)be(wvu wn+1) + >\4(wn—1)be (wna wn+1)
+>\5(wn—1)be(wn7 wn+l)

Y

IN
S

Al(wnfl)gnfl + /\Q(anl)gnfl
S 0 +)\3 (wn—l)gn + A4 (wn—l)Qn . (24)
+)\5(wn—1)9n

Since 6 is strictly rising and v < 1, we conclude that

w(wn—lawn)gn < Al(wn—l)gn—l + /\2(wn—1)9n—1
+ )\3(wn71)gn + )\4(wn71)9n + )\S(anl)grv (25)
If 0,—1 < o, for some n € N, then from ([2.5)), we have w(wy,, @n+1)0n < AMwn—-1)0n,
which is a contradiction since w > 1 and A < 1. Thus ¢, < g,-1 for all n € N

and the sequence {o,} is a decreasing sequence of real numbers. As a result, there
exists ¢ such that

lim o, = (.

n—oo

From , we have
O(w(wn_1,@n)0n) < (0(on-1))" < (B(on_2))"" .
Thus,

1< (0(0n-1))" < (B(0n-2))"" < .. < (0(00))""

Using the limit in the preceding relation, we get

lim 0(gp,-1) =1

n—r oo
and by the property (63) of 6,
lim g,-1 =0.
n—oo
Step 2: In this step, we will demonstrate that {0, } is a Cauchy sequence, that is,

for m > n, we prove

7”1,111300 be (wwn, @wm) = 0.
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Using (ebb3), we have

be(n, @m)

< w(wna wm)[ (wnv wn+1) + bE(wnJrla Wnt2) + bE(wn+2a wm)]

< w(wn, @m)be(Wn, Wnt1) + W(wn, @Wm)be(wn, @ni1) +
w(wn, Wm)be(@Wni2, Tm)

< w(@n, @m)be(@n, @nt1) + W(Tn, @m)be(@n, @ni1) +
w(wna wm) (@nt2, wm)[be(wn+2a wn+3) + be(wnJrBa wn+4)
+be (wn+4v wm)]

< w(wn, Wm)be(wn, @nt1) + W(wn, @m)be(@n, Wnt1) +

g

(
W(Wn, @Wm)W(WWnt2, Wm)be(Wn, @nt1) + W(0n, @)
(

Wn42, wm)b (wnywnJrl) —|—w(wn, wm)w(wn+27 wm)be(wn+47 wm)

)be(wnawn-i-l) + w(wna wm)be(wnywn-i-l) +

IA
=4
8]
3
8]
3

W(Wn, Wm)W(Tnt2, @m)be(@n, @nt1) + W(wn, ©@m)
(Wnt2y Tm)be(@Wn, @Wnt1) + ...+
Wn, W) W(Tnt2, @m) - W(Om—2, @Wm)be(wn, @ni1) +
Wny Wi )W(Wnt2, ©Om) .- W(Om—2, Wm)be(n, @Wnt1)

Wi )be(@Wn, @nt1) + W(Tn, @m)W(Tnt1, ©m)be(@n, Tni1) +

W )W( g1, ) W(Tng2, @m)be(@n, Tni1) + wW(0n, @)
Wnt1, Tm)W(Tnto, @m)w(Tnts, @m)be(@n, @ni1) + ...+
W(Wnt1, @m)W(0Ont2, @m) .- W(Tm—2, @Wm)be(@n, @ni1)+
( (

W (Wn+1, wm)w Wn+2; wm)~~~w(wm72v wm)w(wmfla wm)

A
EEEE &
g
5

w(wn, @ )
be (On, @Wnt1)-
Applying n,m — oo and using (2.3)), we get

n},}bgm be (wn, @wm) = 0.

