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Ψ-HILFER FRACTIONAL-ORDER LANGEVIN EQUATIONS:

EXISTENCE AND UNIQUENESS REVISITED

SAVITA RATHEE, YOGEETA NARWAL

Abstract. This work discusses the existence and uniqueness findings for

Langevin equations of fractional-order with mixed nonlocal boundary condi-
tions. The existence findings are derived using Krasnoselskii’s fixed point the-

orem and the nonlinear alternative of Leray-Schauder. Uniqueness is proved

using the Banach contraction mapping principle. The fractional derivatives are
described in the Ψ-Hilfer sense. There are numerous examples highlighting the

key findings.

1. Introduction

Initial and boundary conditions for a range of fractional differential equations
(FDEs) have been analysed by plenty of academics within the prior ten years. Since
the advent of fractional calculus in 1695, there have been numerous definitions of
integral and fractional derivatives (FDs), and these definitions have evolved [16].
For continuous functions, the most common is the Riemann-Liouville (R-L) and
Caputo FD of order ν > 0. Hilfer [8] proposed a generalized fractional derivative
of order ν ∈ (0, 1) and type β ∈ [0, 1], which may be reduced to the R-L FD for
β = 0 and Caputo FD for β = 1. Several writers commonly refer to it as the Hilfer
fractional derivative (HFD).

In 2018, Asawasamrit et al. [1] proposed a new class of the Hilfer boundary value
problem (HBVP) and developed various existence and uniqueness criteria for their
solution using nonlocal integral boundary conditions:

HDν,βy(t) = G(t, y(t)), t ∈ [a, b], 1 < ν < 2, 0 ≤ β ≤ 1, (1.1)

y(a) = 0, y(b) =

m∑
i=1

λiI
µ
i y(ξi), µi > 0, λi ∈ R, ξi ∈ [a, b], (1.2)

where HDν,β is the HFD of order ν, and parameter β, Iµi is the R-L fractional
integral of order µi > 0, ξi ∈ [a, b], a ≥ 0 and λi ∈ R, i = 1, 2, . . . ,m.
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As there are so many distinct definitions of integrals and fractional derivatives,
a fractional derivative of one function with respect to another was required [13].
In 2018, Sousa et al. [16], introduced the Ψ-Hilfer fractional derivative (Ψ-HFD),
which is the fractional derivative of one function with respect to another func-
tion in the Hilfer sense. In [15], Ntouyas and Vivek investigated the existence and
uniqueness of solutions for a new type of sequential Ψ-Hilfer fractional differential
equations with multi-point boundary conditions of the form(

HDν,β;Ψ + kHDν−1,β;Ψ
)
y(t) = G(t, y(t)), t ∈ [a, b], 1 < ν < 2, 0 ≤ β ≤ 1, (1.3)

y(a) = 0, y(b) =

m∑
i=1

λiy(θi), k, λi ∈ R, θi ∈ [a, b], (1.4)

where HDν,β;Ψ is the Ψ-HFD of order ν, 1 < ν < 2 and parameter β, 0 ≤ β ≤ 1,
G : [a, b]× R→ R is a continuous function, i = 1, 2, . . . ,m.

Nuchpong et al. [14] in the year 2021 studied the existence and uniqueness results
for the following BVP of Langevin FDE with Ψ-Hilfer fractional derivative and
nonlocal integral boundary conditions:

Dχ1,β1;Ψ(Dχ2,β2;Ψ + k)y(t) = G(t, y(t)), t ∈ [a, b], (1.5)

y(a) = 0, y(b) =

m∑
i=1

λiI
δi;Ψy(θi), θi ∈ [a, b], (1.6)

where Dχi,βi;Ψ, i = 1, 2 is the Ψ-HFD of order χi, 0 < χi < 1 and type βi,
0 ≤ βi ≤ 1, i = 1, 2; 1 ≤ χ1 + χ2 ≤ 2, k ∈ R, a ≥ 0 and G : Ξ × R → R is
a continuous function, Iδi;Ψ is Ψ-R-L fractional integral of order δi > 0, λi ∈ R,
i = 1, 2, . . . ,m.

Similarly, Guida et al. [7] in 2021 studied the existence and uniqueness for se-
quential Ψ-Hilfer fractional pantograph differential equations with mixed nonlocal
boundary conditions as follows:(

HDν,β;Ψ + pHDν−1,β;Ψ
)
y(t) = G(t, y(t), y(σt)), t ∈ [0, T ], 0 < σ < 1, (1.7)

y(0) = 0,

m∑
i=1

δiy(ηi) +

n∑
j=1

ωjI
β;Ψy(θj) +

r∑
k=1

λk
HDµ;Ψy(ξk) = A, (1.8)

where HDν,β;Ψ are the Ψ-Hilfer derivatives (HD) of order u = {ν, µk}, 1 < µk <
ν ≤ 2, 0 ≤ β ≤ 1, Iβ;Ψ are the Ψ-R-L fractional integrals of order βj , with βj > 0
for 1 ≤ j ≤ n; p,A, δi, ωj and λk ∈ R are given constants, the points ηi, θj , ξk are
in J , for 1 ≤ i ≤ m; 1 ≤ j ≤ n; 1 ≤ k ≤ r and the function G : Ξ × R2 → R is a
continuous function, J = [0, T ], T > 0.

