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ON SOME TOPOLOGY GENERATED BY Z-DENSITY
FUNCTION

INDRAJIT DEBNATH, AMAR KUMAR BANERJEE

ABSTRACT. In this paper we study on Z-density function using the notion
of Z-density, introduced by Banerjee and Debnath [2], where Z is an ideal
of subsets of the set of natural numbers. We explore certain properties of Z-
density function and induce a topology using this function in the space of reals,
namely Z-density topology, and we give a characterization of the Lebesgue
measurable subsets of reals in terms of Borel sets in Z-density topology.

1. INTRODUCTION AND PRELIMINARIES

In 1961, Casper Goffman and Daniel Waterman [10] introduced the notion of
homogeneity of sets relative to metric density and Euclidean n-space was topolo-
gized by taking the homogeneous sets as open sets and this topology was referred
to as d-topology or density topology. The idea of density functions and the cor-
responding density topology were studied in several spaces like the space of real
numbers [21], Euclidean n-space [11], metric spaces [I5] etc. In the recent past
the notion of classical Lebesgue density point was generalized by many authors by
weakening the assumptions on the sequences of intervals and as a result several
notions like (s)-density point by M. Filipczak and J. Hejduk [9], J-density point
by J. Hejduk and R. Wiertelak [I3], S-density point by F. Strobin and R. Wierte-
lak [23] were obtained. Significant generalizations on density topology was studied
by Das and Banerjee in [Il [6], by W. Wilczynski in [24] and by W. Wojdowski
in [26] 27). Lately, Banerjee and Debnath have devised a new way to generalize
classical density topology using ideals in [2].

We shall use the notation £ for the o-algebra of Lebesgue measurable sets and A
for the Lebesgue measure [12]. Throughout R stands for the set of all real numbers.
The symbol Ty stands for the natural topology on R. Wherever we write R it means
that R is equipped with natural topology unless otherwise stated. The symmetric
difference of two sets A and B is (A\ B)U (B \ A) and it is denoted by AAB. By
“a sequence of closed intervals {Q, },en about a point ¢” we mean ¢ € [, oy @n-

For H € L and a point ¢ € R we say the point ¢ is a classical density point [25]

A(HN[e—t,c+t])
2t

of H if and only if lim;_,q4 = 1. The set of all classical density point
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of H is denoted by ®(H). The collection 73 = {H € L : H C ®(H)} is a topology
in the real line [25] and it is called the classical density topology. Lebesgue density
theorem states that for any Lebesgue measurable set H C R, \(HA®(H)) = 0.

The convergence of sequences plays a significant role in the study of basic math-
ematical theory. The idea of statistical convergence of sequences was introduced in
the middle of twentieth century by H. Fast [8]. For J C N, a set of natural numbers
and n € N let J, = {k € J : k < n}. The natural density of a set J is defined by
d(J) =limy; 00 “]T;"l, provided the limit exists, where |J,,| stands for the cardinality
of the set J,. A sequence {a,}nen of real numbers is said to be statistically con-
vergent to aq if for each € > 0 the set V(e) = {k € N: |ap — ag| > €} has natural
density zero. Later on, in the year 2000, statistical convergence of real sequences
were generalized to the idea of Z-convergence of real sequences by P. Kostyrko et
al. [I4] using the notion of ideal Z of subsets of N, the set of natural numbers.

A subcollection Z C 2V is called an ideal if A, B € Z implies AU B € T and
A€eZ,BcC Aimply B eZ. 7 is called nontrivial ideal if Z # {0} and N ¢ Z. 7 is
called admissible if it contains all the singletons. It is easy to verify that the family
Zg={A C N:d(A) =0} forms a non-trivial admissible ideal of subsets of N. If 7
is a proper non-trivial ideal, then the family of sets F(Z) = {M C N: N\ M € I}
is a filter on N and it is called the filter associated with the ideal Z of N.

A sequence {ay, frnen of real numbers is said to be Z-convergent [14] to «yp if the
set V(e) = {k € N : |ay —ap| > €} belongs to Z for each € > 0. A sequence {a, }nen
of real numbers is said to be Z-bounded if there is a real number M > 0 such that
{k € N:|ag| > M} € Z. Further many works were carried out in this direction
by many authors [3, 4, [I7]. For summability theory, sequence spaces and related
topics the reader may refer to the textbooks [5, [19].

