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m-QUASI-(n, A)-PARANORMAL OPERATORS IN
SEMI-HILBERTIAN SPACES

SID AHMED OULD AHMED MAHMOUD, RWABI MOBARAK ALSHARAR AND AYDAH
MOHAMMED AYED AL-AHMADII

ABSTRACT. The study of semi-Hilbert spaces operators is motivated by what
are called pseudo-Hermitian quantum mechanics. In this paper, we introduce
the concept of m-quasi-n-paranormal of a bounded linear operators on a com-
plex Hilbert space with a semi-inner product induced by a positive operator A.
This generalizes the classical m-quasi-n-paranormality of operators on Hilbert
spaces to semi-Hilbert space. We investigate some basic properties of this new
class. Product and tensor product results were also investigated.

1. INTRODUCTION

Assume that (Z, ||.||) is a complex Hilbert space with associated norm ||.||. Let
B[Z] denotes the C*-algebra of all bounded linear operators acting on Z. The
identity operator on Z is denoted simply by I. For every N € B[ZL Null(N),

Ran(N), Ran(N) and Pranm (or P) denote, the null space, the range, the

closure of the range of N and the orthogonal projection onto Ran(IN) respectively
Let A € B[Z] be a positive operator. Set (¢ | ), = (Ap|¥). It was observed
that (. |.)4: Z x Z2 — C, is a positive semidefinite sesquilinear form which yield

1
a seminorm ||.||a as ||plla = (¢ | ¢)a for any ¢ € Z. Moreover |¢||a = 0 if and
only if ¢ € Null(A). The study of these concepts goes back to the papers [I} 2] [3].

From [I], we recall that for N € B[Z], an element T € B[Z] is said to be an A-
adjoint operator of N if (Ny | ), = (¢ | T9), for every ¢, € Z, which can be
view as N*A = AT where N* is the adjoint of N. According to [8, Theorem 1], it
follows that N admits an A-adjoint operator if and only if Ran(N*A) C Ran(A).
The unique solution of the operator equation AX = N*A for X € B [Z] such that

Ran(X) C Ran(A) is denoted by N¥ and is called the distinguished A-adjoint
operator of N. The set of all operators in B[Z] which admitting A-adjoint is
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denoted by Ba [Z]. An operator N € B[Z] is called A-positive if AN is positive
and it symbols by N >4 0. Notice that for N,T € B, 1 [Z] we have N >4 T if
N-T>40.

We mention here some properties of the members of Ba [Z} that we use in this
work and which are extracted from [I} 2, [3].

For N € Ba [Z}, the following properties are met.
1) AN* =N*A, Ran(N’) C Ran(A), Null(Nf) =Null(N*A),

2) N* € Ba[Z], (N#)'=P NP

~ 7 Ran(A) Ran(A)’

(
(
(3) N*N and NN* are A — selfadjoint and A — positive.
(4) If S€Ba[Z], then NS € Ba[Z] and (NS)* = SIN?,
(

)
)
)
5) INI; = [NP[[y = NN = [|Nme

An operator N € B[Z] is said to be A-bounded if there exists k& > 0 such that

[Np|la < kll¢lla for all ¢ € Z. The set of all operators in B[Z] admitting Az-
adjoint is denoted by BA 1 [Z] We note from

B, 1[Z]={NeB[Z]:3k>0;|[Ng|s <klglla,YoeZ}.

A
The A-norm of N € BA% [Z] is given by

Nella

NEIA _ qup Ngla = sup [Ngla.
eeNull(A) [Plla joa=1 lella<t
(see [3]). Observe that if N is A-bounded, then
INella < [INJia llella Vo€ 2.

This implies that, for N, T € B, 1 [Z] we have |[NT||a < |[|N||4[|T||a and N (Null (A)) C
Null (A). Note that Ba[2] C B, 1 [2].

INl =

An operator N € By [Z] is called ([1])

(1) A-isometry if N*N = P <||Ncp|A =|¢lla Ve Z),

() Acunitary if NN = ()N =P (Nl = [N“pla = lllla Y€ 2).
For more details on semi-Hilbertian space operators can be found in [1I, 2] 3], 4} [l
9, [T4), [15] 16l 07, 18| 20, 21 23| 24] 25] and references therein.

