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ON GENERALIZED STATISTICAL CONVERGENCE IN
QUATERNION VALUED GENERALIZED METRIC SPACES

OMER KISI, BURAK CAKAL, MEHMET GURDAL

ABSTRACT. We present and explore the concept of a quaternion-valued g-
metric space with specific foundational properties related to convergence in
this study. The main goal of this study is to introduce A-statistically conver-
gent sequences and A-statistically g-Cauchy sequences, examining their prop-
erties within quaternion-valued g-metric spaces. The research also includes
discussions on natural inclusion theorems relevant to these concepts.

1. INTRODUCTION

The investigation of sequence convergence and summability theory has been a
pivotal and dynamic area of research in pure mathematics for many years. Further-
more, its substantial contributions extend to topology, functional analysis, Fourier
analysis, measure theory, applied mathematics, mathematical modeling, computer
science, and other disciplines. The concept of statistical convergence of sequences
has gained widespread application in mathematics in recent times. Statistical con-
vergence, initially explored by Fast [I0]. Since then, several mathematicians have
explored the properties of convergence and statistical convergence, applying these
concepts to various fields. For further reference, see [7, 12| 13} 14, 17, 18| 19} 28]
29, [31), 32], B3]. Mursaleen [26], on the other hand, introduced the concept of A-
statistical sonvergence as a novel approach, elucidating its connections to statistical
convergence, strongly Cesdro summable and strongly (V,\)-summable. Recently,
the concepts of A-statistical convergence, almost A-statistical convergence and in-
variant statistical convergence were generalized by Braha [5], Esi et al. [9], Kisi and
Nuray [23], Savas [30] and Savag and Nuray [34]. Also, the readers should refer to
the monographs [], and [27], and recent papers [21], [35], [36], [37], [38], [39], [40]
and [41] for the background and related topics on the sequence spaces.

In mathematical analysis, the idea of physical distance is expanded upon by a
distance function or metric. This notion can be generalized in various ways (see,
for instance, [22]). One notable generalization is the G-metric space introduced
by Mustafa and Sims [25]. Metrics in this domain indicate the separation of three
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locayions. Choi et al. [6] introduced a g-metric, an extended form of a distance
function. The ordinary distance between two points and the G-metric between
three points are generalized by the n 4+ 1 point distance known as the g-metric
of degree n. By advancing the metric concept, Abazari established the idea of
statistical g-convergence in [1] (see also [15], 16} [24]).

A number system that extends beyond complex numbers is known as quater-
nions. Irish mathematician Hamilton originally formulated it in 1843 to describe
mechanics in three dimensions. One characteristic of quaternions is their noncom-
mutative multiplication of two quaternions. Detailed discussions on quaternion
analysis can be found in [3] and references therein. This paper proposes a type of
convergence in quaternion-valued g-metric spaces to expand on the g-metric spaces
introduced by [6], quanternion valued g-metric spaces by [20], and various well-
known forms of statistical convergence in the literature. The motivation behind
this proposal arises from the practical applications of quaternions and fixed point
theorems.

The primary objective of this research is to define A-statistically convergent
sequence and A-statistically g-Cauchy sequence and to investigate their features
in a quaternion valued g-metric spaces. In addition to these definitions, natural
inclusion theorems will also be discussed.

2. PRELIMINARIES

In this section, we will examine specific definitions and results that form the
basis of the current study. We begin with several key definitions.

We will introduce some fundamental notations for quaternionic spaces. The four-
dimensional real algebra with unity is known as the space of quaternions, denoted
by Q. The null element of Q is denoted by Oq, and the multiplicative identity of
Q is denoted by 1. Within Q, there exist three imaginary units represented by
the symbols 4, j, k. By definition, these units satisfy:

P=j2=k=—1, ij=—ji=Fk, jk=—kj=1iand ki = —ik = j.

For each p = ¢y + 617+ 625 4+ s3k; where <p, 61,62 and g3 belong to R, the elements
1,4, 7,k are assumed to constitute a real vector basis of Q. Given p = ¢y + 17 +
G2 + s3k € Q, we recall that:

(i) p =<0 — <1t — s2j — s3k is the conjugate quaternion of p,
(i) lol=vop =G+ +s+G ER
(iii) Re(p) = 5(p+p) =< €R

(iv) Im(p) = 1(p — p) = 1@ + <2 + <3k is the imaginary part of p.

When p = Re(p), the element p € Q is said to be real. It is obvious that p is
real only iff p = p. If = —p or p = Im(p), p is said to be imaginary.

The concept of a complex metric space was introduced by Azam et al. [3] as
follows:

=

Definition 1. ([3]) Let X be a nonempty set, and suppose the mapping dc : X X
X — C satisfies the following conditions:
(i) 0 < dg (11, 72), for all 1,72 € X and dc (11,72) = 0 iff 11 = 72,
(ZZ) dc (Tl,TQ) = dc (7'2,7'1) f07" all T1,T2 € X,
(#i1) dc (11, 72) < dc (11,73) + dc (13, 72) for all 71,79, 73 € X.
Then (X,dc) is called a complex metric space.

