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Abstract. The present paper deals with unification of the multiple twisted Euler and Genoc-
chi numbers and polynomials associated with p-adic g-integral on Z, at ¢ = —1. Some
earlier results of Ozden’s papers in terms of unification of the multiple twisted Euler and
Genocchi numbers and polynomials associated with p-adic g-integral on Z, at g = —1 can
be deduced. We apply the method of generating function and p-adic g-integral representa-
tion on Z,, which are exploited to derive further classes of Euler polynomials and Genocchi
polynomials. To be more precise we summarize our results as follows, we obtain some
relations between Ozden’s generating function and fermionic p-adic g-integral on Z, at
g = —1. Furthermore we derive Witt’s type formula for the unification of twisted Euler
and Genocchi polynomials. Also we derive distribution formula (Multiplication Theorem)
for multiple twisted Euler and Genocchi numbers and polynomials associated with p-adic
g-integral on Z, at ¢ = —1 which yields a deeper insight into the effectiveness of this type
of generalizations. Furthermore we define unification of multiple twisted zeta function and
we obtain an interpolation formula between unification of multiple twisted zeta function and
unification of the multiple twisted Euler and Genocchi numbers at negative integers. Our
new generating function possess a number of interesting properties which we state in this

paper.
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1. Introduction, definitions and notations

Bernoulli numbers were introduced by Jacques Bernoulli (1654—1705), in the second part
of his treatise published in 1713, "Ars conjectandi’, at the time, Bernoulli numbers were
used for writing the infinite series expansions of hyperbolic and trigonometric functions.
Van den berg was the first to discuss finding recurrence formulae for the Bernoulli num-
bers with arbitrary sized gaps (1881). Ramanujan showed how gaps of size 7 could be
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found, and explicitly wrote out the recursion for gaps, of size 6. Lehmer in 1934 extended
these methods to Euler numbers, Genocchi numbers and Lucas numbers (1934) and calcu-
lated the 196-th Bernoulli numbers. The study of generalized Bernoulli, Euler and Genoc-
chi numbers and polynomials and their combinatorial relations has received much atten-
tion [1,2,4,5,7,8,25-29,40]. Generalized Bernoulli polynomials, generalized Euler poly-
nomials and generalized Genocchi numbers and polynomials are the signs of very strong
bond between elementary number theory, complex analytic number theory, Homotopy the-
ory (stable Homotopy groups of spheres), differential topology (differential structures on
spheres), theory of modular forms (Eisenstein series), p-adic analytic numbers theory (p-
adic L-functions), quantum physics(quantum Groups). p-adic numbers were invented by
Kurt Hensel around the end of the nineteenth century. In spite of their being already one
hundred years old, these numbers are still today enveloped in an aura of mystery within the
scientific community. The p-adic integral was used in mathematical physics, for instance,
the functional equation of the g-zeta function, g-stirling numbers and g-Mahler theory of
integration with respect to the ring Z,, together with Iwasawa’s p-adic g-L functions. Also
the p-adic interpolation functions of the Bernoulli and Euler polynomials have been treated
by Tsumura [39] and Young [41]. Kim [10-24] also studied on p-adic interpolation func-
tions of these numbers and polynomials. In [3], Carlitz originally constructed g-Bernoulli
numbers and polynomials. These numbers and polynomials are studied by many authors
(see cf. [6,10-24,30,31,33,35]). In the last decade, a surprising number of papers appeared
proposing new generalizations of the Bernoulli, Euler and Genocchi polynomials to real and
complex variables. In [6, 10-24], Kim studied some families of multiple Bernoulli, Euler
and Genocchi numbers and polynomials. By using the fermionic p-adic invariant integral
on Zp, he constructed p-adic Bernoulli, Euler and Genocchi numbers and polynomials of
higher order. A unification (and generalization) of Bernoulli polynomials and Euler poly-
nomials with a, b and ¢ parameters first was introduced and investigated by Luo [27-29].
After Luo and Srivastava defined unification (and generalization) of Apostol type Bernoulli
polynomials with a, b and ¢ parameters of higher order [29]. After Ozden et al. [31] uni-
fied and extended the generating functions of the generalized Bernoulli polynomials, the
generalized Euler polynomials and the generalized Genocchi polynomials associated with
the positive real parameters a and b and the complex parameter. Also they, by applying
the Mellin transformation to the generating function of the unification of Bernoulli, Euler
and Genocchi polynomials, constructed a unification of the Zeta functions. Actually, their
definition provides a generalization and unification of the Bernoulli, Euler and Genocchi
polynomials and also of the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi poly-
nomials, which were considered in many earlier investigations by (among others) Srivastava
et al. [36-38], Karande [9]. Also, they, by using a Dirichlet character, defined unification
of the generating functions of the generalized Bernoulli, Euler and Genocchi polynomials
and numbers. Kim in [20], constructed Apostol-Euler numbers and polynomials by using
fermionic expression of p-adic g-integral at ¢ = —1. In this paper by his method we derive
several properties for unification of the multiple twisted Euler and Genocchi numbers and
polynomials.