Motivated by [1, 7, 14, 15], the existence and uniqueness of solutions for the fol-
lowing fractional-order langevin equation with nonlocal mixed multi-point integro-
differential boundary conditions are investigated:

Dν1,β1;Ψ(Dν2,β2;Ψ + p)κ(t) = F(t, x(t)), 0 < νi < 1, 0 ≤ βi ≤ 1, i = 1, 2, t ∈ [a, b],

(1.9)

κ(a) = 0,κ(b) =
∑
i∈I

δiκ(ηi) +
∑
j∈J

ωjI
τj ;Ψκ(θj) +

∑
k∈K

λk
HDµ;Ψκ(ξk), (1.10)
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whereDνi,βi;Ψ, i = 1, 2 is the Ψ-HFD of order νi, 0 < νi < 1 and type βi, 0 ≤ βi ≤ 1;
1 < ν1 + ν2 ≤ 2, k ∈ R, a ≥ 0, F : Ξ × R → R is a continuous function, Iτ ;Ψ are
the Ψ-RL FI of order τj , with τj > 0 for j ∈ J ; p,A, δi, ωj and λk ∈ R are
given constants. The points ηi, θj , ξk are in Ξ for I = {i ∈ I : i = 1, 2, . . . ,m},
J = {j ∈ J : j = 1, 2, . . . , n} and K = {k ∈ K : k = 1, 2, . . . , r}.

Special Cases:

(i) For δi = 0, ∀ i ∈ I; λk = 0, ∀ j ∈ J ; the investigations of [14] regarding the
hybrid differential equation of integer order are incorporated into the results
of the current work

Dν1,β1;Ψ(Dν2,β2;Ψ + p)κ(t) = F(t, x(t)),

κ(a) = 0, κ(b) =
∑
j∈J

ωjI
τj ;Ψκ(θj).

(ii) For ν2 = 0, p = 0, δi = 0, ∀ i ∈ I; λk = 0, ∀ k ∈ K, we obtain the nonlocal
BVP

Dν1,β1;Ψκ(t) = F(t, x(t)),

κ(a) = 0, κ(b) =
∑
j∈J

ωjI
τj ;Ψκ(θj),

the findings of existence and uniqueness for which are acquired in [1].
(iii) For ωj = 0, ∀ j ∈ I; λk = 0, ∀ k ∈ J ; we obtain a nonlocal BVP for Ψ-Hilfer

fractional order Langevin equations with multi-point boundary conditions

Dν1,β1;Ψ(Dν2,β2;Ψ + p)κ(t) = F(t, x(t)),

κ(a) = 0, κ(b) =
∑
i∈I

δiκ(ηi).

(iv) For β1, β2 = 0, Ψ(t) = t; we get nonlinear FDEs with multi-point fractional
integro-differential boundary conditions

RLDν1(RLDν2 + p)κ(t) = F(t, x(t)),

κ(a) = 0, κ(b) =
∑
i∈I

δiκ(ηi) +
∑
j∈J

ωjI
τj ;Ψκ(θj) +

∑
k∈K

λk
HDµ;Ψκ(ξk).

Organization of paper is as follows: Section 2 reviews some necessary preliminar-
ies from fractional calculus. Section 3 focuses on the existence and uniqueness of
solutions to the BVP (1.9)-(1.10) using FPT. To show the important conclusions,
examples are built. The findings are summarised in Section 4.

2. Auxiliary Results

For all t ∈ Ξ = [a, b] and Ψ′(t) 6= 0, consider an increasing function Ψ ∈ C1(Ξ,R).

Definition 2.1 ([11]). Let ν > 0, ν ∈ R, and g ∈ L1([a, b],R). The Ψ-R-L frac-
tional integral of a function g with respect to Ψ is defined by

Iν;Ψ =
1

Γ(ν)

∫ t

a

Ψ′(s)(Ψ(t)−Ψ(s))
ν−1

g(s)ds.
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Definition 2.2 ([16]). Let n−1 < ν < n, n ∈ N and g ∈ Cn([a, b],R). The Ψ-HFD
HDν,β;Ψ(·) of a function g of order ν and type 0 ≤ β ≤ 1 is defined by

HDν,β;Ψg(t) = Iβ(n−ν);Ψ

(
1

Ψ′(s)

d

dt

)n
I(1−β)(n−ν);Ψg(t).

Lemma 2.3 ([16]). Let ν > 0 and δ > 0. Then

(i) Iν;ΨIν;Ψh(t) = Iν+ν;Ψh(t);

(ii) Iν;Ψ(Ψ(t)−Ψ(s))
δ−1

= Γ(ν)
Γ(ν+δ) (Ψ(t)−Ψ(s))

ν+δ−1
.

We note also that HD(ν,β;Ψ)(Ψ(t)−Ψ(s))(γ−1) = 0.