Ahmed et al. [§] extended the above definition to Clifford analysis as follows:
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Definition 2. ([§]) Let X be a nonempty set and suppose that the mapping dq :
X x X — Q satisfies the following.
(’L) 0= dQ (7'1,7'2), fO’f‘ all T1,T2 € X and dQ(Tl,TQ) =0 iﬁ’l’l = Tg,
(’LZ) dQ (Tl,TQ) = dQ (7'277'1) fOT‘ all 7,7 € X,
(i11) dg (11, 72) X dq (11,73) + dq (73, T2) for all 7y, 72,73 € X.
Then (X, dq) is called a quaternion valued metric space.

Ahmed et al. [§] introduced a partial order < on Q (space of all quaternions).

Definition 3. Let p1,p2 € Q. Then p1 = p2 iff Re(p1) < Re(p2) and Img (p1) <
Ims (p2), p1,p2 € Q, s = 4,4,k where Imm; = b, Imm; = ¢, Immy, = d. It was
observed that p1 < pa, if any one of the below circumstances is true:

(a) Re(p1) = Re (p2), Imy, (p1) = Imy, (p2) where s1 = j, k, Im; (p1) < Im; (p2);

(b) Re (p1) = Re(p2), Ims, (p1) = Img, (p2) where s3 =4, k, Im; (p1) < Im; (p2)
(¢) Re(p1) = Re(p2), Img, (p1) = Imy, (p2) where s3 =i, j, Imy (p1) < Imy (p2)
(d) Re (p1) = Re (p2), Imy, (p1) = Ims, (p2), Imm; (p1) = Im; (p2);

(e) Re(p1) = Re(p2) , Imy, (p1) = Imy, (p2) , Imm; (p1) = Imm; (p2);

(f) Re(p1) = Re (p2) , Img, (p1) < Img, (p2), Tmmy, (p1) = Immy (p2);

(9) Re (p1) <Re(p2), Im; (p1) = Im, (p2);

(h) Re (p1) < Re(p2), Imy, (p1) = Imy, (p2), Im; (p1) < Im; (p2)

(i) Re (p1) < Re(p2), Ims, (p1) = Imy, (p2), Imm; (p1) < Imm; (p2);

(1) Re(p1) < Re(p2), Ims, (p1) = Imy; (p2), Imy (p1) < Immy (p2);
(k) Re (p1) < Re(p2), Imy, (p1) <Img, (p2), Im; (p1) = Imm; (p2);
(1) Re (p1) < Re (/72 , Img, (p1) <Imy, (p2), Imm; (p1) = Imm; (p2);
(m) Re (p1) = Re(p2) , Imy, (p1) = Imy, (p2) , Imy (p1) = Im (pr);

(n) Re (p1) <Re(pz2), Im, (p1) < Im, (p2);

(0) Re (p1) = Re (p2), Imy (p1) = Im (m).

To be more precise, we write p1 < po if only (n) is fulfilled and p1 3 po if p1 # p2
and one from (a) to (o) is satisfied

Remark. Noteworthy is the fact that py =< pa = |p1] < |p2l.

Inspired by the research of Ahmed et al. [8], Adewale et al. [2] offered the
subsequent definition.

Definition 4. ([2]) Let Q be a collection of quaternions, X a nonempty set, and
GQ: X x X x X — Q a function that satisfies the following properties:

(a) GR(r1,72,73) =0 iff 71 =72 = 73,

(b) 0 < GR1y,71,T2), V71,72 € X, with 71 # 7o,

(c) GR(11,71,72) = GR(71,72,73), V71, T2, T3 € X, with T3 # 7o,

(d) GR(1y,72,73) = G2, 73,71) = GRU11, 73, T2) = ... (symmetry),

(e) There exists a real number r > 1 such that

GQ(Tl,TQ,’Tg) <r [GQ(’H,(Z,CL) + GQ((L, 7'2,7'3)} s

Ya, 11,72, 73 € X (rectangle inequality).

Then, the function GR is called a quaternion G-metric and (X, GQ) 1s referred
to as the GR-metric space. A GQ-metric space is considered complete if every
Cauchy sequence in it is GQ-convergent.

The following is an extension of G-metric space with degree [.
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Definition 5. ([2]) Let X be a non-empty set. A function g : XP*1 — R is called
a g-metric space with order p on X if it satisfies the following conditions:

(a) g (10,71, T2, ...,Tp) =0 iff o =1 =... =7p,
(b)g(r0,71,72,....,Tp) =g (Ta(o),Ta(l),Tg(g),...,Ta(p)) for permutation o on {0,1,2,...,p},
) S g(§07§17§27~'~7§p) fOTall (T0a717T27"'1T[))3 (§03§13§27"'3§p) S

(C)g(T()leaTQa"'an
XPH with {r; :i=0,1,...,p} C{s :i=0,1,...,p},
(d) For every To,T1, ..., TsyS0,S15---St, W € X withs +t+1 =1,

9(7077-177-2’"'7Tﬁag07§la§27---;§t) S
g(T07T17T2a"'7T5?w)w7"'w)+g(§0a§1)§27"'7gtaw7w"'w)'

The pair (X, g) is called g-metric space with degree p. For p = 1,2 respectively, it
is respectively equivalent to metric and G-metric space.

