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SPHERICAL GABOR TRANSFORMATION OF TYPE §

PIE COULIBALY, KOUAKOU GERMAIN BROU, KINVI KANGNI

ABSTRACT. The classical Gabor transformation is well known on abelian topo-
logical group. In this work, we study the general case of any topological group
according to an unitary dual of some compact subgroup.

1. INTRODUCTION

Harmonic Analysis was originally the study of Fourier series with real variables.
It has been generalized to commutative locally compact groups. The spectrum of a
signal is a representation of the signal called a Fourier transform, which allows the
energy of the signal to be obtained by Plancherel’s theorem. The Fourier transform
is a global transformation that is not suitable for non-stationary signals.To avoid
the drawback of the global character, a natural idea is to truncate the signal around
a window and perform the Fourier analysis of the truncated signal. This transfor-
mation principle is the Gabor transform, which is well suited to non-stationary
signals.

In section 2, we present the general theory of the Gabor transform for a contin-
uous signal on an Abelian group. This transform has been studied in the case of
commutative groups (see [3]). The Gabor transform for such a signal is defined on

G x G by
Gﬁwwzxywwwwwﬁ;Weﬁ@>

where g(t) is the window locating the group points and ~(t) is the group characters.

In section 3, we generalized this transform to noncommutative groups by assum-
ing that the pair (G,K) is Gelfand with K a compact subgroup of G. We define the
spherical Gabor transform for a signal f(¢) by:

Gﬁawzﬂywwm4mwm

where g(t) is the window and ¢(t) is the spherical function. The signal of a positive
type function is reconstructed using the inversion theorem, and the signal energy
is obtained from Plancherel’s theorem.
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Next in section 4, we define the delta-type spherical Gabor transform, which
generalizes the spherical Gabor transform. The spherical delta functions are defined
by:

$(kak') = Us(k)p(x)Us(k'),Vk, k" € K and xs * d(z) = ¢ * xs(z) = ().
and the delta Gabor transform is defined by:

Gyl (5,60 = /G f@)gl@s ) (6 (&) da

where g(t) is the window and (bfsj is the spherical delta function.

Finally, we will give an application of the spherical Gabor transform to groups
SU(2) x Hy and K = SU(2). Let f € L*(SU(2) x Ha, Endc(V,,)). The Fourier
transform is defined by:

‘/_'.(f)((ﬁ) /SU(2) " Xw((zat))ﬂn(Ua,b)f(U;;,U;;(Z,t))dzdtdadb

2. PRELIMINARIES

Let G be a locally compact commutative group, dx the Haar measure on G and
v a character on G. Let G be the spectrum of G and dvy the Plancherel measure of
G on which the Fourier transform denoted by f is defined (see [1] or [8]) by

/f “Yda, Vv € G, f € LY(G).

A function ¢ defined on G, is said to be positive-type (see [1] or [8]) if the
inequality

/ / @) F@)é(a y)dedy > 0,¥f € L}(G)
GJG

is satisfied. If f is an integrable function and of positive-type on G, then J? is
integrable (see [1] or [8]) with respect to the Plancherel measure dvy and

f(z) = /G (@) F)dy

Let f be is an integrable and square integrable function. The Fourier transform f
is square integrable (see [1] or [8]) with respect to the Plancherel measure dy and

Lis@pas= [ |foo]

Let g € L*(G), the mapp G, defined on G x G by

Gof(s,y) = /Gf(t)vg(s,v)(t)dt = (f,v9(5,7)) = F;(3),9f € L*(G)

where

vg(5,7)(8) = g(ts™ V(1) = (g5 - 7)(¢) and f;(2) = (f - 75)(x)
is called Gabor transform (see[3]). The function vy(s,~y) is called Gabor atoms
associated to the window g. We have:

G fI1* = gl” 11£1®
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and
F(z) = gl 2 /G /éGgf(S,'v)v(sm)(x)dsdv

for all positive-type function f.

3. SPHERICAL GABOR TRANSFORMATION

Let G be a locally compact group, K a compact subgroup of G and dx the
Haar measure on G. A function f defined on G, is said to be biinvariant by K if
the functional equation

flkzk') = f(x),Vo € G,Vk,k € K

is satisfied. We denote by C.(G), the space of continuous complex values functions
on G with compact support and by C#(G) the subspace of C.(G) containing bi-
invariant functions by K. The space C¥ (G) is a convolution subalgebra of C.(G)
and the map f — fx is a projection of C.(G) onto C7(G), where fx is defined
by:

:/K/Kf(kxk/)dkdk/,(xe(?)

