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OSCILLATION RESULTS FOR THIRD ORDER HALF-LINEAR
NEUTRAL DIFFERENCE EQUATIONS

(COMMUNICATED BY I.P. STAVROULAKIS)

E.THANDAPANI AND S.SELVARANGAM

ABSTRACT. In this paper some new sufficient conditions for the oscillation of
solutions of the third order half-linear difference equations

A (an(A%(@n + bnh(,-5)))*) + @nf(@ny1-r) =0
and
A (an(Az(wn - bnh(wn76)))a) +aqnf(xny1—7) =0
are established. Some examples are presented to illustrate the main results.

1. INTRODUCTION

In this paper we consider the following neutral type difference equations of the
form

A (an(A*(@n + bnh(20-5)))) + @ f (Tni1-7) =0 (1.1)
and
A (an(A%(zn — buh(Tn—5)))") + ¢uf(Tnt1-7) =0 (1.2)
where n € N(ng) = {no,no + 1...}, ng is a nonnegative integer, subject to
i) f and h are real-valued continuous functions with uh(u) > 0, and uf(u) > 0
for all u # 0;
y . h(u)
ii) there exist My > 0 and My > 0 such that —=
u

where « is ratio of odd positive integers.
ili) {a,} is a positive nonincreasing real sequence with

S Ml and M Z M27
ue

n—1
1
A(n):Z—l—M)oasn%oo; (1.3)
S=ng a/;t

iv) {b,} is a real sequence with 0 < b, < M1b < 1 for all n € N(ng) and {¢,}
is a positive real sequence.
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Let 0 = max{d,7}. By a solution of equation (LI)((LZ)), we mean a real se-
quence {z,} defined for all n > ng — 6 and satisfies (LI)) ([C2))) for all n > ny.
A nontrivial solution {x,} is said to be a nonoscillatory if it is either eventually
positive or eventually negative and it is oscillatory otherwise.

The oscillation theory of difference equations and their applications have been
receiving intensive attention in the last few decades, see for example [II, 2, [4], and
the references cited therein. Especially the study of oscillatory behavior of second
order equations of various types occupied a great deal of interest. However the study
of third order difference equations have received considerably less attention even
though such equations have wide applications. In [3, [8 @, 10, [12] 13] the authors
investigated the oscillatory properties of solutions of third order delay difference
equations and in [4], [T1] [14] 15| [16], the authors studied similar properties for neutral
delay difference equations. Motivated by the above observations in this paper we
investigate oscillatory behavior of solutions of equation (LII) and (L2).

The equations (II)) and ([T2)) can be considered as the discrete analogue of the
equations

(a(t) ((x(t) +b(t)z(t — 6))’)“)/ +q(t)z*(t—7)=0
and
(at) ((a(t) — b0yt —9)))) + a(t)a (¢~ 7) = 0

when h(u) = w and f(u) = u® respectively, whose oscillatory properties are dis-
cussed in [Bl 6} [7].

In Section 2, we present sufficient conditions which ensure that all solutions of
equation (L)) are either oscillatory or converges to zero, and we present similar
results for equation (LZ) in Section 3. Examples are provided to illustrate the
main results.

2. OscILLATION OF EqQuaTtion (L))

First, we state and prove some useful lemmas. For each solution {z,,} of equation
(L1, we define the corresponding {z,} by

Zn = Tn + bph(Tn_s). (2.1)
Lemma 2.1. Let {z,} be a positive solution of equation (LL1)). Then there are only
the following two cases for {z,} defined in (21);

i) 2, >0, Az, >0, A%z, >0, A(a,A%z,) < 0;
i) 2, >0, Az, <0, A%z, >0, A(a,A%z,) <0

for n > ny € N(ng), where ny is sufficiently large.

Lemma 2.2. Let {x,} be a positive solution of equation [LI)), and the correspond-
ing {zn} satisfies case(ii) of LemmalZ21. If

D3 [a% > qt] . 22

n=ng s=n

then lim z, = lim z, = 0.
n—oo n—o0

Proof. The proofs for the Lemmas 2.1l and can be proved as in [15]. [ |
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Lemma 2.3. Assume that u, > 0, Au, > 0, A(a,(Auy,)®) < 0 for all n > ng.