The statistical convergence of real valued sequences is based on the concept of
natural density of subsets of N, the set of all positive integers, which is defined as
follows: Let (X,d) be a metric space. A real number sequence (75) is said to be
statistically convergent to the number 7 if for every € > 0,

limn ™' [{j <n:d(r,7) >¢e}| =0,
n

where the number of elements in the contained set is indicated by the vertical bars.

The idea of A-statistical convergence of sequences 7 = (7;) of real numbers has
been studied by Mursaleen [26]. Let A = (),) be a non-decreasing sequence of
positive real numbers tending to co such that A,11 < A, +1 and Ay = 1. The
generalized de la Vallee-Poussin mean is defined by

1

" el
where I, = [n— A, +1,n] for n = 1,2,.... If A\, = n, then (V, A)-summability
reduces to (C, 1)-summability.

A real number sequence T = (7;) is said to be A-statistically convergent to the
number 7 if for every ¢ > 0,

1
hrn)\— |{j € In : d(Tj7T) Z E}| = 0

In this case we write st-A\-lim7; = 7 or 7; = 7 (st — \).

Note that if \; = j is taken here, A-statistical convergence is reduced to statistical
convergence.

The following definitions were given by Abazari [I].

Definition 6. ([I]) If p € N and K € NP, and
K(]) = {(il,ig,...,ip) S] : (il,ig,...,ip) S K},
then
N LNy
dp(K) = lim Z2[K(j)],

j—oo JP
is called p-dimensional asymptotic (or natural density) of the set K.

Definition 7. ([1]) Let (1;) be a sequence in a g-metric space (Y, g). Then, the
following statements hold:
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(1) (1) is statistically convergent to T , provided for all € > 0,

oph L
Jlgglo i |{11,12,...,zp <j:g (T,Til,Ti2, ...,Tip) > EH =0,
and is indicated by gS-lim; o 7; = T.
(i1) (1) is called to be statistical g-Cauchy, provided for all € > 0, there exists
i € N so that

P S

jlig)lo j—p |{21,22, ity <Jiyg (TiE,TiNTiW ...,Tip)}’ = 0.
The following definition was given by Jan and Jalal [20].

Definition 8. ([20]) Let X be a non-empty set. A function gq : XP*1 — Q (where

Q is the space of quaternions) is called quaternion valued g-metric space with order
p on X if it satisfies the following conditions:

(a) 9 (T0,T1, T2, ..., Tp) =0 iff o =11 = ... = Tp,
(b) 9q (T0,71,72,.. -, Tp) = 9Q (7—0-(0),7—0-(1),7—0-(2),...77-0-(1))) for permutation o on
{0,1,2,...p},

(C) gQ (T07T1a723"'77p) j gQ (§03§13§27"'3§p) fOT all
(7-057—177'27~-~7Tp)a (§0;§17§27~-~7§p) GXerl?
with {r; :1=0,1,...p} C{s;i:1=0,1,...p},
(d) For all 79,71, ... ,Ts,50,51,---St, 0 € X withs+t+1=p,
9qQ (7_0,7-]_,7'2,...,7'5,§0,§1,§27-~-,§t) SgQ (T07Tla7-27"'aTS7U7U7"'U)
+gQ (§Oag1ag2a"'a§t7v7v"'v)'

The pair (X,gq) is called quaternion valued gg-metric space with degree p. For
p = 1,2 respectively, it is equivalent to quaternion valued metric and quaternion
valued G-metric space.

Definition 9. ([20]) A gq-metric on X is called multiplicity independent with
degree p if the following holds
9qQ (T07"‘7Tp) =9qQ (g()a"'»gp)a

for all (10,71, ..., 7p) (0551, -+, 5p) € XPTL with
{ri:i=0,...,p} ={s;:i=0,...,p}.

Note that for a given multiplicity independent gg-metric with order 2, it holds
that gq(7,¢,¢) = g9q(7,7,5). For a given multiplicity independent gg-metric with
order 3, it holds that gq(7,5,5,5) = 9q(7,7,¢,5) = gq(7, 7, 7,5) and gq(7, 7,5, 2) =
gQ(Tv S Sy Z) = gQ(Ta Sy %, Z)

Remark. If we allow equality under the conditions of monotonicity in Definition
that is

9Q (70,5 7) 2 9q (S0, - -+, p)

for (1o, .., 7) s (S0y---,5p) € XPTV with {r;:i=0,...,p} C {:i=0,...,p},
then every gq-metric becomes multiplicity independent.
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3. MAIN RESULTS

Following the definitions and findings presented above, we aim to introduce
new concepts of A-statistically convergent sequences with regard to the metrics
on quaternion valued g-metric spaces in this section. Alongside these definitions,
we will discuss natural inclusion theorems.

