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ABSTRACT. Here, it is observe that ABV()(g,B), the class of functions of
bounded p— A— variation from a non-empty compact subset o of R into a com-
mutative unital Banach algebra B, is a commutative unital Banach algebra.
Moreover, (AL, ..., AN)*BV(T’)(H?’ 104, B), the class of N—variables functions

of bounded p— (A1, ..., AN)* —variation from Hf\[:lai into B, is a Banach space,
where o; are non-empty compact subsets of R, for all ¢ =1 to N.
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1. INTRODUCTION.

Berkson and Gillespie [3] proved that BVy([a,b] X [c,d],C), the class of functions
of bounded variation (in the sense of Hardy) over [a,b] X [c,d], is a Banach al-
gebra with respect to the pointwise operations and the variation norm (also see
[1], [6] and [7]). Here, first we prove that ABV () (o, B), the class of functions
of p — A— bounded variation from a non-empty compact subset o of R into a
commutative unital Banach algebra B, is a commutative unital Banach algebra
with respect to the pointwise operations and the A,-variation norm. Finally, we
show that (A, A2, ..., AN)"‘BV(”)(Hij\i1 0;,B), the class of N-variables functions of
bounded p — (A, A2, ..., AN)*—variation over vazl o; is a Banach space with re-
spect to the pointwise linear operations and (A, A2, ..., AN),-variation norm, where
01, 03,...,0N are non-empty compact subsets of R.

2. THE cLAss ABV(®) (o, B).

Let o be any non-empty compact subset of R and I = [a, b] be the smallest closed
interval containing 0. Let II(0) be a class of all partitions of o. That is II(o) =
{t + t={t;}, is an increasing finite sequence in c}.
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Definition 2.1. For a given non-empty compact subset o of R, a Banach algebra
B, a non-decreasing sequence of positive numbers A = {X\;}52, such that Y .2, /\%
diverges and p > 1. A function f : 0 — B is said to be of bounded p — A variation
over o (that is, f € ABV®) (5, B)) if

VAp(fa O—’]B%) = Ssup VAp(fv Uant) < 00,
tell(o)

where

Va,(f,0,B,t) = (zn: %)W, in which Af(t;) = f(t;) — f(tio1).

i=1 ¢
In the above definition, for o = [a, b] one gets the class ABV ) ([a, ], B); for p = 1
and A\, = 1, for all n, one gets the class BV(o,B) [1] and for A, = 1, for all n, one
gets the class BV () (g, B). For B = C, we omit writing C, the class ABV®) (0, B)
reduces to the class ABV(®)(q).

Definition 2.2. For a given function f : o — B, where o is a non-empty compact
subset of R. Define the function E; : I — B by Ey(z) = f(a(z)), where

o) = x, if x€o,
T osup {t : [z, t] CI\o}, otherwise.

Obviously, Fy is an extension of f and is constant on the gaps in o.

We prove the following theorems.

Theorem 2.1. If f,g € ABV(®)(5,B), where B is a commutative unital Banach
algebra and o is a non empty compact subset of R. Then the following hold:
(i) f and g are bounded.
(”) VAp(f +g9,0, E) < VAp(fv g, B) + VAp(ga J7B)‘
(iii) Vi, (af,0,B) = |a|Vy, (f,0,B), for any a € C.
(iv) Vp, (f,0',B) < Vi, (f,0,B), if a compact set o’ C 0.
(’U) VAp(f970’ IB) < ||f|‘OOVAp(g7U’B) + ||g||OOVAp(f7 U’B)’ where
sup

[[flloo = IIf(@)|[s < oo

reo
(vi) If 0 = 01 Uos, where o1 and oo are non empty compact subsets of R such that
o1 C [a,cl, 00 C [c,b] and o1 Nog = {c}, then
VAp(fa U,B) < VAp(fa 01, B) + VAp (fa JQvB)'

Corollary 2.2. Let o1 and o2 be non empty compact subsets of R such that o1 C 0.
If f € ABV®)(53,B) then floy € ABV®) (01, B) and || flo|la, (01.8) < [IflIA,(025):
where

Al Ay o.8) = [ flloo + Vi, (f, 0, B).