Lemma 2.4 ([16]). Let f ∈ L(a, b), n − 1 < ν ≤ n, n ∈ N, 0 ≤ β ≤ 1, γ =
ν + β(1− ν), I(1−β)(n−ν)f ∈ ACk[a, b]. Then(

Iν;ΨHDν,β;Ψf
)
(t)

= f(t)−
n∑
k=1

(Ψ(t)−Ψ(s))
γ−k

Γ(γ − k + 1)

(
1

Ψ′(s)

d

dt

)n
lim
t→a+

(I(1−β)(n−ν)f)(t).

Here we mention some of the FPT used in this paper for the convenience of the
readers.

Lemma 2.5 ([3], Banach fixed point theorem). Let κ be a Banach space, D ⊂ X
closed, and F : D → D a strict contraction, i.e., |Fκ − Fy| ≤ k|κ − y| for some
k ∈ (0, 1) and all κ, y ∈ D. Then F has a fixed point in D.

Lemma 2.6 ([12], Krasnoselskii’s fixed point theorem). Let M be a closed, bounded,
convex and nonempty subset of a Banach space κ. Let A,B be the operators such
that

(i) Aκ +By ∈M whenever κ, y ∈M ;
(ii) A is compact and continuous;

(iii) B is a contraction mapping.

Then there exists z = Az +Bz.

Lemma 2.7 ([6], Nonlinear alternative for single valued maps). Let E be a Banach
space, C a closed, convex subset of E, U an open subset of C and 0 ∈ U . Suppose
that A : U → [C] is a continuous and compact map such that

(i) A has a fixed point in U ;
(ii) there is an κ ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with κ = λA(κ)

Then, there exist z = Az +Bz.

Remark. To simplify the notation and the proof of some results, we will introduce
the following notation Qσ−1

Ψ (t, a) = (Ψ(t)−Ψ(a))σ−1 and ν1 + ν2 = z.

3. Main Results

We start by proving an auxiliary lemma for the BVP (1.9)-(1.10).

Lemma 3.1. The function κ is a solution of the following BVP

Dν1,β1;Ψ(Dν2,β2;Ψ + p)κ(t) = h(t); 0 ≤ νi ≤ 1, h ∈ C(Ξ,R), (3.1)

κ(a)=0,κ(b)=
∑
i∈I

δiκ(ηi) +
∑
j∈J

ωjI
τj ;Ψκ(θj) +

∑
k∈K

λk
HDµk;Ψκ(ξk), where a≥0,

(3.2)
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if and only if

κ(t) = Iz;Ψh(t)− pIν2;Ψκ(t) +
Qγ1+ν2−1

Ψ (t, a)

ΛΓ(γ1 + ν2)

·
[
κ(b) + p

(∑
i∈I

δiI
ν2;Ψκ(ηi) +

∑
j∈J

ωjI
ν2+τj ;Ψκ(θj) +

∑
k∈K

λkI
ν2−µk;Ψκ(ξk)

)

−
(∑
i∈I

δiI
z;Ψh(ηi) +

∑
j∈J

ωjI
z+τj ;Ψh(θj) +

∑
k∈K

λkI
z−µk;Ψh(ξk)

)]
, t ∈ Ξ,

(3.3)

where

Λ =
∑
i∈I

δi
Qγ1+ν2−1

Ψ (ηi, a)

Γ(γ1 + ν2)
+
∑
j∈J

ωj
Qγ1+ν2+τj−1

Ψ (θj , a)

Γ(γ1 + ν2 + τj)

+
∑
k∈K

λk
Qγ1+ν2−µk−1

Ψ (ξk, a)

Γ(γ1 + ν2 − µk)
6= 0 (3.4)

and γi = νi + βi(1− νi), i = 1, 2; 1 ≤ z ≤ 2.

Proof. Applying Ψ-R-L FI of order ν1 and Lemma 2.4 on (3.1), we obtain

Dν2,β2;Ψκ(t) + pκ(t) = Iν1;Ψh(t) +
c0

Γ(γ1)
Qγ1−1

Ψ (t, a). (3.5)

Applying Ψ-R-L FI of order ν2 and Lemma 2.4 on the above equation, we get

κ(t) = Iz;Ψh(t)− pIν2;Ψκ(t) +
c0

Γ(γ1 + ν2)
Qγ1+ν2−1

Ψ (t, a) +
c1

Γ(γ2)
Qγ2−1

Ψ (t, a).

(3.6)

Using κ(a) = 0, we get c1 = 0. Thus,

κ(t) =
c0

Γ(γ1 + ν2)
Qγ1+ν2−1

Ψ (t, a) + Iz;Ψh(t)− pIν2;Ψκ(t). (3.7)

Applying operators HDµk,ε;Ψ and Iτj ;Ψ to the above equation

HDµk,ε;Ψκ(t) =
c0

Γ(γ1 + ν2 − µk)
Qγ1+ν2−µk−1

Ψ (t, a)− pIν2−µk;Ψκ(t) + Iz−µk;Ψh(t),

Iτj ;Ψκ(t) =
c0

Γ(γ1 + ν2 + τj)
Qγ1+ν2+τj−1

Ψ (t, a)− pIν2+τj ;Ψκ(t) + Iz+τj ;Ψh(t).