Then, for each | € (0,1), there exists an integer N > ng such that ﬁ >
n—rT

Un
lA(n) forn>N

1
Proof. Since a,(Auy,)® is nonincreasing so is ag Au,. Then by the definition of
A(n), we have

n—1 N
Up — Up—r = Z Aus < a’_ Aup_r(An) — A(n — 7)). (2.3)
Also )
Uper = Up—r — Uny = a5 Atp_r(Aln — 1) — A(ng)).
Since lim Aln —7) = Alno) = 1, for each | € (0,1) there exists an integer

n—oo Aln—1)
N > ng such that A(n — 1) — A(ng) > lA(n —7) for n > N.
From the above inequality
AU;:T > la,%_TA(n —7), n>N. (2.4)
Combining [23) and ([24)), we obtain

Up, <14 A(n) — A(n — 1) < A(n) ,
Up—r [A(n—T) [A(n — 1)
and the proof is complete. |

Lemma 2.4. Assume that z, > 0, Az, >0, A%z, >0, and
A (an(Azzn)o‘) <0 for alln > N. Then

1
Zntl o G A(n)

A, 2 for all n> N.

1
Proof. Since a, (A%z,)% is positive and nonincreasing so is a5 A%z,. From Az, >
0,a, > 0, we have
n—-1 2
as A%z i
Az, > ANz, — Azy = E * > ah A(n)A2zn.
s=N as

Since AA(n) = a?, we have

(AA(n))(Az,) > A(n)A?%z, for n > N. (2.5)
Summing the inequality 235) from N to n — 1, we have

n—1 n—1

D (AA(s))(Az) = A(n)Azy — > Az 1AA(s)

s=N s=N
i(Ast)(AA(s)) > @Azm n > N. (2.6)
s=N

Since {a,} is nonincreasing, we have A(n) > 0, AA(n) > 0, A2A(n) > 0, and
therefore,
A2 1AAN)) = (Azpi1)(AA(N)) + 2,1 2A%A(n). (2.7)
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From (Z.6) and ([Z7), we obtain
a,% A(n)

Znt1 > Az,, n> N.

This completes the proof. |

Lemma 2.5. Assume that Az, > 0, A%z, > 0, and A(a,(A%2,)%) < 0 for all
L A2y

n > N. Then a;%A(n) AZ <1 for alln > N.

z

n

Proof. The result follows from the inequality

n—1
Az, > Az, — Azy > Z T ag A2Zn) A(n).
s=N as'

1
ad A2z, > ( 1

=1
(23

Lemma 2.6. If lim —— =0, then
n—co A(n)

1 - =\ e 1

ag™
lim ——— 1+ — — =1
n300 An+1) Z ( * A(s)) 0

s=N s+1

Proof. By discrete L’Hospital rule [I], we have

) " —1 \ alatl) )
as”
lim ——— 14— —_—
n—o00 A(n + 1) S:ZJV < A(S)) ai_l
1
a (e
= i 1+ —H | =1
B N T

Next, we present oscillation results for the equation (II). For simplicity, we
introduce the following notations;

oo

P = lim inf A%(n+1) Z pi(s),
n—oo smmt1
o . 1 . a+1
Q = nh_)H;O sup m S;O A (s)pu(s) (2.8)

1 [0}
a

where p;(n) = 1%(1 — M1b)* Msq, A**(n — 1) n—r with [ € (0, 1). Moreover,

2A(n)
for {z,} satisfying the case (i) of Lemma [Z] we define
A2z, \
wn:an(A;> . n >N, (2.9)
r= lim inf A%(n + 1)wp41, and R = lim sup A%(n + 1)wp41. (2.10)
n— 00 n—00
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Lemma 2.7. Assume that {ay} is nonincreasing. Let {z,} be a positive solution
of equation (L.
(I) Let P < oo and suppose that the corresponding {z,} satisfies case

(i) of LemmalZ1l Then

P<r—rita, (2.11)
—1
(1) If Q < 00 and lim_ Z’(’—n) -

Lemma 2], then

0 and {z,} satisfies case (i) of

P+Q<1. (2.12)
—1
an

(IIT) If P = o0 or Q = 0o and lim

oo A(n)

have the case (i) of Lemma 21l

=0, then {z,} does not

Proof. Part (I). Assume that {x,,} is a positive solution of equation (III), and the
corresponding {z,} satisfies case (i) of Lemma 211 First, note that

Ty = 2n — bph(Xn_g5) > 2, — bM125—s > (1 — bM7) 2.
Using the last inequality in equation ([LII), we obtain
A (an(A%2,)%) < —(1 = M1b)*Magnzi,y_, < 0. (2.13)

From the definition of w, and (ZI3), we see that w, > 0 and satisfies

Awy, < —Magy (1 — Myb)® (“Xé‘) _ 2 (2.14)
" ap 41

From Lemma 23] with u,, = Az, we have for [, the same as in p;(n)
1 S lA(n —-7) 1 ,
Az, = Aln) Az,_,
which with 2Id)gives

A - “ n+l—7 « 1
Awng—zaqun< (Z(n)ﬂ) <221 ) (1— Mib)* — ——wp 7.

n>N

Qpy1
i A
Using the fact from Lemma 24 that 2,11 > ai A(n) Az,, we have
o 1+L
Awp, +pi(n) + —w, . § <0, forn>N. (2.15)
Apta
Since p;(n) > 0 and w,, > 0 for n > N, we have from (ZI5]) that Aw, <0 and
Awyp
— Qllil > —— forn>N.

