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A NEW SUBCLASS OF MEROMORPHIC FUNCTION WITH
POSITIVE COEFFICIENTS

S. KAVITHA, S. SIVASUBRAMANIAN, K. MUTHUNAGAI

ABSTRACT. In the present investigation, the authors define a new class of
meromorphic functions defined in the punctured unit disk A* :={z € C:0 <
|z] < 1}. Coefficient inequalities, growth and distortion inequalities, as well
as closure results are obtained. We also prove a Property using an integral
operator and its inverse defined on the new class.

1. INTRODUCTION

Let X denote the class of normalized meromorphic functions f of the form
1 o0
== n2", 1.1
CRERDICE (11)

defined on the punctured unit disk
A" :={zeC:0<|z] <1}.
The Hadamard product or convolution of two functions f(z) given by (1.1)) and

1 o0
=+ > gar” 1.2
9(2) = - +7Hg z (1.2)
is defined by

z

() = 2+ angn™.
n=1

A function f € ¥ is meromorphic starlike of order a (0 < o < 1) if

Zf’(Z))

R >a (zeA:=A"U{0}).

(7 ( oy

The class of all such functions is denoted by ¥*(«). Similarly the class of convex

functions of order « is defined. Let ¥ p be the class of functions f € ¥ with a,, > 0.

The subclass of ¥ p consisting of starlike functions of order « is denoted by X% ().
Now, we define a new class of functions in Definition
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Definition 1. Let 0 < o < 1. Further, let f(z) € X, be given by , 0<A<1
The class Mp(a, \) is defined by

urte) = {1 2 (i ) > o

Clearly, Mp(c,0) reduces to the class ¥p ().

The class Y% (a) and various other subclasses of ¥ have been studied rather
extensively by Clunie [4], Nehari and Netanyahu [8], Pommerenke ([9], [10]), Royster
[1], and others (cf., e.g., Bajpai [2] , Mogra et al. [7], Uralegaddi and Ganigi [T6],
Cho et al. [3], Aouf [3], and Uralegaddi and Somanatha [I5]; see also Duren [[5],
pages 29 and 137], and Srivastava and Owa [[13], pages 86 and 429]) (see also [I]).

In this paper, we obtain the coefficient inequalities, growth and distortion in-
equalities, as well as closure results for the class Mp(a, A). Properties of a certain
integral operator and its inverse defined on the new class Mp(a, A) are also dis-
cussed.

2. COEFFICIENTS INEQUALITIES

Our first theorem gives a necessary and sufficient condition for a function f to
be in the class Mp(a, A).

Theorem 2.1. Let f(z) € Sp be given by (1.1). Then f € Mp(a, ) if and only if
Z{nJrafa/\(lJrn)} an <1—a. (2.1)

n=1

Proof. If f € Mp(a, A), then

2f'(2) _ —14 57 napz"tt

R <()\ -1 f(2)+ Azﬂ(z)) N §R{l + 307 (A =14 An)ayznt! } -

By letting z — 17, we have
14> na,
{ —1+ 3700 (A _11 + An)an } -
This shows that holds.
Conversely assume that holds. It is sufficient to show that
OO NIQILE) |y (ea

PO +HA 2 {0 - DG x| S FER
Using , we see that

2f'(2) —{(A =1 f(z) + Azf'(2)} ‘
2f'(z) + (1 = 20){(A = 1) f(2) + Azf'(2)}

> et (1= N)(n + 1ay 2"
’ —2(1—a)+ 32 {1+ (1 =20)An+ (1 — 2a)(A — 1)] apznt!
3 S, (1= N+ Da, -
T 2l-a) =Y {1+ (120 n+ (1 —20)(A = D]a, ~

Thus we have f € M,(a, \). O

For the choice of A = 0, we get the following.
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Remark 2.2. Let f(z) € Sp be given by (1.1). Then f € ¥p () if and only if

oo

Z(n+a)an <l-oa.

n=1
Our next result gives the coefficient estimates for functions in Mp(a, A).
Theorem 2.3. If f € Mp(«a, \), then
< l-a
an < ,
{n+a—aX(1l+n)}
The result is sharp for the functions F,(z) given by
1 + 11—«
z {n+a—aXl+n)}
Proof. It f € Mp(a, A), then we have, for each n,

n=12.3,....