The concepts of paranormal, n-paranormal, k-quasi-paranormal and m-quasi-k-
paranormal for Hilbert space operators where introduced and investigated in [6] [7]
12| 13| 19l 26]. An operator N € B[Z] is said to be

(i) hyponormal if [N|| > [N*g| V¢ € 2,
(i) paranormal if [N2g[[ll| > [Ng|? V¢ € 2 (II),
(iti) n-paranormal i [N"*1g||[lo]|" > [Neg|"*1 ¥ € Z ( [),
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(iv) k-quasi-paranormal if |[N*+20p||[|N*p|| > [|[N*+1p|2, for all ¢ € Z and for
some positive integer k ([I3])

(v) m-quasi-n-paranormal if [|[IN"FH1p|[|[N || > [N Tlp||"tl Vo € Z for
some positive integers n and m ([26]).

Here and henceforth, suppose that m is a nonnegative integer, and n is a positive
integer.

Many authors has extended some of these concepts to the semi-Hilbertian operators.
An operator N € Ba [Z} is said to be

(i) A-hyponormal if [Ne|a > [N*¢l|a (124,

(ii) k-quasi-A-hyponormal if || N*+1p|a > |[N#NFp||a ([24]),

(i) A-paranormal if [N?llll¢lla > [Ng|, for all € Z ([I5]),

(iv) (n, A)-paranormal if [N"*'o||allelz = INolIZ" Ve e 2, (122)

(v) k-quasi-A-paranormal if [|[N**2¢[[o[[Nep[a > [N**e|} Ve 2 ([14).

Following our work in [21], in the present paper we introduce and study a class
of operators on the semi-Hilbertian space (Z, (.),) which is a common general-
ization of (n, A)-paranormal and k-quasi-A-paranormal operators. More precisely,
which is called the class of m-quasi-(n, A)-paranormal operator. It is proved in
Example that there is an operator which is m-quasi-(n, A)- paranormal but not
(n, A)-paranormal for some positive integers m and n, and thus, the proposed new
class of operators contains the class of (n, A)-paranormal operators as a proper
subclass. This paper consists of two parts as follows. In Section 2, we show some
properties of m-quasi-(n, A)-paranormal operators via an equivalent condition for
an operator N € Ba [Z] to be m-quasi-(n, A)-paranormal (Theorem . Several
properties are proved by exploiting this characterization (Proposition , Proposi-

tion Proposition Theorem Lemma. In particular, we prove that if

N € Ba [’H] is an m-quasi-(n, A)-paranormal and T € Ba [7—[] is an A-isometry or
an A-unitary operator then N.T is an m-quasi-(m, A)-paranormal under suitable
conditions ( Theorem Theorem ) The product of two members of m-quasi-
(n, A)-paranormal operators is also studied(Theorem Theorem . Section
3, is devoted to describe some properties of tensor product of some members related
to m~quasi-(n, A)-paranormal operators. We show that the class of m-quasi-(n, A)-
paranormal operators is closed under tensor product (Theorem (3.4)).

2. PROPERTIES OF m-QUASI-(n, A)-PARANORMAL OPERATORS

In this section, we define the class of m-quasi-(n, A)-paranormal operators in
semi-Hilbertian spaces and we investigate some properties of such operators.
Firstly, we start with the definition of this class.

Definition 2.1. Let m and n be positive integers, an operator N € Ba [Z} is called
an m-quasi-(n, A)-paranormal if
+1
N7 ]| N > [N o]
forallp e 2.

Let Q[m] NPaln] be the sets of all m-quasi-(n, A)-paranormal operators.
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Remark. (1) if m =0 we get the class of (n, A)-paranormal operators introduced
in [15].

(2) If m =1, N is a quasi-(n, A)-paranormal operator.

(3) If A =1, then every m-quasi-(n, A)-paranormal is m-quasi-n-paranormal op-
erators ([26] ).

(5) The following inclusions hold:

Pa[l] € Pa[n] C Q[m]NPaln] C Qm + 1] NPaln].

From the above inclusion we can see that Paln] form a subclass of Q[m] N Paln]
for all positive integers m and n. The following example shows that the converse is
not true in general.