Hence {w,} is a Cauchy sequence.
Due to the validity of the inequality (2.2) and the a-completeness of EBbDS
(2, be), there exists a ¢* € Z such that

lim be(wn, (%) =0,

n— oo
and so
nlglgo be (w2n+17 C*) = nlggo be(%4%2n+1a C*) = nhango be(%l A2,y C*) =0 (26)
and

nlgﬂgo be(want2,¢*) = nlggo be(S3502042,C%) = nh~>nolo be(S252n41,¢") = 0. (2.7)

From (2.6)) and (2.7)), we have Sy, — ¢* and 30, — (* as n — oo. Since
(31, J3) is an a-compatible, by (2.2), we have

lim be(ggsl%gn, %1%3%2n) =0. (28)
n—00
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By (2.2), the a-continuity of 3, I, we obtain

lim be(sggl%gn, %34.*) =0= lim be<%1%3%2n, %1<*> (29)
n— oo n—00

By (B3) property, we have
be(SJ3¢", S1¢7)
S w(%3c*7 glg*)[be(%?)g*asj%?n) + be(SJ%Qn; j8%2n) + be(j8%2na %1C*)]

for all n € N*. Passing to the limit as n — oo in the above inequality and using
(2.8)—(2.9), we obtain b.(3I3¢*, 31¢*) < 0.

As a result, it can be inferred that b.($3¢*,$1¢*) = 0 meaning that ¢* is a
coincidence point between &7 and 3. In a similar manner, we can demonstrate
that ¢* is a coincidence point for both &y and 3y.

This implies that b.(S3¢*, $1¢*) = 0 and so ¢* € C(S,93), that is, (* is a
coincidence point of &7 and 3. Similarly, we can prove that (* is also a coincidence
point of 9 and Jy.

Finally, we show that (* is a coincidence point of &, 3, S and 3y if and only
if

(S, ¥3¢") > 1 or a(F3¢", ) > 1.
On the contrary, suppose that $1¢* # S2¢*. Then, from ([2.1)), we have

O(w(C", C)be(S1C7, S2C7))

A1 (C7) be(S5C™,BuC™) + A2 (C7) be(Ss¢™, S1¢7) k

0| +X(C7) belS4CT, 9207) + Aa(¢) 2 Rat Bt e )

IN

be ($3¢*,81¢%) be (4, 32¢7)
+A5(¢%) w(CC7) 5o (350 T2

< [O(A(C7) be(S1C7, S2¢7))]7- (2.10)
Since 6 is strictly rising and v < 1, we conclude that
w(C", C)be(S1¢7, F2C7) < Ar(CF) be(S1C7, 32¢7))

which is a contradiction, since w > 1 and A < 1. Thus 31" = $2(*, and hence
¢* € C(S1, 33,32, Sy). O

Under certain additional assumptions, the previous result may still be valid for
S, 83, S, Sy that are not necessarily a-continuous. The following is the result.

Theorem 2.3. Let (Z,b.) be an a-complete EBbDS with coefficient b > 1, let
a:Z X E — Ry and 81,953,892, S4: 2 — = be given mappings. Suppose that the
assumptions (H1)~(H4) of Theorem[2.9 hold, as well as:

(1/1\5) $4(2) and S3(2) are b-closed subsets of E;

(H6) the pairs (31,93) and (J2,34) are weakly compatible;

(H7) Z is an a-regular, i.e., if {wy} is a sequence in E with a(wy, wp+1) > 1

forn € N and w, - @w* as n — oo, then a(wy,,w*) > 1 forn € N.

Then there exists (* € E such that (* € C(S1,3) N C(S, ). Moreover, if
o(S3¢7,S4C") = 1 or aSaC", $3¢") =2 1, then ¢ € C(S1, 83, Sz, Sy).

Proof. In the line of proof of Theorem [2.2] we obtain a b-Cauchy sequence {w, } in
an a-complete EBbDS (=, b.). Hence, there exists ¢* € = such that

lim b, (o, (") = 0.
n—oo
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Combining hypothesis (I;T\5) for $4(E) and {w2n+1} C S4(E), we have (* € 34(5).
Hence there exists £ € = such that (* = $4€ and

lim be(w2n+1,%4§) = lim be(%4%2n+1,(\\94§) =0.
n—00 n— 00

Similarly, using hypothesis (Ig'\'f)) for Q3(2) and {wa,} C F3(E), we have (* €
I3(Z). Hence there exists ¢ € = such that ¢* = $4¢ = $3¢ and

hm be(WQn,%;gC) = 111'11 be(%S%Qn,%ALC) = 0

n—oo n—oo
Additionally, we demonstrate that (* is a coincidence point of &7 and $3. Since
Sysrtonse1 — ¢ = $3¢ as n — oo, it follows from the hypothesis (H7), that is,

a-regularity of 2 that a(Sysa,t1,33¢) > 1.
Contrarily, suppose that §1¢ # ¢*. Then, derived from (2.1)), we have