AW, 7 Gpyg
Summing the last inequality from IV to n — 1, and using the decreasing property
of w,,, we obtain
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or
«
a+1
wWN
W < | ————
n—1 1
ay —
— a
s Nas+1

which inview of (3) implies that lim w, = 0. On the other hand from the defi-
n—oo

nition of w,, and Lemma [2.5] we see that
0<r<R<I. (2.16)

Let € > 0. Then from the definition of P and 7, we can choose an integer ny > N
sufficiently large that

A%n+1) Y pi(s) 2 P —eand A%(n+ Dwnyy > 7 — ¢
s=n+1

for all n > ng. Summing (2.I3) from n + 1 to co and using lim w,, = 0, we have
n— o0

AR

a+

o0 ©
Wpt1 > Z pi(s) + « Z Sjl . n > no. (2.17)
s=n+1 s=n+1 asa+1

Multiplying the last inequality by A%(n 4 1), we have

o0

A%+ Dwngpr > A%n+1) Y pils)
s=n+1

0o atl
w [e3
+aA%(n+1) Z 4

s=n+1 Qgyq

Y]

(P—¢

+(r — e)QTﬂAO‘(n +1) Z 704?48?28_:_1;))

s=n+1
(2.18)

> alAA 1
From (ZI8) and 7E+1 % >« / j_j’ we have,
B A(n+1)

A%+ Dwns1 > (P =€)+ (r—e) .
Taking liminf on both sides, we obtain that
r>(P—e+(r—e.
Since € > 0 is arbitrary, we obtain the desired result

P<r—rqlta, (2.19)
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Part(II). Multiplying (ZI5) by A%*!(n) and summing from N to n, and then
using summation by parts formula, we obtain

n

A (4 Dwpr < AT (N + Dy — 30 A (s)pu(s)

s=N
+ 2 wsr1AAT(s)
s=N
a+1
n ATH(s)w, i
-3 a—— st
s=N agyy
< AN + Dwy — 3 A%F1(s)
s=N
+ > (a+1)A%(s + 1)AA(s)wst1
s=N
- > aAO‘“(s)AA(s)w:ﬁ.
s=N

o «a Ba-‘rl
Using the inequality Bu — Au®a < @ +a1)a+1 e

A =aA*TH(s)AA(s), B=(a+1)A%s+1)AA(s),

with v = wp41,

we obtain
A Dwgs € AN + Dy — 32 AT ()p(s)
s=N
n A 1 a(a+1) 1
L5 ()
s=N A(S)

AN + Dwy

It follows that

Ao‘(n + 1)wn+1 <

Aln+1)
1 - a+1
—m S:ZNA (s)pi(s)
) " —1 \ alat+l) )
ag”™
S 1 —_
+A(n+1)S_ZN< +A(s)> o

(2.20)
Taking lim sup on both sides and using Lemma 2.6] we obtain
R<-Q+1.
Combining this with the inequalities in ([2I9) and ([2I6]) we obtain
P<r—r"" <r<R<-Q+1

which proves the inequality (2.12]).

Part(III). Assume that {z,} is a positive solution of equation (LIJ). We shall

show that {z,} does not have case (i) of Lemma 2Tl Assume the contrary. First,

we assume P = co. Then exactly as in the proof of Part (I), we obtain (2I7). Then
A%m 4+ Dwpt1 > A%n+1) Z pi(s).

s=n+1
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Taking liminf on both sides, we obtain in view of ([2I6]) that

1>7r>o0c.

=1
a

a
This is a contradiction. Next, we assume that @ = co and lim —— = 0. Then
n—yco A(n)

taking lim inf and lim sup on the left and right hand side of [220) respectively, we
obtain
0<R< —00.

This contradiction completes the proof.
Now we are ready to present the following oscillation criteria for the equation

(CI). [

Theorem 2.8. Assume that condition (Z2) holds and {ay} is non-increasing. If

aot
R 921
(o + 1)atd ( )
then every solution {x,} of equation (1) is either oscillatory or tends to zero as
n— oo.

