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ON THE ROBUST STABILITY OF POSITIVE DELAY SYSTEMS
UNDER TIME-VARYING PERTURBATIONS IN BANACH
LATTICES

ASSMA DERDOUKH, MAISSA KADA

ABSTRACT. A generalisation of an explicit robust stability bound from finite
to infinite dimensional case is proved. The studied systems are positive linear
time delay differential systems (PLTDDS (s)) which are subject to time varying
structured perturbations in Banach lattices. The semigroup method, Perron-
Frobenius Theorem and the principle of comparison are used. In addition, the
coincidence of complex, real and positive stability radii for a number of special
cases is proved, and an explicit formula for the radius is derived.

1. INTRODUCTION

In modeling many biological and physical phenomena, a more realistic model
would contain some past information of the system. This characteristic is called
a time delay, which is one of the most important causes of instability that leads
to poor control over system performance, and a system with a time delay is called
a Time-Delay Differential System (TDDS). Basic theories describing such systems
were established in the 1950s and 1960s; it was concerned with the existence and
uniqueness of solutions, stability of trivial solutions, etc. These works formed the
basic building block for the analysis and design of time-delay systems [19, 22]. Due
to its importance and wide spreadness, (TDDS (s)) have attracted the attention of
many researchers, which makes it a rapidly growing and valuable field of research.
Bellman and Danskin are some of the first researchers who pointed out the diverse
applications of systems that depend on past states to other areas such as biology
and economics [I12]. And with the ability to intervene to make changes on the
design and control of real-world systems, new applications also continue to arise,
not to mention, in biology, the growth of population, the metabolism of cells, the
spread of diseases; in chemistry, the reaction rates of chemical compounds and the
transport of fluids; in economics, the dynamics of financial markets and growth of
economies; in engineering, the control of robots, the operation of power systems

2000 Mathematics Subject Classification. 93C43, 93D09, 47HO7.

Key words and phrases. Time varying delay differential equations, robustness on stability,
delay positive systems in Banach lattices, time varying perturbation, exponential stability, stability
radius.

(©2025 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted December 25, 2024. Accepted March 16, 2025. Published March 28, 2025.

Communicated by D. R. Anderson.

7



78 A. DERDOUKH, M. KADA

and the design of communication networks. The reader can view more applications
and obtain more details by browsing one of the following references [17, 29].

The robust control of (TDDS (s)) has been a very active field for the last 50 years
and has spawned many branches, for example, stability analysis, stabilization de-
sign, H*® control, and stochastic control. Regardless of the branch, stability is
the foundation. Therefore, important developments in studying (TDDS (s)) have
generally been taken stability as a starting point [19].

Concerning the stability analysis, it is believed by many researchers that pertur-
bations in delay systems involve small changes that impact their behaviour, stability
and lead to degradation of performance, this shows the extreme importance of study
of robustness in stability, that is, the ability of the system to maintain its stability
properties despite the presence of external disturbances. A measure for the stability
robustness of a stable system is the stability radius which was introduced in 1986
by Hinrichsen and Pritchard for linear systems, it is defined as the smallest real or
complex disturbance, in norm, that destabilizes the system [I3] [14]. Depending on
the type of disturbance, whether complex, real or positive, there are complex, real
or positive stability radii respectively, which are in general different. Over the years,
this field has witnessed a great development, as it has expanded to include a large
number of types of systems disturbances [2] [8 @] [T0L 5] 16l 201 2], 221 24] 25| 26].
Some researchers proposed utilising the concept of Banach lattices which is a math-
ematical framework that enables an analysis of different types of functions and
spaces. Accordingly, in the context of stability analysis, the use of Banach lattices
allows one to study the behaviour of a system under different types of perturba-
tions which is particularly important in applications where certainties or external
disturbances play a significant role. Therefore, this paper aims to investigate the
robust stability of positive linear time delay systems under time varying perturba-
tions using the stability radius approach as a tool of analysis.

It is crucial to mention that the generalization to infinite dimensions is extremely
complicated, thus, considerable amount of knowledge about the subject was ex-
ploited in order to achieve two goals. The first is to obtain a generalization of a
result which has been found by P. H. A. Ngoc and C.T. Tinh in [25] concerning the
robust stability of positive delay differential systems under time varying perturba-
tions, from the finite dimension space to the infinite dimension, using semigroup
method, the Perron-Frobenius theorem and the principle of comparison. The sec-
ond is to determinate an upper bound of the complex stability radius. Moreover,
we obtain coincidence in the radius of stability, complex, real or positive, in some
special cases. It should be noted that the work of S. Murakami and P. H. A. Ngoc
in infinite dimension space in [20] was the motivation of the the current research.
The organization of this paper is as follows, in section two, and in order to make
this work more specific, we give the most important concepts and theories related
to the Banach lattice framework, as well as some results about positive operators,
Metzler operators and their properties. Then, we present the system under study
and some results about the asymptotic behavior of the solutions. In section three,
we apply time varying structured perturbations to this system and we study the
robustness on stability. An upper bound of the complex stability radius is found
and we get also the coincidence of complex, real and positive stability radii in some
special cases.
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2. PRELIMINARIES

To make this work self-contained, we divide this section of preliminaries into
three subsections in order to summarize concepts and results about Banach lattices,
positive operators and delay systems. All these results are necessary in latter use.
First, we give basic facts on Banach lattices, the reader can refer to [10} [I8] 28] B3]
for more details.

BANACH LATTICES. Let X # {0} be a real vector space endowed with an
order relation < such that the following properties are satisfied

(2.1)

r<y=zcz+z<y+zforalzry,ze X,
r<y=ar<ayforalz,ye X,a e R,a>0.