Let p be a fixed odd prime number. Throughout this paper we use the following no-
tations, by Z, denotes the ring of p-adic rational integers, Q denotes the field of rational
numbers, Q, denotes the field of p-adic rational numbers and C,, denotes the completion
of algebraic closure of Q,. Let N be the set of natural numbers and N* = NU {0}. The
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p-adic absolute value is defined by |p[, = 1/p. In this paper, we assume |g— 1], <1 asan
indeterminate. [x], is a g-extension of x which is defined by [x], = (1—¢")/(1 —¢), we note
that limg . [x], = x.

We say that f is a uniformly differentiable function at a point a € Z,, if the difference

quotient
fx)—f0)
Fr(x,y) =220
7 (x,y) Ty
has a limit f"(a) as (x,y) — (a,a) and denote this by f € UD(Z)).
Let UD (Z,) be the set of uniformly differentiable function on Z,. For f € UD(Z,), let
us begin with the following expression

Y fwe= Y f@u+p"zZ,),

[[7 ] 0<x<pN 0<x<pN

represents p-adic g-analogue of Riemann sums for f. The integral of f on Z, will be
defined as the limit (N — o) of these sums, when it exists. The p-adic g-integral of function
f€UD(Z,) is defined by Kim

P N_1
(L1) / flx = Jim -5 Z flx

The bosonic integral is considered by Kim as the bosonic limit ¢ — 1,
I (f) =limg— I, (f). Similarly, the fermionic p-adic integral on Z, is considered by Kim
as follows:

Lo(f) = Jim 1, (F) = [ £(x)duy

q9——q
Assume that ¢ — 1, then we have fermionic p-adic fermionic integral on Z, as follows

PNl

(1.2) Ly (f) = lim I,(f) = lim } f(x)(~
x=0

qg——1
If we take fi (x) = f(x+1) in (1.2), then we have
(1.3) I (f)+1-10(f) =21(0).

Let p be a fixed prime. For a fixed positive integer d with (p,d) = 1, we set

X =X, =1limZ/dp"Z, X\ =2, X'= U a+dpZ,
X] O<a<dp
(a,p)=1
and
a—i—deZp = {xEX \an( mod de)},
where a € 7Z satisfies the condition 0 < a < dp".

Definition 1.1. [32] A unification y, g (x : k,a,b) of the Bernoulli, Euler and Genochbhi poly-
nomials is given by the following generating function:
B :
t+log| — || <2m xeR
a

t

k
Fup (xit:k, B) = ﬁie(f) ZYn X kab) (

(1.4) (keN*;a,beR+;ﬁec),
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where as usual R™, and C denote the sets of positive real numbers and complex numbers,
respectively, R being the set of real numbers.

Observe that, if we put x = 0 in the generating function (1.4), then we obtain the corre-
sponding unification of the generating functions of Bernoulli, Euler and Genocchi numbers.
So, we have

Yn,B (0 : k,a,b) =Yn,B (kvavb) :
We are now ready to give a relationship between the Ozden’s generating function and the
fermionic p-adic g-integral on Z, at ¢ = —1 by the following theorem:

Theorem 1.1. The following relationship holds:

(1.5) a*”(%)k./z' (—1)H! (5) edpy (x Zyn (k.a,b) o

P

bx
Proof. We set f(x) =a" (%)k (1) (g) ¢ in (1.3), it is easy to show the following
assertion

a—b(;)k<<€>be’+1>/zp(1)x+1 (g)bxemdul(x) = 2(21,)](

() [ o ({j)bxe’xdul(x) - ﬁf(z—)kb

P

So, we complete the proof of Theorem. 1

Theorem 1.2. Then the following identity holds:
bx
_ n—k)!
/Z (= 1)1 (ﬁ) O kduy (x) = zkab(T)yn,ﬁ (k,a,b).
P :

a
Proof. From (1.5) and by using the Taylor expansion of ™, we readily see that,

i <2kah./% (1)~ ([j)hx Xdu_ ( ) = Zyn (ka,b) — o

n=0

By comparing coefficients of ¢ in the both sides of the above equation, we arrive at the
desired result. 1

Similarly, we obtain the following theorem for unification of the Euler and Genocchi
polynomials as follows:

Theorem 1.3. The following identity holds:

by '
1.6 / —1p! (ﬁ> +y)dp (y) = 2ka? —— k,a,b
(1.6) .Zp( ) P (x+y)"dp-1(y) CEV yn+kﬁ(x a,b).

From the binomial theorem in (1.6), we possess the following theorem:

Theorem 1.4. The following relation holds:
Ynikp (X k,a,b) u ”)

(n+k) Z

k m=0

ym+k B kaaab)'lﬂim'
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Proof. By using (1.6) and binomial theorem, we express the following relation
o (n / 1 (ﬁ )by _ n!
—1)H = Mdu_ XM = okgh x:k,a,b
E(m)(zp( e (B) v o) g (i kab).
By using p-adic g-integral on Z,, at g = —1, we arrive at the desired proof of the theorem. 1
Now, we consider symmetric properties of this type of polynomials as follows:

Theorem 1.5. The following relation holds:
Yn,p-1 (1_x k,a - b) ( )k+n+lﬁba Yn,B (x:k,a,b).
Proof. Wesetx — 1 —x, B — B! and a — a! into (1.6). That is

/zp (=1 (/3—1)”y(1 —x+y)'dui(y)

al

. —by
0 et (B) et )= (0 B (k).

4
Thus, we complete proof of the theorem. 1

Ozden has obtained distribution formula for y, g (x:k,a,b). We will also obtain distri-
bution formula by using p-adic g-integral on Z, at g = —1.

Theorem 1.6. The following identity holds:
d—1 bj
1) g x+J
yup (1Ko, b) ="V Y <§) yn,ﬁd< TR b>
J=0

Proof. By using definition of the p-adic integral on Z,, we compute

bl e (k)
- [ (BY v = i dzo 0 (B) oy
B () () o

O e () (5o

! n! x+j
= o ka®b).
Zﬁ( ) <+k>!y"+kﬁ"< d )

Substituting n by n — k, we obtain the desired result and so proof is complete. 1
Remark 1.1. This distribution for y, g (x : k,a,b) is also introduced by Ozden cf. [32].

Definition 1.2. [31] Let x be a Dirichlet character with conductor d € N. The generating
functions of the generalized Bernoulli, Euler and Genocchi polynomials with parameters a,
b, B and k have been defined by Ozden, Simsek and Srivastava as follows:

y){ﬁ (t,k,a,b)
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N (BNt
2(I)kil(l)(0 e’
=4\5 bd ,di _ ,bd
2/ 5 prledt —a

[ tn
- ’;)ymxﬁ (x:k,a,b) ot <

By using p-adic integral on Z,, we can obtain Definition 1.2 in terms of p-adic g-integral
on Z, at g = —1, as follows:

t+blog (ﬁ>’ <2m, d,keN; a,bcR"; B E(C).
a

Theorem 1.7. Let y be a Dirichlet’s character with conductor d € N. Then the following
relation holds

G a %)) (E)bje’f
(1.7) a9 /x 1! () e’xdu—l(X)=2'*kfk;W-
=

Proof. From the definition of p-adic g-integral on Z, at g = —1, we compute

H0-d) (%)k/z 20 (=1 (5)bxe’xdu_1 )

P

= gP(4) (%)k lim dp%’_lx(x)(—l)”l (ﬁ)bxe’x(—l)x

x=0

~a b (8 (2 () s z “(£)"

; k
1 L (B\Y 2(4) o l—kk (/) )
=gk 2 %) (a> e’ Bibedi _ gdb Z Bibedi —
Thus, we arrive at the desired result. 1

By expression of (1.7), we get the following equation

bx
(1.8) a7 / x (x) (1) (ﬁ> edpy (x Z)’n,xﬁ X kab)

We are now ready to give distribution formula for generalized Euler and Genocchi poly-
nomials by using p-adic g-integral on Z, at ¢ = —1 by means of theorem.