Theorem 2.3. Let o be a non empty compact subset of R and B be a commutative
unital Banach algebra. If f € ABV®)(0,B) then Vi, (f,0,B) = Vi, (Ef,1,B),
where I = [a,b] is the smallest closed interval containing o.

Corollary 2.4. For a given function f : 0 — B. f € ABV®)(0,B) if and only if
E; € ABVP)/(I,B).
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Corollary 2.5. The map F : ABV®)(0,B) — ABV ) (I,B), defined as F(f) =
E; for all f € ABV®) (0, B), is a linear isometry.

Theorem 2.6. (ABV?)(0,B),||.||s,(0.5) is a commutative unital Banach algebra
with respect to the pointwise operations, where B is a commutative unital Banach
algebra and o is a non empty compact subset of R.

Corollary 2.7. (ABV?)([a,b]), [-1A, ([a,p))) @8 @ commutative unital Banach algebra
with respect to the pointwise operations.

Proof of Theorem 2.1. For any = € o,

1f@)lle < 1If@llz + Q)Y Vi, (f.0,.B). 1)
Thus, Theorem 2.1(4) follows.

Proof of the remaining part of the Theorem is obvious.

Proof of Theorem 2.3. I = [a,b] is the smallest closed interval containing o
and Ef|lo = f implies V (f,0,B) < Vi, (Ef, I,B).

For any ¢ € II(I) define s = t No € I1(o). For the simplicity of the proof, suppose
that there is only one ¢, € t\ s and (tx—1,tx) N0 = (tk,tx+1) N o = ¢. Then,
E¢(tr) = f(a(tk)) and

NAE;(t)llg _ x~k—2 1AE;t)llg | 1AE;t-DIIE | IAE(t)llg NAE(t)llg
Zt A - Zi:l i + Ak—1 + Ak +Zi2k+1 Ai :

For s* = sU {a(tr)} we get

IAE ()5 A (si)llE
LSRR

Hence, the result follows from Vy (Ey, I,B) <V, (f,0,B).

Proof of Theorem 2.6. Let {fx} be any Cauchy sequence in the given normed
linear space. Therefore it converges uniformly to some function say f. For any
t € ll(o), we get

Va, (fe,0,B,t) <V, (fx — fi,0,B,t) + Vi, (fi,0,B,1)
< Vi, (fx — f1,0,B) + Vi, (f1,0,B).
This implies,
Va, (fe,0,B) < Vp, (fx — f1,0,B) + Vi, (f1,0,B)
and
\Va, (fx.0,B) = Vo, (fi,0,B)| < Vi, (fx — fi,0,B) = 0 as k,l — oc.

Hence, {Va,(fr,0,B)}72, is a Cauchy sequence in R and it is bounded by some
constant say M > 0. Therefore

VAP (f7 Jaﬁat) = klggo VAp (fk7 o',IB%,t)

< lim VAp(fk,U,IB) <M < .
k—o0
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Thus, f € ABV®) (0, B).

Since {fx} is a Cauchy sequence, for any € > 0 there exists ng € N such that

Va, (fx — fi,0,B,t) <e, forall k,1> ng.
Letting | — oo and taking supremum on the both sides of the above inequality we
get Vo, (fx — f,0,B) <, forall k> ny.

Thus, || fx — flla, (o) — 0 as k — oc.
Hence, (ABV ®) (5, B), [-la,(o,B)) is @ Banach space.

For any g,h € ABV®) (0, B),
llg-Ma, 08 = [lg-hllec + Va,(g-h;0,B)
< llgllos 1Al + llglloc VA, (h;0,B) +|hlloc Va,(g,0,B)
< (llglloe + Vi, (9,0, B))([|]|oc + V2, (h, 0, B))

= lglla, ) [17lla,(0B)-
This completes the proof.

3. GENERALIZATIONS TO SEVERAL VARIABLES.

For the sake of simplicity, first we prove these results for functions of two variables
and then we extend the results for functions of several variables.

Let o1 and o5 be two non empty compact subsets of R and let R = [ay, by] x[ag, ba] C
R? be the smallest closed rectangle containing o = o1 X 0.