0 00 1 0 1
Example 2.1. Let Z=C>,N=| 0 0 0 and A= 0 1 0 |. A direct
010 1 0 1

calculation shows that A > 0 and Ran(N*A) C Ran(A) Thus N € Bu[Z].
Moreover N satisfies

n+1

[N || N7y > [N

forallp e Z, m>2n> 2. But
mn n n+1
[IN"*lo| , lells >IN A"

1

not satisfied forn > 2 and po = | 1 |. Hence N is in Qlm] N Pa[n] for m > 2
1

and n > 2 but N is not in Pa[n] for n > 2.

Lemma 2.1. ([10]) Let a and b two positive number, then a®b* < aa + pb holds
for a, > 0 such that a + p = 1.

In [15] it has been shown that N € Ba [Z] is an (n, A)-paranormal if and only

if
NN (0 + 18NN + " HP >4 0, V3> 0. (2.1)
Similarly, we have the following characterization for the members of the class of

m-quasi-(n, A)-paranormal operators. It is similar to [I3] Theorem 2.1] for Hilbert
space operators.

Theorem 2.2. Let N € By [Z} Then N is an m-quasi-(n, A)-paranormal if and
only if

(N#)m (N#"‘HNnJrl _ (n + 1)ﬂnN#N + ﬂﬂn+1P> N™ >4 0, (2.2)

for all 8 > 0. Equivalently, N is an m-quasi-(n, A)-paranormal if and only if

1
n+1

<ﬁ—nNﬁ(m+n+1)Nm+n+1 _,'_nﬁNﬁmPNm) >a (Nn)'rn—&-leJ’_l’ v 5 > 0.
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Proof. First we show the direct implication. Assume that

N INT ] 2 [N ]|
for all ¢ € H or equivalently
[N 75T NP 5T > [N

for all ¢ € H. Then by taking into account Lemma [2.1] , we my write

1 -n m4n+1lycmtn+1 n m m
— ()N w|w>A+ﬁ</3Nﬁ PN"¢ | ),
> <57n (Nﬁ)m+n+1Nm+n+1<p | <,0> T <ﬁNﬂmPNm§0 | <,0> w1
> INTErl A wh ||Nm<%’\|erl
>INl

This implies that
1
n+1
the above inequality forces

<(N#>m (N#nJranJ,-l _ (’I’L + 1)6"N#N + nﬁn—&-lp) Nm(p | ¢>A > 0.

<B_n (Nﬁ)m+n+1Nm+n+1(p ‘ @>A+n Z : <5Nﬂ7nPN’m(p ‘ QP>A_<N?1(7U+1)N("L+1)§D | <p> >40,

This leads to,
(N#)"™ (N#”“N"+1 ~ (n+1)B"N#*N + nﬁ"HP) N™ >4 0,
for all g > 0.
For the other direction, assume that holds. If oy € Z such that [N+ lp||a =
0 or equivalently, N"™*+" 1y, € Null(A) we have by equation that
~(n-+ DIN™ [+ ndIN" gy > 0).

If 3 — 0 we obtain |[N™*1pg||a = 0. Therefore,
[N g |4 IN ol > HNm“@ [

Suppose that |[N™F7FTLp| 5 # 0 for all ¢ € Z. From we have for all 3> 0

1
n+1

(ﬂ-”nNm*"“soi +ﬂn||N%|i) > INTHGA Ve 2.
Nm+n+1 %ﬂ
[ <P||A) we got
Ngla

L (INTE RN T (Nl . "
n+1< N ) N ellat TINT 2 NP g e 2.
A

n+1\ [N7"g|a
This leads to
n
IN"¢|| A R ||1\T"”””L“<P||"+1 IIN’”<P||,Z+1 N7+ ||y > IN" % VeeZ.

Choosing 8 = (

n+1
This yields,

[N FT N[ 3T > [NTTA, pe 2.
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Therefore,
N[ A[NT@lR > [N HolR, g ez

Hence N is an m-quasi (n, A)-paranormal. O

Remark. It should be noted that 1s equivalent to
INTHFHLGR — (n 4+ 1)B" [NT |3 +ns™HHIN™ |3 > 0, (2.3)
for all p € Z and g > 0.

