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SOME COUPLED FIXED POINT THEOREMS ON
ORTHOGONAL »-METRIC SPACES WITH APPLICATIONS

DASARI RATNA BABU?!, K. BHANU CHANDER*1:2 N. SIVA PRASAD3, SHAIK ASHA*%,
E. SUNDESH BABU!, AND T. V. PRADEEP KUMAR?

ABSTRACT. In this research, we establish certain well-known coupled fixed
point theorems in complete orthogonal b-metric spaces. Our research yields
as few conclusions as possible. We also provide an illustration to support the
significance of our primary findings. Our results expand upon or generalize
various findings in the literature. Some relevant applications are offered by us.

1. INTRODUCTION

The development of fixed point theory is based on the generalization of con-
traction conditions in one direction or/and generalization of ambient spaces of the
operator under consideration on the other. Banach contraction principle plays an
important role in solving nonlinear equations, and it is one of the most useful results
in fixed point theory. As a generalization of metric space, Czerwik [I3] created the
idea of b-metric space or metric type space. Afterwards, many authors studied the
existence of fixed points for a single-valued and multi-valued mappings in b-metric
spaces under certain contraction conditions. For more details, we refer [3] [7, [6] and
references therein. Guo and Lakshmikantham [I7] introduced the notion of coupled
fixed point in 1987. After that, Bhaskar and Lakshmikantham [9] established the
idea of the mixed monotone property and demonstrated a few connected coupled
fixed point theorems. These theorems have drawn the attention of numerous au-
thors in a variety of metric spaces, including b-metric, bipolar, modular, partial,
cone, and many more, due to their significant applicability in numerous mathemat-
ical domains. For more details, we refer [11 2] [5] 10, [T [12], 22, 20| 2T, 24, 25].

On the other hand, Gordji et al. [I6] introduced the new concept of an orthogo-
nality in metric spaces and proved the fixed point result for contraction mappings in
metric spaces endowed with this new type of orthogonality. Furthermore, they gave
the application of this results for the existence and uniqueness of the solution of
a first-order ordinary differential equation, while the Banach contraction mapping
principle cannot be applied in this situation. This new concept of an orthogonal set

1991 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. Coupled fixed points; orthogonal b-metric space; integral equation;
functional equation.

(©2024 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted May 29, 2024. Accepted September 22, 2024. Published September 30, 2024.

Communicated by H.K. Nashine.

45



46 DASARI RATNA BABU ET AL.

has many applications, and there are also many types of the orthogonality. For find
more details about O-sets and orthogonal metric spaces, the readers are referred to
[4, 8, 19, [18].

We denote N and R, respectively, as the collection of positive integers and real
numbers.

Definition 1. [I6] Let LC X x X be a binary relation defined on a nonempty set
X. If the relation L satisfies the following condition: there exists xg € X such that

[for all y, y L x] or [for all y, zo L y]

then X is called an orthogonal set (briefly, O-set) and z is called an orthogonal
element. We denote this O-set by (X, L).

As an illustration, let us consider the following examples:

Example 1. [I6] Let X be the set of all peoples in the word. We define = 1 y if
x can give blood to y. According to the following table, if x( is a person such that
his / her blood type is O-, then we have xg L y for all y € X. This means that
(X, 1) is an O-set. In this O-set, o (in definition) is not unique. Note that, in this
example, zg may be a person with blood type AB + . In this case, we have y L xg
for all y € X.

Type You can give blood to | You can receive blood
from

A+ A+ AB+ A+ A O+ O
O+ O+ A+ B+ AB+ 0+ 0O
B+ B+ AB+ B+ B O+ O
AB+ AB+ Everyone
A A+ A AB+ AB AO
(@) Everyone (0]
B B+ B AB+ AB BO
AB AB+ AB ABBO A

Remark. Every continuous mapping is | -continuous and the converse is not true
[16].

Example 2. [16] Let X = Z. We define m L n if there exists k € Z such that
m = kn. It is obvious that 0 L n for all n € Z. So, (X, 1) is an O-set.

Example 3. [I6] Let X = [0,00). We define = L y if zy € {z,y}. For orthogonal
elements zg = 0 or o = 1, (X, L) is an O-set.

Definition 2. [16] Let (X, 1) be O-set. A sequence {z; };cn is called an orthogonal
sequence (O-sequence) if

[for all 4, x; L x;41] or [for all 4, x;11 L a4].
Definition 3. [I6] The triplet (X, L,d) is called an orthogonal metric space if
(X, 1) is an O-set and (X, d) is a metric space.

Remark. [I6] Every complete metric space is O-complete and the converse is not
true.

Definition 4. [I6] Let (X, L,d) be an orthogonal metric space. Then, a mapping
f: X — X is said to be orthogonally continuous (or L-continuous) in z € X if for
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each O-sequence {x, } in X with x,, — x as n — oo, we have fx,, = fr asn — co.
Also, f is said to be L-continuous on X if f is L-continuous in each x € X.

Definition 5. [I6] Let (X, L, d) be an orthogonal metric space. Then, X is said
to be orthogonally complete (briefly, O-complete) if every Cauchy O-sequence is
convergent.

Definition 6. [13] Let X be a non-empty set and s > 1 is a given real number. A
function d : X x X — [0, 00) is said to be a b-metric if the following conditions are
satisfied: for any z,y,z € X
(i) 0 <d(z,y) and d(x,y) = 0 if and only if x = y,
(i) d(z,y) = d(y,z),
(ili) d(z,z) < s[d(z,y) + d(y, z)].
The pair (X, d) is called a b-metric space with coefficient s.

Definition 7. [I4] The triplet (X, L,d) is called an orthogonal b-metric space if
(X, 1) is an O-set and (X, d) is a b-metric space.