K. Demirci [7] introduced the notion of Z-limit superior and inferior of a real
sequence and proved several basic properties.

Let Z be an admissible ideal in N and a = {ay }nen be a real sequence. Let,
By={beR:{k:a,>b}¢7Z}and A, ={a€R:{k:ap <a} ¢Z}. Then the
Z-limit superior of « is given by,

sup B, if B, # ¢

I—hmsupa:{ o it B, — ¢

and the Z-limit inferior of « is given by,

inf A, if Ay # 6

I—hmlnfoz:{oo it A, = ¢

Further Lahiri and Das [16] carried out some more works in this direction. Through-
out the paper the ideal Z will always stand for a nontrivial admissible ideal of subsets
of N.

In this paper we try to give the notion of Z-density function with the help of
Z-density introduced by Banerjee and Debnath [2] in the space of reals. In Section
[3] we explore some properties of this function. Finally, in Section [4] we study that
under certain conditions union of arbitrary collection of measurable sets can be
measurable. We consider 77 to be the collection of measurable subsets of R such
that each point of the set is an Z-density point and we prove that the collection
T forms a topology on the set of reals. The mode of proofs are different from
that given in [2]. At last we characterize the Lebesgue measurable sets in the usual
topology on reals as the Borel sets in 77.
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2. T-DENSITY

Definition 2.1. [2] For a Lebesque measurable set H € L, a point ¢ € R and
n € N, the upper Z-density of H at the point ¢, denoted by Z — d~(c, H), and the
lower Z-density of H at the point ¢, denoted by T—d_(c, H), are defined as follows:
Suppose {Qn}nen s a sequence of closed intervals about ¢ such that
F(Qn)={neN:0< Q) <1}ecF.
For any such {Qy }nen we take

an—WforallneN.

Then {an }nen s a sequence of non-negative real numbers. Now, if
B,, ={beR:{k:a,>b} ¢TI}
and
Ao, ={aeR:{k:ar<a} ¢TI}
we define,
Z —d (¢, H) = sup{sup By, : {Qn}nen such that 7 (Q,) € F(I)}
= sup{Z — limsup a, : {Qn}nen such that ¥ (Q.,) € F(I)}
and
Z—d_(c,H)=inf{inf A,, : {Qn}nen such that ¥ (Q,) € F(I)}
= inf{Z — liminf o, : {Qn}nen such that 7 (Q,) € F(I)}.

In the above two expressions it is to be understood that {Q,}nen’s are closed
intervals about the point c¢. Now, if T — d_(c,H) =T —d (¢, H), then we denote
the common value by T — d(c, H), which we call Z-density of H at the point c.

A point ¢y € R is an Z-density point of H € L if T — d(co, H) = 1.
If a point ¢y € R is an Z-density point of the set R\ H, then ¢ is an Z-dispersion
point of H.

Note 2.2. It was shown in [2] if T = Ly, where Ly, is the class of all finite
subsets of N, then Definition |2.1] coincides with the definition of metric density
which was introduced by Martin in [I8]. Moreover, the notion of T-density point is
more general than the notion of classical density point as the collection of intervals
about the point ¢ considered in case of L-density is larger than that considered in
case of classical density which is illustrated in the following example.

Example 2.3. Let us consider the ideal Ty of subsets of N, where Ly is the ideal
containing all those subsets of N whose natural density is zero. Now, for any point
p € R consider the following collections of sequences of intervals:
%I)(Ifin) = {{Kn}REN :
{K, }is a sequence of closed intervals about p such that S (K,) € F(Zsin)} and
(gp(f{i) = {{Kn}neN :
{K,}is a sequence of closed intervals about p such that #(K,,) € F(Z4)}.
We claim that Cpz,,,) G Cpz,)- Since any finite subset of N has natural density
zero 50 Ly C 1.
Now, in particular, let us take the following sequence {Qntnen of closed intervals
about a point p.
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On = [p— 5.+ 5| forn#m? wherem € N

" lp—vn,p++/n] forn=m? where m € N.