Then X is called an ordered vector space. Denote the positive elements of X
by Xt := {x € X/z > 0} where z > 0 means 0 < z. If furthermore the lattice
property holds, that is, if
zVy:=sup{z,y} € X for all z,y € X,

then X is called a vector lattice. The set X T fulfills the following geometric prop-
erties

XT+XTCXT R XTCXT: XTnXT ={0}. (2.2)
In particular, X is a convex cone in X. Conversely, every subset C of X satisfying
(2.2) determines an order relation on X by

x <y:=y—z€C such that (2.1)) holds.

Moreover, if X is a vector lattice, the set X is generating, that is, it satisfies

X=Xt-X+.
If X is a vector lattice, the modulus of z € X is defined by

|z| := 2 \/(—z) := sup{z, —x}.
If ||.|| is & norm on the vector lattice X satisfying the lattice norm property, that
is,
2| < |yl = [lzll < llyll, for every z,y € X, (2.3)

then X is called a normed vector lattice. The lattice norm property implies || |z| || =
||| for every z € X. If, in addition, X is norm complete with respect to .||, then
X is called a real Banach lattice, or only Banach lattice.
Since it is often necessary to consider complex vector spaces, we extend the notion of
Banach lattice to the complex case. For this extension, all underlying vector lattice
X are assumed to be relatively uniformly complete, that is, for every sequence
(An),en in R satisfying

oo

Z |An| < 400

n=1

and for every x € X and for every sequence (z,), .y € X it holds that

ne

n
0 <z, <Ay = sup,en (Z xz> c X.

i=1
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Now, let X be a relatively uniformly complete vector lattice. The complexification
of X is defined by X¢ := X x X with the canonical addition and scalar multiplica-
tion. It is frequently written as X¢ := X +iX. The modulus of z = z + iy € X¢
is defined by

|z| = sup |(cosg)z+ (sinp)y| € X. (2.4)
0<p<2r

Moreover, the modulus mapping z — |z| of X¢ into X is homogeneous, that is, it
satisfies the following relations

|z| = 0ifandonlyif z =0,
laz| = |a| |2| forall z € Xc,a € C, (2.5)
|21 + 22| < |z1| + |22] forall z1, 22 € Xc.

A complex vector lattice is defined as the complixification of a relatively uniformly

complete vector lattice endowed with the modulus (2.4)). If X is normed by ||.|,
then

Izl == |l 12| ||, for every z € Xc. (2.6)
Define a norm on X¢ satisfying the lattice norm property (2.3). If X is a Banach
lattice, then X¢ endowed with the modulus (2.4) and the norm (2.6) is called a
complex Banach lattice.
Next, we summarize some concepts and theorems about positive operators, Metzler

operators, spectrum, resolvent and stability. We obtained this information from the
following references [T}, 4} 5] [6, 10, 18, 27, 28].

POSITIVE OPERATORS. Let X and Y be real Banach lattices and T €
L(X,Y). fTX*T C Y™, then T is called positive (T = 0). By S < T we mean
that T — S > 0for S € L(X,Y).
Every R -linear map 7' € £ (X,Y) has a unique C -linear extension Tt € £ (X¢, Yr)
given by

Tez =Tz +iTy, for every z =x +1iy € Xc.
An operator T € L (X¢, Y¢) is called real if TX C Y, and we introduce the deno-
tation

LR (Xe,Ye) ={T € L(Xc,Ye) /Tisreal}.

An operator T € L (X¢, Y¢) is called positive (T = 0) if T is real and TX T C Y+,
and we introduce the notation

Lt (X(C,Y(C) = {T e LR (X(;,Yc) /T > 0} .

Any positive linear operator T' on X¢ is a real operator, that is, T': X — X. The
cone L1 (X¢, Ye) is closed in £ (X¢, Yc), however, it is not generating in general.
For T € L (X¢, Yc), we note that

|Tz| < T|x| for every z € C,

and we emphasize the simple but important fact

[T = sup [Tz (2.7)

zeXt |z]|=1



ROBUST STABILITY OF (PLTDS(S)) UNDER (TVP(S)) IN BANACH LATICES 81

As a consequence, we note that the operator norm is monotone increasing on the
positive cone LT (X¢, Y¢), that is

0=25=2T =S| <|T]
An operator T € L (X,Y) possesses a modulus if |T| := sup{T,—T} € L(X,Y) in
the canonical order relation of £ (X,Y). It can be shown that, if sup|,|<, [T2| € Y
for every x € X, then T possesses a modulus |T'| and

|T|x = sup,, <, |Tz|, for every xz € X.

Since X is generating, we have that |T| € LT (X,Y).
Let T € L (Xc,Yc). If sup|, <, [T2] € Y for every 2 € X, then it holds by linear
extension that |T| € LT (X¢, Yc) and we introduce the denotation

Ll (Xc,Y(c) = {T el (X((j,Y(c)/ |T| el (X(;,Yc)}.
We have [Tz| < |T||z| for every T € LIl (X¢,Ye) and every z € X¢ as well as
|Tz| < T|z| for every T € LT (X¢, Yc) and every x € Xc. The lattice norm prop-

erty (2.3) implies that

IT| < || |T| || for every T € LIl (X¢, Ye).
Definition 1. Let X¢ a complex Banach lattice. For a closed linear operator T on
X, the resolvent set of T' is defined by
p(T)={AeC; A\ —T: X¢c — Xcisinvertible}.
We call (M — T)f1 the resolvent of T and denoted by
R\T):= (M —=T)" " forAe p(T).
The complement of p (T) in Xc is called the spectrum of T and denoted by o (T).

In general, it may be possible that either p (T) or o (T) is empty. In what follows,
we always assume that the resolvent set is non-empty.