F.(2) = 2", n=123,....

{n+a—o¢)\(1+n)}an§Z{n—i—a—a)\(l—i—n)}angl—a.
n=1

Therefore we have

< -«
tn = {n+a—-—aX(1+n)}
Since ) .
-«
Fo(z) == n
(2) z + {n—i—a—ax\(l—i—n)}z

satisfies the conditions of Theorem F,(z) € Mp(a, ) and the equality is at-
tained for this function. O

For A = 0, we have the following corollary.

Remark 2.4. If f € ¥%(«a), then

1 —
Up > a, n:1,2,3,....
n+ o

Theorem 2.5. If f € Mp(a, A), then

1 11—« 1 l-«a

ST < <S4 =r).

r 1+a720¢)\T_|f(Z)|_r+1+a72a)\r (2] =)
The result is sharp for

1 1l-«a
f(z) = (2.2)

i {1+a—2a)\}z'

Proof. Since f(z) =1 43277 | a,z", we have

1 1 =
If(2)] < ;+Zan7“" < ;+rzan-
n=1 n=1

Since,
— "T14ta-—2a)
Using this, we have
1 11—«
<-4
|f(z)|_r+1+ozf2oz)\r
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Similarly
1 1-a
P S S
F(=) = r 1—|—oz—2oz/\r
The result is sharp for f(z) = 1 + =%z O

Similarly we have the following:

Theorem 2.6. If f € Mp(«a,\), then
1 1-— 1 11—«

rz l1+a— 204)\_”(” +1+oz 20\ (2] = 7).

The result is sharp for the function given by (2.2 .

3. NEIGHBORHOODS FOR THE CLASS M (a A)

In this section, we determine the neighborhood for the class Mév)(a, A), which
we define as follows:

Definition 2. A function f € ¥, is said to be in the class Mz(ﬂ) (a, \) if there exists
a function g € My,(a, \) such that

‘—1‘<1—7, (z€eA,0<vy<1). (3.1)

Following the earlier works on neighborhoods of analytic functions by Goodman
[6] and Ruscheweyh [14], we define the d-neighborhood of a function f € ¥, by

1 o0 o0
Ns(f) := {g €x, : g(z) = ~ + anz" and Zn|an —by| < 5} . (3.2)
n=1 n=1

Theorem 3.1. If g € My(a, ) and

51+ a—2aN)
=1-— 7 .
K 200 — 2o\ (3:3)
then
Ns(g) C M )(a, \).
Proof. Let f € Ns(g). Then we find from (3.2)) that
> nlan —ba| <6, (3.4)
n=1
which implies the coefficient inequality
[ee]
Z lan — bn| <6, (n € N). (3.5)
n=1
Since g € M,(a, \), we have [cf. equation ]
by < .
Z “14+a-2aX (36)

n=1
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so that
50| o Iyt
9(2) - Z 1bn
1+ a— Qa)\)
N 2a — 2\
= 1- v
provided ~y is given by l) Hence, by definition, f € M,@)(a, A) for 7 given by
(3-3), which completes the proof. O

4. CLOSURE THEOREMS

Let the functions Fj(z) be given by
1 n
=+ furz", k=1,2,.,m. 4.1
; n,lf k2 m (4.1)

We shall prove the following closure theorems for the class Mp(a, A).

Theorem 4.1. Let the function Fy(z) defined by be in the class Mp(a, \) for
every k =1,2,....,m. Then the function f(z) defined by

:erZan (an >0)

belongs to the class Mp(a, N), where a, = L300 fo (n=1,2,.)
Proof. Since F,(z) € Mp(a, A), it follows from Theorem [2.1| that

Z{n—l—a—a)\(l—l—n)}fn,k <l-« (4.2)

n=1

for every k = 1,2, ..,m. Hence

i{nJra—a)\(lJrn)}an = Z{nJrozfoz)\lJrn < ank)

n=1 n=1
m
= —Z (Z{n—f—a—a)\(l—i—n)}fnk)
k=1 \n=1
< 1-—a.
By Theorem [2.1] it follows that f(z) € Mp(a, A). O

Theorem 4.2. The class Mp(a, \) is closed under convex linear combination.