Definition 3.1. Let L be the class of all non- decreasing sequences A = {\,} (n =
1,2,...) of positive numbers such that Z L diverges. For given a Banach algebra
B, p>1, A= (A A?) and 0 = 01 X 09; where AV ={\L}, A2 ={)\2} €L and
o1, 02 are non empty compact subsets of R. A function f : o0 — B is said to be of
bounded p — A—variation (that is, f € ABV®) (0, B)), if

Va,(f.0.B) = PV, (f,0,B, D) < oo,

where
n

A (54,
Vi, (f,0,B, D) ZZ I f/\f>\2 ||]B)1/P

in which -
Af(sisty) = f(sisty) = f(sistj—1) = f(siz1,t5) + f(si-1,tj-1), and

D = s xt is a rectangular grid on o obtained from any two partitions s = {s;}1, €
(o1) and t = {t;}72 € I(02).

If f € ABV®)(0,B) is such that the marginal functions f(a1, .) € A2BVP) (05, B)
and f(.,az) € A'BVP) (a1, B) then f is said to be of bounded p — A*—wvariation over
o (that is, f € A*BV®)(0,B)). If f € A*BV®)(5,B) then each of the marginal
functions f(.,t) € A'\BV®) (51, B) and f(s,.) € A2BV ) (09, B), where t € o5 and

s € o1 are fized.
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For B = C, we omit writing C, the class A*BV ®) (5, B) reduces to the class
A*BV®)(g). For o = R the class A* BV (?)(g, B) reduces to the class A* BV () (R, B).
For p = 1, we omit writing p, the classes ABV ®)(R) and A*BV ®)(R) reduce to
classes ABV(R) and A*BV (R) respectively.

Definition 3.2. For a given function f : 0 — B, where 0 = 01 X 03. Define the
function Ef : R =B by E¢(x1,22) = f(a(z1), a(x)) where
( ) _ L, Zf T; € 04,

W= sup {t @ [zit] Clai,bi)\ 0:}, otherwise,
fori=1,2.
Theorem 3.1. If f,g € A*BV ") (0, B), where B is a commutative unital Banach
algebra and 0 = 01 X 02, in which o1 and o2 are non empty compact subsets of R.
Then the following hold:
(i) f and g are bounded.
(ii) Va,(f+g,0,B) <V, (f,0,B) + Vi, (g,0,B).
(iii) Vi, (af,0,B) = |a|V4, (f,0,B), for any a € C.
(iv) Va,(f,0',B) < Vi, (f,0,B), if o' = 0y X 0y C 0, in which o, and o, are non
empty compact subsets of R.

Corollary 3.2. Let 01,02, 71 and 72 be non empty compact subsets of R such that
c=01X0yCT =11 xXTo. If f € A*BV®P)(7,B) then flo € A*BV®)(5,B) and
[ flolla,om) < [Iflla,(rB), where

1£lla,(08)
- ||fHOO + VAp(fa U,]B) + ‘/(Al)p (f('7a2)7 UlaB) + ‘/(Ag)p (f(ala ')7 0—27B)'

Theorem 3.3. Let o1 and o3 be non empty compact subsets of R such that o =
o1 X 0y and B be a commutative unital Banach algebra. If f € A*BV(p)(U,]B%) then
Va,(f,0,B) = Vi, (Ef,R,B), where R is the smallest closed rectangle containing
.

Corollary 3.4. For a given function f : 0 — B. f € A*BV®)(0,B) if and only if
E; € A*BV®P)(R,B).

Corollary 3.5. The map F : A*BV®)(0,B) — A*BV®)(R,B), defined as F(f) =
E; forall f € A*BV®) (g, B), is a linear isometry.

Theorem 3.6. (A*BV ) (0, B), I-lA,(0,B)) 45 a Banach space with respect to the
pointwise operations, where B is a commutative unital Banach algebra and o =
o1 X 09 in which o1 and oo are non empty compact subsets of R.