For the Co-semigroup (S (1)), generated by the operator (7, D (T')) on the Banach
space X, we associate the following quantities ( see [30] ):
The spectral radius

r(T) :=sup{|\,A € o (T)}.
The spectral bound

s(T) :=sup{Re\, A € o (T)}.
The abscissa of uniform boundedness of the resolvent of T

so (T) :==inf {w € R: {RA > w} C p(T) and supg,rs,, |R (N T) [ 2(xe) < 00}
The growth bound
w1 (T) =
inf {w e R:3IM > 0: S (t) x|l g(xe) < Me“ ||| pery, forallt >0,z € D(T)}.
The uniform growth bound
wo (T) :=inf{weR:IM >0:[|S(t)|zxe) < Me*t, forallt > 0}.

It is well-known, see for example in [30], that
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—00<s(T) <wi (T) <50 (T) <wp (T) < +o0.
The semigroup (S (t));>, or the operator 1" is called

(1) Hurwitz stable if o (T') C C_ := {A € C: ReX < 0},
(2) Strictly Hurwitz stable if s (T') < 0,

(3) Exponentially stable if wy (T") < 0,

(4) Uniformly exponentially stable if wq (T') < 0.

Remark. The inequality s (T) < w1 (T) < so(T) < wo (T) might be strict, that
is, the exponential stability of a Cy-semigroup, in general, is not controlled by the
location of the spectrum of its generator.

Theorem 2.1. [] If the operator T generates a positive Cy-semigroup, that is,
S(t) =0, for all t > 0, then

Corollary 2.2. Let A be the generator of a positive Co-semigroup (1'(t)),>, on a
Banach lattice Xc and assume that B € LT (X), then the following holds

(1) A+ B generates a positive semigroup (S (t)),~, satisfying 0 X T (t) X S (t)
for allt >0, -
(2) s(A)<s(A+B) and R(\A) = R(\, A+ B) for all A > s(A).

Definition 2. [I0] A closed operator T is said to be Metzler operator if there exists
w € R such that (w,4+00) C p(T) and R(t,T) is positive for all t € (w,~+00).
Metzler operators are also called resolvent positive operators in the literature. If
T € LT (X¢,Ye), then T is a Metzler operator.

For positive operators, we have the well-known Perron-Frobenius Theorem of
bounded operators.

Theorem 2.3. [18] Suppose T € Lt (X¢), then

(1) r(T) € o (T),

(2) RIMT) =0 if and only if € R and A > r (T),

(3) If x> r(T), then |[R(A\,T) x| < R(JA|,T) |z|, for any z € X.
Theorem 2.4. [10] Let T a Metzler operator on X¢, then

(1) s(T) €0 (T) and s(T) =t — [r (R(t,T))] "t > s(T),
(2) The function R(.,T) is positive and decreasing for t > s(T'), that is,

S(T) <ty <ty = R(tQ,T) = R(tl,T),
(3) If T generates a positive Cy-semigroup, then we have R (t,T) is positive if
and only if t > s (T).
Lemma 2.5. [10] Let T be a Metzler operator on X and E € LT (X,Y), then
|[ER (A, T)x| < ER(Re\, T) |x|, ReA > s(T), z € X.

Last, we give a description of the delay differential system and some results about
positivity and exponential stability.
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DELAY DIFFERENTIAL SYSTEMS. We consider a time-invariant delay
differential system of the form

(t) = Aga(t) + Zm: Apz (t—hy), t >0,
o k=1 (2.8)

x = Zo,
£(t) = F(t),t € [~h,0).
Where Ay is the generator of a Cy-semigroup on a complex Banach lattice X¢ with
the norm |.|¢, A1, Aa, ..., Ay, are bounded linear operators on X¢, i.e. Ay € L(X¢),
with the operator norm |.|| and h; for every i = 1,...,m are non-negative real
numbers such that 0 < hy < hy < ... < h,, := h.

Here zp € Xc is the initial value and f € LP? ([-h,0];Xc), p € [l;00) is
the history function. A mild solution of the delay system (2.8]) is the function
x (a0, f) € LT ([—h,00) ; X¢) satisfying

loc

t m
Ttm—|—/Tt—s Az (s — hy; xo, f)ds, t >0,
z (t; @0, f) = (00 0 ( )kzzl ! i J)

f(t),t € [=h,0).

It follows from [21, Theorem 2.1] that for all zy € X¢ and f € L? ([—h,0]; X¢) a
unique mild solution z (.; xg, f) exists. This solution is continuous on [0, 00) and
exponentially bounded.

Definition 3. The delay system (2.8) is a positive system if for any history func-
tion f € LP ([—h,O] ;XE'), and initial value xo € XE', the corresponding solution
satisfies

z (t;zo, f) € X& for allt > 0.

Definition 4. The delay system (2.8) is called exponentially stable if there exist
M >0 and w > 0 such that for any f € L? ([—h,0]; X)) and any zo € X, the
unique solution of the delay system (2.8) satisfies

|z (t; 20, f) [xc < Me™"|| (20, ) | xcxLo((~h,0):xc)s for all t >0,

where
1

I @0, £) Ixex onone) = (1ol + AR oxey )P -

Lemma 2.6. Assume that the delay system s positive and let

z1,32 € X&, f1,fo € LP ([—h, 0] ;Xa'), Za (t, 21, f1) 5 @ (22, f2) are solutions
of the delay system under initial conditions x (0) = z1,z(t) = f1(t) and
2 (0) = za,2 (t) = f2 (t) for allt € [—h,0) respectively, then

If x1 <zgand f1 (t) < fo(t), forallt € [—h,0) then
zq (t, 71, f1) < @3 (8,22, f2) , forallt > 0.
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Abstract formulation. In order to study of the solution’s asymptotic behaviour
of the delay system by semigroup method, we introduce the product space
X := X¢ x L? ([~h,0]; Xc) and define bounded linear operators (7 (t)),~, on X
as follows: Given a function z € LY ([—h,00);Xc), for each t > 0, we define
x¢ € LP ([—h,0]; Xc) by ¢ (s) ==z (t+s),s € [—h,0]. Denoting the unique mild
solution of the delay system by z (.;xo, f), we now define

T(t> (J?o,f) = (x(t§$07f)»$t (,.’1707f)),t20

Proposition 2.7. [11] The family (T (t)),~, defines a Cy-semigroup of linear op-
erators on X. Its generator A is given by

A(lﬂo,f) = (AO:I;O +ZAkf( - hk) 7fl>;
k=1
with the domain

= {(w0. /) € X+ f € WSl ([=h,0]; Xc) , £ (0) = w0 € D (4o) }.
0

h,0]; Xc) denotes the space of absolutely continuous Xc-valued func-
h,()} which are strongly differentiable, i.e. with f' € L? ([—h,0]; X¢).