Definition 8. [I5] Let (X, L,d) be an orthogonal b-metric space. Then

(i) an orthogonal sequence {x,} ey in X that converges at a point x if
lim d(xy,,z) =0;
n—oo
(ii) an orthogonal sequence {x, }nen in X is said to be orthogonal b-Cauchy if

lim d(z, Zm) = 0,m > n.
n— oo

Definition 9. [23] Let (X, L) be an O-set. A mapping f: X x X — X is said to
be L-preserving if 1 n and y L v implies f(z,y) L f(n,v).

Recently, Ozkan [23] established the following theorems in orthogonal complete
metric spaces.

Theorem 1.1. [23] Let (X, L,d) be an O-complete metric space (not necessarily
complete metric space) and f : X x X — X be L-preserving mapping. If the
conditions are

d(f(x,y), f(n,v)) < kd(z,n) + ld(y, v) (1.1)

d(f(@,y), f(n,v)) < kd(f(2,y),x) +1d(f(n,v)n) (1.2)

d(f(z,y), f(n,v)) < kd(f(z,y),n) + 1d(f(n,v),x) (1.3)

hold for all z,y,n,v € X with 1 n and y 1 v where k,l > 0 and k + 1 < 1, then
f has a unique coupled fixed point.

—_ —

Motivated by the work of Ozkan [23], we prove the existence and uniqueness of
coupled fixed points in orthogonal complete b-metric spaces. We provide examples
to support our results. Finally, we provide related applications.

2. MAIN RESULTS
The subsequent lemma is helpful in demonstrating our findings.

Lemma 2.1. Let (X, L,d) be an orthogonal b-metric space with parameter s > 1,
and {zp}n € N, {yntn € N are orthogonal b-convergent to x, y respectively, then
we have

5 n— 00

n—oo
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For x =y, we have lim d(x,,y,) = 0. Moreover for each n € X we have
n—oo

1 .
gd(xm) < lim d(zn,n) < lim d(z,,n) < sd(z,n).
n—oo

n—oo

Theorem 2.2. Let (X, L,d) be an O-complete b-metric space and f: X x X — X
be | -preserving map. If the condition

d(f(z,y), f(n,v)) < kad(z,n) + K2d(y, v) + k3d(f(z,y), x) + Kkad(f (n,v),n)
+rsd(f(z,y),n) + wed(f(n,v), x)

(2.1)
holds for all z,y,n,v € X withx 1L n andy L v where k; > 0,i=1,2,3,4,5,6 and
K1 —+ Ko + Sk3 + k4 + 52ks + 25kg < 1, then f has a unique coupled fized point.
Proof. Since X is O-set, there exist orthogonal elements zg, yo € X such that

[xo L o for all p € X] or [p L xg for all p € X] and
[yo L o for all p € X] or [o L yg for all p € X].

So that xg L f(xo,y0) or f(zo,y0) L o and yo L f(yo,x0) or f(yo,z0) L yo for

Zo,Yo € X.
We take

z1 = f(z0,y0) and y1 = f(yo, 7o)

ry = f(x1,y1) and yo = f(y1,21)

x; = f(xi—1,9i—1) and y; = f(yi—1,xi—1) for i € N.
Thus, we get

zo L f(z0,y0) = 21 or 21 = f(z0,90) L zo and yo L f(yo,x0) = y1 or y1 = f(yo, 7o) L yo-
As f is 1-preserving, we have
r1 = f(20,y0) L f(z1,91) = w2 or 22 = f(z1,91) L f(w0,90) = 71
and
y1 = f(yo,z0) L f(y1,21) = y2 or y2 = f(y1,21) L f(yo, o) = 41
We continue in this manner, we get
ri—1 La;orz; La;—qand y;—1 Ly; ory; Ly;—; forallieN

Therefore, {z;}ieny and {y;}ien are O-sequences. We now see that {z;}ien and
{yi }ien are orthogonal b-Cauchy sequences. From ([2.1]), we have

d(ws, wip1) = d(f(@i-1,vi-1), f(Ti,9:))
< mrd(wi_1,m5) + Kod(yio1, yi) + K3d(f(ziz1,Yi1), Tio1) + kad(f (25, y:), 24)
+rsd(f(@im1,Yiz1), i) + ked(f (25, Yi), Tio1)
= r1d(2i—1,2;) + kod(yi—1,ys) + k3d(Ts, Ti-1) + kad(Tip1, ;) + msd(24, 25) + Ked(Tiqp1, Ti—1)
< Kid(miz1, @) + k3d(, Ti—1) + Kad(@is1, ;) + Kes[d(Tig1, 2:) + d(xs, 1)) + Kad(Yiz1,Y:)

which implies that

(1 — ka — 566)d(4, Tig1) < (K1 + K3 + 5K6)d(xi—1, ;) + Kod(yi—1,v:).  (2.2)
And similarly,

(1 = kg — 5k6)d(Yi, Yit1) < (K1 + k3 + 5k6)d(Yi—1,Yi) + Ked(zi—1,25). (2.3)
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From (2.2) and (2.3)), we get
(1 — Ky — sk6)(d(xi, ig1) + d(Yi, yiv1)) < (k1 + k3 + sk6)d(@i—1, ;) + K2d(Yi-1,Yi)
+(k1 + K3 + 5K6)d(Yi—1, Yi) + Kod(xi—1, ;)
= d(ws, 2ip1) + d(yi, Yir1) < <%ﬂ:“) (d(zi—1,2i) + d(Yi-1, i)

