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SOME TYPES OF WAVELET PACKETS RELATED TO THE
SPHERICAL MEAN OPERATOR

KHALED HLEILI, MANEL HLEILI

ABSTRACT. We study some types of wavelet packets and the corresponding
wavelet transforms associated with singular partial differential operators. We
establish Plancherel theorems, orthogonality properties, reconstruction formu-
las and their scale discrete scaling functions for these transforms.

1. INTRODUCTION
In this paper, we consider the singular partial differential operators defined on
10, +oo[xR™ by [12]
_ 9
7 Oz’
D={utid T g
The following integral transform associated with A; and D is called the spherical

mean operator defined on the space of continuous functions on R x R™, even with
respect to the first variable, by

R(f)(r,z) = . fern,z +r&)do,(n,€), (r,z) € R xR,

1<j<n,

where S™ is the unit sphere of R x R™ and do,, is the surface measure on S™ nor-
malized to have total measure one.

Many harmonic analysis results related to the spherical mean operator have been
established see, for example, [Bl 10 [I3]. Recently, many researchers have been ex-
amining the behavior of the Fourier transform associated with the spherical mean
operator , with respect to various problems that have already been explored
for the classical Fourier transform. For example, multiplier spherical mean operator
[7], uncertainty principles [6], windowed Fourier transform [8, 9], and so on.

Wavelets are mathematical functions that cut up data into different frequency
components, and then study each component with a resolution matched to its
scale. The first notion of wavelets appeared in an appendix to the thesis of A. Haar
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(1909). This transform has found many applications in a variety of signal analysis
tasks, as geophysics, medical image processing and acoustics to quantum theory
(see [3, 4] and the references therein). In summary, wavelet theory involves decom-
posing a complex function (or phenomenon) into simpler components at various
scales and positions. This approach offers greater flexibility, with advantages like
”discretization by wavelet packets,” and is better suited for efficient implementation
(see [2, 1Bl [I1] and the references cited). Wavelet packets are an advanced extension
of wavelet transforms that allow for a more flexible and detailed decomposition of
signals. While the classical wavelet transform splits the signal into a low-frequency
approximation and high-frequency details, wavelet packets go further by splitting
both the approximation and detail components at each level into additional fre-
quency bands. This makes wavelet packets particularly useful in applications like
signal compression, noise reduction, and feature extraction. Many authors observed
certain types of wavelet packets in different settings. Some of them are listed be-
low: Chui [2], introduced to wavelets and discussed various important properties of
wavelets. Sifi [I4], examined two types of generalized wavelet packets and the corre-
sponding generalized wavelet transforms in connection with Laguerre functions on
[0, +oo[XR, and derived several properties. Trimche [I5], constructed generalized
harmonic analysis and wavelet packets associated with the Bessel operator. Chabeh
and Mourou [I], observed wavelet packets associated with a Dunkl type operator on
R and many obtained interesting results. Inspired from the papers of [I], 2} 14} [15],
we are devoted to define and study some types of wavelet packets associated with
the spherical mean operator.

This work is organized as follows. In the next section, we give a brief background
of some harmonic analysis results related to the spherical mean operator. The
section 3, is devoted to introduce the first type of wavelet packets associated with
the spherical mean operator. We give some harmonic analysis properties for it. In
the section 4, we introduce the scale discrete scaling function and we give some
properties for it. In the last section , we define and study the S-wavelet packet, its
dual and the corresponding S-wavelet transforms.

2. PRELIMINARIES

In this section, we recall some harmonic analysis results related to the spherical
mean operator. For more details, see [12].
We denote by
e v the measure defined on [0, +oo[xR™ by

r’ dx

dV(T’ .13) = -1 dr ® )
2" (24 (2m)2

e LP(dv), p € [1,+00] the Lebesgue space of measurable functions f on [0, +oo[xR™,
such that ||f|l,. < +oo.
e T the set given by

T=RxR"U{(ir,z), (r,z) e RxR", |r| < |z|}.
e By, the o-algebra defined on T, by,
By, = {9*1(3) , B € Bpor([0, +00[xR™)},
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where 6 is the bijective function, defined on the set
T, =0, +oo[xR™ U {(is,y) ; (s,y) € [0, +00[xR™; s < |y|}
by
0(s,y) = (Vs* + [y, y).
e v the measure defined on By, by, v(B) = v(0(B)).

e LP(dv), p € [1,+00] the Lebesgue space of measurable functions f on Y, such
that | fllpr, < +oc.