Let assume that (G, K) is a Gelfand pair A bounded function ¢ which is biinvariant
by K is said to be spherical (see [4] or [7]) if the map

fH/f

is a character of C#(G). Let denote by S(G), the space of spherical functions and
by A the subspace of S(G) which contains positive-type functions. The space A is
a locally compact topological space (see [4] or [7]) and we will denote by dy the
Plancherel measure on A. R

For all f € C#(G), the function f defined on S(G) b

0) = /G f@)p(a?

is called the spherical Fourier transform of f.(see [9]). If f is an integrable func-
tion,biinvariant by K and of positive-type on G, then f is integrable (see [4]) with
respect to the PLancherel measure dy and

~

fla) = [ c@F(ede.
Let denote by Lﬁ2 (@), the convolution algebra of square integrable biinvariant

by K. If f be is an integrable and square integrable function, then the Fourier
transform f is square integrable with respect to the Plancherel measure dy on A

(see [1] or [8]) and )
[ 1srlas= [ |7

Definition 1. Let g € LQ(G). The mapp G4 defined on G x A by:

Gyf(s, @) = /f g(zs™1) ()defGLz()

is called spherical Gabor transform.
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Remark. Let put vy(s2)(t) = 9(t5™)o(0) = (92 )(0) and @) = (7 - T)(o)

vg(s,0) € L{(G) and Gof (s, 0) = (f,v4(s, ) -

f2 € LHG) and Gy f(s,0) = f3(9).

The function vy(s, ) is called spherical Gabor atoms associated with g and G4 is
called Gabor transform.

Theorem 3.1. Let g € L3(G) be a window.
i) For any positive-type function f € Lg(G), we have:

f@ =gl [ [ Gotls ol o)a)dsds.
GJa
i) Let g1, 92 € L (G) be two windows and fy, f2 € L*(G), we have:

(Gg, f1, Gy, f2) = (fr, f2) (91, 92)

Proof. i) Let us note that G, f is a square integrable function of G x A. In fact

using Plancherel formula, we have:
=, |2
[ [ || dsde
el

/. /G Gy f (s, 0)P dsdp
[ 1r-aor s

[ 1R ig6s) P s
GJG
117 ol

Using Fubini’s theorem, we have:

gl /G /A Gof(s.0)0(s, @) (@)dsdp =[]~ /G /A Fa:(0)s (@) oz V) dsdy
= gl /G /A /G (f - 7)ot V) ga(@) (e dtdipds
-2 gs(t)gs(x)p(z™! s
gl /G /A /G ()5 gs (2) oz V) (t)dbdpd
- / / Fp(t V) dtp(a)dy
A JG
- /A fl@)pa Vg = f(x)
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and

(G f1.Confs) = / / G, f1(5,0) Gy o (5, P)dsdi

/ / Foo (D)3, (9)dsde
//fiq1 oo )dsdm
| [t a0 @ m@idsda

//fl(x).ﬁ(xs_ Vfo(z).g5(xs~1)dsdx
cJa
= (f1, f2) (91, 02) -

(]

Remark. If the group G is commutative, then the spherical function are characters

of G.

4. SPHERICAL GABOR TRANSFORMATION OF TYPE §

Let G be a locally compact group and K a compact subgoup of G. We denote by
K the unitary dual of K, for all class § of K, let & be the character of 4, d (6) the
degree of § and x5 = d (§)&. If 4 is the class of contragrediant representation of &
in K, we have Xs = Xy and we can verify easily, thanks to the Schur orthogonality
relationships, that xy * xy = x. Let K (G) be the subspace of continuous complex
functions on G with compact support . Identifying x5 to a bounded measure on G,
we put , for any function f € K (G),

sf (@) =xs%f (z), f; (x) = fxxs () and I (G):{fEIC(G),fz 5f:f5,V5€[?}

Let J.(G) = {f € K(G), f(kak™") = f(z),Vz € G,Vk € K} be the set of the
K- central functlons of IC (G) Assume

Is (G) A (G) =lcs (G) )

and the elements of I. 5 (G) are said (see[5] or [10]) to be (K — §) —invariant and
K-central functions of C. 5 (G).. In this work, we give a generalization of Gabor
transform on the convolution algebra I, s5(¢) of all continuous functions f with
compact support on 9 such that