O(w(C, 22n+1)be(S1¢, S2222141))

A1(€) be(S3¢, Susant1) + A2(C) be(S3¢, 31() !
<l +A3(¢) 2egd4%2n+1,%2%27;ﬁ12) 010 2.11)
< e (Saran41,82502n41)[1+06(S3¢,31 . .
+A4(0) w((»i’2:+1)2[1‘ib:(%3<7%4”2jw+1)]
+/\5( ) be(S3¢,31¢) be (Sareant1,S22n41

w(C,%2n+1)-be(S3(,Sase2n41)

: : x x _
Since hmnﬁoo be(\94%2n+1a \92%2n+1) - Oa

0(w(C, 22n+1)be (1€, C7)) < [0(be (€75 S20))]™- (2.12)

Since 6 is strictly rising and v < 1, we conclude that

w(Cv %2n+1)b8(%1<7 C*)) < e(be(g*a %1<))

a contradictiori,\except when b, (31¢,¢*) = 0. Hence ¢* = $4¢ and so S3¢ = ¢* =
$9¢. Owing (H6) for the pair (J1,J3), we have

$1¢" = $183¢ = $391¢ = S3¢
Consequently, ¢* is a point of coincidence for &; and 3. Similarly, we can deter-
mine that ¢* is a point of coincidence for the pair (32, S4). Using arguments, similar

to those in the previous theorem, we can demonstrate that ¢* € C (S, 3, Sa, Sy).
]

2.1. Results on common fixed point.

Theorem 2.4. According to the hypotheses of Theorem (or Theorem ,
S, S3, S, Sy have a common fized point in = if the following condition is met:

(H8) 3 or Sy is an a-dominating map.

Proof. From Theorem (or Theorem , there exists a (* € = such that (* €
C (3, D3, 3o, 34) Since the pair (31, J3) is weakly compatible, we have §133¢* =
F331¢". Let p* = 1" = 3. Therefore, we have Syp* = S3p*. Similarly,
since the pair (82,84) is weakly compatible, we have 398" = $4S89(*. Let
w* = I9C* = $4C*. Therefore, we have Sou™ = Syu*.

An a-dominating of mapping S5 (or Sy),

a(p”, Ss3p”) = a(S4¢7, S3p™) > 1.

If u* = ¢*, then (* is a common ﬁxed point of &, 3, S and Sy, If p* # ¢*, then,
using a($4¢*, S3u*) > 1, from , we have
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e(w(c*a ,l,L*)be (glf*» %2/1’*))

A (C7) be(SC", Supr) + Aa(C) be(S3¢*, 31¢7) | 17
< 0 +A3(C*) begg4ﬂ 7S é’L[ ) S 3 (2 13)
< £\ be (S Sop™®) [14be(S3¢",S1¢* :
Ry gggc*s )
* e (3 Sap”,Sop
+A5(< ) w(C*,1*).be (S3C*,Jap™)

implies that

O(w(C™, 1)be (1", Sap™)) < [O(AL(CT) be(p”, S2p™))]™-

Since 6 is strictly rising and v < 1, we conclude that

w(C", " )be (1", Sap™)) < Aa(CF) be(p”, Sop))
a contradiction. Hence p* = QSop™ which implies that p* is a common fixed point

of %1,%3,%2 and %4. O

2.2. Uniqueness of common fixed point. We will consider the following hy-
pothesis to ensure the uniqueness of the common fixed point for the pair (S, J3)
of mappings.

(H9) : for all s, € CF(S3,34), a(s,w)>1or a(w,») > 1.

Theorem 2.5. If the condition (H9) is true for the pair (34,3) and add to the
hypotheses of Theorem[2.]) the uniqueness is attained.