Now, using the second boundary condition, we get

c0

[∑
i∈I

δi
Qγ1+ν2−1

Ψ (ηi, a)

Γ(γ1 + ν2)
+
∑
j∈J

ωj
Qγ1+ν2+τj−1

Ψ (θj , a)

Γ(γ1 + ν2 + τj)
+
∑
k∈K

λk
Qγ1+ν2−µk−1

Ψ (ξk, a)

Γ(γ1 + ν2 − µk)

]

− p
[∑
i∈I

δiI
ν2;Ψκ(ηi) +

∑
j∈J

ωjI
ν2+τj ;Ψκ(θj) +

∑
k∈K

λkI
ν2−µk;Ψκ(ξk)

]
+
∑
i∈I

δiI
z;Ψh(ηi) +

∑
j∈J

ωjI
z+τj ;Ψh(θj) +

∑
k∈K

λkI
z−µk;Ψh(ξk) = κ(b).

This implies

c0 =
1

Λ

[
κ(b) + p

(∑
i∈I

δiI
ν2;Ψκ(ηi) +

∑
j∈J

ωjI
ν2+τj ;Ψκ(θj) +

∑
k∈K

λkI
ν2−µk;Ψκ(ξk)

)
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−
(∑
i∈I

δiI
z;Ψh(ηi) +

∑
j∈J

ωjI
z+τj ;Ψh(θj) +

∑
k∈K

λkI
z−µk;Ψh(ξk)

)]
(3.8)

Substituting c0 in (3.6) we get (3.3). Direct computation using the specification of
Ψ-HFD of order ν and type β and Lemma 2.3 yields the converse. �

Consider the Banach space C = C(Ξ,R) of all functions Φ : Ξ → R which are
continuous and endowed with the norm

‖κ‖ = sup
t∈[a,b]

|κ(t)|

In light of Lemma ??, we set ζ : C → C as follows:

(ζκ)(t) = Iz;Ψf(t,κ(t))− pIν2;Ψκ(t) +
Qγ1+ν2−1

Ψ (b, a)

ΛΓ(γ1 + ν2)

·
[
κ(b)+p

(∑
i∈I

δiI
ν2;Ψκ(ηi) +

∑
j∈J

ωjI
ν2+τj ;Ψκ(θj) +

∑
k∈K

λkI
ν2−µk;Ψκ(ξk)

)

−
(∑
i∈I

δiI
z;Ψf(ηi,κ(ηi)) +

∑
j∈J

ωjI
z+τj ;Ψf(θj ,κ(θj))

+
∑
k∈K

λkI
z−µk;Ψf(ξk,κ(ξk))

)]
. (3.9)

It is worth noting that the sequential BVP (1.9)-(1.10) has a solution if and only if
ζ has a fixed point. For the sake of brevity, we set:

Ω1 =
Qz

Ψ(b, a)

Γ(z + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]
,

(3.10)

Ω2 = |p|
{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
.

(3.11)

3.1. Existence results. We use Krasnoselskii’s FPT to demonstrate our inaugural
result for the existence of solution for the BVP (1.9)-(1.10).

Theorem 3.2. Assume that:

(H1) |F(t,κ(t))| ≤ φ(t) is satisfied for a continuous function F : Ξ× R→ R, and
∀ (t,κ) ∈ Ξ× R with φ ∈ C(Ξ,R).

(H2) Ω2 < 1, where Ω2 is given by (3.11).

Then, (1.9)-(1.10) has at least one solution on Ξ.

Proof. We shall prove that ζ satisfies the prerequisites of Krasnoselskii’s FPT. On

the closed ball Bε =

{
κ ∈ C : ‖κ‖ ≤ ε with ε ≥ ‖φ‖Ω1

1− Ω2

}
, we divide the operator ζ
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into the sum of two operators ζ1 and ζ2, where

sup
t∈Ξ

φ(t) = ‖φ‖,

(ζ1κ)(t) = Iz;ΨF(t,κ(t))−
Qγ1+ν2−1

Ψ (t, a)

ΛΓ(γ1 + ν2)

[∑
i∈I

δiI
z;ΨF(ηi,κ(ηi))

+
∑
j∈J

ωjI
z+τj ;ΨF(θj ,κ(θj)) +

∑
k∈K

λkI
z−µk;ΨF(ξk,κ(ξk))

]
(3.12)

and

(ζ2κ)(t) = −pIν2;Ψκ(t) +
Qγ1+ν2−1

Ψ (t, a)

ΛΓ(γ1 + ν2)

·
[
κ(b) + k

(∑
i∈I

δiI
ν2;Ψκ(ηi) +

∑
j∈J

ωjI
ν2+τj ;Ψκ(θj)

+
∑
k∈K

λkI
ν2−µk;Ψκ(ξk)

)]
. (3.13)

For any κ, y ∈ Bε, we have

|(ζ1κ)(t) + (ζ2y)(t)| ≤ sup
t∈Ξ

{
Iz;Ψ|F(t,κ(t))|+ |p|Iν2;Ψ|y(t)|+

Qγ1+ν2−1
Ψ (t, a)

|λ|Γ(γ1 + ν2)