We are now ready to define A-statistical convergence in a quaternion-valued g-
metric space (X, gq)-

Definition 10. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (7;) C X be a sequence. (7j) A-statistically converges to T if for every
q € Q with 0 < q such that

lim;_, o % [{(ir,ia, ... ip) €17, ityin, ... iy < j (FEN):
‘gQ (T7Ti17Ti27"'7TiP)’ > |q|}‘ = 07
where I} = [j — Aj +1,5] x [1 = Aj + 1,4] x ... x [j = Aj + 1,5] (p times) for j =
1,2,... and denoted by gq(st — \) —lim; e {74y, T4y, ... T3, } =T o7 (75) 9alsh)

When \; = j, for all j, then the notion of gg (st — \)-statistically convergence of
sequences is reduced to the quaternion valued g-statistical convergence for sequences
in [20].

Definition 11. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) € X be a sequence. Then, (7;) is bounded if there exists a positive
number B such that |{7;, 7,,....,7;, }| <B for all {(i1,iz,...,ip)}.

We denote the set of all quaternion valued bounded sequences by (<.
Theorem 3.1. If gq — lim 7, = 7 then gq(st — A) —lim 7, = 7.
Proof. Let gq — lim 1, = 7. Then for all 0 < ¢ € Q there exists T € N such that
{ki,ka,,. .., kp} > T = gq (T,Tkl77'k2,...,’7'kp) <q.
The set
A(e) = {(k1,ka,, ... . ky) € I7, ki kg, ... ky < j (JEN):
’gQ (T,Tkl,TkZ,...,Tka > gl =€} C{1,2,3,...}",

where ¢ = 5 +i5 4+ j5 + k5, 0x(A(e)) = 0. Hence, gq (st —A) —lim7, = 7 as
desired. 0

The following example shows that the converse of Theorem need not be true,
in general.

Example 1. Let X =R and Gq : RxRxR — Q be a quaternion valued G-metric
space defined by

Gq (p1,p2,p3) = |30 — 30| + |30 — 36| + |35 — 30
|

+i (|31 — 33 + |51 — 38| + |31 —53))
+5 (|32 — 33 + |32 — 33| + |35 — 33])
+ k(|33 — 33 + |35 — 33 + |35 —33)) .
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where p, = 30 + 31¢ + 355 + 35k forr = 1,2,3. Let 7, = {%173«"12,---171'1,} be a
sequence defined as

S k, if k is a square
T 1, otherwise.

It is easy to see that gq(st — A) —lim 7, = 1, since the cardinality of the set
{kell, k<n(neN):|gq(1,7) > g =} < V&,

for every e >0 and

€+.5+ '6—|—]{j€
=—4i-+j-+k=.
1= 5Ty TIg Ty

But (1) is neither convergent nor bounded.

Following theorem shows that the statistical limit in a quaternion valued g-metric
space is unique.

Theorem 3.2. If a sequence (7;) is A-statistically convergent in (X, gq), then
gq(st — A) —lim7; is unique.
Proof. Suppose that (7;) A-statistically converges in (X, gq). Let gq(st — A) —
limr; =7 and gq(st — A) —lim7; = 75. Givene >0 and 0 < ¢ € Q, let
© LiE L L
= —_— Zi — _

1 4p 4p J4p 4p

Define the following sets as:

Kl(é‘):{(k’l,kg,...,kp) GIJP, kl,kg,...,k'pgj (]GN)

|9Q (TlaTkl,Tkz,....Tkp)| > \q| = QEp}’

KQ(&): {(khkg,...,kp) EI;, k‘l,kg,...,kpgj (jGN)

€
|gQ (TQaTklkaza s -Tkp)| > ‘q| = 2]7} .
Since gq(st — A) — Iim (74, , iy, - .. Th,) = 71, We have & (Ki()) = 0. Similarly
gQ(St — )\) — Iim (Tklﬂ']%, . ~Tkp) = T2, implies 5)\ (KQ(E)) =0.