Here VVloc ([
tions f on [—

Moreover, the delay system (2.8) is exponentially stable if and only if the Cp-
semigroup (7 (t)),~, is exponentially stable, i.e. wq (A) < 0.

Definition 5. [2] The quasi-polynomial operator associated with the delay system
(2.8) is defined by
P() = Ag+ Y e M4y (2.9)
k=1

In case where X is a finite dimensional space, the delay system is exponen-
tially stable if and only if characteristic roots of equation det (P (X)) = 0 lie in the
open left half of complex plane, i.e. the exponential stability of the delay system
is controlled by the location of the spectrum of its quasi-polynomial matrix.
In general, this is not the case if the finite dimension assumption is dropped. The
spectrum and the resolvent of A are described by

Proposition 2.8. [II] We have A € p (A) if and only if X € p (P (X)). In this case,
the resolvent of A is given by

R(MNA)=E\R(A\P(N)HyF + 1Ty,
where By € L(X,X),Hy € L(X,X),FeL(X,X), T\ € L(X,X) are defined by
Eyx = (az e’\'x)

Hy(z, f)=a+ [°, e f(s

F(x, f):= <x,22q_hk,o](.)Akf(hk - .)),

o (@, f) 1= (0, [ X1 (s)ds)
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Definition 6. [II] The spectral set, the resolvent set, and the spectral bound of
quasi-polynomial operator P (.) are respectively defined by

o(P():={A:Ax€ea(P(N\)},
p(P(.):=C\o(P(}),
s(P(.)=sup{Re(N): A€o (P(.))}

Remark. From the above proposition, we have p(A) = p(P(.)), hence s(A) =
s(P(.). So, if A generates a positive Cy-semigroup, then the delay system ([2.8]) is
exponentially stable if and only if s (P (.)) < 0.

Next, we present some results on an extension of Perron-Frobenius Theorem to
quasi-polynomial operator (2.9)).

Definition 7. [3] The quasi-polynomial operator (@) 18 called positive if Ay gen-
erates a positive Cy-semigroup and Ay € LT (X) for allk € {1,2,...,m}. And if the
quasi-polynomial operator (@) is positive, then the delay system (2.8)) is a positive
system.

By [, Thoerem 3.3'], if Ay generates a positive Cp-semigroup on a Banach
lattice X¢ and the operators A, € L1 (X¢) for all k € {1,2,...,m}, then the semi-
group (7 (1)), is a positive Cop-semigroup.

Using Proposition [2.8] we obtain the following result:

Proposition 2.9. [3] Let the quasi-polynomial operator (2.9) be positive, then for
A1, A2 € R. The following statements are equivalent

(1) R\, P(M)) = R(A2, P(A2)) =0,

(2) R(A1, A) = R(A2, A) = 0.

The next theorem is a generalisation of results in [23] to Perron-Frobenius the-
orem for positive quasi polynomial operator in Banach spaces.

Theorem 2.10. [3] Let the quasi-polynomial operator be positive, then
(1) s(P())ea(P()),
(2) For A € R we have R(\, P (\)) € LT (X) if and only if X > s (P (.)),
(3) R()\l,P()\l)) >~ R()\Q,P()\g)) fO’F Ay > A > S(P ())

Theorem 2.11. [3] Let the delay system be positive, then the following state-
ments are equivalent

(1) The delay system is exponentially stable,

(2) (A0+A1++Am) <0,

(3) s(4o) <0 andr (—AO_1 (Ay + ...+ Am)) <1,

(4) (=Ag— A1 —...— Ay) 't 0.

Remark. Suppose that A is the generator of a positive Cy-semi-group (T (t)),~, on

a Banach lattice X, that is, T (t) € LT (X¢), for allt € Ry. Then, {\ € C: ReX > s(A)} C
p(A) and R (t,A) is positive if and only if t > s(A). Therefore, A is a Metzler
operator on Xc. Conversely, if A is a Metzler operator and IntX(ér % ¢, then A is

the generator of a positive Co-semigroup on Xc and s (A) = wg (A).

S
S

Lemma 2.12. [20] Assume that A is the generator of a positive compact Cy-
semigroup (T (t)),>, on a Banach lattice Xc , and P € L(Xc),Q € LT (Xc).
If |Pz| <X Qlz| for all x € X¢, then
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WA+P)=s5(A+P)<s(A+Q)=w(A+Q).

Theorem 2.13. [7] Let (A, D (A)) be the generator of a Co-semigroup (T' (1)),

on a Banach space X, satisfying ||S (t) | zx) < Me**, for all t > 0 and some
weRM>1. IfBe L(X), then C := A+ B with D (C) = D (A) generates a
Co-semigroup (S (t)),>q satisfying

1S () [l 2y < MelTMIBDE for all t >0 .