·
[
|y(b)|+ |p|

(∑
i∈I
|δi|Iν2;Ψ|y(ηi)|+

∑
j∈J
|ωj |Iν2+τj ;Ψ|y(θj)|

+
∑
k∈K

|λk|Iν2−µk;Ψ|y(ξk)|
)

+
∑
i∈I
|δi|Iz;Ψ|F(ηi,κ(ηi))|

+
∑
j∈J
|ωj |Iz+τj ;Ψ|F(θj ,κ(θj))|

+
∑
k∈K

|λk|Iz−µk;Ψ|F(ξk,κ(ξk))|
]}

≤ ‖φ‖
{
Qz

Ψ(b, a)

Γ(z + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)

+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]}

+ ‖y‖|p|
{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|Γ(γ1 + ν2)

[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)

+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
≤ ‖φ‖Ω1 + εΩ2

≤ ε
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and hence ‖ζ1κ + ζ2y‖ ≤ ε which implies that ζ1κ + ζ2y ∈ Bε. ζ2 is a contraction
mapping on using (H2). Since, F is continuous. As a result, ζ1 is a continuous
operator. Furthermore, on Bε; ζ1 is uniformly bounded as

‖ζ1κ‖ ≤ Ω1‖φ‖ (3.14)

We now show that the operator ζ1 is compact.
Let

sup
(t,κ)∈J×Bε

|F(t,κ)| = F <∞

and thus, we have

|(ζ1κn)(t)− (ζ1κ)(t)| ≤ Iz;Ψ|(Fκn)(t)− (Fκ)(t)|+
Qγ1+ν2−1

Ψ (t, a)

|Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|Iz;Ψ|(Fκn)(ηi)− (Fκ)(ηi)|

+
∑
j∈J
|ωj |Iz+τj ;Ψ|(Fκn)(θj)− (Fκ)(θj)|

+
∑
k∈K

|λk|Iz−µk;Ψ|(Fκn)(ξk)− (Fκ)(ξk)|
]

≤
Qz

Ψ(t, a)

Γ(z)
‖Fκn −Fκ‖+

Qz−1
Ψ (t, a)

|Λ|Γ(γ1 + ν2)

·
(∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj)

+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk)

)
‖Fκn − fκ‖.

Since F is continuous, this implies ‖Fκn −Fκ‖ → 0 as n→∞. ζ1 is thus equicon-
tinuous. So, on Bε, ζ1 is relatively compact. Arzela-Ascoli theorem implies the
compactness of ζ1 on Bε. Thus, by applying Krasnoselskii’s FPT, (1.9)-(1.10) has
at least one solution on Ξ. �

Remark. Some special cases of the above theorem are given by:
For β1 = 0, we get γ1 = ν1 by setting the constant Ω0

2 as

Ω0
2 = |p|

{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qz−1

Ψ (b, a)

|Λ0|Γ(z)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
,

(3.15)

where

Λ0 =
∑
i∈I

δi
Qz−1

Ψ (ηi, a)

Γ(z)
+
∑
j∈J

ωj
Qz+τj−1

Ψ (θj , a)

Γ(z + τj)
+
∑
k∈K

λk
Qz−µk−1

Ψ (ξk, a)

Γ(z− µk)
. (3.16)
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Corollary 3.3. Let (H1) hold along with Ω0
2 < 1. Then (1.9)-(1.10) has a unique

solution on Ξ, where Ω0
2 is defined by (3.15).

For β1 = 1, we get γ1 = 1 by setting the constant Ω1
2 as

Ω1
2 = |p|

{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+

Qν2Ψ (b, a)

|Λ1|Γ(ν2 + 1)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
,

(3.17)

where

Λ1 =
∑
i∈I

δi
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J

ωj
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

λk
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)
. (3.18)

Corollary 3.4. Assume (H1) hold along with Ω1
2 < 1. Then (1.9)-(1.10) has a

unique solution on Ξ, for Ω1
2 defined by (3.17).

Example 3.5. Taking the BVP of a fractional-order Langevin equation with a
nonlocal mixed multi-point boundary condition and a Ψ-Hilfer fractional derivative:

D 5
4 ,

3
4 ;t

(
D 1

5 ,
3
5 ;t +

1

12

)
κ(t) =

1

5
√
π

(
sin t tan−1 κ +

π

2

)
, t ∈ [0, 1], (3.19)

κ(0) = 0, κ(1) =
1

2
κ
(

1

3

)
+

1

4
I

1
2 ;tκ

(
2

3

)
+

1

8
HD 1

3 ;tκ
(

1

4

)
. (3.20)

Here, ν1 = 5
4 , ν2 = 1

5 , β1 = 3
4 , β2 = 3

5 , p = 1
12 , a = 0, b = 3, m = 1, n = 1, r = 1,

δ1 = 1
2 , ω1 = 1

4 , λ1 = 1
8 , η1 = 1

3 , θ1 = 2
3 , ξ1 = 1

4 , τ1 = 1
2 , µ1 = 1

3 , Ψ(t) = t.