Proof. Let’s pretend that £* is another fixed point shared by &, 83, So and 3y and
that, in contrast to what will be proved, b.($1¢*, S2£*) = b.((*,£*) > 0. In order
to prove that ¢* # £* € CF(S3,S4), we use (H9).

a($eC", 33E7) = a(CH,E%) > 1. (2.14)
Now we can replace s by ¢* and w by £* in the condition (2.1]), and we get easily
with ([2.17)
O(w(¢, €7)be (317, S2€7))
A1 (C7)be (37, Fa€") + Aa()be(S5¢", 31¢7) k

0 +A3(C)be(SaE", Fa™) + Ma(¢r) 22 ;;flj[;)*(i;g“ e

) be(S3¢7.1C7) b (FaE" Sat”
A5 (C) = e e Sac Sa)
< [O(A(C)be (¢, €]
As 0 is strictly increasing and v < 1, we get
w(C*, €M)be (¢, €7) < A(¢T)be(CT,E7),

a contradiction and hence (* = £*. O

IN




50 U. BAG, R. JAIN

3. ILLUSTRATION

Example 3.1. Consider Z = [0, 1] and define b, : 22 — Ry by be (3¢, @) = |3c—w|?
and let a: = x 2 — R be given as

{%—i—w, if x> w
a(x,w) =

0, otherwise.

Then (E,b.) is an a-complete EBbDS with w(s,w) = » + w + 2.5 but neither a
BDS (Z,b) nor a metric space (Z,d). For instances

be(0,1) = 1 £ 0.5 = be(0,0.5) + b (0.5, 1)
and
be(0,1) = 1 £ 0.4902 = b.(0,0.5) + b.(0.5,0.99) + b, (0.99, 1)
but
be(2,) = | —
=lx—ptp-v+v—wf
<oe = pl? + = o + o = @[* + 2|5 — il |1 — v
20— vl - | + 2o — @l — pl
< (ot @+ 3) lem P o= ol 4o - )
= w(s, @) [be (3¢, i) + be(p, v) + be(v,@)]

for all 2, w, p,v € E.
Consider the mappings 1,33, Sa, S 2 — = defined by:

) < <
Sy = 0, f0<x<1/4 S =0 for 0 < < 1;
1/16, if1/d<z <1
0, ifz=0
0 < <1/4
%Mz{%’ F0sxs<l/ Sase =4 1/4, if0<s<1/4

1, ifl/d<sx<1; )
P14 << 1, iflfd<sx<l.

All but one of the necessary conditions for Theorem to hold are immediately
apparent is (H1).

Take 6 € © defined by 0(1) = exp(rexp(r)) (1 > 0) and v = -5, )\Z 2=
[0,1) by Ni(30) = 3= for all 3 € 2, i € {1,2,3,4,5} so that A\ = Y, | A =
5 =0] < 1. We will examine the contractual condition specified by (2.1), that is,
be (8156, S1w) > 0, be(S33¢, Syw) > 0. Consider the cases below:

(1) 1/4 < <1, =0. Then a(I33, J4w@) = 1, be (312, Sow) = (1/16)2 # 0,
be(S32t, Suw) =1 # 0, Ap(3r,w) > 2.9532, and then (2.1)) holds true as

6 (S;:O%be(%m, %gw)) = 1.01395462 < 2.9279 = (6(Ay (52, w)))

(2)1/4<%2<1,0<w<1/4. Then (32, Syw) = (1,5/4] > 1, be(S12¢, Sow) =
(1/16)% # 0, be (S35, Suw) = 3/4 # 0, Ap(5¢, ) > 1.289. In this case ([2.1)) reduces
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to

9 <85+0”b6(s1%, %2w)> = 1.01395462 < 1.3984 = (6(Ay (52, w)))

and holds true for the chosen value of y. Other cases are not true as (S, Saw) #
1 with be (Y32, Suw) = 0.
4. SYSTEM OF URYSOHN INTEGRAL EQUATIONS

In this section, we discuss the existence and uniqueness of common solution of
following system of Urysohn integral equations:

»#(T) = p1(7) + fOT Oy (7, 8,(s))ds, T€][0,T],
#(7) = po(T) + fOT Dy(7,8,(s))ds, T€][0,T],
T (4.1)
%(7-) = @3(7-) + fo (1)3(7',8, %(S)) d57 TE [OvT]a
#(7) = pa(r) + [y @alr,s,%(s))ds, 7€ [0,T],

where T > 0, 7 € [0, 7], and p;: [0,7] — R and ®;: [0,7T]?xR — R (i € {1,2,3,4})
are given mappings.