3. ROBUST STABILITY

3.1. Perturbed Delay System. Assume that the delay system is subjected
to time varying structured perturbations as follows
Ag ~ Ao + DoAo Ep,
A~ A+ Dy (t) A (t) B (t) ,k € {1,2,...,m}.
Hence, the perturbed delay system takes the form

(t) = (Ao + DoAoEo) x(t) + > (Ag + Dy (t) Ay (t) Ex (t)) 2 (t — i) ,t > o,
k=1

(3.1)
where Ay is the infinitesimal generator of an exponentially stable semigroup (S (2)),~-
Dy € LY (Uoe,Xc),Ey € L1 (Xe,Yoc). For any k € {1,2,...m},Dy(.) €
PCy (R, LM (Uyc,Xc)) and Ei () € PCy (R, LM (Xc,Yic)) are given. Ay €
LY (Yo,c, Upc) is unknown bounded time-invariant perturbation operator, A (.) €
PC, (]R,,CH (Y, Uk,c)) are unknown bounded time-varying perturbation opera-
tors, Xc¢, Y c and Uy ¢ are complex Banach lattices.
The size of the perturbation operator Ay (.) is measured by

Ak () loo = ess sup 1A% () l2(vic,Un.c)-

Theorem 3.1. Under the above assumptions, for a fited o > 0 and a given
f € L?([-h,0]; X¢), the perturbed delay system under the above assump-
tions has a unique mild solution x (.;0,f) € LY ([ —h,00);Xc) with the initial
value condition

z(s+o)=f(s),s €[-h,0]. (3.2)

Proof. In order to apply [2I, Theorem 2.1], we need only to verify that u €

LY . ([o,00); X¢), where u is given by u (t) = (Dg (t) Ak (t) By () x (t — hg).
k=1

For T > o, we define the operator
Kra: LP ([o — h,T); Xc) — LP ([0, T] ; Xc),

by

Krx(s) = Z (Dg (s) Ap (8) Ex (s)) x (s — hg), a.e., s € [0,T].
k=1
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Thus,

m

IKra| o(orixe = 1Y (D 8) B (8)) x (s — hi) | 2o (o, 11:x0)

k=1
Z 1Dk () | 2y c.xe)

1Ak () levi et 1B () [l2xevio) 12 (8 = hi) | Lo (jo,77:x0)

m T 1/p
< Z ||D/€ () Hﬁ(Uk,C,XC)HAk () ||E(Yk,C7Uk,C)||Ek7 () Hﬁ(XC,Yk,,C) (/ ‘.Z‘ (8 - hk) pdS) )
k=1 g

Ms

T 1/p
”Dk ( ) ||£(Uk,z:,Xc)HAk () ”Z:(Yc,Uk,c)HEk () ”Z:(Xc,yk,c) </ |$ (T) |pdT> )

=

=1
<Y DK () lewee.xo 1A% () |2 et |1 Br () |l xeveo 12 () | o o-nT1:x0),
k=1

for 1 < p < o0, and the inequality is also true for p = oo, then the operator K is
bounded.

Thus, w : s — Z Dy, (s 8)Ex (s))x (s —hg) is in LP ([0,T]; Xc) for any

T>o0, thenuELloc([ o0); Xc) -
Then, for a fixed o > 0, given f € L? ([—h,0]; X¢) and u € L} ([o,00); X¢), the

perturbed delay system ({3.1) has a unique mild solution z (.; 0, f) € Lfoc ([=h,00); Xc).
Recall that z (.; 0, f) is continuous on [0, 00) and exponentially bounded and satis-
fies (3.1)) for any t € [0, 00). O

Definition 8. The perturbed delay system (3.1) is said to be exponentially stable
if there exist M > 0 and 8 > 0 such that for any f € LP ([ —h,0]; X¢) and for any
t>02>0,

|z (t;0, f) [xe < Me P (20, f) [l xexLp ((h,0]:0) -
The first main result of this paper is presented in the following Theorem.

Theorem 3.2. Let the delay system (2.8) be expomentially stable, where Agy is a
Metzler operator on X¢ which generates a compact Cy-semigroup with IntXc # ¢.
For k € {1,2,...,m}, assume that

(1) A € Lt (X(c),
(2) There exist Dy, € LT (Uk,(C,X(C); E,eLt (Xc, Yk@) and Ay, € LT (Yk,(C, Uk,(C)
such that

|Dy (t)| < Dy, |Ex ()| < Ex and |Ay (¢) | < Ay for any t € RT.
Then, the perturbed system (3.1) remains exponentially stable provided

- 1
D olAxl < - - (3.3)
k=0
max; je{0,1,2,...,m} HEz (‘ZAk> Dj”
k=0
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Proof. The proof is in two steps.

Step 1. Since A is a Metzler operator and IntX¢ # ¢, then it generates a pos-

itive Cp-semigroup on X¢ and while Ay € L1 (X¢) for all k € {1,2,...,m}, then

the delay system (2.8)) is positive. Since the delay system is exponentially

stable by Theorem this is equivalent to s (Ag + A1 + ... + A,,) < 0. Since Ay

generates a positive compact Cp-semigroup on X¢ and since A, € L1 (X¢) for all
m

k € {1,2,...,m}, it follows by Theorem [2.13[ that the operator ZAk generates a
k=0

positive compact Cy-semigroup on Xc.
Lett >0, forany k € {1,2,...,m}, Dy (t) € LI (Up ¢, X¢), By (t) € LI (Xc, Yic), Ak () €
LM (YVic,Urc), and Dy, € LF (Uy,C, X¢), By, € L1 (X¢,Ye), Ak € LT (Yic, Ukc)

such that

|Di (t) | < Dy, |Ex (t) | < Eg, | and A (£) | < Ay

We have

| <DOA0E0 + ) Dy (t) Ay (t) By (t)) 2| < DpAgEylz| for all z € Xc.
k=1 k=0

By Lemma [2.12] it follows that

S (A() + DoAgEq + Z A + Dy, (t) A (t) By, (t)) <s (Z A+ DkAkEk> .
k=1 k=0

Step 2. We prove that s (Z A + DkAkEk> < 0.
k=0

By Theorem [2.13[ and Corollary

m
, the operator Z Ay generates a positive Cy-
k=0

m
semigroup on Xc. By Remark [2| the operator ZAk is a Metzler operator, and
k=0

since the operators Dy, Ay, and Fy, for any k € {1,2,...,m}, are positives, then the
m

operator ZAk + DA E) generates a positive Cy-semigroup on X¢. Again by

k=0
m

Remark 2, the operator Z Ay + Di A Ey is a Metzler operator. Now, by Theorem

k=0
assertion (1), we have

S (Z A+ DkAkEk> co (Z A+ DkAkEk> .