Corollary 3.7. (A*BV®)([ay,b1] x [az, b)), I-1A, ([a1,b1] x[az,b2])) %5 @ Banach space
with respect to the pointwise operations.

Proof of Theorem 3.1. For any (z,y) € o,
1 (@, )|l

< || f(ar, a2)ll+[|f (2, y)—f (2, a2)— f (a1, y)+ f (a1, a2)|[s+|f (2, a2) [+ f (a1, y) B
< 3||f(a’1’ a2)||lﬂ3 + (A% A%)l/p VAp(f’ UaB) + ()‘%)1/[) ‘/Y(Al)p(f('a a’2)?o-1aB)
+(>\%)1/p ‘/(A2)p (f(ala ~)a 027B)'
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Thus, Theorem 3.1(%) follows.
Proof of remaining part of the Theorem is obvious.

Proof of Theorem 3.3. R is the smallest closed rectangle containing o = o1 X 09
and Ef|lo = f implies V) (f,0,B) < Vi, (Ef, R, B).

Let R = s x t be any rectangle grid of [a1,b1] X [ag,bs], where s = {s;}2, €
O([a1,b1]) and t = {t;}7_; € II([az,bz]). Consider u = s N oy € Il(o;) and
v =tNog € II(03). Then D = u x v is a rectangle grid of 0 = 01 X 02. For the sim-
plicity of the proof, suppose there is only one (s, t;) € R such that (sg,t;) € R\ D,
where (sk—1,8x) N o1 = (8k, Sk+1) No1 = ¢ and (t;—1,6) Nog = (E,t1+1) N oy = ¢.
Then

HAEf(Sw - 2 IIAEf Sut Mg | NAEs(sk—1ti-1)IIE
Yt = S IR

T 2
)\k lAl—l

Hllﬁb(Sk—l,h)HB +_HZXEU(Sk,h—4)H§ L 8B (e, 1)l
A1 AT MAT ARAT

AE 29
4 Z Z I J;\ls)\Q )||IB_

i>k+1j>14+1

Since Ef(sk,t1) = f(a(sg,t1)), for (u x v)* = (u x v) U{a(sk, )}, we get

[AE(si:t5)|I5 A f (ui v)) |5
S ISELIE o 5 I8/l
i

sxt (uxv)*

Hence, the result follows from Vi, (Ef, R,B) < Vi (f,0,B).

Proof of Theorem 3.6. Let {f}72, be a Cauchy sequence in A*BV®)(s,B).
Therefore it converges uniformly to some function say f on o. From Theorem 2.6,
we get

kILIEOWAz)p((fk(ala')_f(ala'))>UQaB) =0 (2)
and
hrn VA1 ((fk( ) f(.,CQ)),O’l,B) =0. (3)

Now, for any rectangular grid D of o
VAp(fk,O',B,D) < VAp(fk - fl707B7D) + VAp(f[,O',B7D)
S VAp(fk - fl707B> + VA;,(th-,B)-
This implies,
VAp(fkao-yB) < VAp(fk - fl707B) + VAp(fl707]B)

and
‘VAp(fkvo'aﬁ) _VAp(flvo'aﬁﬂ

< VA, (fx — fi,0,B) = 0 as k,| — oo.

Hence, {Va,(fr,0,B)}72, is a Cauchy sequence in R and it is bounded by some
constant say M > 0. Therefore
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A 7
Vi, (f,0,B,D) = (X0, 30, “f“iz”'wp

e A (si ) E .
= klgnolo(z %)1/13 < klgrolo Va, (fi,0,B) < M < oo.
i=1 j=1 i

This together with (2) and (3) implies f € A*BV ) (o, B). Moreover,

m n A Si,t;
VAp(fk - f7 J7BuD) = (Ei:l Zj:l M)l/p

IA(fr — fi)(s6,t5)1R
= lim ZZ )\1>\2 . B)l/p

l~>oo
=1 j=1

lim Vp, (fx — fi,0,B) = 0 as k — oo.

l—o0

Thus the result follows form (2) and (3).

IA

Finally, we extends these results for functions of several variables as follow.