Proof. Let the function Fy(z) given by (4.1)) be in the class Mp(a, A). Then it is
enough to show that the function

H(z)=AF1(2)+ (1= XN)Fy(2) (0<A<1])
is also in the class Mp(a, A). Since for 0 < A < 1,

H(z) = % + Z[)\fn,l + (1= X) fn2]z",
n=1
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we observe that

S {n+a—aXd+n)} Max+ (1= A fa2

n=1

/\Z{nJrafa)\(lJrn)}fnlJr (I1=AX Z{n+afa)\(l+n)}fn2

n=1 n=1
< 1l-—a.

By Theorem [2.1] we have H(z) € Mp(a, )). O
Theorem 4.3. Let Fy(z) =1 and F,(z) =1 + mz form=1,2,....
Then f(z) € Mp(a,A) if and only if f(z can be expressed in the form f(z) =
oo o AnF(2) where Ay, >0 and Y007 (A
Proof. Let

=> AFu(2)
n=0
Y i
{n+afoz)\ 1+n)}
Then
d 1-« {n+a—-aX(1l+n)}
An Ap=1—-)X < 1.
7;2::1 {n+a—aX(1l+n)} (1-a) Z 0

By Theorem we have f(z) € Mp(a, A).
Conversely, let f(z) € Mp(a, A). From Theorem we have

o < 1-a
" {n+a—-aX1l+n)}

for n=12,.

we may take

A, = {n+a—ar1+n)}

a, for n=12 ..

11—«
and
Ao=1-> A
n=1
Then
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5. PARTIAL SUMS

Silverman [12] determined sharp lower bounds on the real part of the quotients
between the normalized starlike or convex functions and their sequences of partial
sums. As a natural extension, one is interested to search results analogous to
those of Silverman for meromorphic univalent functions. In this section, motivated
essentially by the work of silverman [12] and Cho and Owa [3] we will investigate
the ratio of a function of the form

1 o0
== L 5.1
Z+2;az (5.1)

to its sequence of partial sums

filz) = % and fr(z - + Zan (5.2)

when the coefficients are sufficiently small to satisfy the condition analogous to

i{n+afa)\(l+n)} ap <1—a.

n=1

For the sake of brevity we rewrite it as

Z dplan] <1 —a, (5.3)
n=1

where
dp:=n+a—aX(l+n) (5.4)
More precisely we will determine sharp lower bounds for ®{ f (2)/ fr(2)} and ®{ fx(2)/f(2)}.

1+w(z)
Pl >0 (ze

In this connection we make use of the well known results thatt {

A) if and only if w(z) = Z cn 2™ satisfies the inequality |w(z)| < |z|. Unless other-

wise stated, we will assume that fis of the form and its sequence of partial
sums is denoted by fx(2) = 1 + 3% _ a,2

Theorem 5.1. Let f(z) € Mp(a, ) be given by (5.1)satisfies condition,
f(2) } drri( N o) — 1+«
> zeU 5.5
{fk( ) di+1(A, @) ( ) (5:5)
where
1—a, if n=1,2,3,... .k
dn(X @) 2 {dkH(/\ a), if n—k+lkt2,.... OO
The result (5.5) is sharp with the function given by
1 l—a
2)=—-+ ———2". 5.7
fz) di+1 (A, @) &1)

Proof. Define the function w(z) by
l+w(z)  dppi(No) [ f(z)  depi(Ma)—14a

1 —w(z) l—a [fix)  dia(ha)
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k dpr1(0a) &
1+ Z anzn+1 +< k+1(A, ) Z an2n+1
n=1