k=0 k=0

Set pup = s (Z Ay —i—DkAkEk). We prove that pg < 0. Assume the contrary,
k=

[}

since pg € o

NE

A+ DkAkEk>, there exist Uy € X¢ and Uy # 0 such that

E

=0
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(Z Ap + DkAkEk> Uo = poUo. (3.4)
k=0

Let Q (t) =t — Z Ay, t € R. Since the delay system (2.8 is exponentially stable,
k=0

we have s (Z Ak> < 0. Using the fact that
k=0

s <2Ak> :sup{SRe)\ A€o <2Ak>} <0 < po,
k=0 k=0
it follows that pg € p (Z Ak> thus, @ (,uo)_1 exists. Equation |j implies

k=0
Q (no) ™" (Z DkAkEk> Uo = Ub. (3.5)
k=0
Let 4o such that | E;,Uo| = {griax , | E:Uoll. It follows from equation (3.5)) that
1€{0,1,....m

IE;, Uo|| > 0. Multiply both sides of equation (3.5)) from the left by E;, to get

E;,Q (p0)~" (Z DkAkEk> Uo = E;,Uo,

k=0

which implies that

m
1o Uoll ZHEon 10) ™" Dill| Al ExUoll,

ZIIEmQ iy Dk|||Ak||> 1Eio Uoll,

IN

( max | E:Q (uo) " Dl Y IIAkH) i, Uoll;

0<4,5<
=hI= k=0

< i .

< dax [|EQ (no) - ' Dy (Z IIAkH) 1B Uoll

Therefore,
Jmax |EQ(u) "' D] (Z ||Ak||> >1 (3.6)
- k=0

The resolvent identity
Ry —R,=(p—A)RyR, = (A—p) R,Rx,
gives

Q)™ —Q (ko)™ = 1oQ(0)"1 Q (1o)
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m m

Since the operator ZAk is a Metzler operator with s <Z Ak> <0, pu>0,it
k=0

follows from Theorem assertion (3), that

Q(O)]’EO,Q(uw15()&andon@ift>:;(§:/h).

k=0

Therefore, by Theorem assertion (2)
Q0" = Q(uo) " =0,

which yields to

EiQ(0)™' D; = EiQ(no) ™" D; = 0, for any 0 <4, j < m,
by lattice norm property (2.3)), we get

1E:Q (0)7" Dl = | E:@Q (o) ™" Dy, for any 0 < i, j < m,
and since

| 2:Q (10) ™" Djl| < maxoci j<m [ E:Q (0) " Dy,

then

IE:Q (120) " Dyl (ZlAkH) < maxo<ij<m [|BiQ (0) 7" Dy <Z Akll)
k=0
from (3.6)), we get
1 < HlaX0<1 J<m HE Q MO D H <Z |A7€||>

m

maXO<z J<m ||E Q D || (Z ||Ak||

Thus,
m 1
INE e
k=0
max; ;c{0,1,2,...,m} ||Ez <— ZAk> Dj”
k=0
However, this conflicts with (3.3]), which conclude the proof. O

Corollary 3.3. Let the linear delay differential system
@(t) = (A+ Ag) +§:Ak (t—hy),t >0,

where A is the generator of a Co—sengroup, Hurwitz stable and for allk € {1,2,...,m},
Ai () € PC (Ry, L (Xc)). Suppose that there exist Ay, € LT (Xc) such that |Ag (t)| =<
Ay for any t € R, then the system is ea:ponentially stable provided

Agll < ——=
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3.2. Stability radii. For fixed o > 0 and given f € LP ([—h,0], X¢), let x (¢) :=
x (t;o,f),t € [c — h,00) be the solution of the delay system (3.1) with the initial
value condition (3.2). Denote y(.) =y (.,|f]) the solution of

§(t) = (Ao + DoAoEo) y (t) + > (A + DpApEy) y (t — h) .t > o,

Pt (3.7)
y(t) = |f| (t) RS [—h,O],
where Ay, Dy, Ei, and Ay for any k € {1,2,...,m} are defined as in Theorem
and |f| (t) :=|f (t)], for all t € [~h,0] with y (¢) = Y.
For the positive perturbed delay system (3.7, we introduce definitions of complex,
real and positive stability radii.

Definition 9. For the perturbed delay system (3.1), we define complez, real and
positive stability radii as follows

re = inf{[| Al + Y 1Ak () [loo : Ao € £ (Yoo, Uoc), Ak () €
k=1
prPC (R+; L (Yec, Uk,(C)) ,k=0,...,m and (3.1) is not exponentially stable }.

rR = 1nf{||A0|| + Z HAk () ||oo : AO S ﬁR (YO,(C7 UO,(C) s Ay () €
k=1
pPC (R"’;ER (Y c, Uk)c)) Jk=0,...,m and (3.1) is not exponentially stable}.

ry = if{[ Aol + D 1Ak () lleo : Ao € LT (Yo, U ), Ak (1) €
k=1
pPC (R+; LT (Yic, Uk,c)) ykE=0,...,m and (3.1) is not exponentially stable }.

respectively.