For every (u,\) € C x C", the system

Aju(r,xr, ..., n) = —iNju(r, 21, ..., 2,), 1< j<n,
Du(r, @1, oy Tp) = —p2u(r, 1, ooy Ty,

u(0,...,0) =1,

ou

20,21,y ) = 0, Voo ) ERY,

87“( 1 Zn) (1 Tn)

admits a unique solution ¢, x) given by

V(r,z) ERXR™, @, (r,z) = jnT,l(r 12 \)\|2)e_i<’\|x>,

where j na is the modified Bessel function defined by

+o0 k
. n+1 (-1) 2ok
a1 (2) =T S i '
The function ¢, 5y is bounded on R x R™ if and only if (¢, A) belongs to the set T
and in this case

sup ’go(“A)(r,x)‘ =1. (2.1)
(r,z)ERXR™
Definition 2.1. (1) For every (r,z) € [0, +-00[xR", the translation operator 7, )
associated with the spherical mean operator is defined on LP(dv), p € [1, +oc], by
Tiroy(f)(s,y) = L%l) /7r F(Vr?2 + 82+ 2rscosf,x +y)sin” 1 (0)dh.  (2.2)
R VAT () Jo ’

(2) The convolution product of f,g € L'(dv) is defined by

+oo
v(r, ) € [0, +oo[xR™; [+ g(r, ) :/0 - Ter—a) (D (. 9)g (s, y)dv(s.y), (2.3)

where f(s,y) = f(s, —¥).

For every f € LP(dv), p € [1,40o0], and (r,z) € [0,4+00[xR", the function
T(r,z)(f) belongs to LP(dv) and we have

1T (r) (Dllpw < W fllp,o-

Definition 2.2. The Fourier transform F associated with the spherical mean op-
erator is defined on L!(dv) by

+oo
V(Ha )‘) €T ) ]:(f)(.u’ /\) = /0 an f(T’, z)‘ﬂ(u,k) (Tv :L’)dl/(’/’, .CE) (24)
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Proposition 2.3. (1) For every f € L*(dv) and (r,z) € [0, +oo[xR", the function
Tirz)(f) belongs to L'(dv) and we have

V(,u, >‘) € Ta f(,ﬁr,—x) (f))(:uv >‘) = P(u,\) (rv l‘)‘/—'.(f)(,u, )‘) (25)

(2) The Fourier transform F is a bounded linear operator from L (dv) into L>(dr)
and that for every f € L'(dv), we have

IF () llooy < IIf

Theorem 2.4 (Inversion formula). Let f € L'(dv) such that F(f) € L'(dy), then
for almost every (r,z) € [0, +oo[xR™

f(rx) = / [ F DN e T ). (2.6)

l,v-

Theorem 2.5 (Plancherel theorem). The Fourier transform F can be extended
to an isometric isomorphism from L*(dv) onto L?(dvy). In particular, for every
f e L?dv)

IF (N2 = 1 ll2.0- (2.7)

Corollary 2.6. For all functions f and g in L?(dv), we have

“+oo _
/ fryx)g(r, x)dv(r,x) = / F ) (s N F (9) (s Ny (s ). (2.8)
0 R™ T4

Remark 2.7. Let f,g € L?(dv), the function f * g belongs to L?(dv) if and only if
F(f)F(g) belongs to L?(dvy) and we have

IF(F)F(9)]

2r = If *9gll2.0-

3. P-WAVELET PACKETS ASSOCIATED WITH THE SPHERICAL MEAN OPERATOR

In this section, we give some harmonic analysis related to the P-wavelet packets
associated with the spherical mean operator. More precisely, we prove Plancherel
theorem and reconstruction formula.

Let a > 0. The dilation operator D, of a measurable function v is defined by

).

1 rox

U(

V(r,z) € [0,400[xR"™, Dy(¢) =

1 b
a"tz  a a

These operators satisfy the following properties:
(1) For every v in L?(dv), the function D, (1) belongs to L?(dv) and we have