Proposition 2.3. If N € Q[m| NPa[n], then AN € Q[m| N Pa[n] for all X € C.
Proof. For \ # 0, we have for all § >0
— |/\|2(m+n+1)Nﬁ(m+n+1)Nm+n+l _ (’I’L + 1)|/\|2(m+1)ﬁnNﬁ(m+1Nm+1 + nﬁn—&-ll/\‘QmNﬂmPNm

n n+1
_ |)\|2(m+n+1)<Nﬁ(m+n+1)Nm+n+1 _ (77,+]_) (p\ﬁg) Nﬂ(erl)Nerl +n<)\ﬂ|2) NﬁmPNm)

>4 0 <since N € 9[m] OPA[n]>.
Henceforth, AN € Q[m] N Pa[n] by Theorem O

Proposition 2.4. Let N € Ba[Z] be an m-quasi-(n, A)-paranormal. If Ran(N™) =
Z, then N is an (n, A)-paranormal.

Proof. Since N € Q[m] N Paln] it follows by Theorem
for all ¢ € Z and for all § > 0. It results that

< (N#(”“)N”“ —(n+1)8"N#*N + nﬁ”“P) N™p | Nm<p> >0,
A
for all ¢ € Z and for all g > 0. The last inequality is equivalent to

N#OFON L _ (5 4 1)8"N#N + n" P >, 0 on ran(N™) = Z.
This implies that N is an (n, A)-paranormal by [22, Theorem 2.4]. O

Proposition 2.5. Let N € Q[m] N Pa[n] is such that Ran(N™) = Ran(N/) for
some integer j € {1,--- ,m — 1}, then N € Q[j] N Pa[n].

Proof. Since N € Q[m] N Pa[n], we have in view of Theorem [2.2] that
(N#)™ (Nﬁ"“N”+1 — (n+1)8"N*N + nﬁ”“P) N™ >4 0, (2.4)
for all § > 0. Therefore

<(NW1N”+1 — (n+1)B"N'N + nB”“P) N | Nmso> >0 VypeZz
A

From the range condition Ran(N7) = Ran(N™) it is enough to see that

<(Nﬁ"“Nn+1 — (n+1)8"N*N + nﬁ”“P)Njw | Njw> >0 ViyeZz
A
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This yields to
<NW (N#"“N”+1 — (n+1)8"N#*N + nﬁ"“P) N4 | ¢> >0 VyeZ.

A
So we have,

Nﬁj (Nﬁ7L+an+1 _ (n + 1)57LNL‘;N 4 nﬁn-HP) Nj ZA 0.

This shows that N is a j-quasi-(n, A)-paranormal. O

Lemma 2.6. [0 Lemma 3.1] Let (Ng)i<p<a where Ni € Ba [Z] for all k =

N; N A 0
1,2,3,4. Then N = ( N; Ni ) € Ba,(H @ H) where Ag = ( 0 A ) Fur-
# #
thermore, Nfao = ( N& Ng’ ) )
N; N

Theorem 2.7. Let N{,Ny € B[Z] and let N be the operator on Ba, [H &3] 7—[]
defined as
_( Ni Ny
N - ( N ) ,

IfNy is an (m—1)-quasi-(n, A)-paranormal, then N is an m-quasi-(n, Ao)-paranormal
form > 2.

#

Proof. From Lemma we have Nfao = ( E& 8 > and with simple calculation
2

we show that

Nﬁ'm (Nﬁ(n-i-l)Nn—i-l _ (n + 1)ﬁnNﬁN + nﬁn-‘rlP) N™
NI, (N1, N%)Np NI, (N1, N )NPIN,

NENE Dy, (N, NE) N NENEO Dy, (N, NE)N™IN,
where

U, (N, Nf) = NFOPONTHL (0 4+ 1)8"NEN, + g™+ P
for all A > 0.

Let o = 1)1 @9 € Z @ Z and taking into account that Ny is an (m — 1)-quasi-
(n, A)-paranormal, we have

(v (AN (0 ) NEN R )N | )
Ao

(N0 (N3, NN [ n) o+ (N0 (N NN Natiy [ 1)
+ (NENT D (NG NN L) o (NN 0 (N NN Nt [ )

= (N0, (NG, NN Ny + Notia) , (Nighy + Notia)) > 0.
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The following theorem presents the sufficient conditions for which the product of a
member of Q[m| N Pa[n] with an A-isometry remains in Q[m] N Pa[n].