Proof. Let {z,} be a nonoscillatory solution of equation (LI). Without loss of
generality, we may assume that {z,} is a positive solution (since the proof for the
opposite case is similar) of equation (ILI)). If P = oo, then by Lemma 271 {z,}
does not have case (i) of Lemmal[ZTIl That is, {z,} has to satisfy case (ii) of Lemma
2.1l and from Lemma [2.2] we see that nlgrolo z, = 0.

Next, we assume that P < co. We shall discuss two possibilities. If for {z,},
case (ii) of Lemma [ZT] holds, then exactly as above we are led by Lemma to

lim x, = 0.
n— o0

Now, we assume that for {z,}, case (i) of Lemma [Z] holds. Let w, and r be
defined by (Z3) and (ZI0), respectively. Then from Lemma 277 we see that r
satisfies the inequality

a+1
P<r—ra.
<

a a+1

(a+ 1ot Ao

Using the inequality Bu — Aua with A=B=1and u=r,

we obtain that
«

(6%
P ———
= lat 1)t

which contradicts ([2.21I)). This completes the proof. |

Theorem 2.9. Assume that condition (24) holds and {a,} is nonincreasing with
=1
an”
lim —— =0. [
0 Ay

P+Q>1, (2.22)

then every solution {x,} of equation (1)) is either oscillatory or tends to zero as
n — OQ.

Proof. Let {x,} be a nonoscillatory solution of equation (LI)). Without loss of
generality, we may assume that {z,} is a positive solution of equation (LII). If
P =00 or @ = o0, then by Lemma 27 {z,} does not have case (i) of Lemma 211
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That is {z,} has to satisfy case (ii) of Lemma 21l From Lemma [Z2] we see that
lim x, = 0.
n—oo

Next, we assume that P < co and @ < co. We shall discuss two possibilities. If,
for {z,}, case (ii) of Lemma 2Tl holds, then exactly as above we led by Lemma 2.2

to lim x, = 0. Now, we assume that for {z,}, case (i) of Lemma 2] holds. Let
n—oo

wy, and r be defined by (2.9) and @2I0) respectively. Then from Lemma 2.7, we
see that P and @ satisfy the inequality P + @ < 1 which contradicts [222]). This
completes the proof.

As a consequence of Theorem we have the following result. ]

Corollary 2.10. Assume that condition (Z4) holds and {ay,} is non-increasing
-1

o

Al
wzthnh_)ngo A(n)_o' If

n

Q= CEli)ngo sup m Z AT (s)pi(s) > 1, (2.23)

S=ngo
then every solution {x,} of equation (1) is either oscillatory or tends to zero as
n — oo.
We conclude this section with the following example.

Example 2.1. Consider the third order nonlinear difference equation

1 1 A
A (ﬁ(A%xn + gﬂﬁn—l(l - :107211)))3) + Emifﬂl +22 )=0,n>1 (2.24)
Here a,, = %, b = 1, h(u) = u(l —u?), ¢ = 2%, f(u) = v*(1 +u?) and o = 3.
Then we find My = 1 and Ms = 1 and it is easy to see that conditions (Z2) and
@21) are hold for A > 0.. Hence by Theorem [2.8, we see that every solution of
equation ([224)) is either oscillatory or converges to zero as n — oo.

3. OSCILLATION OF EQUATION(L2)

In this section, we present oscillatory criteria for equation (L2). We define
Zn = Xp — bph(Tn_s). (3.1)
Lemma 3.1. Let {z,} be a positive solution of equation ([[L2)). Then the corre-
sponding function {z,} defined in BI)) satisfies the following cases.
(iii) 2z, >0, Az, >0, A%z, > 0, A(a,A%2,) < 0;
(iv) zn >0, Az, <0, A%z, >0, A(a,A%z,) < 0;
(v) zn <0, Az, <0 A%z, >0, Ala,A%2z,) <0;
(vi) 2z, <0, Az, <0 A%z, <0, A(a,A%2,) <0
for n > ny, where ny is sufficiently large.

Lemma 3.2. Let {z,} be a positive solution of equation (L2)), and the corre-
sponding zp satisfies the case of Lemmal3dl (iv). If 24) holds, then lim z, =
n—oo

lim z, =0.
n—oo

The proofs of Lemmal3 1] and Lemmal3.2 can be proved as in [15]. For simplicity,
we introduce the following notations;
1 o
"o

py(n) = 1*Magq, A**(n — 7) <2aA(r:)> with 1 € (0,1).
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P = nhﬁnolo inf A%(n +1) _ZH@(S)
_ _ 1 “ _
and Q = nlir& sup m S:Zno A%(s, N)p(s) (32)

where wy, 7 and R are as defined in Section 2.