HDa(@/’) 2,v = qu”luv (3~1)

and
1
F(Da(¥))(s,y) = a™ "2 F(¢)(as, ay). (3.2)
(2) For every (r,z) € [0, +oo[xR", we have
Da,T(r,x) = 7—(a7",aac)Da~
Definition 3.1. Let a > 0. A generalized wavelet on [0, +oo[xR™ is a measurable

function ¢ on [0, +-00[xR" satisfying for almost all (1, A) € T\{0jg yoo[xrn}, the
condition

oo sda
0<Cy= [ IFWapan)PL < o
0
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Proposition 3.2. Let ¢ be a generalized wavelet on [0, +oo[xR™ in L%(dv) and
(ai)iez be a scale sequence in 0,400, which is decreasing and such that

lim a; =400, and lim «; =0. (3.3)
1—>—00 1—>+00

Then

(1) The function (u, \) — (C}w/ .F(l/})(au,a/\)FCia) belongs to L?(dv).
Q41

(2) There exists a function ! € L*(dv), such that for every (u,\) € T

[e73

N

W) ) = ( - |f<w><au,ax>2dj>

Cy Jaii

Proof. (1) By using Fubini-Tonelli’s theorem, relations (2.7), (3.2) and (3.1)), we
obtain

é%/A4LiJHwNWﬂMP%w%%M
-/ < /[ + |f<w><au,ax>|2dv<u,x>> o
& ( [ [ 7w Ea A)) i

I N N
2n+1)Cy a2rft a2nt! '

Qg

1 da\”
This shows that the function (u, \) — (C/ |F () (ap, a)\)|2a> belongs
Y Ja a

i+1
to L%(dv).
(2) follows from the Plancherel theorem. O

Definition 3.3. The function ¥, i € Z is called P-wavelet packet member of step
i and the sequence (17 );cz is called P-wavelet packet.

Corollary 3.4. For every i € Z, the function %Y satisfy the following properties

0 < F() (1 A) <1, (1,A) €7, (3.4)
and
“+o00
Z (F) (X)) =1, (,A) €T, (3.5)

Let (F);cz be a P-wavelet packet. We consider for every i € Z and (r,z) €
[0, +00[xR™, the family wil,)(r,z) given by
V(S, y) € [07 +OO[XRH7 ¢5(7‘7,1;)(87 y) = 7d(r7w) (wf)(say)7 (36)

where 7, ;) are the generalized translation operators given by (2.2). We note that
we have

Vi € Z,Y(r,x) € [0, +00[xR", [[¢),. 4

|2,V < szplllv- (3~7)
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Definition 3.5. Let (¢1);cz be a P-wavelet packet. The P-wavelet packet trans-
form <I>f; associated with the spherical mean operator is defined on L?(dv) by

+oo -
Vi € Z,¥(r.0) € 0 +oolxB™ @5(N(ira) = [ [ 5,008 (s mldv(s.n)
O R"L
This transform can also be written in the form

Sy (f)(irx) = fx0F (r,—w), (3.8)
where * is the generalized convolution product given by ([2.3).

Theorem 3.6. Let (v])icz be a P-wavelet packet.
(1) (Plancherel formula for @5): For every f € L?(dv), we have

/O+°° /Rn |f(r,z)2dv(r,z) = :ﬁi /()+°° /Rn |q,5(f)(i7s,y)\2dV(8,y).

(2) (Parseval formula for @5}: For every f,g € L?(dv), we have

/+°° F g = S / - [ @265 )BT s vt )
0 B 9 g 9 3 0 N z/; 3 7y »¢; g 9 7y 7y .

1=—00

Proof. Using Remark and , we get
+oo +oo o~
[ [ et salasy = [ [ 155080 Pdvis.)
0 n 0 n
+oo ~
[ [ 5ol Pavs.)
0 n

=[] D PIF@D ) P )
4
(3.9)
Now, by Fubini-Tonelli’s theorem, the relations (3.5 and (2.7]), we obtain

+oo 400
S [ [P

+oo
=[] e (Z |f<wf><u,A>|2> ()

1=—00

_ /Om/n \F(r, ) [2du(r, ).

Which gives the desired result.
(2) follows from the polarization identity and (1) of Theorem (3.6

Theorem 3.7. Let (Y7);cz be a P-wavelet packet. Then for every f € L'(dv) N
L2(dv) such that F(f) € L'(dy), we have the reconstruction formula for ¥ :

+o0o
f(rv x) = Z j(i,?", x)7 a.e, (7”, iL’) € [0,+OO[XR“7

1=—00



46 K. HLEILI, M. HLEILI
+oo
where Grio) = [ [ @L(5 000 (5. (5,0)
0 n
Proof. Let f in L'(dv) N L?(dv). By (3.8)), (3.6)), (2.8) and (2.5)), we have
e P P
/ / qjd)(f)(zasay)wz,(r m)(svy)dl/(svy)
0 n

+oo
=[] e ) T ) s i)

+o0o .
:/0 - f*d)f(&y)ﬁn—x)(wf)(s,y)dy(57y)

~ [ [ FOGnF@D 0 F T @) 01 500)

- / [ F D F D) 5. P T ().