Theorem 2.8. Let N, T € Ba[Z] be such that N € Q[m] N Pa[n] and T be an
A-isometry. Assume that

TN = NT, TN!=NIT
T(Null(A)+) C Null(A)+

N(Null(A)+) € Null(A)+
Then TN € Q[k] N Pa[n].

Proof. Since T is an A-isometry, we have T#T = P. However, by the conditions
T(Null(A)+) € Null(4)* and N(Null(A)+) € Null(A)* it follows that Null(A)
is a reducing subspace for both T and N. This yield to

PT = TP, PT! = T'P

and
PN = NP, PN! = NfP.
We deduce that THr+)Tn+l — P,

In order to prove that TN € Q[m] N Pa[n], we will apply Theorem To this
gaol we have for all 5 > 0,

m

(NT)™" ((NT)‘“”“) (NT)™" — (n + 1)8" (NT) (NT) + n5"+lp> (NT)
= TimNiIm (TW“)T”“Nﬁ("H)N"+1 — (n41)B"T*TNN* + nﬁnHP) N™T™

— T)imNﬁmP (Nﬁ(n+1)Nn+1 _ (n + 1)67LN}iN + nﬁ”“P) N™T™

- (PT)™ [Nﬁm (N’“"“)N"+1 — (n+1)B"N*N + nﬁ"“P) N’”] ) (PT)™

>a0
ZA 07

where the last inequality follows from the assumption that N € Q[m] N Pa[n] and
[24, Lemma 2.1]).

O

Theorem 2.9. Let N € B[Z] be in Q[m] NPa[n]. Assume that N(Null(A)*+) C
Null(A)1 and U € Ba[Z] be an A-unitarily operator, then UNU* € Q[m]NPa[n].
Proof. Since U is an A-unitary operator,we get UU* = (Uﬁ)ﬁUﬁ = P or equiva-
lently

[U¢lla = IUPolla = ll¢lla ¥V ¢ € 2.
By the assumption that N(Null(A)1) C Null(A)* it follows that Null(A) is a

reducing subspace for N, from which we can write NP = PN and
PA =AP=A.
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So we have that
(UNU¥)’ = (UNU*)(UNUY).... (UNUY)

j—times
= (UNPNUY)... (UNUY)
UPN?U*. .. (UNUY)

UPN/U*, (2.5)
By the assumptions on N, U and (2.5]), we infer that

1
|onusyg)

JuPNT T

< INTERHTER|| INTUR| R
HPN"'HUﬁcpHA |IPN™U*p|% (since N(ran(A)) C ran(A))
= [[UPN™#1U||, [UPN™ Uy,
m+n+1 m n
= | (oNuH || [(oNU) e
So we get
n+1
[onu) | oNu) e > [[(oNe) [T v pez,
which immediately gives that UNU* € Q[m] N Pa[n)]. O

Theorem 2.10. Let N, T € Q[m] N Pa[n] such that NT = TN. If N and T
satisfy

m-rn m m-+n m + +1
INTHHT | o [ TN o 4 < [[(NT)™ T l|all(NT) " ¢lla,  (2.6)
Vo e Z. Then N.T € Q[m]NPaln].
Proof.
m+1 p m m n
I(NT)™ "l 3 = [N T+ |

S HNm+n+1Tm+1||A||Nme+1CPHTA
TN ] TN
=t =t

< (||Tm+”+1Nm+”+1«:|A|TmNm+”+1w||z) (||Tm+”“N%|A|TMN%||z)

mantl, —— m 2 4l 4n+l "n?
—NT) T (NT) " (IIN’” || o [T N%HA)

R m s mantl m T
< NT) T (NT) (n(NT) olall(TN) sonA)

This leads to
I(NT) ™" " ol all(TN)"¢ll& = [[(NT)" o3t Ve Z.