We observe that . (Qn) = {n eN:0<AQn) < %} ={n:n#m?2, for somem €

N}\ {2} so #(Qn) € F(Z4). But since N\ .Z(K,) = {n :n =m? where m €

N} U {2} is not a finite set, so it does not belong to Tsi,. As a result, {Qn} €
Id \ P(Zyin)*

Let us take the set H to be the open interval (—1,1) and the point p to be 0. Let

{Qn}nen € Go(z,) \ Co(z;.,) be taken as above. Now, if a,, = % then

1 if n # m? where m € N
On = Tn if n = m? where m € N.

Now, let us calculate limsup and liminf of the sequence {a,}. Thus,

limsup o, = inf sup o = 1 and liminf o, = sup mf ar = 0.
n k>n

Consequently, lim,, a,, does not exists. Next, we will show that 0 is Zy-density
point of the set H.

Given any sequence of closed intervals {Qn}nen about the point 0 such that
L (Qn) € F(Zg) we have {n: Q, C H} € F(Zy). Forif Z(Qn)={li<la<---<
ln < -} (say). Then there exists ng € N such that for l,, > ln,, Qi, C H. Thus,
{n:Qn CH}DL(Qn)\{l1,la, - ,lny}. Since N\ {l1,la, -+ ,ln,} € F(Za) so

y(Qn)\{llle’ 7lno} :y(Qn)m(N\{lthv'” 7l7lo}) 6]:(Id)'

. AMQn AMQn
Now if, Qn, C H then o, = (AC%QT,I)T{) = Aggﬂ; =1. Thus, {n: 0, =1} D {n:

Qn C H}. Therefore, {n: o, =1} € F(Zy). Therefore, B, = (—o0,1) and A, =
(1,00) and so, Iy — limsupo,, = supB,, =1 and Z; — liminfo,, = inf A, = 1.
This is true for all {Qy,}nen € Go(z,). Hence,

Zg—d~(0,H) = sup{sup By, : {Qn}nen such that #(Q,) € F(Zy)} =
and
Zqg—d_(0,H) =inf{inf A, :{Qn}nen such that #(Qn) € F(Zy)} =1

Hence Ty — d(0, H) exists and equals to 1. So, 0 is an Zy-density point of the set
H.

Here we are stating some important results which will be needed later in our
discussion.

Theorem 2.4. [7] For any real sequence w = {wy, }nen, Z—liminf w < Z—limsupw.

Theorem 2.5. [2] For any Lebesque measurable set H C R and any point p € R,
Theorem 2.6. [16] If w = {wn}tnen and § = {6n}nen are two T-bounded real

number sequences, then

(i) Z — limsup(w +0) <Z — limsupw +Z — limsup §
(ii) Z — liminf(w 4 6) > Z — liminf w + Z — lim inf 4.
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Proposition 2.7. [2] Given an T-bounded real sequence w = {wp tnen and a real
number c,

(i) Z - liminf(c 4+ wy,) = ¢+ Z — liminfw,

(ii) Z —limsup(c+ wy,) = ¢+ Z — lim sup wy,.
Proposition 2.8. [2] For any real sequence w = {wp }nen,

(i) Z — limsup(—w) = —(Z — lim inf w)

(ii) Z — liminf(—w) = —(Z — limsup w).

Lemma 2.9. [2] For any disjoint Lebesque measurable subsets G and H of R and
any point p € R if T — d(p,G) and T — d(p, H) exist, then T — d(p,G U H) exists
andZ —d(p, GUH) =7 —d(p,G)+Z —d(p,H).

Lemma 2.10. 2] If T — d(p,G) and T — d(p, H) exist and G C H. Then T —
d(p, H\ G) exists and T —d(p, H\ G) =Z —d(p,H) = Z —d(p, G).
Theorem 2.11. [2] For any measurable set H, T-density of H at a point p exists
if and only if T —d=(p,H)+Z —d~(p, H®) = 1.

Let H C R be a measurable set. Let us denote the set of points of R at which
H has lower Z-density 1 by Oz (H), i.e.

Oz(H)={peR:ZT—-d_(p,H)=1}.

Next we state the Lebesgue Z-density theorem which is as follows.

Theorem 2.12. [2] For any measurable set H C R,
MHAOZ(H)) =0.

The statement of this theorem may also be read as almost all points of an
arbitrary measurable set H are points of Z-density for H and moreover we can
conclude that ©z(H) is measurable.