On the other hand, the function (s,y) — @i(f)(i,s,y) I *¥F(s,—y) belongs
to L?(dv) and also the function (s,y) — ¢5(T,I)(3a Y) = T(r)(WF)(s,y) belongs to
L?(dv), then from the Cauchy-Schwarz’s inequality the integral J(i,r,z) is abso-

lutely convergent.
Now, from Fubini-Tonelli’s theorem, (2.1) and (3.5]), we obtain

+oo “+oo
> weral= 3| [ [ 06 0FeHe 0 )

<[ [ e S 0Pl )
+ i=—00
= [F (Nl < oo
+oo
This shows that the series Z J(i,r,x) is absolutely convergent and therefore

S Jira) - Z// FU s IFEE) (5.9) P () (5.9).

1=—00 1=—00

Again, applying Fubini theorem for the previous result, we get

Ji’" J (i r,z) = // F(f)(s,9) Z | F (¢ )%,y)(r z)dy(s,y).

1=—00

Then the result follows from (3.5) and . O

4. SCALE DISCRETE SCALING FUNCTION ON [0, +oco[xR™

In this section, we define and study a scale discrete scaling function on [0, +00[xR™,
corresponding to the P-wavelet packet (¢/);cz studied in the previous section.
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Proposition 4.1. Let (¢!);cz be a P-wavelet packet. Then
(1) For every j € Z and (p, \) € T, we have

Z | F (7)) 1y A L | F () (ap a/\)|2d—a.
) Cw ) a

1=—00

(2) For every j € Z, there exists a function (bf € L3(dv), such that

V(i N) € T, F(68) (1, A (Z (W) (s A ) . (4.1)

1=—00

Proof. (1) From (3.4) and (3.3]), we obtain
Jj—1 j—1 a
P 2 1 ! 5 da
Z | F)) (s NI = o Z / | F () (ap, aX)|* —
i=—00 P i——o00 Y Qit1 a

1 oo sda
o [P

(2) follows from Plancherel theorem. O
Definition 4.2. The sequence (qb’; )jez is called scale discrete scaling function.

For j € Z, the function ¢¥ satisfy the following property

(1)

Y(u,A) € T, 0 < F(#5) (1, A) < 1, and ngoo]:ﬁb Y, A) =1 (4.2)
(2)

(i, A) € T, JFWF) (1, NP = | F (65 11) (1, VP = 1F(05) (1 NI,
and

+00 400
DoIF@Hw NP = D IF @) NP = [F) NP =1 (43)

j=—00 Jj=—00

For all 5 € Z, we define the function ¢§7 (ry)? by
V(S, y) S [Oa +OO[XRTL7 ¢§'),('r,;c)(87 y) = 7ET,$) (¢§)(57 y)
The function ¢! , . belongs to L?(dv) and we have
195 y 2o < N5 M2

Theorem 4.3. (1) (Plancherel formula associated with (¢%);ez): For every f €
L?(dv), we have

—+o0
= lim / I(f, ¢§7(r7m)>V|2d’/(T7‘T)’
0 R

Jj—+oo

where {.,.), is the scalar product on LZ(dl/)
(2) (Parseval formula associated with (¢})jez): For every f,g € L*(dv), we have

+ee . e P p
| seosmaaee) = | 08 T (),

j—r+o0 Jo
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Proof. (1) For every f € L?(dv) and j € Z, we have

o e = 2 ). (1.4
Then, according to Remark we obtain

/+°°/n [(f, % (oo |2du(7‘,x):/+°°/ﬂ |f*?(r,_x)\2dy(r7x)

= [ [ 10 NP (e N a3,
Ty

(4.5)
Then, the desired result follows from dominated convergence theorem, (4.2) and

(2.7).
(2) We obtain the result from (1). O

Theorem 4.4. Let (¢¥)icz be a scale discrete scaling function which corresponds
to the P-wavelet packet (YF);ez.