We see that |F(t,κ)| ≤
√
π

5 . Using the given data, we get γ1 = ν1 +β1(1−ν1) = 17
16 ,

|Λ| ≈ 1.5514.
Thus, Ω1 ≈ 0.8952. All the requirements of Theorem 3.2 have been met. As a result,
the given BVP has at least one solution on [0, 1].

In this context, we apply the Leray-Schauder’s Nonlinear Alternative to derive
the second existence result.

Theorem 3.6. Let (H2) hold and

(H3) ∃ a function q ∈ C(Ξ,R+) and a function φ : R+ → R+ which is continuous
and non-decreasing such that

|F(t,κ)| ≤ q(t)φ(|κ|), ∀ (t,κ) ∈ Ξ× R;

(H4) ∃ a constant R > 0 such that

(1− Ω2)R
φ(R)‖q‖Ω1

> 1 .

Then, (1.9)-(1.10) has at least one solution on Ξ, for Ω1,Ω2 provided by (3.10) and
(3.11), respectively.

Proof. Let ζ be defined by (3.9).

Step 1. To show that in C(Ξ,R), ζ maps bounded sets into bounded sets. Consider
a bounded set Bε = {κ ∈ C(Ξ,R) : ‖κ‖ ≤ ε} in C(Ξ,R) for a number ε > 0. Then,
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for t ∈ Ξ

|(ζκ)(t)| ≤ sup
t∈Ξ

{
Iz;Ψ|F(t,κ(t))|+ |p|Iν2;Ψ|κ(t)|+

Qγ1+ν2−1
Ψ (t, a)

|Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|Iz;Ψ|F(ηi,κ(ηi))|+

∑
j∈J
|ωj |Iz+τj ;Ψ|F(θj ,κ(θj))|

+
∑
k∈K

|λk|Iz−µk;Ψ(|F(ξk,κ(ξk))|
]

+ |p|
(∑
i∈I
|δi|Iν2;Ψ|κ(ηi)|

+
∑
j∈J
|ωj |Iν2+τj ;Ψ|κ(θj)|+

∑
k∈K

|λk|Iν2−µk;Ψ|κ(ξk)|+ |κ(b)|
)]}

≤ ‖q‖φ(‖κ‖)
{
Qz

Ψ(b, a)

Γ(z + 1)
+
Qγ1+ν2−1

Ψ (b, a)

ΛΓ(γ1 + ν2)

·
[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)

+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]}
+ ‖κ‖|p|

{
Qν2Ψ (b, a)

Γ(ν2 + 1)

+
Qγ1+ν2−1

Ψ (b, a)

ΛΓ(γ1 + ν2)

[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)

+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)
+ |κ(b)|

]}
= ‖q‖φ(‖κ‖)Ω1 + ‖κ‖Ω2

=⇒ ‖ζκ‖ ≤ ‖q‖φ(ε)Ω1 + Ω2ε

Step 2. For κ ∈ Bε and t1, t2 ∈ Ξ with t1 < t2, we shall establish that ζ maps
bounded sets into equicontinuous sets of C(Ξ,R).

|(ζκ)(t2)− (ζκ)(t1)|

=
‖q‖Ψ(ε)

Γ(z + 1)
[2Qz

Ψ(t2, t1) + |Qz
Ψ(t2, a)−Qz

Ψ(t1, a)|] +
|p|ε

γ(ν2 + 1)
Qν2Ψ (t2, t1)

+
Qγ1+ν2−1

Ψ (t2, a)−Qγ1+ν2−1
Ψ (t1, a)

|Λ|Γ(γ1 + ν2)

[∑
i∈I
|δi|‖q‖Ψ(ε)

Qz
Ψ(ηi, a)

Γ(z + 1)

+
∑
j∈J
|ωj |‖q‖Ψ(ε)

Qz+τj
Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|‖q‖Ψ(ε)
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]

+
Qγ1+ν2−1

Ψ (t2, a)−Qγ1+ν2−1
Ψ (t1, a)

|Λ|Γ(γ1 + ν2)

[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)

+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 + µk + 1)

]
.

Now, t2 − t1 → 0 implies R.H.S. tends to 0, independently of κ ∈ Bε. The set ζBε
is relatively compact and equicontinuous. Arzela-Ascoli theorem implies complete
continuity of ζ.
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Step 3. To show that Θ = {κ : κ = λζκ, ∀ λ ∈ (0, 1)} is bounded. If κ is a solution
to this equation, then we have for t ∈ Ξ and almost the exact computations as
in Step 1; we have

|κ(t)| ≤ φ(‖κ‖)‖q‖Ω1 + ‖κ‖Ω2

which gives

(1− Ω2)‖κ‖
φ(‖κ‖)‖q‖Ω1

≤ 1 .