=T (d(wi—la .Tl) + d(yi—la yz)) )

where

- (ffl + Ko + K3 +5m6) -1
1-— KR4 — SKg
We continue this argument, we get
d(zi, xip1) + d(yi, Yigr) < Tld(@im1,25) + d(yi-1, ¥i)]
< 72[d(wi—2, wi—1) + d(Yi—2, yi-1)]

(2.4)
< 7d(wo, 1) + d(yo,y1)] for all i € N.
As i — oo in (2.4), we get
lim d(x;,z;41) =0 and lim d(y;, yi+1) = 0. (2.5)
11— 00 11— 00

If d(zo,2z1) + d(yo,y1) = 0 then we get d(xg,z1) =0 = xg = x1 = f(x0,y0) and
d(yo,y1) = 0= yo = y1 = f(yo, o). Hence, (9, yo) is a coupled fixed point of f.
Suppose d(xg,x1) + d(yo,y1) > 0, then for any i,j € N with i < j we have

(i, ;) < sd(@s, wip1) + 82d(Tig1, Tiga) + -+ (20, 1) (2.6)
and

d(yi, y5) < sd(ys, yis1) + 82d(Yit1, yiv2) + -+ 57 ' d(y;-1,95). (2.7)
From ([2.4), (2.6) and (2.7), we have

d(ws, z5) + d(yi, ys) < sld(@i, zig1) + d(yi, yir1)] + 5% [d(@ig1, Tiv2) + d(Yir1, Yir2)]
e s T d(wg, ) + d(yj-1, ;)]
< (st 827 4o b I Y (20, 1) + d(Yo, 1))
<(s7' 27 57T ) (d (o, 1) + d(yo, 1)
=57 (1457 + 5272 + -+ ) (d(z0, 21) + d(Y0,%1))

= (15_7;) (d(xo,x1) + d(yo,y1)) — 0 as i — oo.

Therefore, {x;};en and {y;}ien are orthogonal b-Cauchy sequences in X. Since X
is an O-complete b-metric space, there exist u,v € X such that x; — u and y; — v.
By choice of v and v, we have v 1 z; or x; L w and v L y; or y; L v.

From , we have
d(f (u,v),u) < s[d(f(u,v), ziy1) + d(wit1,u)]
= sd(f(u,v), f(zi,¥:)) + 5d(Tit1,u)
< s[rid(u, ;) + K2d(v, ;) + K3d(f (u,v), u) + Kad(f (24, 9:), 1)
+rsd(f(u,v), i) + Ked(f (i, y:), w)] + sd(it1, u).
(2.8)
Letting upper limit as ¢ — oo in and from , using Lemma we get
d(.f(u7 U)7 u) < H3d(f(u7 U)7 u) +52K‘5d(f(u7 U)7 u) = (1 — K3 _52/€5)d(f(ua U)v ’LL) <O0.

Hence d(f(u,v),u) =0 i.e., f(u,v) =u.
Similarly, we can easily see that f(v,u) =wv.
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Therefore, f has a coupled fixed point (u,v).

Let (u*,v*) # (u,v) be a coupled fixed point of f,

ie., f(u*,v*) =u* and f(v*,u*) = v*. Therefore,

d(f(u,v), f(u*,v*)) = d(u,u*) > 0 and d(f(v,u), f(v*,u*)) = d(v,v*) > 0.
Since f is l-preserving, we get

uluoru* Lu

and

v L v* orv* Lo

From ({2.1)), we obtain

d(u7u*) = d(f(u7v) ( )

) < mad(u,u*) + HQd(U, v*) + rad(f (u,v), u)
+f€4d<f<

*v*),u*) 4+ ksd(f(u,v),u*) + red(f(u*,v*), u)
(/11 + ka + k5)d(u, u*) + Kod(v, v*)

and
d(v,v*) = d(f(v,u), f(v*,u*) k1d(v,v*) + Kad(u, u*) + k3d(f (v, u),v)

) <
+/‘54d(f( * )»U*) + ﬂ5d(f v, 7_1,),1)*) + Hﬁd(f(v*’u*)av)
( K1+ Ka + Ks)d(v, v*) + Kad(u, u*).

(2.10)
From and -, we get
d(u,u )+ d(v,v") < (K1 + K2 + kg + K5)(d(u, u*) + d(v,v")).
As(n1+/<;2+/<;4+/<¢5)<1weobtalnd(uu): d(v,v*) =
implies that u = u*,v = v*. Therefore, (u,v) = (u*,v )
Thus, f has a unique coupled fixed point.
([

Corollary 2.3. Let (X, L,d) be an O-complete b-metric space and f : X x X — X
be L -preserving map such that

d(f(x; y)a f(na V)) < Hld(x7 77) + Iigd(f(ﬂf, y)a ‘T) + Hgd(f(’l], V)7 7’) + ’i4d(f($7 y)a 7])
+l€5d(f(777 V)? ZL’),

for all x,y,n,v € X with x L n and y L v where k; > 0,i = 1,2,3,4,5 and
K1+ Sko + k3 + 52k + 28k5 < 1, then f has a unique coupled fized point.

Corollary 2.4. Let (X, 1,d) be an O-complete b-metric space and f: X x X — X
be L-preserving map. If the condition

d(f(]?, y)7 f(nv V)) < Hld(x7 77) + KQd(y’ V)

holds, for all x,y,n,v € X withx 1L n andy L v where k1,52 > 0 and k1 + Ko < 1,
then f has only one coupled fized point.

Corollary 2.5. Let (X, L,d) be an O-complete b-metric space and f: X x X — X
be L -preserving map. If the condition

d(f(l’,y), f(ﬁvV)) < Iild(f(l',y),l') + HQd(f(n7V)7T])

holds, for allx,y,n,v € X withxz L n andy L v where k1,ky > 0 and sKk1+r2 < 1,
then f has one and only one coupled fixed point.