Theorem 1.8. For any n,k,d € Na,b € R™; 8 € C, we have

d-1 bj
n— . X+
k) = F 1) (B) g (L skt o).
Jj=0

a

Proof. By expression of (1.8), we compute as follows assertion

= tn
r;)yn,x.ﬂ (x : kaaab) ;

_ gh1-d) (%)k ij( )( )}+1 (ﬁ)byef(x-w)d“l(y)

a
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& dpN—1 by
_ -0 (D ot (BT e gy
“ (2) N );) 20)(=1) (a ¢ (=1

x50 (8) (%) G e (B) )
:;]x<j>(€>bj<a§b (&Y /Zp< o (B) " it >du1()>
%; (g)”’@dny (5 e b);;)

oo bj . n
_ n—k .3 X+J ., o4 r
E (5 (8) e (5 o))

So, we complete the proof of theorem. 1

2. New properties on the unification of multiple twisted Euler and Genocchi polyno-
mials

In this section, we introduce a unification of the twisted Euler and Genocchi polynomials.
We assume that g € C), with [1 —g|,, < 1. For n € N, by the definition of the p-adic integral
on Zp, we have

n—1
2.1) Li(f)+ (=D () =2 f) (-1
x=0

where f, (x) = f (x+n).

Let T, = Uy>1Cpn = limy, ..o Cyn = Cp= be the locally constant space, where Cpn = {w]
wh' = 1} is the cylic group of order p”. For w € T,,, we denote the locally constant function
by

(2.2) Ow:Zp,—Cp x—w,

If we set f (x) = ¢ (x)a~? (t/2)* (=1)*" (B /a)* ¢'*, then we have

bx t\k
2(3)

2.3 . 1! PY g 2
3 / P (a Ko () = wpbet —ab’

We now define unification of twisted Euler and Genocchi polynomials as follows:

k
2(5)

tn
m = ngbyn,w,ﬁ (kvavb) !

We note that by substituting w = 1, we obtain Ozden’s generating function (1.4). From
(2.2) and (2.3), we obtain Witt’s type formula for a unification of twisted Euler and Genocchi
polynomials as follows:

719 x+1 ﬁ bx n yn+kwﬁ(ka b)
2.4 2" / Oy (x (a) x'dp-y (x) = k!(":k)

foreachw € T, and n € N.
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We now establish Witt’s type formula for the unification of multiple twisted Euler and
Genocchi polynomials by the following theorem.

Definition 2.1. Let be w € Ty, n,h,k € Na,b € R"; B € C, we define
a2 [ [ ) (1)
Jz, Jz,

(25) h—times
(h)
B b(xi+...4x) . Yotkhow B (k,a,b)
X ( (X1 4o xp) " dpy (x1) dp—y (xp) = W

Remark 2.1. Taking # = 1 into (2.5), we get the unification of the twisted Euler and Genoc-
chi polynomials y,, ,, g (k,a,b).

a

Remark 2.2. By substituting # = 1 and w = 1, we obtain a special case of the unification
of Euler and Genocchi polynomials y, g (k,a,b).

Theorem 2.1. Foranyw € T, n,h,k € Na,b e R"; B € C,

(h)
Suiknp (K:0:B) y ﬁyl+khwﬁ(k’a’b)
(kl’l) (nJrkh) ll+...+lh:nl 'i:1 (l :;l{h)
1] sl >0

Proof. By using definition of the multiple twisted a unification of Euler and Genocchi num-
bers and polynomials, and, definition of

n b ]
n_ 12
(1 +x2+ .. 4x)" = Z T
l|+...+lh*n Leees
1]y 20

we see that

Wbt th (B b(xi+...4xp)
a o hk/ / { Ow (x1 + ... +x5) (—1) gla) du_q1(xy)...du_q(xp)
X (x4x1 + ... +xp)

h times
n‘ B bX[
= Z ﬁ a‘bZ‘k/ wh <*> xll‘du,l(xl) X
L4 tly=n ll lh ZP a
1 seenly >0
[3 bxy,
x aP27k [ wo (—) xZ‘d/.L 1 ()
Z, a
h
oy ﬁyﬁj panp (:0,)
bt T Wl (k) (T
Iy ey >0
Thus, we arrive at the desired result. 1

From these formulas, we can define the unification of the twisted Euler and Genocchi
polynomials as follows:

2" \' e "
2 Xt h .
(2.6) (wﬁ"e‘ —a”) e = y;)ymwﬁ (x:k,a,b) ok
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So from the above, we get the Witt’s type formula for y’(ihv)v B (x:k,a,b) as follows.