Definition 10. For the perturbed delay system , we define complex, real and
positive stability radii as follows

o =inf{> Al : Ay € LY, Ukc) k=0,....m and (37) is not
k=0
exponentially stable }.

TR = mf{z ||Ak|| : Ak S ﬁR (Yk,C7 Uk,C) s k= 0,...,m and " 18 not
k=0
exponentially stable }.

Ty = inf{z AL : Ak € LT (Yic,Urc),k=0,...,m and (3.7) is not
k=0
exponentially stable }.
By convention, inf ¢ = co.
Now, we establish an upper bound for the complex stability radius.

Proposition 3.4. The complex stability radius of the perturbed delay system (3.1))
has the upper bound
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1
m -1 .
max; je{0,1,2,...,m} [ E: (— E Ak) Dj |l
k=0

Proof. By the stability radii definitions, we have

re <

re <TR ST

By [10, Appendix A.3], for Ay (.) € PC (R, LIl (Yic, Ukc)), we have 0 < A (.) <
|Ag|, then for any t > 0 and k =0, ...,m

0= A (1) 2 |Ak ()] 2 Ay,
by lattice norm property (2.3)), we get
HAk (t) Hﬁ(Yk,QUk,c) < |||A7€ (t) |||£(Yk‘C1Uk,C) < HA/C”v

with
[A% () lloo = esssup [[Ax () [l 2vic.Us.0)»
t>0
thus,
1Ak () loo < AKX ) oo < NAKl£(vic.Uk )5
then

1201+ > 1A () lso < 180l + > 1Ak () e < D 1Al v ev00):
k=1 k=1 k=0

and with (3.3)), we obtain
1

-
m

max; je(o,1,2,...m} || Ei <—2Ak> Djll
k=0

)

120+ D 1Ak () oo <
k=1

then

1

m —1 .
max; je(0,1.,2,...,m} || Ei ( E Ak) D;||
k=0

r¢ <

O

Now, we present the second main result of this paper, we compute the stability
radii of the perturbed delay system (3.1]) in some special cases of perturbations.
We are interested in perturbed systems of the form

z(t) = (Ao + DoAoE) z(t) + Z (Ax + Dy (t) AR E)x (t — hy) ,t > o, (3.8)
k=1
with the assumptions
(1) For all k € {O, 1, ...,m}, Yk,(C =Y,
(2) Forallk € {1,...,m}, Dy (.) € PCy, (R*, LI (U ¢, Xc))NPCy, (RT, LF (Uy, ¢, Xc)).
The second main result of this work is given in the following two Theorems.
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Theorem 3.5. Let Ay a positive operator on X¢ which generates a compact Cy-
semigroup with IntXc # ¢, we assume that

(1) Ay € LT (X¢), for all k € {1,2,...,m},
(2) There exist Dy, € LT (Uk,(C, Xc),E € Lt (X(c, Yk@) and Ay, € LT (Yk,(C7 Uk,(C)
such that
|Dy (t) | < D, for allt € RT and k € {0,1,2,...,m}.
If the delay system ([2.8)) with the initial value condition (3.2)) is exponentially stable,
then we have

1

m -1 )
maX;e(0,1,2,...,m} || & (- ZAk> Dyl

k=0

re=TR=T4 = (3.9)

Proof. From definitions of complex, real and positive stability radii r¢ < rg < ry,
and by Theorem we have

re 2

™ -1 ’
maX; je{0,1,2,...,m} |E(— § Ak) Dj|l

we get the inequality

T+Z 1

m —1
max; je(0,1,2,...,m} IE( E Ak) Dj |l
k=0

we have to prove

1
m -1 .
max; je{0,1,2,...,m} |E(—E Ak) D;l|
k=0

Assume that there exists jo € {0, 1,...,m} such that

m -1 m -1
ST (— ZAQ Dyl = I (— ZAk> Dy .
k=0 k=0

IA

T+

m -1
If |E (— Z Ak> D;,|| =0, then r¢ = rg = 74 = 400 and equality (3.9) holds.
k=0

" -1
Now, assume |FE (— ZAk> Dj,|l > 0. By Theorem [2.11} the delay system
k=0

(2.8) be positive and exgonentially stable equivalent to s (Ag + A1 + ... + 4;,) <0,
this implies that

) (£0)

therefore,
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m —1
E <— ZAk> Dj, € LY (Ujo,c, Yjo,0)-
k=0

m

-1
Let0<e< |E| - ZAk> D, || and by (2-7), we can choose uj, € Ui ¢, [|uj, || =
k=0

Jo,

1 such that
1

m -1 m -
" (—zAk) Dyl > 15 (—zAk) Dyl
k=0 k=0

We look for the disturbance that destabilise the perturbed delay system (3.8]).
The case of jy = 0.

m -1
Set y=F (— ZAk> Djou S Y;;C.
k=0

By [311, Theorem 39.3 page 249] there exists a positive go € Yi'c, [|go| = 1 satisfying

” -1
g0 (y0) = llyoll = 1 E (-ZAk> Douo|,
k=0

we consider the operator Ag : Yy ¢ — Up,c defined by

90 (v)

m —1
|E (—ZAk> Doug|
k=0

Y= Doy =

Uo,

we have Ag € LT (Yo ¢, Upc) and
1

m —1
HE <—ZA;€> D0u0||
k=0

1Al =

b

m -1 m -1
set xg = (— Z Ak> Dgug, then Exg = E (— ZAk> Doug = yg, and hence
k=0

k=0
E
AgExy = io( ﬂvo)_l ug = mgo (yo)_l Up = Ug,
|E <—2Ak> Doug|| |E (—ZAk> Douo||
k=0 k=0

m -1
then xg # 0. Moreover we have xy = (— Z Ak> Dy (AgEx), or equivalently
k=0
(Z A + D0A0E> zo = 0.
k=0

ie. Ag € LT (Yo, Uoc) and (AO 4+ DoAoE + ZAk> 2o = 0 and z¢ # 0 implies
k=1
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Oeo <A0+D0A0E+2Ak> )

k=1

then the perturbed system (3.8) with Ay (t) = 0 for all k € {1,2,...,m} is not
exponentially stable, hence by definition of r, we get

r+ < || Aol + Z Ak () < Z Akl = l|Aol],

k=1 k=0
then
1 1

r+ < Aol = T

< .
m -1 m -
nE(—zAk) Dol E<—2Ak> Doll ¢
k=0 k=1

The case of jo ={1,2,...,m}.