Pllall(TN) |3
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Theorem 2.11. Let T € By [Z} be an invertible operator and N be an operator
such that [N, T*T| = 0. Then, N is in Q[m] N Pi[n] if and only if TNT ™! is in
Q[m] N Prln].
Proof. Assume that N is in Q[m]| N Py[n], it follows from Theorem [2.2| that

(Nu)m (Nﬁ7z+1Nn+1 _ (n + 1)6nNuN + nﬁn+11) N™ ZI 0.
From this we have that

T(NF)™ (NF N = (4 1)8"NAN 8" 1) N T >4 0,

Since [N, TﬁT] = 0 we have [N“, TﬁT] = 0 and we my write

T(NF)™ (NF"'N"1 = (n 4 1)8"N*N + 8" 'T) N"T#(T'T¥)
= T(NH)" (NN - (04 1) NN + ) NT(THT) T
= T(TPT)(N)" (NN = (0 1)B"NPN 4+ n ™1 ) N T

— (TTHT(NY)" (N7 N — (04 1)3"N*N + ng" 1) N"™"T*,
This implies that

7T ()" (N

n+1

N (4 1)3"N"N + n"HT) N T#| = 0
and hence
(%)™ T (N9 (NFINTHT = (0 1)FTNEN 8" D) NPT = 0,
By observing that (TTﬁ)_1 >1 0 and
T(N9)™ (NN (4 1)8"NEN 4 0" H1T) N > 0

it follows that

T(NF)™ (NFNHT = (04 1)F"NEN + 28" 1) N TH(TTH) ™ > 0.

According to the condition [N, TﬂT} = 0 we my write
(TNT 1) = T+ IN*T# and (TNT )" = T-'N*T

and
(TNT- ) (TNT!) = TN'NT~!  and (TNT~1) "™V (TNT )" = TN# DN,
Now we are ready to show that S = TNT ! is in Q[m] N Pi[n]. Indeed,

stm (SW"“)S"+1 —(n+1)8"S*'s + nﬂ”“I) s™
THINFmT? ('.l?Nﬂ(”“)N”“T—1 —(n+1)"TN*NT ! + nﬁ”“I) TN™T !

= TN (NW“)N"+1 — (n+1)B"N*N + n5”+11) N™T~ "

In order to show that the last expression is positive, we take in our consideration
that

T(Nﬁ)m (Nﬁ1L+1N7L+1 _ (n + 1)BnNﬁN + nﬁ”“I) NmTﬁ (TTu)—l > 0.
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This leads to
T(N)™ (NWHN"H — (n+1)8"N*N + nﬁ"“l) NI 1T >
and therefore
T(NF)"™ (NWHN”+1 — (n+1)8"N*N + nﬁ”“I) N”T~! > 0.
This does means that TNT ! is in Q[m] N Py[n).
Conversely, assume that S = TNT ! is in Q[m] N Pr[n]. Similarly, we have that

tm t(n+1)qn+1 _ nQl n+1 m
s }
s (s S (n+1)3"S*S + nf I)S >1 0

— T(Nﬂ)m (Nﬁ”Jran_‘—l _ (,',L 4 1)ﬂnNﬁN 4 nﬁn—‘—ll) TﬂNmT—l ZI 0

ﬁn+1

—  TT(NH)" (N N (n + 1) NN + nﬂ”“I) N™T~T > 0

n41

— TT(NF)" (NN (4 1)U NAN 4 ) N 20,

-1

Since [N, T#T] =0, [T*T, R] = 0 and [(T*T) ", R| = 0 where

R = (T'T) ((Nﬁ)m (NN (0 1)FUNEN 4+ ) Nm) .

Moreover (TﬁT),(TnT)_1 and R are I-positive we deduce that
(T*T) 'R >; 0.
This yields that
(NH)™ (N”"+1N”+1 ~ (n+1)8"NIN + nﬂ”“I) N™ > 0.
This does means N is in Q[m] N Py[n]. O

3. TENSOR PRODUCT OF m-QUASI-(n, A ® B)-PARANORMAL OPERATORS

In this section, we prove under suitable conditions that the tensor product of an m-
quasi-(n, A)-paranormal and an A-isometry is an m-quasi-(n, A ® A)-paranormal
operator (Proposition . However, the tensor product of an m-quasi-(n, A)-
paranormal and an m-quasi-(n, B)-paranormal is an m-quasi (n, A ® B-paranormal
(Theorem [3.4).