11—«
S - ekt (5.8)
14+ > apent!
n=1
It suffices to show that |w(z)| < 1. Now, from (5.8)) we can write
(dk#»ll_(i;ya)) i anzn+1
w(z) = P n=kt1 pos .
2+2 3 apz"t + (‘dkﬁli(;\{au > anznt!
n=1 k=n+1
Hence we obtain
dpr1(Ma &,
("52) S el
=n-+
fu(z)] < ——— _
2-2 3 Jan| = (2522) 3 aul
n=1 n=k+1
Now |w(z)] < 1if
der1(N )\ k
k+1 9
2 <l—a> D lanl<2-2) fan]
n=k+1 n=1
or, equivalently,
r A1 (N @) S
k+1 3
2 lanl + =7 2 el S
n=1 n=k+1
From the condition (2.1)), it is sufficient to show that
k 0o 0o
di+1(\, @) dn (A, @)
PO D DRI D
n=1 n=k+1 n=1
which is equivalent to
= l-«a
[ dn(N ) — g1 (A, @)
I e e I
n=k+1
> 0 (5.9)

To see that the function given by (5.7) gives the sharp result, we observe that for
z = reim/k

f(2) 1-—« 11—«
= 14— & my o T
fi(2) di+1(A, @) di+1 (A, )
dk+1(A,O{) -1+«

dk-‘rl ()‘7 a)

when r — 17.
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which shows the bound (5.5)) is the best possible for each k& € N. O

The proof of the next theorem is much akin to that of the earlier theorem and
hence we state the theorem without proof.

Theorem 5.2. Let f(z) € Mp(a, \) be given by (5.1))satisfies condition,

Re{fk(z)} > Bido) (2 € U) (5.10)

f(2) des1(Aa) +1—a
where
dkr1(N o) > 1 -«
1—a, if n=1,23,...,k
>
dn(0) 2 { dr+1(\, @), if n=k+1,k+2,.... (5.11)
The result is sharp with the function given by
1 l—a
Z)=—4+ ———2 5.12
() =+ o oea (512)

6. RADIUS OF MEROMORPHIC STARLIKENESS AND MEROMORPHIC CONVEXITY

The radii of starlikeness and convexity for the class are given by the following
theorems for the class Mp(a, \).

Theorem 6.1. Let the function f be in the class Mp(a,\). Then f is meromor-
phically starlike of order p(0 < p < 1), in |z| < ri(a, A, p), where

1
. (1-p)(1-a) w
A, p) = inf 6.1
rias A, p) %gl[(n+2—p){n+a—a)\(1+n)} ’ (6.1)
Proof. Since,
1 (oo}
we get
1 o0
/ _ 1
Fle)=-—5+ Z:lnanzn
It is sufficient to show that
2f'(2) ‘
— -1 <1-p 6.2
-5 02

or equivalently

2f'(2)
f(2)

+1’ e

or

o0 2 o
3 (”*P> a2 <1,
I—-p

n=1

for 0 < p <1, and |z| < ri(a, A, p). By Theorem 2.1} (6.2) will be true if

n+2-—p 271 < 1-a
1—p “{n+a—-—ar1l+n)}
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or, if
1

n>1.

|Z| < |: (l_p)(l_a) :l e
“ln+2-p){n+a—aX1+n)} ’
This completes the proof of Theorem [6.1]

(6.3)
O

Theorem 6.2. Let the function f in the class Mp(c, N). Then f is meromorphically

convez of order p, (0 < p < 1), in |z| < ra(e, A, p), where

B (1-p(1-a) =
ra(@ A p) = inf [n(n+2—p){n+a—a)\(1+”)}} 7

Proof. Since,

oo
1 n
Z):,,E anz",
z
n=1

we get
f(z) = —Z% - inanzn_l
It is sufficient to show that "~
'—1 — ZJJ:;S) - 1‘ < 1 — p or equivalently
n—1
Zf”()—FQ‘ 2::1 <l-por
f'(2) -

oo
1 n—1
2 E na,z"

> 2 —
Z it m)anlzl”“ <1,
A p)

/_\ﬁ

for 0 < p <1, and |z| < ra(a,
(n+ 2 — ) | |n+1 (1 — a)
1—p “{n+a—-ar1+n)}

‘Z| < |: (1—/))(1—0() :|n+1
“nn+2-p){n+a—aXl+n)} ’
This completes the proof of Theorem

or, if

n > 1.