(1) (Plancherel formula associated with (¢%)jez and ®}): For every f € L?(dv),
we have

+o00 +oo —+o0
I1£13, = / / (05 vy |2dy(r,x)+Z/0 / |8 () (i, )| dv(r, ).
Jj=i

(2) (Parseval formula associated with (¢%);cz and ®},): For every f,g € L?(dv),
we have

+o0 +oo
/ . f(r,x)g(r, z)dv(r, z) / / f,(/)p, 7y) (9.9 s, y)> dv(s,y)

+;/+°°/n R AT )

Proof. (1) From Fubini-Tonelli’s theorem, relations (4.5)), (3.9) and (4.1)), we get

/+oo/ [(f, &5 (1w (7, 2) +Z/+m/n @7 () (i, r, ) Pdu(r, z)

+oo
S L SR ATV

i=—00

Then (4.3]) and (2.7 gives the desired result.
(2) follows from (1). O

Theorem 4.5. Let (¢F)icz be a scale discrete scaling function which corresponds
to the P-wavelet packet (YF);cz. For every f € L'(dv) N L*(dv) such that F(f) €
L(dv), we have the following reconstruction formulas
(1)

flr,z) = lim K(j,r ), ae,(r,z) € [0, +oo[xR"™,

j—r+o0

where

+oo
J7 T, ZL' / / f7 j (s,y) (s,9) (T, x)du(& y)
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(2)
“+o0
Fr,2) = KGyr, )+ 3 L0, 7,3), ae, (1) € [0, +00[ xR,
i=j
here

+oo
L(i,r,x) = / /n @fb(f)(as,y)zbz(s’y)(r, z)dv(s,y).
Proof. Let f € L'(dv) N L?(dv) such that F(f) € L*(dy). By (4.4), we can write
“+o0o -
Ko = [ [ 16T @) m)dr(s.n).

On the other hand, the function (r,z) — f ¢§(r, —x) belongs to L?(dv), then by

, we get
“+o0 -
K(j.r,) / £ % B, =) Ty () (1, ) (s, )
RTL

= [ | FO PG s i )

From the dominated convergence theorem, relations (4.2)) and (2.6]), we get

lim K(j,r,x) = /T f(f)(s,y)jgr{gmIf(qﬁf)(s,y)l2<ﬂ<s,y)(m)d7(s7y)

j—+oo
- [ [ Fhespemmainey) = 160
n
The proof of (2) is the same way of Theorem O

5. S-WAVELET PACKET RELATED TO THE SPHERICAL MEAN OPERATOR

In this section, we define and study the S-wavelet packet transform and its dual
associated with the spherical mean operator and we prove for these transforms
Plancherel and reconstruction formulas.

Definition 5.1. A sequence (wf )jez in L2(dv) is called a S-wavelet packet associ-
ated with the spherical mean operator if it verify the following conditions: (1) For
every j € 7, f(sz) is real-value.
(2) For every (u, A) € T, we have

¥j € Z, a < F(@7)(mA) < B,
where «, 8 are the constants with 0 < a < 8 < oc.
Definition 5.2. Let (w )Jez be a S-wavelet packet.

(1) The S-wavelet packet transform <I> is defined for a regular function f on
[0, +00[xR™, by

+oo -
Vi € Z.¥(r) € D 4oelxRO5(NGra) = [ [ pn)= L Gddvis.),
0 n

where @

5 () is the function defined by

D5 () (8,9) = Tira) (@) (5,).
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(2) The corresponding dual S-wavelet packet (@ )]eZ is given by
5
e (f(wf)(u, )

3) The dual S-wavelet packet transform @5 is defined for a regular function f on
P
[0, +oo[xR", by

V(,A) €T, f(@f)(ﬂa A) =

- +oo -
Vi € Z¥(ra) € 0, +ocl<BN S5 Gna) = [ [ 0BT (s dv(s.n)
O Rn,
where &9 5 () is the function defined by

@5 () (5:9) = Ty (&7 (5, ).

The transforms @i and &Di, can be written as

Vj € Z,Y(r,x) € [0, +00[xR™, @3 (f)(j.r,x) = f *

(r, —z), (5.1)

and

Vj € Z,V(r,x) € [0, —&—oo[xR",(i)S(f)(j, ryx) = f* sz(r, —x). (5.2)

Proposition 5.3. Let (@] 2 jez be a S-wavelet packet and let (o )]EZ the corre-
sponding dual S-wavelet packet. We have the following properties:
(1) For every (u,A\) € T,

“+o0
V€L, Y F@))m NF@) (1) =1, (53)
and
oo 2 lkia 2, -1
> (FEHwn) = (X (FEHw)) - (5.4)

(2) For every (u,\) € T,

S (R )
Vi€Z, Y F(@) (i NF(E) () = s )2~
i=—00 :—:Oioo (*F(wf)(:uﬂ/\))
(3) For every (p, A) € T and for every 0 < a < b < oo,

“+oo

LY (FEHw ) <t

1=—00

Theorem 5.4. (Plancherel formula)
Let (w?)iez be a S-wavelet packet and let (&7 )z the corresponding dual S-wavelet
packet. Then for every f € Lz(dl/), we have

/+°0/7L flryz)Pdv(r,z) = /*“/’L(bw zsy(i) ()i, s, 9)dv(s,y).