Let Z®2Z denote the completion, endowed with a reasonable uniform cross norm, of
the algebraic tensor product of Z with itself. An inner product on Z&Z is defines
as
(1 ® 2 | 1 @ Ya) 1= (o1 [ Y1) {2 | o) Where @i,y € Z, fork=1,2
Let A,B e B[Z] are positive operators. The operator A®B € B[Z®Z] is positive
and defines a positive semi-definite sesquilinear form
(| agp:Z2®ZxZ02Z-—C

given by
(01 ® @2 [ 1 @ Y2) pop = (A1 | Y1) (B | ).
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This semi-inner product induces a semi-norm ||.[| o, g defined by

le@¢lhes = (P®Y|p@¢)asn
(Ap | @) (B [ )
ol N
It should be noted that [|p ®¥||sep = 0 if and only if ¢ € Null(A) or ¢ €

Null(B). For N € B[Z] and T € B[Z], N® T € B[Z®Z] denotes the tensor
product of N and T given by (N ® T) ((p ® w) = Ny ® T for g, € Z.

We begin this section by the following lemma.

Lemma 3.1. Let N € Ba[Z] be in Q[m] N Pa[n], then N@1 and I® N are in
Q[m} ﬂPA®A[n].

Proof. For all 8 > 0, we have
(NoD)™ ((N )TN D)™ — (n+ 1) (NI (N T) + nﬁ"“P) (Neo1)™

>aga 0.
O
Proposition 3.2. Let N, T € Ba[Z] such that null(A)* is invariant for both

N and T. If N is in Q[m] N Pa[n] and T is an A-isometry, then N ® T €
Baga(Z ®Z2) is in Qm] N Pagaln].

Proof. We like to notice that N ®@ T = (N ® I) (I ® T) = (I ® T) (N ® I) .On the
other hand we have Null(A)L is invariant for N, we obtain NP = PN and hence
NeD)(IeT)" = (1eT)"(NaoT).

Since N is in Q[m]| N Pa[n] and T is an A-isometry, it follows that N ® I €

Q[m] N Paga[n]. Moreover
(N@T)(Null(A®A)") c Null(A®A)".
In fact, let ¢1 ® o € Null (A ® A)L and Y1 ® g € Null(A ® A), we have

(NRI)(p1®p2) , 11 @1h2) = (N1 ®pa| (1 ®12))
(N | 91) (02 | ¢2)
(o1 IN"th1) (2 | 92)
= (p1 @ p2 | N1 @ ¢ho) .

According to the fact that 1, ® ¥y € Null(A ® A) we get ¥; € Null(A) or
19 € Null(A). This above consideration shows that

N*y; € Null(A) or ¢, € Null(A) <because Null(A) reduces N>,

which implies that
(N@T)(p1 @ p2) | ® ) =0.
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Repeating this argument, we show that
(I T)(Null(A®A)") C Null(A®A)™.

By applying Theorem to N®I and I® T we can assert that N® T € Q[m] N
Pagaln]. The proposition is proved.
(]

Corollary 3.3. Let N, T € Ba [Z] such that Null(A)* is invariant for both N and
T. IfN isin Q[m|NPa[n] and T is an A-isometry, then N®T? € Q[n]NPaga[n]
for all positive integer q.

Proof. Since T is an A-isometry and T (Null(A)+) C Null(A)* it follows that
T? is an A-isometry for all positive q. The desired result follows using Proposition
5.2 O

Theorem 3.4. Let N € Ba[Z] and T € Bg[Z]. If N is in Q[m] N Pa[n] and T
is in Q[m] NP[n] , then N® T is in Q[m] N Pagn[n].

Proof. From assumptions N € BA(Z) and T € B (Z) we obtain

INT o aHt < INTF Q|| R INT@|2, VeeZ
and
[T < T || T |5, Vi€ 2.
So we have that
INT L AT |5 <IN || o [T g N |4 | T™ 415,
V ¢, € Z. This shows that
INTHET™ (0p)|[R5 < INT QT (031 | aesN"O T (¢61) Ao,

Y ¢, € Z or equivalently,

m+1 n m—+n—+1 m n
I(NoT)™ (¢@9)|age < (N@T) (p@9)|aeBl(NOT)" (¢®¢)|acs;
V ¢, € Z. Therefore we have N ® T is in Q[m] N Pags[n]. O
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