In view of (H3), ∃ R such that ‖κ‖ 6= R. Considering U = {κ ∈ C(Ξ,R) : ‖κ‖ < R},
ζ is a continuous and completely continuous mapping from U → C(Ξ,R). By the
choice of U we could not find any κ ∈ ∂U such that κ ∈ Θ. From Lemma 2.7,
the fixed point κ ∈ U of ζ is also a solution of (1.9)-(1.10). �

Example 3.7. Given the multi-point BVP with Ψ-HFD

D 2
3 ,

4
5 ;t

(
D 4

5 ,
2
3 ;t +

1

14

)
κ(t) =

1

10

(
1

6
|κ|+ 1

8
cosκ +

|κ|
4(1 + |κ|)

+
1

16

)
, t ∈ [0, 1],

(3.21)

κ(0) = 0, κ(1) = 0.2κ
(

1

3

)
+ 0.25I0.5;tκ

(
2

3

)
+ 0.6D1.5;tκ

(
1

4

)
. (3.22)

Here, ν1 = 2
3 , ν2 = 4

5β1 = 4
5 , β2 = 2

3 , Ψ(t) = t, p = 1
14 , δ1 = 0.2, ω1 = 0.25,

λ1 = 0.6, η1 = 1
3 , θ1 = 2

3 , ξ1 = 1
4 , τ1 = 0.5, µ1 = 1.5. We observe that

|F(t,κ)| ≤ 1

10

(
1

6
|κ|+ 7

16

)
and for φ(|κ|) =

1

10

(
1

6
|κ|+ 7

16

)
, ‖q‖ =

1

10
(H3) is satisfied.

Also, Λ ≈ 0.25713, Ω1 ≈ 0.9782 and Ω2 = 0.30266. Now,

(1− Ω2)R
φ(R)‖q‖Ω1

> 1

for R > 0.16746. Thus, by Theorem 3.6, problem (3.21)-(3.22) must have at least
one solution on [0, 1].

3.2. Uniqueness results. We have the following uniqueness result based on Ba-
nach FPT.

Theorem 3.8. Assume that

(H1) F satisfies Lipschitz condition for second variable with constant L,

and LΩ1 + Ω2 < 1, for Ω1 and Ω2 defined by (3.10) and (3.11), respectively. Then,
the BVP (1.9)-(1.10) has a unique solution on Ξ.

Proof. To show equation (3.9) has a fixed point which is then a solution of the BVP
(1.9)-(1.10). Set

sup
t∈Ξ
|F(t, 0)| = R <∞

and choose

ε ≥ RΩ1

1− LΩ1 − Ω2
.
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Now, we show that ζBε ⊂ Bε, where Bε = {κ ∈ C(Ξ,R); ‖κ‖ ≤ ε}. For any κ ∈ Bε,
we have

|(ζκ)(t)| ≤ sup
t∈Ξ

{
Iz;Ψ(|F(t,κ(t))−F(t, 0)|+ |F(t, 0)|) + |p|Iν2;Ψ|κ(t)|

+
Qγ1+ν2−1

Ψ (t, a)

|Λ|Γ(γ1 + ν2)

[∑
i∈I
|δi|Iz;Ψ(|F(ηi,κ(ηi))−F(ηi, 0)|+ |F(ηi, 0)|)

+
∑
j∈J
|ωj |Iz+τj ;Ψ(|F(θj ,κ(θj))−F(θj , 0)|+ |F(θj , 0)|)

+
∑
k∈K

|λk|Iz−µk;Ψ(|F(ξk,κ(ξk))−F(ξk, 0)|+ |F(ξk, 0)|)

+ κ(b) + |p|
(∑
i∈I
|δi|Iν2;Ψ|κ(ηi)|+

∑
j∈J
|ωj |Iν2+τj ;Ψ|κ(θj)|

+
∑
k∈K

|λk|Iν2−µk;Ψ|κ(ξk)|
)]}

≤ (L‖κ‖+R)

{
Qz

Ψ(b, a)

Γ(z + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|Γ(γ1 + ν2)

[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)

+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]}

+ ‖κ‖
(
|p|
{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qγ1+ν2−1

Ψ (t, a)

|Λ|Γ(ν2 + 1)

[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)

+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+

r∑
ik=1

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

}]
≤ (L‖κ‖+R)Ω1 + ‖κ‖
≤ (Lε+R)Ω1 + εΩ2

≤ ε .

Therefore, ‖ζκ‖ ≤ ε which implies ζBε ⊂ Bε. Next, let κ, y ∈ C(Ξ,R). Then, for
t ∈ Ξ, we have

|(ζκ)(t)− (ζy)(t)| ≤
{
Qz

Ψ(b, a)

Γ(z + 1)
+
Qγ1+ν2−1

Ψ (b, a)

|Λ|(Γ(γ1 + ν2)

[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)

+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]}

+ |p|
(
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qγ1+ν2−1

Ψ (b, a)

Λ|Γ(γ1 + ν2)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)

+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
‖κ − y‖
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= (LΩ1 + Ω2)‖κ − y‖
=⇒ ‖ζκ − ζy‖ ≤ (LΩ1 + Ω2)‖κ − y‖.

Thus, ζ is a contraction mapping provided (LΩ1 + Ω2) < 1, and owing to that
Banach contraction mapping principle implies that the fixed point of ζ is nothing
but the unique solution of the BVP (1.9)-(1.10). �

Remark. In case, LΩ1+Ω2 ≮ 1, that is, the mapping is not a contraction mapping,
then we can use Bielecki’s renorming method [2] instead of the Banach contraction
mapping principle.