Let f(x) = f(z1,...,2n) be a function from RY into a Banach algebra B. Given
x = (z1,..,zy) € RV and h = (hy,...,hy) € RY, define (see [5])

Af(x;h) =Thf(x) = f(x) = Af(z1, .y xn; by ooy )
1 1
- Z Z 1)t oy + b, e on + vh).-

Let o1, 09,...,0x be non-empty compact subsets of R and R = Hi]il[ai, b;] C RN
be the smallest closed parallelepiped containing o = Hf\il ;.

Definition 3.3. Let L, p and B be as in the definition 3.1. For given A =
(AL, A% AN); where A'={\i} €L, Vi=1to N; and o = Hfil 0;. A function
f:0— B is said to be of bounded p — A—variation (that is, f € ABV®) (o, B)) if

(f,0,B)
Sup |Af(z 2R TR s AR
SO S e B <,
ri=1 ry=1 7"1"' TN
where the supremum is extended over all partitions P = Py X Py X ... X Py of the

o, Pj:{ajzxj0<m}<...<xs7—b}cmdsj>1 73—12 S5 h;’:

T ri—1 .
r —x = 1,2,...,N.

Moreover, a function f € ABVP)(0,B) is said to be of bounded p — A*—variation
(that is, f € A*BV®)(a,B)), if for each of its marginal functions

f(l’l, s L1y Gy Lty eney :vN) S (Al, ...,Aiil,Ai+1, ceey AN)*BV(:D)(O'(G@)JB),
Vi =1,2,...,N, where o(a;) = {(z1,.-.; Ti—1, Tit1, -, TN) € HJJV? o}
KE
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Definition 3.4. For a given function f : 0 — B, where 0 = Hf\il o;. Define the
function Ey : R - B by Ef(x) = f(a(z1), a(z2),....,a(zn)), = (21,22,..2N),

where
O[(l’) _ X, Zf T € Oi,
| sup {t : [x,t] Clai, bl \ oy}, otherwise,

foralli=1,2,...N.

Theorem 3.8. If f,g € A*BV ") (0, B), where B is a commutative unital Banach
algebra and o = ]_LN:l o; in which o; are non empty compact subsets of R, for all
i=1to N . Then the following hold:

(i) f and g are bounded.

(“) VAp(f +9,0, B) < VAp(f7 g, B) + VAp(g7 g, B)

(iii) Va, (af,0,B) = ||V, (f,0,B), for any a € C.

(iv) Va,(f,0',B) < Vi, (f,0,B), if o’ = Hf\[:l 0'; C o, in which 0;- are non empty
compact subsets of R, for alli =1 to N.

Corollary 3.9. Let o; and 7; be non empty compact subsets of R, for all i = 1
to N, such that o = Hf\;l 0, C T = vazl 7. If f € A*BV®)(1,B) then flo €
A*BV®) (o, B) and || f|ol|s,(0.8) < [|flla, (B, where

I £1la, (o) = [ flloo + Va, (f,0,B)

N N
+ Z Viar,..ai-taivnany, (F (e iy ), H oj,B).

= i
Theorem 3.10. Let o; be non empty compact subsets of R, for all it =1 to N,
such that o = sz\il o; and B be a commutative unital Banach algebra. If f €
A*BV®)(0,B) then Vy,(f,0,B) = Vi, (Ef,R,B), where R is the smallest closed
parallelepiped containing o = Hf\il oj.
Corollary 3.11. For a given function f : 0 — B. f € A*BV®) (5, B) if and only
if By € A*BV(®)(R,B).
Corollary 3.12. The map F : A*BV®) (0, B) — A*BV®)(R,B), defined as F(f) =
E; for all f € A*BV®) (5, B), is a linear isometry.

Theorem 3.13. (A*BV®)(g,B), Il-lla, (0,B)) is @ Banach space with respect to the
pointwise operations, where B is a commutative unital Banach algebra and o =
Hivzl o; in which o; are non empty compact subsets of R for, alli =1 to N.

i=1
respect to the pointwise operations.

Corollary 3.14. (A*BVE (T ar, b)), |, (g . (o)) i @ Banach space with

Proof of all these extended theorems are similarly follows by induction arguments
on N.
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