Let K(g) = K1(e)UKs(e). Then §5(K(¢)) = 0 and we have K¢(g) is non-empty
and dy (K°(e)) = 1. Suppose {k1,k2,...,ky} € K°e), then by Definition [8 we
have:

|gQ (7—177—277_23 "'37_2)| < |gQ (TlvaaTma ~-~,7_m)| + |gQ (Tm77_237_27 "'7T2)|

< |gQ (TlaTm7Tm7 ”~u7—m)| +p |gQ (7—277—m7 "~7Tm)|
< |gQ (T17Tk3177—k27 "'7Tkp)} +p ’gQ (T27T/€177-k27 ---7Tk:p)‘
< p|9Q (71, Thys Thas - Tk, ) | + 219G (T2, Thys Thas -+ T, )|

A
=p 2 " 2p =

Since € > 0 was arbitrary, we get gq (11,72, T2...,T2) = 0, therefore 7 = 7. O
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Definition 12. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) C X be a sequence. (7;) is said to be A-statistically gq-Cauchy if
for every q € Q with 0 < q, there exists i, < Q such that

lim; o0 ﬁ [{(i1,da, ... ,ip) € I, dnyia, ... ip < j (j EN):
|gQ (TiryTilvTiza ceey Tip)’ Z |q|}| = 07
(X, 9q) is called a complete quaternion valued g-metric space.

If \; = j, for all j, then the notion of A-statistically gq-Cauchy sequence is
reduced to the concept of statistical gq-Cauchy sequence in [20].

Theorem 3.3. Let (X, gq) be a complete quaternion valued g-metric space. Then,
a sequence (7;) of points in (X, gq) is A-statistically g-convergent if and only if it
is A-statistically gq-Cauchy.

Proof. Suppose that gq(st — A) —lim7; = 7. Then, we get §x(A(e)) = 0, where
A(e) = {(ir,iz, ... ip) €I}, ir,ig,...,ip < j (j EN):
€
|gQ (TaTimTiza ---aTip)| > |Q| = i}a

where ¢ = § +i§ +755 + k5.
This implies that

(5)\ (AC (6)) = {(il,i27...7ip) e ij’ i17i27'..7ip S] (] c N) .
€
l9Q (7, Tiys Tigs s T3, ) | < lal = 5} =1,
Let (my,mg,ms,...,ms) € A(e). Then

€
<\‘Z|:§-

19Q (T, Ty s Tmas -os Tmy)
Let
B(e) = {(i1,i2,...,ip) €I}, i1,i2,...,ip < j (j €N):
ng (Tml,TmQ,...,TmS,Til,Tiz,...,TiPH Zé‘},

we need to demonstrate that B(e) C A(e). Let j € B(e). That is (i1, 42,...,ip) < j
(j € N) € A(e). Otherwise, if ’gQ (T, Tir s Tigs - - - ,Tip)| < e then

e < |gQ (Tml,TmQ,...,Tms,nl,nz,...,npﬂ <9q (T,Til,Ti27...,TiP)
+ 9q (T7Tm1’7_m2""77—ms)
e €
ST

which is not possible. Hence B(e) C A(e), which implies that {r;,,7;,,...,7;, } is
A-statistically gq-Cauchy.

Conversely, suppose that (73) is gq(st—A)-Cauchy but not gq (st—\)-convergent.
Then, there exist 7y, , T, . .- Tk, € I} (j € N) such that §,(G(g)) = 0 where

G (e) = {(ir, iz, ... ip) € IV, i1,ig,...,0p < j (j EN):

€
> -1
-2

|gQ (TilaTiza"'7Tip77-k177—7€27"',Tkm)
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and d)(D(g)) = 0 where

D (e) = {(ir,ig, .. ,ip) €I}, inyi, ... ip <j (j EN):

}gQ (TaTi17Ti27"'7Tip)’ < %}7

that is dy (D°(e)) = 1.
Since

|gQ (T7n137-m27"'7Tm377—i1a7—i27--~77—ip)| < 2|9Q (T7Ti137—i27"'77-ip)| <e

if |9q (7, Tiys Tia, - - -» 73, )| < 5. Therefore 6 (G°()) = 0 that is 6,(G(g)) = 1, which
leads the contradiction, since {7;,,7;,,...,T;, } Was gq(st — A)-Cauchy. Hence, (1)
is a gq(st — \)-convergent sequence. O

Now, we establish the relation between strongly Cesaro summability, strong
summability and gq-statistical convergence in quaternion valued g-metric space.

Definition 13. A sequence (7;) is said to be strongly Cesdro summable to limit T
in (X, 9q) if
p! .
lim — Z 9qQ (Til,TiQ, ...,Tip,T) =0,
(i153250enyip) =1

and write it as 7; — 7[C, 1, gq]. In this case T is the [C, 1, gq|-limit of (7).

Definition 14. A sequence (7;) is said to be strongly \-summable to limit T in
(X,9q) if

]&HSOW o Z 9Q (TiNTiQ:"'vTip,T) :O7

and write it as 7; = T[V, A, gq]. In this case T is the [V, \, gq]-limit of (7;).
Proofs of the following result are routine works, so ommitted.

Theorem 3.4. Let (X, gq) be a quaternion valued g-metric space. Then, following
statements hold:

(1) If ; — T[V, X\, gq] then 1; — 7 (9q(st — A)), and the inclusion [V, , gq] C
gq(st = A).

(ii) If j € LS and 7; — 7 (9q(st — N)), then 7; — T[V, A\, gq].