Xoxf=sf=fV5eK

here x5 denotes the character of a unitary irreducible representation of K times
its dimension. We obtain an inversion formula for the spherical transform by using
the Fourier inversion formula in G. ¢ is a continuous functions on G with values in
Endc(FE) such that

/K Xk~ D)o (kek~1y)d(k) = ¢(z)d(y). ¥(z.y) € G2,
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Let § € K and Us : K — End(E) the unitary continuous representation. Then

P(6) = /K xa (k1) Us(k)dk = Us(xs)

is a continuous projection of E in E(§) = P(0)E (see [6] or [10]).

Definition 2. 1) Let E be a finite dimensional Hilbert space. The spherical function
of type § ( see [4] or [10]) is a quasi-bounded continuous function on G with values
in Endc (E) such that:
(i) & (kak—1) = 6 ()
(i) x5 % ¢ = & (= & * Xs)
(iii) The map ug : f — ¢ (f) = [ f(x) ¢ (¢71) dx is a irreducible representation
of the algebra 1.5 (G) .

2) Let o € K and Us : K — End(E) the unitary continuous representation. The
unitary continuous representation U on G values in Endc (E) is called (see [6]) a
dual representation of Uy if

Ukzk') = Us(k)U(z)Us(k ), Yk, k € K,Vz € G.

3) Let § € K and Us a unitary representation of K in E(0). The function
¢: G — Endc(E) is called (see [4]) Us—spherical if:

d(kak' ) = Us(k)d(x)Us(k'),Vk, k € K and xs * d(z) = ¢ * xs(x) = ¢(z).

4) For any function f € I. 5( , the function f defined on A by

0= [ s

is called (see [5]) the spherical Fourier transform of type . If f € I.5 (G) and of

positive-type, then f is integrable ( see [10]) with respect to the Plancherel measure
d¢ and

o~

fa) = /A tr((x) F(8))do.

Let denote by I? ; (G) , the convolution algebra of square integrable K-§—invariant
and K -central function with values in End(E). Note by S5(G) the space of Us—spherical
functions and by As the subspace of S5(G) of positive-type functions. Ay is a lo-
cally compact topological space and dU designates the Plancherel measure on As.

If fis a positive-type function of 162’ 5 (@), then ]?is square integrable with respect
to the Plancherel measure d¢ and

Llr@?ae= [ )] a0 = [ w(Fo) (o)) ao.

Theorem 4.1. Let § € K and Us a unitary representation of K in E(0). Let U be
a dual unitary representation of G on Endc(FE) of Us. Then
i) The function ¢¥ defined by:

¢5 (x) = P(8)U (x)P(5)

is positive Us—spherical.
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it) For any function f € I. 5 (G) ,we have
F1(¢5) = FFU) = PO)Ff(U)P().

Proof. i) Let ¢1,c¢a,...c, € C 21, 29,...,2, € G et v € E. We have:

Zciéj<¢U(xj_1xi)v,v> = Zcch<P a: xl P v,v>

i,J

= Zcicj (U( z; L) P(6)v, P(8)v)

= <ZCiU(:Ei)P(5)v,chU(xj)P(d)v> >0
and

(65 (2))" = (P(O)U(2)P(8))" = P(8)(U(x))" P(8) = P(O)U(x~")P(8) = ¢5 (+71).

Let U be a dual unitary representation of G on Endc(FE) of Us. We have:
oV (kak') = PO)U(kak )P(5) = P(0)Us(k)U (x)Us(k ) P(0)
= Us(k)PO)U(2) POYUs(K ) = Us()Y (2)Us (k)

and
Xs % 0 (x) = /K xs(k)P(0)U (k™ x)P(8)dk = P(d) /K xs(K)U (k™ z)dkP(5)
= P(8)(xs * U)(x)P(3) = P(6)Us(x) P(6) = ¢§ (x).

11) Let f € C.5 (G). We have:

/ F(@)dY (V) de = / f \P(8)dx = P(6)Ff(U) P(6)

/KX5 dkax x” m/Kxg(kl) (k7 Y)dky

//ka_l xo (k1) dk U () dx
/f “dx = Ff(U).