3. Z-DENSITY FUNCTION

The function ©7(.) : £ — 2% is called Z-density function since ©7(.) takes
measurable set as input and it returns the set of all points which have Z-density 1
in that measurable set. Now, we explore some properties of Z-density function.

Proposition 3.1. If A and B are measurable sets and \(AAB) = 0, then ©7(A) =
Oz(B).
Proof. Let {Qn}nen be any sequence of closed interval in R. If A(AAB) = 0, then
we claim that A(AN Q) = A(BNQ,) for each interval @, C R. Now,
A=AnN(BUB"
=(ANB)U (AN B°)
=(ANB)U(A\ B)
C BU(AAB).
For any @),, C R we have
MANQn) < M(BU(AAB) N Q)
< M(AAB)) N Qu) + A(BN Q)
=ABNQ,) since A((AAB))NQ,) < AMAAB) =0.
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Similarly, A(BNQ,) < A(ANQ,,) for any interval @, C R. So we have A(ANQ,,) =
A(BNQy) for any interval @, C R. Now, we will show ©z(A) = ©z(B).
Let z € ©z(A). So, T —d_(xz,A) = 1. Now,
A
Z—d_(x,A) = inf{Z — liminf )\()\(g%n) : {Qn }nen such that 7(Q,) € F(I)}
ABNQR)

= inf{7 — lim inf
t \@n)

: {Qn }nen such that #(Q,) € F(Z)}
—T—d_(z,B).

So, Z —d_(xz,B) = 1 and hence z € O7(B). So, ©7(A) C ©z(B). Similarly,
©7(B) C O7(A). Thus, ©z(A) = ©z(B). This completes the proof.
(]

Corollary 3.2. Let A C R be measurable then O7(A) = ©7(07(A)), i.e. I-density
function is idempotent.

Proof. By Lebesgue Z-Density Theorem AMAABOZ(A)) = 0. So by Proposition

3.1 we have ©7(A4) = ©7(07(A)).
O

Lemma 3.3. Given a pair of Lebesque measurable sets A and B such that A C B,
O7(A) C ©7(B), i.e. I-density function is monotonic.

Proof. If A C B, \(ANQ,,) < A(BNQ,,) for each interval Q,, C R. Soif x € ©7(A),
then Z — d_(z, A) = 1. Hence,
Z—d_(z,A) =inf{Z — liminf /\()\A(g%") : {Qn}nen such that #(Q,) € F(T)}
< inf{Z — liminf A()\B(g?n) : {Qn}nen such that .7 (Q,) € F(I)}
=7 —d_(z,B).

Hence, Z—d_(z,B) > 1. So,Z—d_(x,B) = 1 and hence x € ©7(B). Consequently,
07(A) C ©7(B). O

Theorem 3.4. For every pair of Lebesque measurable sets H G € L, ©z(HNG) =
Oz(H)NOz(G).

Proof. Since HNG C H and HNG C G, so by Lemma ©z(HNG) C O7(H)
and ©z(H N G) C Oz(G). Consequently, Oz(H N G) C ©z(H) N Bz(G). Now
we are to prove Oz(H) N Oz(G) € Oz(HNG). Let x € O7(H) N O£(G). Thus
x € ©z(H) and x € ©7(G). So,Z —d_(x,H) =1 and Z —d_(z,G) = 1. We are
to show Z — d_(z, HN G) = 1. It is sufficient to show Z —d_(z, HNG) > 1.

Let {Qr}ren be any sequence of closed intervals about the point x such that
S (Qr) € F(Z). Then for all k € #(Qr), N\(HNQr)+AGNQr)—ANHNGNQy) <
MQr)-

So, for k € .7(Qy) we have

AMHNQR)  MGNQ) <14 MHNG) N Q)
AQr) AQr) AMQr)




ON SOME TOPOLOGY GENERATED BY Z-DENSITY FUNCTION 7

Let us take a, = A(ﬁggk)ﬁ )\(GS,;Q)IC)’C - /\((H;TW So, (x> ap+0r—1.