Lemma 3.3. Assume that {a,} is nonincreasing. Let {x,} be a positive solution
of equation (L2).
(I) Let P < oo and suppose that the corresponding {z,} satisfied case

(111) of Lemmal3 . Then

1

P<r—rita, (3.3)
-1
— g .
(II) If Q < oo and nll)rrgo A0 0 and {z,} satisfies case (i) of

Lemma [3 ], then o
P+Q<1. (3.4)
-1

(IT) If P = o0 or Q = co and lim

an”
n—oo A(n)
satisfy case (4ii) of Lemma[31l

=0 and {z,} does not

Proof. Let {x,} be a positive solution of equation (L2 and {z,} satisfies case (iii)
of Lemma Bl Since 0 < z, < 2, equation (I.2) can be written in the form

A(an(A%2,)%) + Magn22y i, < 0.
The rest of the proof for the parts (I), (I) and (III) are similar to that of Lemma
27 and hence the details are omitted. |
Theorem 3.4. Assume that {a,} is nonincreasing and condition [2A) holds. If
— «
> T
then every solution {x,} of equation ([[L2) is either oscillatory or tends to zero as
n — 0.

(a3

(3.5)

Proof. Let {x,} be a positive solution of equation (LZ). Then
Aan(A%2,)) + Magnay . <0.
We claim that {z,} is bounded. If not, then there exists a sequence {n;} such that
lim n; = oo and lim x,; = co and,
j—oo j—oo

Tp, = max(rs; ng < s < nyj.
Since n — d — 0o as n — 00, we can choose n; — 6 > ng. As n — 9 < n, we have
Tp,—5 < max[z, :ng < s < ny —d).
Therefore, for all large j
Zn; = Tp; — b h(2n; —5) > (1 = Myib)x,,.

Thus z,; — o0 as j — 00, so {z,} is positive and unbounded. It follows from
Lemma B.] that case (iii) has to hold. Part(I) of Lemma B3] provides

— 1
Pgr—rl""a.
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a® Ba+1

Using the inequality Bu — Aults < ,with A=B=1and u=r,
(a+1)otl A
o (0% «
we obtain
— a®
P ——
~ (a4 1)att

which contradicts (3. So, we conclude that both {z,} and {z,} are bounded.
Lemma Bl now implies that for z, either case (iv) or case (v) holds.
If case (iv) holds, then Lemma B2 ensures that lim z, = 0. On the other hand

n—oo

if the case (v) holds, then there exists a finite limit lim 2, = —d < 0. We know

n—oo
that 0 < z,, is bounded, so

lim supx, =c¢, 0 <c < oo.
n—oo

We claim that ¢ = 0. If not, then there exists a sequence {n;} such that lim n; = oo
j—o0

1— Mib
and jli)ngo Ty, = c. It is easy to see that for e = C(T]Wll)

c + €. Moreover,

> 0, we have x5 <

0> 6= lim 2, > lim (zn, — Mib(c+€)) = <(1— M) >0
j—o0 7 j—o0 7 2
which is a contradiction. Thus ¢ =0 and lim x, = 0. This completes the proof.
n—oo
The proof of the next result is similar to that of Theorem 2.9l so it is omitted. W

Theorem 3.5. Assume that condition 2.4) holds and {a,} is nonincreasing with
-1

. an’
lim —— =0. ]
o A(n) /

P+Q>1,
then every solution {x,} of equation ([L2) is either oscillatory or tends to zero as
n — oo.

Corollary 3.6. Assume that condition [2.4) holds and {a,} is nonincreasing with
-1

a

li an
0P A ()

—0. I

n

_ 1 s
Q@ = lim sup At D) S;O AT (s)pi(s) > 1,

then every solution {x,} of equation ([[2) is either oscillatory or tends to zero as
n — 0.
We conclude this section with the following example.

Example 3.1. Consider the third order difference equation

1 9 1 Tn—1 ° A 3 2
A(ﬁ <A <"”‘§<T>>) >+Wn1<1+%1>—ov nz1 (36)

Corollary implies that every solution of equation [B.0)) is either oscillatory or
converges to zero as n — 0o, provided that A\ > 0.
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4. CONCLUSION

In this paper we establish sufficient conditions which ensure that all solutions of
equations (LLI) and (2] are either oscillatory or tend to zero as n — oo, under
the condition {a,} is nonincreasing. Therefore our results complement to those
obtained in [I5] for the case {a,} is nondecreasing, f(u) = u® and h(u) = u. It

would be interesting to obtain similar results to equations (II) and (2] when
x 1
Z — < o0

n=ng ag
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