SOME COUPLED FIXED POINT THEOREMS ON ORTHOGONAL b-METRIC SPACES 51

Corollary 2.6. Let (X, L,d) be an O-complete b-metric space and f: X x X — X
be 1 -preserving map. If the condition

d(f(z,y), f(n,v)) < ksd(f(x,y),n) + ked(f(n,v), )

holds, for all x,y,n,v € X with x L n andy L v where k1,k2 > 0 and
s2ky + 28Ky < 1, then f has a unique coupled fized point.

Remark. Corollary Corollary [2.5] and Corollary [2.6] are extend and generalize
(1.1), (1.2) and (1.3 of Theorem to orthogonal b-metric spaces respectively.

Theorem 2.7. Let (X, 1,d) be an O-complete b-metric space and f : X x X — X
be L -preserving map. If the condition

d(f(z,y), f(n,v)) < kald(z,n) + d(y,v)] + wa[d(z, f(2,y) + d(n, f(n,v))]
+rsld(z, f(n,v)) +d(n, f(z,y)] + ka[A(z,y,n,v) + hé(z, y, 77,(1/)] :
2.11
holds, for all z,y,n,v € X withx L n and y 1L v where
A(:C, Yy, 1, V) = max{d(xa f(77, l/)a d(77, f(IL', y)}v (5(:8, Yy, V) = min{d(x, f(na V)v d(na f(xa y)}a
ki > 0,1 =1,2,3,4 and K1 + 5K2 + §2k3 + 52Ky < %, then f has a unique coupled
fixed point.

Proof. Consider O-sequences {x;};en and {y; }ien as in the proof of Theorem
Then, we have ;11 = f(i,¥:), ¥i+1 = f(yi, ;) and

ZT; 1 Ti+1 O Ti41 1 i,
Yi L Yi+1 OT Yiq1 1 Yi for all i € N

We now see that {x;};en and {y; }ien are b-Cauchy O-sequences.

From (2.11)), we have

d(wi, vip1) = d(f(vim1, yi-1), (x5, 9i))
< Kild(zim1, ) + d(yio1, ¥i)] + keld(@izq, f(xim1,yi—1)) + d(z4, f(xi,v:))]
+rgld(xs, f(zim1,yim1) + d(xiz1, (24, 9i))]
+ra[A(Tio1, Yio1, Ti, Yi) + ho(@i—1, Yio1, Tiy Yi)]
(2.12)
where
A(xi—1,Yi—1, %, y;) = max{d(zs, f(ri—1,yi-1),d(xi1, f(2i,03))} = d(@i—1,2i41)
and 6(zi—1,Yi—1, T4, yi) = min{d(x;, f(zi—1,yi—1), d(zi—1, f(xi,9:))} = 0.
From , we have
d(xi, xig1) < mld(@im1, 25) + d(Yi—1,¥i)] + Kald(@i—1, 25) + d(z, i41)]
+r3d(Tim1,Tit1) + Kad(@i—1, Tig1)
< kild(@im1, ) + d(yi—1, ¥3)] + weld(xio1, 25) + d(xi, Ti41)]
+SK3 [d(mi,h .%'1) + d(z;, CL'Z-Jrl)] + SK4 [d(xi—h x;) + d(z;, .%'i+1)]
which implies that

(1 — K9 — SK3 — 5/434)d(5€i, T,Z‘+1) < (Hl + Ko + SK3 +5I€4)d($i_1, 1‘,’) + Hld(yi—l, yz)
(2.13)
and similarly

(1 — ko — sk3 — 5K4)d(Ys, Yit1) < (K1 + Ko + 5Kk3 + §K4)d(Yi—1,Yi) + k1d(Ti—1, ;).
(2.14)
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From (2.13) and (2.14)), we get
(1 — k2 — sk3 — ska)(d(Ts, Tiv1) + d(Yi, Yir1)) < (K1 + k2 + sk3 + sk4)d(Ti-1, 7;)
+r1d(Yi-1, i) + (K1 + K2 + sk3 + sK4)d(Yi-1,yi) + K1d(Ti-1,7;)
= d(@i, Ti+1) + d(Yi, Yir1) < (m—i’;‘ii’f‘) (d(zi—1,2i) + d(Yi-1, i)

=1 (d(.Ti,l,.’L‘i) + d(yiflvyi» )

where

(2/@1 + Ko + SK3 +5/€4>
L= < 1.
1-— Ko — SK3 — S5K4

Proceeding similar to Theorem [2.2] we get that {x; };en and {y; }sen are orthogonal
b-Cauchy sequences in X.

Since X is an O-complete b-metric space, there exist u,v € X such that z; — u
and y; — v. By choice of v and v, we have u 1 z; or x; L w and v L y; or y; L v.