(iii) gq(st = X) N LY = [V, ), gq] N (.

Proof. (i) Let

Ke(p) = {(i1, iz, .. ip) € 1Y, ir,ig,...,ip < j (j EN):
|gQ (TilvTiza'“,TiP7T)| > 5}7
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Now, since 7; — 7[V, A, gq] for all 0 < ¢ € Q we have

! J
(f)p Z 9Q (TilaTi27~~~7TipaT)
J

(i1,i2,eenrip) ET7

0+—

J
p!
> (/\,)P E 9Q (Til,Tiz,...,Tip,T)
J i1,825eenyip=1

(i1,82,--51p) £ K< (P)

J
+ E gQ (Ti177—’£27"'77-ipu7->
01,82,...,0p=1
(il,ig,.4.7ip)€K5(p)

P! ,
> (/\l)ps\KE(p)L as j — oo.
j

That is, lim; o # |K-(p)] = 0 and d) (K.(p)) = 0. Hence, we have 7; —
7 (9q(st = A)).

It is easy to see that the inclusion [V, X, gq] C gq(st — A) is proper.

(i) Suppose that {Til s Tigs s Tip} is bounded and A-statistically gq-convergent to
7 in (X, gq). Then, for € > 0, we have 65 (K.(p)) = 2; Since {Til,Tiz, ...,Tip} €9,
there exist a M > 0 such that |gQ (Til,n2, ooy Tips l)| < M. We have

p!
()\j)p Z ’g (Ti177—i27'”77—ip77—)|

11712,..4711,61}.

P! !

= ()\j)p Z |gQ (TilaTiza-“vTipaT)‘

74.1’1.27~~;ip:1
ilai27~~~1ip¢KE(p)

SoD SR CRE T}

(#1,92;-,1p) €K (P)

= S1(j) + S2(4),

where '

J

. p!
Sl(]) . ()\>p Z |gQ (TilvTiza"'aTipaTH
J 01,52,y0eyip=1
(7'.1’7;2""77“P)¢K£(p)

and

J
: p!
S2(j) == >
01,02, yip=1
(ilwiQ 1111 iP)GKE(p)
.y ipr ¢ Ke(p) then S1(j) < e. For {i1, 12,

|gQ (7—1'177—1'23 ...,Tip,’r)| .
Now if {il,ig,

..., ip} € K.(p), we have
. K (p p![K:(p
Sa(j) < sup|gQ (Til,ﬁg,...,q—iwq—ﬂ (l ( )> <M |K:(p)]

J (A)" 0



38 O. KISI, B. GAKAL, M. GURDAL

as j — 0o, since 0)(K(¢)) = 0. Hence
{Til,Tiz, e Tip} — 7V, A, 9q]-
As a result, we conclude that 7; — 7[V, A, gql.
(iii) Follows from (i) and (ii). O

Theorem 3.5. Let (X,gq) be a quaternion valued g-metric space, 7 € X be a
point, and (1;) C X be a sequence. Then

i) If ; = 7([C,1,9q]), then 7; — T (gq(st — N)).

it) If (X, gq) ts bounded and 7; — 7 (gq(st — N)), then 7, — 7 ([C, 1, gq)).
Proof. The proof has been omitted since it follows by the similar way used in
proving Theorem O

It is easily seen that 7; — 7 (gq(st — X)) C 7; = 7 (9q(st)) for all A, since (/\j%
is bounded by 1. Therefore, we establish the following relation.

Theorem 3.6. gq(st) C gq(st — A) iff liminf —();.jp)p > 0.
Proof. For given € > 0, we see that

{Gryig, i) €17, dnyin, .o ip < j (J EN):
’gQ (T, Ti17’7'i2,...,7'7;p)| > |q| = E}
C{(il,ig,...,ip) € NP, il,i27...,ip§j (]GN)
’gQ (T, Til,Tiz,...,TZ'p)| > gl = E},
where ¢ = § +i5 + j5 + k5. This gives
B {(ir,in, - ip) € NP, iy g, iy < (j EN)
l9Q (7,731 Tiay 073, )| = lal = €}
%|{(i1,i2,...,1p)61§, i1yds iy < J (§ EN):
JgQ (T7 Tivs Tigs ""Tip)| 2 |q| = E}’
> <Ajfp> o8y Gz, yip) €17, dnsia, iy < j (G EN)
|gQ (T,Tl-l,n-g,...,np)‘ > gl = s}f

Y

Taking the limits as j — oo and employ the reality that lim inf ();’# > 0, we get

7 = 7(9Q(st)) = 7; = T (9qQ(st — ).
Conversely, suppose that lim inf% = 0. Asin [II p. 510], we can choose a

subsequence (j (r)),—, such that ((’\jj((;))))pp < 1. Let X =R and gq be the quaternion

valued metric as Example (1L Let 7; = {Til s Tigy e - ,Tip} be a sequence defined as

;o 1, if il7i2,...,ip EIJP(T)
J 0, otherwise.