Theorem 2.2. Foranyw € T, n,h,k € Na,b e R"; B € C, we get

_\atetxth B b(x1+...4xy)
_hbz—h"/ / { Ow (X1 + .. 7)) (—1) (a) dp_y (x1)...du_y (xp)

X (x4x1+ . +x)"

h times
h
B yfwzkhwﬁ(x.k a,b)
(kh) (n+k/1)
Note that
n n!
2.7 (x+xi x4 4x)" = ) A |x11'x122 ()
L+...+l=n 1
1] ey >0

We obtain the sum of powers of consecutive a unification of multiple twisted Euler and
Genocchi polynomials as follows:

Theorem 2.3. Foranyw € T, n,h,k € Na,b e R"; B € C, we get

h h !
y;jkh wp (X1 ka,b) - ¥ n! yl(hJ)rkh wp (XKo@ b) I y’(*)khwﬁ (k,a,)
(ki)' (") T et Gt () S (R ()

1] sesdy >0

Proof. By Theorem 2.2 and (2.7), we see that,

Xi+Axth (B blxi+...+x)
a - hk/ / { ¢w X1+ +xh)( 1) glu) d/,L,](xl)...d,lJ,,l ()Ch)
X (x+x1+...+x5)

h times

- T (et o (8) )

L+...4+ly=n
I} vendy >0

bxy,
X <a"’2‘k A w (g) (x+xh)lhdl~t—1(x;,))

h h
y n! yl(hlkhwﬁ(x'k“b)hflyglkhwﬁ(k“b)

L+..+ly=n Lt dy! (kh)! (lﬁkh) j=1 (kh)! (l +kh)

So, we complete the proof of the theorem. 1

3. Unification of multiple twisted Zeta functions

Our goal in this section is to establish a unification of multiple twisted zeta functions which
interpolates of unification of multiple twisted Euler and Genocchi polynomials at negative
integers. For g € C, |g| < 1 and w € T}, the unification of multiple twisted Euler and

Genocchi polynomials are considered as follows:
b
t+log (w (ﬁ> )
a

h
2(5)" > () "
(3.1 (W :}E)ynﬁwﬁ (k,a,b)

< 2m.
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By (3.1), we easily see that,

v () YYEAL L L
’Eoy”wvﬁ (k,a,b) n! =2 (2) wpbet —ab ) T\ wpbe! —ab
0o bn oo bn
__nh z kh _1\h ny E ! nyt in E " npt
=2 (2> (-1) Zw (a e Zw p e

Vl1:0 nh:O

oo b(ny+...+np)
nt ki h ﬁ ny+...4ny
=2 (5) (—1) Z O (n+...+nyp) <a) ettt

ny,...,n=0

By using the Taylor expansion of e("1+-+) and by comparing the coefficients of # in
the both sides of the above equation, we obtain that

(3.2)
() oo b(ny+...+ny)
yn+kh.wﬁ (k,a,b) h(1—k) A ﬁ 1 h
M—n:2 (_1) ¢w(nl+~-~+nh) — (n1—|—...+nh)”.
PG e :

ny+...+np#0
From (3.2), we can define unification of multiple twisted zeta functions as follows:

oo O (l’ll +...+nh) (%)h(n1+...+nh)

(m +...4+np)*

&) (s:k,a,b) = 21079 (1"
’ nl,...,n,,:()
ny ..+ #0

for all s € C. We also obtain the following theorem in which the unification of multiple
twisted zeta functions interpolate the unification of multiple twisted Euler and Genocchi
polynomials at negative integers.

Theorem 3.1. Foranyw € T, n,h,k € Na,b € R"; B € C, we obtain

(h)

Voiwheg K@D

Clg’,lv)v(fn : kvavb) = L ;Bn+kh )
(k) (")
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