From ([2.11)), we have

d(f(ua U)v ’U,) < 5[d(f(u7 ’U), xi-l—l) + d(xi-‘rla u)]
= sd(f(u,v), f(zi,¥:)) + sd(Tit1,u)
< 5[%31 [d(u7 IZ) + d(U, yz)] + K2 [d(ua f(u7 U)), d(l‘“ f(xh yl))]
+’{3[d($i, f(’U,7 U)) + d(ua f(xl) yl))} + K4[A(u7 U, Ti, yl) + 5(“7 U, Ty, yl)]] + 5d(l'iJrlv u)
(2.15)
where
A(u, v, @, ;) = max{d(zi, f(u,v)),d(u, f(z;,y:))} and
5(%@75@7%) = mln{d(xuf(uvv)) (u f 3%%))}
On taking upper limit as i — oo, we get
lim sup A(u, v, z;,y;) < sd(f(u,v),u) and limsup §(u, v, z;,y;) = 0.
1—> 00 71— 00
Letting limit superior as ¢ — oo in , and using Lemma we get
d(f(u,v),u) < skad(f(u,v),u) +s%k3d(f(u,v), u) + s?Kad(f(u,v), u)
= (1 — sky — 5%k3 — 52ka)d(f(u,v),u) <O0.
Thus, d(f(u,v),u) = 0 and hence f(u,v) = u. Similarly, we obtain that f(v,u) = v.
Therefore, f has a coupled fixed point (u,v).
Let (u*,v*) # (u,v) be a coupled fixed point of f.
ie, f(u*,v*) =u* and f(v*, u*) =v*.
Therefore,
d(f(u,v), f(u*,v*)) = d(u,u*) > 0 and d(f(v,u), f(v*,u*)) = d(v,v*) > 0.
Since f is l-preserving, we get

ulu oru* Lu

and
v L v* orv* Lo

From , we obtain

d(u,u*) = d(f(u,v), f(u”, v"))

< K1 [d(u7 U*) + d(vv ’U*)] + K2 [d(u7 f(uv ’U)) + d(U*a f(U*v ’U*))]

+"'€3[ ( f( )) + d<U*v f(u,v))] + 54[A(u’ v, U*vv*) + hé(u,v,u*,v*)]
where A(u v, U, v ) = max{d(u, f(u*,v*)),d(u*, f(u,v))} = d(u, u*),
0(u, v, u*,v*) = min{d(u, f(u*,v*)), d(u*, f(u,v))} = d(u, u*).
Therefore,

d(u,u*) < (281 + 2k3 + Ka(1 + h))d(u, u™). (2.16)
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Similarly, we obtain that
d(v,v*) < (2k1 + 2k3 + ka(1 + h))d(v,v™). (2.17)

From and (2.17)), we get
d(u,u*) + d(v,v*) < (261 + 2k3 + K4 (1 + B))(d(u, u*) + d(v,v")).

As (2r1 + 2k3 + (1 + h)k4) < 1, we obtain

d(u,u*) + d(v,v*) =0 and that v = u*,v = v*

Hence (u,v) = (u*,v*).

Thus, f has only one coupled fixed point. O

Theorem 2.8. Let (X, L,d) be an O-complete b-metric space and f : X x X — X
be L -preserving map. If the condition

s°d(f(x,y), f(n,v)) < kmax{d(z,n),d(y,v)

yd(z, f(x,y)),dn, f(n,v)),d(y, f(y,x)),
d(v, f(v,n)), 2oLl

f
))+d(n, f(x v)) d(y,f(v,n))+d(v,f(y7r))}
2s 25

(2.18)
holds for all z,y,n,v € X with x L n and y L v, where k € [0,1). Then, there is
only one coupled fized point for f.

Proof. We consider O-sequences {z;}ien and {y;}ien as in the proof of Theorem
Then we have ;11 = f(24,v:), Yir1 = f(yi, ;) and

xZ; 1 Ti+1 O Ti41 1 Zq,
yi L yiy1 or yip1 Ly, for all ¢ € N.

We now see that {z;}ien and {y; }ien are b-Cauchy O-sequences. From (2.18)), we
have

(i, vi1) < 8°d(w, i41)
=3d(f(zim1,Yi-1), (@i yi))
< kmax{d(wi—1,2;), d(Yi—1,Yi), d(@i—1, f(xi=1,Yi-1)), d(xs, f(xi,9i)),

d(yi—1, fGio1,%i-1)), d(ys, f(yi, ;)), Lot @t d@uloe1)
dyi—1,f (i,xi))+d(yi, f(yi—1,%i-1))

25
= kmax{d(x;—1,%;), d(Yi—1,¥:), d(xi—1,2;),d(xi, Ti11), d(Yi-1,Yi),

d(yi)yi+1) d(zi— 17x14»21)+d(3717 zi) d(yi— 173!@4»215)+d(yuyt)}

S Kmax{d(xz 171'1) d(yz 173/1) d(xzaxH»l) d(ywszrl)
d(zi_1, z)+d($zaxw+1) d(yi— 17y1)+d(y11y1+1)}

S Kmax{d(xz 17xz) d(yz 173/1) d($2,$2+1) d(yzvszrl)}
(2.19)
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Similarly, we obtain

d(Yi,yis1) < 53d(Yi, Yiv1)
= 53d(f(yi717 zi1), (Y, i)
< wmax{d(yi—1, ), d(wi—1,25), d(Yi-1, f(Yi—1,Ti-1)), d(yi, (i, T3)),
d(xi—la f(xi—lv yi—l))a d(l'“ f(x“ yl))
d(yi—1,f Wi,2:))+d(Yi, [ (Yi—1,2i— 1)) d(@i—1,f(2i,yi))+d(@s, f (Ti1,¥i— 1))}

2s 2s
= "Qmax{d(yi—lvyi)a d(xz 2.[73;1) d(yz ldv yz) d(zzvyz+1) d(x;—laxz)
d(.’I}h xi+1) (yi—1,9i+1)+d(yi,yi) (ri—1,miq1)+ (I“L,)}

2s S
< /@maX{d(mi—l,xi),d(yz—l,yz%d(%,fﬂwl) d(yiayi+l)7
d(zi—1,xi)+d(@i,xiv1) dyi—1,Y:)+d(Yi,yiv1)

3 2
< kmax{d(w;i_1,2;), d(Yi—1,Yi), d(xs, iv1), d(Yi, Yit1) }-

(2.20)

If max{d(wi—1,2;), d(Yi—1,Yi), d(xi, Tiy1), d(Yi, Yi+1)} = d(24, 2i41) then from (2.19)),
we get that