It is easy to see that 7 € [C, 1, gq], and so, by [7, Theorem 2.1}, 7 € gq(st). On the
other hand, 7 & [V, A, gq] and Theorem [3.4(ii) gives that 7 ¢ gq(st — A). Hence,

lim inf ();J—p)p > ( is necessary. (]

Let o be a mapping of the positive integers into themselves. A continuous linear
functional ¢ on /., is said to be an invariant mean or a o-mean if the following
conditions hold:

(i) ¢ (x) > 0, when the sequence = = (z,,) has z,, > 0 for all n,
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(11) v (e) =1, where e = (1,1,1,...) and

(iii) (:cg n)) = p(z,) for all z € ¢, where ¢, denotes the set of bounded
sequences.

The mapping o are assumed to be one-to-one and such that o™ (n) # n for
all n,m € Z%, where ¢ (n) denotes the m th iterate of the mapping o at n.
Thus, ¢ extends the limit functional on ¢, the space of convergent sequences, in
the sense that ¢ (x,) = limx,, for all x € c. In the case o is translation mappings
o (n) =n+ 1, the o-mean is often called a Banach limit. The space V,,, the set of
bounded sequences whose invariant means are equal, can be shown that

1 m
V, = {x €l lim — Zl’ak(n) = L, uniformly in m} .

In [42], Schaefer proved that a bounded sequence x = (z) of real numbers is
o-convergent to L if and only if

lim fE Toiim) = L,
k—oo k

uniformly in m. A sequence z = (z}) is said to be strongly o-convergent to L if
there exists a number L such that

1 k
i, 2 4 (e 1) =0,

uniformly in m. We write [V,] as the set of all strong o-convergent sequences. A
sequence = = (z,) € £y is said to be almost convergent of all of its Banach limits
coincide. The spaces ¢ and [¢] of almost convergent sequences and strongly almost
convergent sequences are defined respectively by

c= {x € loo : limtyy,, (x) exists uniformly in n}
m

and

[€] = {:U € loo : limtyy, (|z — le]) exists uniformly in n for some [ € (C}

where tp,, () = x”*“*;;”l*x"*”” and e = (1,1,...). Taking o (m) = m + 1, we
obtain [V,] = [¢].

Definition 15. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (7;) € X be a sequence. (7;) o-statistically converges to T if for every
q < Q with 0 < q such that

lim,, o0 & & L{(iy, iz, .. 0 p) €ENP iy ig, .. d, <j (jEN):
‘gQ (T T 11(m)77- 2(m)>s - s Ty ’p(m)>‘ 2 |q|}‘ =0
uniformly in m. In this case, we write T; — T (gQ(é% — U)) .

Before presenting the promised inclusion relations, we will introduce a new def-
inition.
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Definition 16. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) € X be a sequence. (7;) (o, A)-statistically converges to T if for
every ¢ < Q with 0 < q such that

lim; o0 (;—') [{(ir,ia, ... ip) € 17, inyin, ... i, < j (F EN)
‘gQ Ts Toit (m)s Toi2 (m)s ""ToiP(7rL))‘ > |q|}‘ =0,
uniformly in m. In this case, we write T; — T (gQ (535 —0— )\))

Definition 17. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1) € X be a sequence. A sequence (7;) is said to be strongly (o, A)-
summable to limit T in (X, gq) if

!
lim / j Z 9(Tvramm)ﬁaiz(m)’-“’Ta"'f'(m)):O’
J ()\j) (i1,42,...,ip) €I}

uniformly in m =1,2,3, ...

This form of convergence is represented as gq [17 —0— )\] AlimT; = 71 or T —

(0 (7o),

Now we give some inclusion relations between gq (st—o—\) and 9aQ (‘A/ —0— )\).

Theorem 3.7. The following statements hold:

(i) If 75 —>T(gQ (‘7—0’—)\)),'5}16117']‘%T(QQ((&—U—)\)),
(i1) If 2 € £Q and 7; — 7 (9q(st — o — A)), then 7 — 7 (gQ (‘7 —0— /\))7 and
hence 7; — 7 ([C, 1, 9q]) -
Proof. (i) Let
Ko(p) = {(i1,i9s- - ,ip) €IV, iryin,... iy < j (j EN):
’gQ (Toil(m),Taz‘Q(,n), ...,Ta_ip(m),'r)‘ > 5} ,

~

Now since 7; — 7 (gQ (V -0 — A)) then, for all 0 < g € Q, we have

p!
0<+— (/\)p Z 9qQ (To.il(nL),Taz‘Q(m), ...,To_ip(m),T)
J

(i1yi2, .0 yip ) ETT

J
p!
Z ()\j)p Z JgqQ (Tail (m)vT(riz(m)a '~',Tgip(m),7)

il,ig,‘..,ipil
(il’i%wvip)ng(p)

J

+ Z 9Q (Tail (m)s Taiz(m)s ==+ Toip (m)» T)

1,0, ip=1
(i1,i2,...,ip) EKc(p)

p!
- (A)”

e|K:(p)|, as n — oo.
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Hence, we have 7; — 7 (gq(st — 0 — \)).