Let I = [0,T] and = := C(I,R) be equipped with the usual maximum norm,
ie., ||»lz = max,cr|2(r)], for 5 € C(I,R). Then (5, ||-||z) is a complete metric
space. The distance in = is given by

doo (56, @) = max |5¢(7) — w(7)| for all 5, w € E.
TE
Moreover, we can define a EBbDS b, on 2 by b (3¢, w) = [doo(5¢, w)]|? for some
p > 1 and all »,w € E. Since (Z,d) is complete, we deduce that (Z,b.) is a
complete EBbDS with w(s, @) = s+ @ + 2P~ 1. Throughout this section, for each

i €{1,2,3,4} and ®; in (4.1]), we will denote by Q,;: E — = the operator defined
by:

T
Q;5¢(7) ;:/ D,(r,s,2(s))ds, T€=, Tel.
0
We will also use the following partial order on =:
»x <w < x»(1) <w(r) for all T € [0,T).

Theorem 4.1. Assume the following hypotheses are correct:
(U1): There exist \; : 2 — [0,1) (i = {1,2,3,4,5}), v € [0,1) and p > 1 such
that for all s, € =,

2%—93%—@3ﬁ2W—Q4w—p4

or (4.2)
2%—94%—@452W—Q3w_93

implies that
(3 + w4+ 2P ma;ch(%, @) (1) exp{(»+ @ +2F71) max Wi (22, @) (1)}
TE TE
< A2 max Ap(52,w)(7) exp{mg;< Ay (2, w) (1)},
(4.3)
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where
A0, )(r) = () Wa (o2, m)(r) + Ao W (o6, @) (7) + Aa(30) Wi (32, ) ()
Wit ) (r)[1+ Wyt ) () Wi (52, ) (r) Wi (5.
R B ot o o R e o ¥ g o

and

Wi (52, 2)(r) = [Q52(r) + 1 () — Qo (r) — pa(r)?

Wi (56, @)(r) = [256(7) — Qase(r) — 3(r) — 20(7) + Qo (7) + pa (1)

Wi (52, @)(r) = [Q52(r) + 1 (7) — 25¢(7) + Qaoe(r) + pa(r)]?

Wi (52, 2)(r) = Q) + 9a(r) — 2e0(r) + Quzo(r) + pa(7)]?

Wi (52, @)(r) = [256(7) — Qase(r) — p3(r) — Quse(r) — g1 ().

(U2): For each » € E, there is some w € E such that
D+ p1 =2w — Qw — gy
and for each s € =2 there is some w € = such that
Qo+ o = 2w — Q3w — p3.
(U3): For all »,w € E,
2w — Quw — pg = N+ p1 = Qe+ o1 2w + po,
and for all »,w € 2,
200 — Q3w — o3 = Qo + o = o+ po 2w+ p1.

(U4): The mappings p;: I — R and ®;: [0,T]> x R — R (i € {1,2,3,4}) are
continuous.

(U51): If {5¢,} is a sequence in E such that ¢, = 3,11 for alln € N and w € =
is such that

max [Q156,(7) + p1(7) — w(7)P = 0 as n — oo,
max |25, (1) — Q356 (7) = 3(7) = w(7) = 0 as n — oo,
then
max |[p1(7) + Q1 (26 (1) — Qasen(7) — p3(7))]
= [2(Qu3a(7) + p1(7)) — Q3(Q120(7) + 91(7)) — p3(7)][” = 0 as n — oo.

(Ubg): If {5} is a sequence in = such that s, < 3p41 for alln € N and w € 2
is such that

max |Qo52, (1) + 2(7) — w(7)]P = 0 as n — oo,
rfg;(|2%n( T) — Qusen(7) — pa(7) — w(7)|P = 0 as n — oo,
then
max |[p2(7) + Q2(256,(7) — Qazen(7) — pa(7))]
— [2(Qa26,(T) + p2(7)) — Qu(Qa36,(T) + p2(7)) — pa(T)]IPF — 0 as n — co.
(U6): 3¢ = 23c — Q3¢ — 3 for all x € Z or 3 < 23c — Q3¢ — 4 for all 3 € =.

Then the system (4.1)) has a solution. Moreover, if
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(UT): for any two solutions »*,w™* of the system (4.1), »* <X @w* or w* <X »*
holds,
then the solution of (4.1)) is unique.