Thus,
Z —liminf {, > Z — liminf(a, + B, — 1)
=7 — liminf(a, + B,) — 1 by Proposition
> 7 — liminf o, + Z — liminf 8, — 1 by Theorem [2.6]

Hence,

inf{Z — liminf ¢, : {Q,} such that . (Q,) € F(Z)}
> inf{Z — liminf o, + Z — liminf 3,, — 1 : {@,} such that .¥(Q,) € F(I)}
> inf{Z — liminf o, : {@,,} such that .#(Q,,) € F(I)}
+inf{Z — liminf 8, : {Q,} such that #(Q,) € F(Z)} — 1.
So,
Z—d_(z,HNG)=inf{Z — liminf ¢, : {Q,} such that ¥(Q,) € F(I)}
>T—d_(x,H)+Z—-d_(z,G) -1

—1+1-1=1.
Therefore, Z —d_(x, HNG) = 1. So, x € ©z(HNG). Hence, O7(H)NOZ(G) C
©7(H N G). This completes the proof. |

Lemma 3.5. Let H,G C R such that \(H \ G) =0, then @I(H) C 07(G).

Proof. Let us assume A(H \ G) = 0 and Oz(H) ¢ ©z(G). Then there exists
x € O7z(H) such that x ¢ O7(G), i.e T —d_(x, H) =1 but I d_(z,G) < 1. Now
we have the following two cases.
Case(i): If Z —d_(z, H\ G) > 0, then
AMUHNG) N @)
AN@n)

So, for some sequence of closed intervals about x, say {Q, }nen such that #(Q,) €
F(Z) we have

inf {I — liminf : {Qn }nen such that (@) € .7:(1)} > 0.

MHNG) N Q)
A(Qn)
Thus for some ng € N we have A\((H \ G) N Qy,) > 0. So there exists a measurable
subset W C H such that WNG =0 and A(W) > 0. So, \(H\ G) > A\(W) > 0. It

contradicts the fact that A\(H \ G) = 0.
Case(ii): f Z—d_(x, H\G) = 0. Note that H can be written as a disjoint union
of (H\ G) and (HNG). Since (H \ G) and (H N G) are measurable, so by Lemma

T—d (z,H)=T—d_(z,H\G)+I—d_(2,HNG) =T —d_(z, HNG).

Thus Z—d_(x, HNG) = 1. Now since HNG C GsoZ—d_(z, HNG) <I—-d_(z,Q)
which implies Z — d_ (z, G) > 1 which is a contradiction since x ¢ O7(G).
So our assumption was wrong. Hence the result follows. O

> 0.

Z — lim inf

Lemma 3.6. Let H be any subset of R such that A(H) = 0, then ©z(H) =0 and
Oz(R\ H) =R.
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Proof. If A\(H) = 0, then at each point € R we have

Z—d (z,H)=sup {I — lim sup )\(/\H(SC)%) : {Qn}nen such that #(Q,) € .F(I)}

=0.

This implies, Z — d_(z, H) = 0. Thus, O7(H) is an empty set.

Clearly, ©z(R\ H) € R. We need to show R C O7(R\ H). Let z € R and
let {Qx }ren be any sequence of closed intervals about x such that & (Qy) € F(Z).
Then for k € #(Qy) we have

ARNQr) = MR\ H)NQr) + AHNQr) = MR\ H) N Q).

Now,

Z—d_(z,R\ H) =inf {I — lim inf W : {Qn}nen such that #(Q,,) € ]:(I)}
= inf {I — lim inf /\(;\R(g%n) : {Qn }nen such that #(Q,) € f(I)}
=1.

Thus, x € ©z(R\ H). So, R C ©7(R\ H). This completes the proof. O

Theorem 3.7. If A is a measurable subset of R, then ©7(A) N Oz(A°) = 0.

Proof. If possible let ©7(A) N Oz(A°) # (. Then there exists a point z € Oz(A) N
©7(A°). So,Z—d_(x,A)=1and 7 —d_(z, A°) = 1. Thus,

inf {I — lim inf )\(;1(;%") : {Qn}nen such that .#(Q,) € f(I)} =1
and
inf {I— lim inf /\(A;l;g ?n) : {Qn}nen such that .#(Q,) € .7:(1)} =1

So for any fixed interval {Q, }nen, Z—lim inf ’\()\‘?8?)") > 1 and Z—liminf % >

1. Therefore,

7 — lim inf )\(;\4(83”) +7Z — liminf W > 2.
As a result,
7 — liminf { )\(f(gnQ)n) + Mi;gﬂ?”) } =7 — liminf W =1>2

which is a contradiction. So the result follows.