Remark. Some special cases of the above theorem are given by:

For β1 = 0, we get γ1 = ν1 by setting constants Ω0
1 and Ω0

2 as

Ω0
1 =
Qz

Ψ(b, a)

Γ(z + 1)
+
Qz−1

Ψ (b, a)

|Λ0|Γ(z)

·
[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]
,

(3.23)

Ω0
2 = |p|

{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qz−1

Ψ (b, a)

|Λ1|Γ(z)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
,

(3.24)

where

Λ0 =
∑
i∈I

δi
Qz−1

Ψ (ηi, a)

Γ(z)
+
∑
j∈J

ωj
Qz+τj−1

Ψ (θj , a)

Γ(z + τj)
+
∑
k∈K

λk
Qz−µk−1

Ψ (ξk, a)

Γ(z− µk)
. (3.25)

Corollary 3.9. For LΩ0
1 + Ω0

2 < 1 and (H5) being satisfied, (1.9)-(1.10) has a
unique solution on Ξ, Ω0

1 and Ω0
2 specified by (3.23) and (3.15).

For β1 = 1, we get γ1 = 1 by setting constants Ω1
1 and Ω1

2 as

Ω1
1 =
Qz

Ψ(b, a)

Γ(z + 1)
+
Qν2Ψ (b, a)

|Λ|Γ(ν2 + 1)

·
[∑
i∈I
|δi|
Qz

Ψ(ηi, a)

Γ(z + 1)
+
∑
j∈J
|ωj |
Qz+τj

Ψ (θj , a)

Γ(z + τj + 1)
+
∑
k∈K

|λk|
Qz+µk

Ψ (ξk, a)

Γ(z− µk + 1)

]
,

(3.26)

Ω1
2 = |p|

{
Qν2Ψ (b, a)

Γ(ν2 + 1)
+
Qν2Ψ (b, a)

|Λ|Γ(ν2 + 1)

·
[∑
i∈I
|δi|
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J
|ωj |
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

|λk|
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)

]}
(3.27)

where

Λ1 =
∑
i∈I

δi
Qν2Ψ (ηi, a)

Γ(ν2 + 1)
+
∑
j∈J

ωj
Qν2+τj

Ψ (θj , a)

Γ(ν2 + τj + 1)
+
∑
k∈K

λk
Qν2−µkΨ (ξk, a)

Γ(ν2 − µk + 1)
. (3.28)
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Corollary 3.10. If LΩ1
1 + Ω1

2 < 1 and (H5) is satisfied, then the problem (1.9)-
(1.10) has a unique solution on Ξ, for Ω1

1 and Ω1
2 defined by (3.27) and (3.28).

Example 3.11. Given the BVP of a fractional-order Langevin equation with a
nonlocal mixed multi-point boundary condition and a Ψ-Hilfer fractional derivative:

D 5
3 ,

2
3 ;t

(
D 3

2 ,
1
2 ;t +

1

15

)
κ(t) =

1

8(t + 1)2

|κ(t)|
1 + |κ(t)|

, t ∈ [1, 3], (3.29)

κ(1) = 0, κ(3) =
1

8
κ
(

3

2

)
+

1

7
I

1
2κ
(

4

3

)
+

1

12
D 2

3κ
(

5

4

)
. (3.30)

Here, ν1 = 5
3 , ν2 = 3

2 , β1 = 2
3 , β2 = 1

2 , δ1 = 1
8 , ω1 = 1

7 , λ1 = 1
12 , η1 = 3

2 , θ1 = 4
3 ,

ξ1 = 5
4 , τ1 = 1

2 , µ1 = 2
3 , Ψ(t) = t and F(t,κ) = 1

8(t+1)2
|κ(t)|

1+|κ(t)| , t ∈ [1, 2].

For any κ, y ∈ R and t ∈ [1, 3],

|F(t,κ)−F(t, y)| ≤ 1

32
|κ − y|.

Here, γ1 = ν1 + β1(1 − ν1) = 1.22. From the given data, we observe that γ1 +
ν2 = 2.72, γ1 + ν2 + τ1 = 3.22, γ1 + ν2 − µ1 = 3.22, z = 3.16, z + τ1 = 3.66,
z − µ1 = 1.72. Hence, condition (H1) is satisfied with L = 1

32 . We discover using
the data provided, Λ ≈ 0.0477, Ω1 ≈ 1.30023 and Ω2 = 0.3439. This implies that
LΩ1 + Ω2 ≈ 0.384532 < 1. It follows from Theorem 3.8 that the problem (3.29)-
(3.30) has a unique solution.

4. Conclusion

The existence and uniqueness of fractional-order Langevin differential equations
with multi-point integral and differential boundary conditions were investigated in
this study. We first transformed the problem into an equivalent fixed point prob-
lem, and then demonstrated its existence using the Krasnoselskii FPT and then
the Leray-Schauder Nonlinear Alternative. The Banach FPT was used to prove
uniqueness. Also, our results are generalizations of fractional differential equations
with multi-point and integral boundary conditions. Finally, we provided instances
with each of the theories in order to buttress our theoretical conclusions.
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