We construct one rank positive destabilising perturbation.
m m

Let us consider the Banach spaces U = H Up and Y = H Y;. endowed with the

k=1 k=1
norms

U = Z llukll, U = (u1, ug, ..., um) € U such that uy € Uy with k =1,2,...,m.
k=1

m

IV = llyell, Y = (41, 2, .. ym) € Y such that yx € Yy with k =1,2,...,m.
k=1

And let us, for all t > 0,2 € X¢ and U = (uy,us, ..., un) € U, define the linear
operators D (.) and £ by

Fizx U1
EQI ug m
Ex = ;DU =(Di(#),D2(t), s D () | . | =D Di(t)u,
: k=1
E,x U

such that D (.) € PC), <R+, 11 E(Uk,XC)> and € () € PCy <R+, 11z (XC7Y,€)>7

k=1 k=1
and the block diagonal matrix operator

A= dzag (Al,A27 7Am> y
for all Ay € L(Yy,Ug) and Y = (y1, Y2, ---s Ym), DY

A:Y—-U
A 0 ... 0 Y1 Ay
0 AQ . 0 Yo A2y2
AY = . . . . = . P
0 C. 0 A, Ym Amym

JA[ = max—,__m [|Ax]-

.....
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For jo ={1,2,...,m}, we can choose u;, € U;;C, l|lujo |l = 1 such that

m -1 m —1
12 <— ZAk> Djyuze|| > ||E (— Zm) Dl — e,
k=0 k=0

—1
m
Set Yjo = F <— ZAk) Dj,uj, € Y}j,@’
k=0
by [31, Theorem 39.3 page 249], there exists a positive g, € Y{c, [|gj, || = 1 satis-
fying

-1
m
9io Wio) = Yol = 11 E <2Ak> Djquj |,
k=0
we consider the operator Aj; : Y}, ¢ = Uj,,c defined by

Gjo (y)
m —1
|E <—2Ak> Dy, |
k=0

we have Aj; € L1 (Y}, c,Uj,c) and

Yy Ajoy: Ujo

1

. —1
|E (—ZM) Dijoujo|
k=0

1Al =

)

1

m -1 m -

set xj, = (— ZAk> Dj,uj,, then Fz;y = E (— ZAk> Dj,ujy = yj,, and
k=0 k=0

hence

A _ Yjo (Exjo) . g1 (y1)

j Ujo

jo by, = m 1 ™ -1
|E <— ZAk> Dijoujo | |E (— ZAk> Dijuj, |
k=0 k=0

Ujo = Ujo)

m -1
then ., # 0 because of u;, # 0. Moreover, we have z;, = (— Z Ak> Dj, (Aj,Exj,),
k=0

or equivalently

<— ZAk> Tj, = DjoAjoExjw (310)
k=0
then

(Z Ap + DjoAjoE> zj, = 0.
k=0
We have for any ¢ > 0
Djo (t) = |Djo (t) | = Djo and Djo (t) eLt (Ujo,(ch(C)v
then
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0= Djo (t) AlEl‘jo = DjoAjoExjw

by equation ((3.10))
0= Djo (t) AJ'()Exjo = <_ ZAk> Ljo>
k=1
hence,

ZAIC> zj, + Dj, (t) AjoECr”jo =0,

o
IA
{—\
INNgE
s
Ead
~__—
B
IA
YR
x>
NNE

therefore,
(Z Ak + Djo (t) Aj0E> Tjo = 0,
k=1

and zj, # 0, then 0 € & (Z Ak + Dj, (1) AjOE), it follows that, the perturbed
k=1

delay system (3.8) with Ag = 0 and A = (0,...,4,,,0,...,0) is not exponentially

stable. 0

Following similar steps, we obtain the same result for perturbed systems of the
form

#(t) = (Ao + DAGE) x(t) + Y (Ax + DAGE, (1) & (t — hy) t > 0, (3.11)
k=1
with the assumptions
(1) For all k € {0,1,...,m}, Upc=U,
(2) Forallk € {1,...m}, Ey (.) € PCy (R*, LI (X¢, Y c))NPCy (RY, L+ (X, Vi o))
Theorem 3.6. Let Ay a positive operator on X¢ which generates a compact Cy-
semigroup with IntXc # ¢, we assume that

(1) Ay € LT (X¢), for all k € {1,2,...,m},
(2) There exist D € LT (U, X¢), Ey € L1 (X¢,Yic) and Ay € LT (Yic, Urc)
such that

|Ex (t)| < Eg, for allt € RT and k € {0,1,2,...,m}.

If the perturbed delay system (2.8)) with the initial value condition (3.2) is exponen-
tially stable, then

1

~ =
max; je(o,1,2,....m} || & (‘ZAk> D]
k=0

rce =TR =T+ = (3'12)
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4. CONCLUSION

Through this work, we tried to study, at some extent, robustness in stability
of positive delay systems under time-varying disturbances in the case of infinite
dimensions, with the possibility of finding the largest sharp disturbance amplitude
that keeps the system stable. In further research, the results that we have found
could be extended to a more general class of disturbances.
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