Proof. Consider four mappings 3, Sa, 33, S4: = — Z by
T
S2(7) = Quae(7) + p1(7) = / Dy (7,8,(5)) ds + p1(7)
0
T
Siase(1) = Qox(7) + 2(7) = / Dy(T, 8, 2(8)) ds + pa(T)
0 (4.4)
T
S32¢(7) = 25¢(7) — Q33¢(7) — 3(7) = 23¢(7) — / D3(7, s, (5)) ds — p3(7)
0

Syoe(T) = 25¢(7) — Quse(7) — a(7) = 25¢(7) — /0 Dy(T,8,(5)) ds — pa(T).

Define also a function a: 22 — R by

1, ifs(r) <w(r) forall el
a(sx,@) = :
0, otherwise.
We will check the validity of conditions (H1)-(H6) of Theorem and (H8) of
Theorem as well as (under assumption (U7)), (H9) of Theorem
(H1). By the definition (4.4)) of mappings 37, S, 3, S4 and the definition of an
EBDDS b., we have that, for all »,w € =,

be(S12, Sow) = Tgl[gg]ml%( 7) + p1(7) — Q20(7) — pa(7)[”

be (S33¢, Syw) = Trén{g)j(ﬂ] [25¢(T) — Q33¢(7) — p3(7) — 200 (7) + Qo (7) + pa(7)|P
0e(31, 352 = max [94(r) + 01(7) — 2(r) + Qye(r) + pa(r)l
be(S2w, Suw) = ng§]|92w(7)+@2(7) @(7) + Quw(7) + pa(7) [P

b (S5, 9150) = s (25(7) — Qe(r) — () — Qulr) — g ()P

Suppose that a(S3s, Syw) > 1. Then, S33c < Jyw, i.e., the assumption of
(U1) holds, and consequently, so does its conclusion . This, however, indicates
that the implication (2.1) holds true for the function that the implication
is valid for the functlon 9 € O given as 0(7) = exp{y/7 exp(7)}. Thus, Hl) is
demonstrated.

(H2) is a direct consequence of the assumption (U2).

(H3). Let »x € E and w € 321(81%). Then 2w — Quw — g = Q13+ 1, and
by the assumption (U3), Q15+ p1 < Qow + oo holds. That is §13¢ < S, and so
(16, S2w) > 1. As a result, the pair (S, S2) is a partially a-weakly increasing
w.r.t. 3y. Similar to this, the pair (9, 37) is a partially a-weakly increasing w.r.t.
3.

(H4) is easily derived from the definition of mapping a, and (H5) is derived from
the assumption (U4).
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(H6). Let {5,} be a sequence in = such that a(se,, s,41) > 1, ie., 5, = 3541
for n € N, and let lim,, o0 126, = limy, 00 S36, = @ in (5, be), i.e.,

max |36, (7) + p1(7) — w(7)|P = 0 as n — oo,
TE

mg;<|2%n(7-) — Q356,(7) — p3(7) —w(7)|P = 0 as n — 0.

By the assumption (U54), it follows that
max |[p1(7) + Q1 (236n () — Q326 (7) = p3(7))]
— [2(Q156n(7) + 91(7)) — Q3(Q1560(7) + 91(7)) — p3(7)]|P — 0 as n — oo,

i.e., limy, o0 be (318352, S35 56, ) = 0. Hence, the pair (3, S3) is an a-compatible.
Similarly, it follows from (U52) that the pair (S, Sy4) is an a-compatible.

The condition (H8) (that S5 or 4 is an a-dominating map) follows directly
from the assumption (U6).

As a result, all of the conditions of Theorem are met, and the mappings
S, g, F3, 34 have a common fixed point »* € =. It is obvious that »* is a
solution of the system .

Finally, if the assumption (U7) is satisfied, the condition (H9) of Theorem
holds, and thus the solution of (4.1)) is unique. [l

CONCLUSION

We introduce a notion of an a-complete extended Branciari b-distance space and
rational & — A — JS-contractive conditions, and derive coincidence point, common
fixed points, and uniqueness of fixed points for two pairs of mappings. We use
these findings to obtain the solution of a system of Urysohn integral equations. An
example is given to illustrate the result.
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