(#1) Suppose that {7;,,7i,, ...,7i, } is bounded and (o, A)-statistically gq-convergent
to 7 in (X,gq). Since {Til s Tins ooy Tip} € (2, there exists M > 0 such that
’gQ (Til,n27 ...7Tip,l)|P < M for all p and m.We have

J

p!

(Aj)p Zl gQ (Tgil (m), To.i2 (m)7 ceey Ta_ip (m), 7')
i=

J

= ()\])p Z gQ (Tail (m)?ToiZ(m)7 ...,ng‘p(m),’r)

01,02,..0,0p=1
(#1582, 1) E K< (p)
p! :
+ ()\)p Z 9qQ (Tail(m),Taig(m),...,Taip(m),’r)
J

i177:27~~;ip:1
(i1,32,...,1p) €K (p)

= S1(j) + S2(4).
Now if {i1,42,...,1p} ¢ K.(p) then S1(j) <e. For {i1,is,...,9p} € K.(p), we have
: K- (p)| P K. (p)|
< i i i — ) < - -7
SQ(])_Sup‘gQ (Ta 1(m)7TU 2(m)>» aTaP(m)aT>‘ ( ] _M ()\j)p -0
as j — 0o. As a result, we get Tj—>T(gQ (‘7—0'—)\)). [
Theorem 3.8. If
)P
lim inf Q >0 (3.1)
jp

then
7 = 7 (9q(st — ) implies 7; — 7 (gq(st — o — X))
Proof. For given € > 0, we see that
{(ir,i9, ... ip) €17, inyig, ... ip < j (j EN):
9Q (7—7 Tot1(m)s Tot2 (m)s "'7Toi1’(m)>‘ > lq| = 5}
D {(il,ig,...,ip) € NP, il,iz,...7ip <jJ (j S N) :
gQ \ 7, To"il(m)aTaiZ(m)v ""Taip(m) ‘ > |q| =€
where ¢ = § +i5 + j§ + k5. This gives
B {(i1,d2,- - ip) € NP,y g, .. ip < j (j EN)
9gQ (7—7 Toir(m)s Toiz (m)s -+ Toip (m))
E%H@m%mJﬁeﬁJhmqungem
(m)>

9Q (T7 Toir(m)s Toiz (m)s -+ Toip

\%

o8 Wiz, ip) €17, dnin, iy < (j EN)

9Q T,Toil(m),Taiz(m),...,Tgip(m)> > ‘q|:€} .
(

2"
jP

Taking the limits as j — oo and employ the reality that lim inf > 0, we get

7 = T (gq(st = \) = 75 = 7 (9q(st — 0 — N)).
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This finalizes the proof. O

If we take o (j) = j + 1 in the Definitions and then we have the
following:

Definition 18. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (7;) € X be a sequence. (7;) o-statistically converges to T if for every
q < Q with 0 < q such that

limy o0 5 |{(i1, 42, -, ip) € NP, iy, . yipy < j (j EN):
‘QQ(Tﬂ}numaﬂﬂqmp~w7apmn>‘Z|ﬂ}‘::Q
uniformly in m. In this case, we write 7; — T (gQ(é\t - 0)) .

Definition 19. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) C X be a sequence. (7;) almost statistically converges to T provided
that for every ¢ < Q with 0 < q,
1m0 ;’—' {(i1, 42, ... ip) € NP, iy ig,... iy < j (j EN):

’gQ (Ti1+m7 Ti2+m7 eesy Tip-i—m; T) ‘ Z |q|}’ = 07
uniformly in m. In this case, we write 7; — 7 (gq (sAt)) .
Definition 20. Let (X, gq) be a quaternion valued g-metric space, 7 € X be a
point, and (7;) C X be a sequence. (7;) almost A-statistically converges to T provided
that for every ¢ < Q with 0 < q,

lim;_, o % [{(iryiz, . ip) € I, dy,in, ... iy < § (jEN):
’gQ (Ti1+m7 Ti2+m7 eesy Tip+7’n) T) ‘ Z |q|}’ = 07

uniformly in m. In this case, we express T; — T (gQ(Qf — )\))
If \; = j, for all j, then gq(sAt — ) is same as gQ(Q).

Definition 21. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (7;) € X be a sequence. (1) is said to be strongly almost A-summable
to a number T if

p!

i=oo ()

§ gQ (Ti1+m77—i2+m7 -'-7Tij+m77—) = 0’

(i1siz,nnrip) €IP
uniformly in m = 1,2,3, ..., (denoted by 7; — T ([gQ(IA/ - )\)D)

Remark. Similar inclusions to Theorems and hold between strongly \-
almost statistically convergent and almost -statistically convergent in (X, gq)-
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