4. T7-DENSITY TOPOLOGY

First we see under certain conditions, union of arbitrary collection of measurable
sets can be measurable.

Theorem 4.1. If {A,}aca is an arbitrary collection of measurable sets, where A
is arbitrary indexing set, such that for allaw € A, A, C O1(A,) and A(A,\B) =0
for any measurable set B so that B C J,cp Aa, then J,cp Aa is measurable.
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Proof. Since for all & € A, A(A,\ B) = 0 thus by Lemmal[3.5, ©7(A,) C ©7(B). So,
Uaen ©2(Aa) € ©12(B). Since, B is measurable so by Theorem [2.12} A(BA©z(B)) =
0 which implies ©z(B) is measurable. Thus,
BC |J Aa € | ©12(40) C O1(B).
acN acA

Since, B and ©z(B) are both measurable and they differ by a null set, so |J
is measurable.

aEA

Next, we consider 77 to be the collection of measurable subsets of R such that
each point of the set is Z-density point. So,

—{AecL:ACOrA)}

Whether such a collection forms a topology is the next question. The difficulty
lies in the fact that a topology must be closed under arbitrary unions and arbitrary
union of measurable sets may not be necessarily measurable.

Theorem 4.2. The Lebesgue measure \ on R satisfies the countable chain condi-
tion, i.e. any collection of measurable sets each with positive measure, such that the
intersection of two distinct elements of that collection has measure zero, is count-
able.

Proof. Let A be a collection of sets {A,}aen, where A, C R and A is arbitrary
indexing set such that for each oo € A, A, is measurable, A(A,) > 0 and A(A, N
Apg) = 0 whenever « # (3, then we need to show that A is countable. Let us assume
that A is uncountable. Consider R as J,,c,[n,n + 1] where Z is the set of integers.
For any a € A, A = A NR = Aa N (Upezlk, k4 1]) = Upez(Aa N[k E +1]).
Therefore, A(Aa) = D 4z MAa N [k, k +1]). Since A(A,) > 0 so there exists at
least one k such that AMAqo N[k, k +1]) > 0. Thus for each A, there exists some
i € Z such that A\(A, N [i,7+ 1]) > 0. Now, if each interval [k, k + 1] for k € Z
intersect with only countably many A,’s such that A(A, N [k, k + 1]) > 0 then
the collection {A4}aeca will be countable since countable union of countably many
elements is again countable; which is a contradiction. Therefore, there exists some
ko € Z such that [kg, ko + 1] intersect with uncountably many A, in A such that
MAq O [ko, ko +1]) > 0. Take, A" = {a € A : A(Aq N [ko, ko + 1]) > 0}. Then
clearly, A" is uncountable and A" C A. Now,

A ={a e A: AAaN ko, ko+1)) > 0} = {a € A MAq N [ko, ko + 1)) > ;}
meN

If each set in the above expression under union is countable then A" will be count-
able. So, there exists some mg such that {a € A: AAq N ko, ko +1]) > %J} is

m.
uncountable.

Let A" = {a € A MAq N ko, ko +1]) > m%]} Then A" € A" C A. Since we
have assumed A(A, N Ag) = 0 whenever o # §3, so

A([ko ko +11) > > MAaN[ko, ko+1]) > Y A(AaN[ko, ko+1]) Z -
acN’ a€eN” eA”
This is a contradiction. So, A must be a countable collection. This completes the

proof.
O
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Theorem 4.3. The collection T+ is a topology on R.

Proof. Clearly by Lemma Oz(0) = 0 and ©z(R) = R and both ) and R are
measurable. So, §, R € T7Z. Now, we will show 77 is closed under finite intersection.
Let {Aa,; Aay, 5 Aa, } be any finite collection in 7Z. So each A,, is measurable
and A,, C O7(Aa,) for each k. Clearly, (;_; Aa, is measurable. By Theorem (3.4

() Aa, € () Oz(Aq,) = O1 <ﬂ Aak> :
k=1 k=1 k=1

Therefore, (;_, Aa, € TZ.

Next, we need to show 77 is closed under arbitrary unions. If {As}aen is an
arbitrary collection of sets in 77, where A is arbitrary indexing set, then Uaen 4a €
TZ.ie. we are to show Uaea Aa € 02(Uyep Aa) and |J,ep Ao is measurable.