53d(:ci,:ci+1) < Iid(l’i,l’H_l) < d(l’i,IL’H_l),

which is a contradiction.
Suppose, max{d(z;—1, 2;), d(Yi—1,Yi), d(@i, Tiz1), d(Yi, Yi+1)} = d(yi, yiv1) then from

, we get that
s3d(yi, yir1) < wd(Yi, yir1) < d(yi, yirr),
a contradiction. And from (2.19)) and (| -, we get
s d(i, wit1) + dyi, yiren)] < wld(2s, 2is1) + d(Yi, yir1)] < d(@i, Tiga) + d(yi, yis1),

it is a contradiction.
If max{d(wi—1,2;), d(Yi—1,Yi), d(xi, Tiy1), d(yi, yit1)} = d(xi—1, ;) then from (2.19)
and (2.20]), we have

53[d(.13i, .131‘4_1) + d(y“ yi—f—l)] < 2I€d($i_1, .231) (221)

Similarly, if max{d(x;_1,;),d(yi—1,¥i), d(xi, Tiy1), d(yi, yit1)} = d(yi—1,y:) then

from ) and -, we have

$3[d(2i, Tig1) + d(Yi, yiy1)] < 26d(yi-1, i) (2.22)

From ([2.21)) and (2.22))

$3[d(2i, Tig1) + dWi, yir1)] < &ld(yio1, vi) + d(@iz1, z;)]
= d(zi, iv1) + dYi, yiv1) < Sld(yio1,vi) + d(2io, v4)]
= ald(yi—1,y:) +d(zi1,2)],a= 5 < 1.

As in Theorem it can be shown that {z;};eny and {y;}ien are orthogonal b-
Cauchy sequences in X.

Since X is an O-complete b-metric space, there exist u,v € X such that z; — u
and y; — v. By choice of v and v, we have v 1. z; or ; L v and v L y; or y; L v.
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From (2.18)), we have
d(f(u,v),u) < s[d(f(u,v), xit1) + d(ziy1, )]

= sd(f(u, U)v f($u yz)) + 5d(xi+1’ u)

< 5K HlaX{d(’lL, Ii)y d(’l}, yl)a d(ua f(ua U))7 d(zia f('ria yl))a d(’U, f(vv ’LL)),
d(u, f(xi,y: d(zs, f(u,v d(v, f(yi,zq d(yi, f(v,u
Ayi, fyi, x3)), (u,f(@s,yi))+d(@i, f ( ))’ (v, f(y ));ﬁr (Wi, f( ))}

2s
+5d($¢+1 y U)

= sk max{d(u, z;), d(v, y;), d(u, f(u,v)), d(x;, xix1), d(v, f(v,u)),
Al s d(u,zip1)+d(xi, f(u,v) d,yit1)+d(y,f(v,u))
(yzaszrl)v 25 ) }

2s
+5d(£L‘i+1 s ’LL) .

Asi— ocoin , and using Lemma we get

d(f(u,v),u) < skmax{d(f(u,v),u),d(f(v,u),v)}. (2.24)
If max{d(f(u,v),u),d(f(v,u),v)} = d(f(u,v),u) then we get
d(f(u,v),u) = 0 and that f(u,v) = u.

Suppose that max{d(f(u,v),u),d(f(v,u),v)} = d(f(v,u),v) then from (2.24), we
have

(2.23)

d(f(u,v),u) < skd(f(v,u),v). (2.25)
Similarly, we can easily see that f(v,u) = v and
d(f(v,u),v) < skd(f(u,v),u). (2.26)

Hence from and , we have
d(f(u,v),u) +d(f(v,u),v) < skld(f(u,v),u) + d(f (v, u),v)]

which implies that d(f(u,v),u) + d(f(v,u),v) = 0 and that
f(u,v) =w and f(v,u) =wv.
Therefore f has a coupled fixed point (u,v).
Uniqueness of coupled fixed point follows from the inequality . ([

The following serves as an illustration for Theorem [2.2

Example 4. Let X = [0,00) and define « L y if © < y. So, (X, L) is an O-set.
2 .
We define d : X x X — R* by d(z,y) = { (()1:+y) giig’ :
Then (X, L,d) is an O-complete b-metric space with s = 2. Let f: X x X — X
be a mapping defined by
— 1+12+y2 1 y7

f@.y) 0 otherwise
Let x L nand y L v. Then x < n and y < v.
Now, 175y < it = flz,y) L f(n,v).
Thus, f is L-preserving on X. Let x 1. n and y L v. Now
Case (i): If z < y and ) < v, then f(x,y) = % and f(n,v) =
z,y,n,v e X.
Case (ii): If z < y and n > v, then f(z,y) = % and f(n,v) = 0 for all
x,y,n,v e X.
Case (iii): If z > y and < v, then f(z,y) = 0 and f(n,v) =
z,y,n,v e X.
Case (iv): If x > y and n > v, then f(x,y) =0 and f(n,v) =0 for all z,y,n,v € X.

for all z,y € X.

n+v
e for all

n+v
T o7 for all
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1 1
g1 K3 = 16,K5 = K6 = 33-
For all the above cases, the condition (2.1))

Take%l:/4,221’4,42l

d(f(x,y), f(n,v))

(fv y) + f(n,v))?
n+v

2

(f

( 2+y2 + 1+772+u2)
%( n?+ gy +v)?
gz

(x+n)?+ (y+v)+16(z+ o)+ g+ )

ININA

+as(n+ Hy )+ 552+ ng’iW
kid(z,n) + @d(y, ) + r3d(f(z,y), ) + kad(f(n,v),n)
+rsd(f(2,y),m) + ked(f(n,v), )

is satisfied with k; + Ko + Skg + K4 + 5%2K5 + 28k < 1. As a result, Theorem is
met in its entirety, and (0,0) is the only coupled fixed point of f.