O

Definition 3. i)Let 6 € K and Us a unitary representation of K in E(8). Let U
be a dual unitary representation of G on Endc(FE) of Us.
Let g, f € IZ5(G). The map Gyf from G x As to E defined by:

Gyf(s 5,05) /f )(¢5( ))dw

is called Us—spherical Gabor transform.
it) Let € > 0, a function F' € If,é(G x Ag), is said (e,0)—concentration on a
mesurable set Ds C G x Ag, if

[xog F|| <<lFI-
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Remark. Let g, f € Li(;(G), the sphérical Gabor transform of type § verifies the
following relation:

Gy fIl = llgll 1l
In particular, if ||g||*> = 1, then G fll = Hf” Thus, in this case the spherical

Gabor transform of type 0 is an isometry from Lzyé(G) into LZ(;(A(;).
For all f € Lz’é(G) which are positive type, we have:

f(@) = gl /G /A tr(Gof (5, 89 Yo(s, 6 (2))dsdl

where v(s, ¢Y) is defined by v(s, oY )(z) = g(zs™1)o¥ (z).

Theorem 4.2. Let§ € IA(, 0 be a unitary representation of K in E(0) and U be the

dual unitary representation of G. Let g, f € Lg’(;(G), such that f # 0, and ¢ > 0.

If G4f is (e,0)—concentration on a mesurable set Ds C G x As, then for allp > 2,

we have |Ds| > (1 — e2)7°2.

Proof. Let g, f € LEV(;(G), suppose that || f]| = |lgll =1, Ds € G x As, and € > 0

with [ [oua, |XDs G f(s,0¥)| dsdU > 1 — . By the Cauchy-Schwartz inegality,

we have: ||Ggf(s,0¥)| < |fIlllgll = 1, for all (s,0§) € G x A, thus 1 — ¢ <
2

S Jawa, IxDsGof (s, 85| dsdp < |Gy f|%, |Ds| < |Ds|. We have

2
1GofI” = IxosGof I + ||xpg Gat]| -
Gy f is (g,6)—concentration on a mesurable set Ds C G x Ag, then
2
XogGad|| < e 1G,SIP and (1= [Gof I < Ix0sGof I < 11 gl 1Ds|

and by Plancherel formula we have

|Ds| > 1 — 2.

Using the Holder inequality, we have

2 1-2 2 1-2 2 2
IxDs GofII” < |Ds| " G fII” = [Dsl ™ # [LFII” g™ -
Thus
2 2 2 2 1-2 2 2
A= NG fI7 = @ =2 Ngll” < lIxps Go fI7 < 1Ds| 7 |17 llgl
and we get
[Dg] = (1 —<%)7*2.
O
Remark. If (G, K) is a Gelfand pair and 0 is a trivial representation of 1-dimensional,

the algebra 1.5 (G) is identifed to the algebra of continuous functions with compact
support and biinvariant by K and we have the classical Gabor transform.

Example 1. Let Hy = C?2 x R a Heisenberg group. Let w € C2, we definit a
caractere X, in Hy by: xu(z,t) = e fiew2)
Let SU(2) a special unitary group. The action of U, in C? is:

Z1 az] — 522
U, ,-2=U, 4 - =
awb " 2 a,b <2’2) <b21 + (LZQ)
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and the action of SU(2) in Hy is:
Uap(2,t) = Uap - 2, 1)

Let © the polynomial space on C? and V,, a subspace of © of dimension n. We have:
Vi, =< P € O such as P(z1,22) Zczzizg . eC

The space V,, is of n+ 1 dimension. Let w a representation of SU(2) defined by:
T(Uap)P(21,22) = P(U;g (21, 22) = P(az; — bza, bzy +@20).

Put )y, = m,. The representation T, is irreductible.

Let G = SU(2) x Hy and K = SU(2). Let xu be a character on Hy and 7, a
representation on SU(2).

Then the function ¢ défined on SU(2) x Hy by:

(b(Ua,ba (Z7 t)) = / @ Xw(Ual,bl (27 t))ﬂ-n(Ual b1 Ua bUa bl)daldbl
SU(2

is a spherical function.
Let f € L?(SU(2) x Hy, Endc(Vy,)). The Fourier transform is defined by:

HN@ZLWVHMWMMMJVMWU (2, 0))dedtdadb.

For any window v on SU(2) x Ha, we define the Gabor transform by:

Gy f (Uai (= ‘/AU UL U (o ) U L UL (2,0)

Xw(Ual,bl (2, t))ﬁn(Ual by Ua,pUay b, )dardbidp(g).
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