Since for each o € A, A, € T% we have A, C O7(A,) and it follows that
Uaer 4a € Upen ©2(Aa). Let € Uyen ©2(Aq), then there exists 3 € A such
that 2 € ©7(Ag). Note that Ag C J,cp Aa, 50 O2(A5) € O2(Jyep Aa). Thus
r € O7(Uyer Aa)- S0, Uper ©2(Aa) € O2(Uaen Aa). Therefore, |J,cp Aa €
O2(Uncn Ac).

It remains to show that arbitrary union of members of 77 is measurable. Let
{A,}aen be an arbitrary collection of sets in 772, where A is arbitrary indexing set.
Since by Lemma A(A) = 0 implies ©7(A) = (), which in turn implies A ¢ TZ
so clearly, A(A,) > 0 for all «. We choose a sequence in A in the following way. By
Well Ordering Principle, every set can be well ordered. So, we can linearly order
the elements of A. Choose the first element of A to be ay. Following the linear
order on A compare each element A/ with A,,. If A(4,/ \ Aa) >0, let a1 = o
If no such o exists let us take the sequence to be (ag, ag, ). Once a; is chosen
search through A starting after «; to find A,, such that A(Aa, \ (Aa, UAs,)) > 0.
If no such s exists then take the sequence as (g, a1, a,---). Continuing for
each n € N at any step m, assuming ., is already chosen, search through A
starting after a,,—1 to find A,,, such that A(A,,, \UZZOI As,) > 0. If no A,,,
can be found let the sequence be (ag, a1, "+, @m—1, Qm—1,---). Whether or not a
unique «,, can be found for each n, by Theorem 4.1 the sequence may be atmost
countably long. So we obtain a sequence {a, }nen such that for any o € A we have
MAa\ U2 Aa,, ) = 0. Since {A,, } is a countable sequence of measurable sets so
U~ Aa, is measurable. Now, by Lemma for any o € A,

)\(Aa\ G Aa”) =0 = ®I<Aa) - @I([j Aan)-

n=0

Hence, J,ep ©2(4Aa) € 07 (U~ Aa,)- By Lebesgue Z-density Theorem m

A <g0 Ag, NOZ (g Aan>> =0.

So, Oz (U2, Aa, ) is measurable. Thus,

G Ao, € | Ao € | 02(40) C 01 <[0J Aan> :

n=0 acA aEA n=0
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Since, (J;~y Aa, and O7 (U, Aa, ) both are measurable and differ by a null set, so
Uaen Aa is measurable. Thus, 77 is closed under arbitrary unions. This completes

the proof.
|

We name the topology 77 to be the Z-density topology on R and the pair (R, 77)
is the corresponding topological space.

The o-algebra that is generated by the open sets of any given topology is the
collection of Borel sets of that topology. The collection of Borel sets can be char-
acterized as the o-algebra generated by the open sets. Thus, we can talk about
Borel sets on any given topological space. The Z-density topology requires open
sets to be Lebesgue measurable, but not all measurable sets are open in (R, 77%).
In [22], S. Scheinberg proved the existence of a topology on the space of reals in
which the Borel sets are precisely the Lebesgue measurable sets. Likewise we give a
characterization of Lebesgue measurable subsets of reals in the following theorem.

Theorem 4.4. The Borel sets in the T-density topology T~ on the space of reals
are precisely the Lebesgue measurable sets.

Proof. Let B be a Borel set in TZ. So B is formed through the operation of
countable union, countable intersection and relative complement of sets in 7.
Since each element of 77 is measurable so B is measurable.

Conversely, let B be lebesgue measurable. Then by Theorem [2.12| we can write
B = CUD, where C = BN Oz(B) and D is measure zero set. Then clearly the
set C' is measurable since both B and ©z(B) are measurable. Next, O7(C) =
©7(B) N ©7(07(B)) = ©7(B) 2 C. Therefore, the set C is TZ-open. Again,
A(D) = 0, so D is measurable which implies R\ D is measurable and by Lemma
©z(R\ D) =R DR\ D. So, R\ D is TZ-open and consequently D is TZ-
closed. Thus, B is union of 7Z-open and 7Z-closed set. So, B is a Borel set in 77.
Therefore, the result follows. O
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