Example 5. Let X = [0,1] and define z L y if x < y. So, (X, L) is an O-set. We
. + — (l’ + y)2 if z 7é Y,
defined: X x X - R byd(x,y)_{o ooy
Then (X, L,d) is an O-complete b-metric space with s = 2. Let f: X x X — X
be a mapping defined by
if x <y,

Jz.y) = 0 elsewhere
for all z,y € X. It is obvious that f is L-preserving on X. Let z L. npand y L v.
We have . o
Case (i): If z < y and n < v, then f(x,y) = w and f(n,v) = M
for all x,y,n,v € X.
Case (ii): If < y and n > v, then f(z,y) = M and f(n,v) = 0 for all
z,y,n,v e X.
Case (ili): If x > y and n < v, then f(z,y) = 0 and f(n,v) = w for all
z,y,n,v e X.
Case (iv): If x > y and n > v, then f(z,y) =0and f(n,v) =0for all z,y,n,v € X.
Take k = %. For all the above cases, we verify the condition

log(1+z2+y?)
3

(z,y) + f(n, v))?

(
(1 1+z +3?) + log(1+n +v ))2
(1og(1+a: +y )+log(1+n +1?))?2

|
©loo O 0o

s2d(f(z,y), f(n,v))

(x4 1)
d(z,m)
< Km ax{d(x,n),d(y,l/),d(w,f(xvy)),d(n,f(n, v)),
d(y, f(y, z)), d(v, f(v,m)), d(z,f(m,v))+d(n,f(z,y)) dy,f(vn)+dv,f( WJ))}

2s ’ 25

A
3,_.

As a result, Theorem is satisfied in its entirety, and (0,0) is the only coupled
fixed point of f.
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3. APPLICATION TO NONLINEAR INTEGRAL EQUATIONS

Using Theorem we demonstrate in this section that the following system of
integral equations has a unique solution

a(t) = | F(tx(s),y(s))ds

o Q
:N%S

(3.1)
y(t) = [ F(t,y(s),2(s))ds

1

where t € [a;,b,],0 < a; < b, and F : [a;,b,] X RxR — R. The class of real-valued
continuous functions on the interval [al, bu] is denoted by € ([a, by], R).

We define f: X x X — X by f(z,y)(t fﬁtw (s),y(s))ds,t € [a;,b,],0,p € X.

IS}

Theorem 3.1. Suppose F : [a;,b,] X R X R = R is a mapping. We assume that
the following circumstances exist:

(FE1) [ is a continuous mapping,
(I E5) there exists k; > 0,1 =0,1,2,3,4,5,6 with
K1+ Ko + Sk3 + k4 + §2ks + 25kg < 1 such that
1

0= F(tn,v) = Ft2y) < — g

V(z,y,n,v)

where

V(a,y,m,v) = aln — 2l” + ol yl® + rala — F(@,9)|? + kaln — £, )]°
+’95|f(35»y)_77‘p+“6|$_f(77a V)|gJ fO’I’ allmvyﬂ%y € R7m7yan71/ >0

and for all t € [a;,b,]. Then, there is only one solution to the system of integral

equations (3.1)).

Proof. X ={xz € € ([a;,b,],R) : z(t) > 0, for all t € [a;,b,]}.
We consider the orthogonality relationship in X by z 1L y <= y(t) > x(t),
for all ¢ € [ay, by).
We take an arbitrary ¢ and define
d(z,y) = max |z(t) —y(t)|? forall z,y € X.

tefar,by]
We can easily see that (X, d) is a b-metric space with s = 271 © > 1 a real number.
We consider a Cauchy O-sequence {z;},eny C X. It is easily say that {z;}ien is
convergent to a point u € € ([a, by],R). We take arbitrary ¢ € [a;,b,]. We have
x; L x;yq for each 4. Since z; > 0 for all i € N, this sequence converges to u(t).
This means u(t) > 0 and that u € X.
We now show that f is |-preserving.
For all z,y,n,v € X with L n,y L v and t € [a, b,], from (F&3), we get

gSJ(t,n( s),v(s)) = F(t,x(s),y(s)) = F(t,2(s),y(s)) < F(t,0(s),v(s)).
0, we get
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It follows that f(n,v)(t) > f(z,y)(t) and that f(x,y) L f(n,v).

Take ¢ € R with % + é 1 using the Holder inequality and z,y,n,v € X with
x LnyLlvandt e |a,b,], we have
d(f(z,y), f(n,v)) = d(f(n,v), f(z,y))
= dhax £ w)(6) = Flasy) ()]
b, by v
= max |[ F(tn(s),vs)ds = [ F(t.a(s). y(s))ds
b, ©
= x| [(F(tn(s).v(5) = F(0.2(s).5(s))ds
b, T (b, G
< | dnax <f lpd8> (f I(f(t,n(S)ﬂ/(S))3“(15756(5)71/(5)))@615)
= (b —a)¥ max <f (F(tn(s). (s)) - y@,x(s),y(s)))ms)
= - s (1 0n(0).009) - ﬁ(tw(sm(s)wds)

< max (k|n—zf” + nzlv,yIF + rgle — f(z,9)["

t€lar,by]
+raln — f(n,0)[° + s5|f (2, y) — 0| + kel — f(n,v)]?)
which implies that

d(f(m,y), f(777 V)) < I'€1d(.’E,7’]> + KQd(yv V) + ’%3d(f(x’y)7$> + H4d(f(777 V)777)
—|—/€5d(f(.13, y)ﬂ?) + K6d(f(777 V),.’I?).