1=—00
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Proof. From relations (2.8), (5.1)) and (5.2)), we get
+oo _
| [ #3655 s it

+oo -
- / /n (bi(f)(l7 S, 7y)q)i(f)(7¢, S, 7y)d1/(57y)
//T NPF (@) (1 N F (7)) (1 Ay (12, ).

Now, from Fubini-Tonellis theorem, Cauchy Schwarzs inequality and (5.4]), we ob-
tain

S [ [ 03068 R DG it )

1=—00

+oo
<//T+ FE) NP 1F @) (i, NF (@) (1 Ny, V)

1=—00
< I3, < oo

Again, applying Fubini theorem and (5.3)), we get

Dol R RO e

+oo
- / /T FHNE S Ff) 1 NF@S) (1 Ny (s, )

i=—00
= [I£13,.-

Which achieves the proof. ([

Theorem 5.5. Let (w?);cz be a S-wavelet packet and let (77 );ez the corresponding
dual S-wavelet packet. Then for every f € L'(dv) N L%*(dv), such that F(f) €
L(dv), we have the following reconstruction formulas

(1)
+oo +o0
f(rx) Z / / <I>w (i,8,y)w ’(S o (1 2)dv(s,y), a.e, (r,z) € [0, +oo[xR™.
(2)
+oo “+ o0
flr,z) Z / / <I>¢ (3,8, y) f(s »(rz)dv(s,y), a.e, (r,z) € [0, +00[xR".
Proof. The result can be proved in the same way of Theorem [3.7} O

Definition 5.6. Let (w )jGZ be a S-wavelet packet and let (co )JEZ the corre-
sponding dual S-wavelet packet The scale discrete scaling functlon (Qj )jez corre-
sponding to (w )Jez is defined by

N

V(i A) €Y, F(of)(p ( Z Flw Fl& f)(/M)) :

1=—00
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Proposition 5.7. The scale discrete scaling function (st)jez corresponding to
(wf)jez satisfy the following properties:

Vi€ Z,Y(u,A) €Y, 0< Fof)(p,A) < 1,
and

lim ]-'(QJ)( JA) =1

j—>+o0

Theorem 5.8. (Plancherel formula) For every f € L?>(dv) and j € Z, we have

+o0 +oo
/ / (r,2)Pdv(r,z) = lim / (F, 05 ) P, ),
n j—>+o0 0 R™ (A

—+o0 —+oo
/ [ 15t Pavtra) = i UF, 65 iy 2 (r, )

Jj—r+o0 n

OO +OO _
+Z:/ /n <I>w (i,s y)<I> (N, s, y)dv(s,y),

where
Vj € Z,Y(s,y) € [0, 400[xR", 0, 1) (5,9) = Tira)(05)(s,0).
Proof. The results can be proved in the same way of Theorems [4.3] and [£.4] O

Theorem 5.9. Let (w )JEZ be a S-wavelet packet and let (co )jEZ the correspond-
ing dual S-wavelet packet For every f € L'(dv)NL*(dv) such that F(f) € L'(dv),
we have the following reconstruction formulas

(1) For almost all (r,x) € [0, 4+00[xR",

—+oo
f(ryz) = lim /n<f, gi(s’y))l,gi(s,y)(r,m)du(s,y).

Jj—+0o0 Joy

(2) For every j € Z and for almost all (r,z) € [0, +o0[xR",
+oo
fe0) = [ [ e adv(sy)
oo rtoo
w3 [ [ e s
i=j
(3) For every j € Z and for almost all (r,z) € [0, +00[xR",

+oo
f(r,x) :/o /Rn<f7 Qi(s,y)ﬂgi(s’y)(r, z)dv(s,y)
T rtoo ~
* Z/O /n 7 (f) (i, 5,y)w (s, y)dv (s, y).

Proof. The Proof of this theorem is the same way of Theorem [£.4] O
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