7. INTEGRAL OPERATORS

n>1, (6.4)

y Theorem [2.1} (6.5 will be true if

In this section, we consider integral transforms of functions in the class M, («, A).

Theorem 7.1. Let the function f(z) given by be in My(a, N). Then the integral

operator
1
F(z):c/ u® f(uz)du <u<1,0<c<o0)
0
is in My(5, \), where

(c+2){1+a—2ar} —c(1—a)

0= - {I-22+1+a){l-2\(c+2)
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The result is sharp for the function f(z) = % + Jfgmz

Proof. Let f(z) € My(a, ). Then

F(z) = c/olucf(uz)du

1 uc—l oo
c/ + anu’H'CZ" du
0 z n=1

oo

1 c "
N ;+Zc+n+1fnz '

n=1

It is sufficient to show that

oo

c{n+d—-0A1+n)}
Z (c+n+1)(1-9)

a, < 1. (7.1)

n=1

Since f € My,(a, \), we have

a, <1.

il {n+ a(— aX(l+4+n)}

1—a)
Note that (7.1)) is satisfied if

c{n+0—0A(1+n)} < {n+a—aX1+n)}
(c+n+1)(1-6) — (1-a) '

Rewriting the inequality, we have

c{n+0—0A1+n)}(1l—-—a)<(c+n+1)(1-0){n+a—ar(l+n)}.
Solving for §, we have

(c+n+){n+a—ar(l+n)} —cn(l—a) B
0 < cl—a){1-X14+n)}+{(n+a—aX1+n)}(c+n+1) = F(n).

A simple computation will show that F(n) is increasing and F(n) > F(1). Using
this, the results follows. O

For the choice of A = 0, we have the following result of Uralegaddi and Ganigi
[15].

Remark 7.2. Let the function f(z) defined by (1) be in X3 (cv). Then the integral
operator

F(z) =

1
c/ u’f(uz)du 0<u<1,0<c<o0)
0

is in 35(8), where § = 1;;_“;;_03. The result is sharp for the function

1 l—«a

Also we have the following:
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Theorem 7.3. Let f(z), given by (1)), be in My(a, ),
1 ct+n+ 1
F(z)= - 1 " . 2
(2) = Zlle+ 1)f(z) +2f(z 2; ;o e>0. (72

Then F'(z) is in My(a, A) for |z| < r(a, A, B) where

c(1-B){n+a—-ar(l+n)} Yook
1_a)(0+n+1){n+ﬁ_3)\(1+n)}) , n=123,....

r@Jﬂ)ng

The result is sharp for the function f,(z) = —|— m n=123,....

Proof. Let w = % Then it is sufficient to show that

1
’ v <1

w+1-—28

A computation shows that this is satisfied if

{n+B8-0A1+n)}(c+n+1)
Z (1= B)e anl

Since f € My(a, A), by Theorem we have

2Pt <1, (7.3)

i{n—l—a—a)\(l—l—n)}angl—a.

n=1

The equation (7.3)) is satisfied if

{n+ﬂfﬁ/\(1+n)}(c+n+l)a 2+ < {n+a—ar(1l+n)}a,
(1-PB)c " 11—« ’

Solving for |z|, we get the result. O

For the choice of A = 0, we have the following result of Uralegaddi and Ganigi
[15].

Remark 7.4. Let the function f(z) defined by be in X5 () and F(z) given by
. Then F(z) is in 3 (a) for |z| < r(a, B) where

. c(1-B)(n+a) Vi
Mmﬁ%J?(UM@+n+UW+ﬂJ ., n=1,23....

The result is sharp for the function f,(z) =1 4+ =2 n =123, ...

n+o¢
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