Therefore, from Theorem (3-1) has a unique solution. O

4. APPLICATION TO DYNAMIC PROGRAMMING

In the section that follows, we go through whether functional equations that
arises in dynamic programming have a bounded solution. Let O, and O, be two
Banach spaces; D C ©; is the decision space; S C O, is the state space; U(S) the
set of all bounded real valued functions on S with b-metric is defined by:

d(pz, py) = sup |pz(t) — py(t)|", for all p,,p, € U(S) with parameter s = 2" 1.
teS

and for all t € S, ||p,(t)||” = sup |p.|".
tes
We consider the following functional equations:

5(113) = sup~{F(Us, Ud) + C(Usa Ud,f(w(’t)s, Ud)))”(w(vwvd)))} for all vs € 37
va€D

C(vs) - Sup~{r(vs; vd) + C(vsﬂ)da C(w(vs,vd))ag(w(vsaUd)))} for all Vs € Sa

va €D
(4.1)
appearing in the study of dynamic programming, where vg is a decision vector,
v, is a state vector, w : S XD = S F : SxD - RC:SxDxRxR =R
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and £(vs), ((vs) indicates the optimal return functions. Let X : G(S) — U(S) be a
mapping defined by:

N(gag)(vs) = Supﬁ{F(’Us,Ud) + C(’US, Ud,f(OJ(’Us,Ud))), C(w(vs,vd»)} for all v, € S
’ (4.2)

Theorem 4.1. Let C : S x D x R x R — R be a mapping and X be a mapping
defined by (4.2). We suppose the following circumstances are true:

(2%,) C is a continuous mapping,
(D P3) there exist k; > 0,i = 1,2,3,4 with k1 + sk + §2kK3 + 52Ky < % such that

0< C(“w Vd, n(w(vsalvd))v V(w(U& 'Ud))) - C(Us, Vd, g(w('USa Ud))a C((U(US, Ud)))
< (As(&Gmv))m,

where
As(&Gmyv) = mall§ = nl" + [C= V[T + k[l€ = R(E QI + [n — R(n, v)["]
+ ka[|§ = R, V)" + [n = R(E Q]
+ k4 [max{|=R(n, v)|", [n=R(E, O)|"} +hmin{[{—N(n, v)|", In—N(&, O)["}].

Then, there is only one unique bounded solution to the system of functional equa-

tions defined by (4.1)).

Proof. M = {€ € U(S) :&(vg) >0, for all v, € S}

We consider the orthogonality relationship in .# by £ L { <= ((vs) > &(vs),

for all v, € S.

Clearly, (#,d) is a b-metric space with s = 2”71 7 > 1 a real number. We consider
a Cauchy O-sequence {&;}ien C . It is easily say that {{;}ien is convergent to
a point u € U(S). We take arbitrary v, € S. We have & L &1 for each i. Since
& > 0 for all 4 € N, this sequence converges to u(vs). This means u(vs) > 0 and
that u € .

We now show that N is L-preserving.

For all &,¢,n,v € .4 with € L n,¢ L vand v, € S, from (22,), we get

N(777 V)(Us) = SH%{F(US, Ud) + C(Usa Vd, U(W(Us, Ud)))) V(w(vsv 'Ud)))}

> ’supﬁ{F(vs’vd) + C(vs, va, §(w(vs,vq))), (w(vs, vq))) }

= R(&, ¢)(vs)-

It follows that, R(&, () < N(n, ) and that R(£, () L N(n,v).
Let &,¢,n,v € A with & L n,( L vand vs €S, we have
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IR(E, Q) (vs) = R(n,w)(vs)| = | sup {F (vs, va) + C(vs, va, §(w(vs,va))), C(w(vs, va)))

v €D
- Supﬁ{F(v&’Ud) + C(US7Ud7’r}(w(US7’Ud)))’ V(W(’Us,lld)))}|
= sup C (v, va, E(wW(vs,va))), ((w(vs,va))) = C(vs, va, N(w(vs, va))), v(w(vs, va)))]
V4 €
< sup (Au(€, G, )
vg €D
= N(&, Q) (vs) = R(n,v)(vs)|" < Su%[fﬁ[lé ="+ ¢ —v|"]

Fra[l€ = R, O + [n = R(n, )["] + k31§ = R(n,v)[" + [ = R(E, )]
+ramax{|¢ — R(n, v)[", [n = R(, O"} + hmin{|§ — R(n, v)[", [n = R(E, O)["}]
< mafll€ =nll" + 1€ = vII"] + r2(ll§ = R(E Q" + lIn = R(n, v)]"]
+ra[[[€ = R(n, )| + [|In = R(&, O]
+ra[max{(lg = R(n, V)|, lln = R(E& O™} + hmin{[[§ = R(n,V)[I" [|ln = V(& O]}

which implies that

sup IR(E, O)(vs) = R(n, v) (vs)]" < sup ralll€ = nll" + 1< = ("]
T HmfE = REQ+ = R0+ As[llE — R, + [l = REO7]
+rafmax{(l§ =R, V)[["; [[n = R(E O™} + hmin{[[§ = R(n, )[I", [In = R O]}

Thus,

d(f(&, Q) f(n,v)) < kald(€,n) + d(C,v)] + r2d(&, £ (& C) +d(n, f(n,v))]
+rs[d(€, f(n,v)) +d(n, f(£, ()]
+ra[max{d(§, R(n, v)), d(n,R(; () } + hmin{d(£, R(n, v)), d(n, R(§, €)) }]-

It is clear that Theorem satisfies all the hypotheses Theorem According
to Theorem the functional equations that are defined in (4.1) has a unique
bounded solution. O
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