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the terms of Ricci tensors only.
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The object of the paper.

The Riemannian manifolds (M, g) whose Riemannian curvature tensor
satisfies the condition

R(X,Y, Z,W) = L[p(X,W)p(Y, Z) — p(X, Z)p(Y, W)], (%)

where p(X,W) is the Ricci tensor and £ is some scalar function,
appears in the investigations of some authors ([1],2],[3]). D. Kowalczyk
proved in [1] that conformally flat manifold satisfies the condition (*) on

Up={pe M|R— —"~ #£0 at p}, if and only if
n(n—1)
n—1

K
L= fgw Popopdtheew weh(l). fek
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Here n = dimM, & is the scalar curvature and

The object of the present paper is to generalize this result to Riemannian
manifolds endowed with product structure. More precisely, we investigate
product conformally flat locally decomposable Riemannian manifolds whose
curvature tensor can be expressed in the terms of the Ricci tensors only.

1. Preliminary results

Let (M,g, f) be a locally decomposable Riemannian manifold. This
means that the Riemannian manifold (M, g) is endowed with product struc-
ture f, f? = id., such that

for all X,Y € T,(M), where T),(M) is the tangent vector space of M at
p € M, and v/ is the operator of the Levi-Civita connection. M being the
locally product manifold M; x My, we denote dim M; = p, dim My = gq.
Then n =dim M =p+ ¢, and tr f =r = p — q. We suppose p > 2, g > 2.

Let e;, 1 =1,2,...,n be an orthonormal basis of T,,. We define the Ricci
tensor p, ~ Ricci tensor p and the scalar curvatures x and < by

p(X,Y)=> R(e;,X.Y,e;), p(X,Y)=> R(fe;,X,Y,e;),
=1 =1
k=Y pleie), E=Y_ pleie)
=1 =1

Both p and p are symmetric. Moreover, as a consequence of 7 f = 0, we
have

p(JX.fY) = p(X.Y), A(fX.fY)=p(X.Y), p(fX,Y)=p(X,Y).
Now, let us suppose that

R(X,Y,Z, W) =

— Lilp(X.W)p(Y.Z)~p(X.Z) p(Y, W )+p(X,W)3(Y, Z)~p(X.Z)p(Y. )] (L.1)
+Lap(X W)Y Z)+p(X.W)p(Y. Z) (X, Z) (Y, W )=p(X, 2)p(Y, V)],



On some product conformally flat locally decomposable Riemannian manifolds 63

where £1 and Lg are some scalar functions such that £2 — £3 # 0. With
respect to the local coordinates, (1.1) can be rewritten as follows

Rijnk = Lilpikpin — pinPjk + PikPih — PinPjk]

+LopikPin + PikPin — PinPik — PihPjk), 2
from which we have
pir — L1(kpir + Epir) — Lo(Rpik + Kpix) = —2L1piapi — 2L2PiaPs s
pik — L1(kpir + Kpix) — La(kpik + Epix) = —2L2piaply — 2L1piaPl- -
The relations (1.3) imply
u 1 L1 1 Lo
< rilaadn

1/ oL 1/ L
PiaPr = — 5 £2 £2 - pzk + £2 EQ +K Pik-

The product conformal curvature tensor is defined by Tachibana in [4]. If
this tensor vanishes, then

R(X,Y,Z,W) =
119X, W)[Ap(Y, Z) = Bp(Y, Z2)|+g(Y, Z)[Ap(X, W) = Bp(X, W)
W)

)
(X D) Ap(YW)=BpY. W) =g (VW) A, 2)-BpX. 2]
(X W)ARY. 2)= Bp(Y. Z)|+ F(Y. D) AG(X. W) =Bo(X.W)]
—F(X, Z)[AB(Y, W)= Bp(Y.W)| = F(Y.W)[AB(X, 2)~ Bp(X, 2)]}
—2(Ck—DR)G(X,Y,Z,W)+3(Drk—CR)G(fX.,Y, Z,W),
where
 4(n—4) B 4r
Ameare P
_ 2[(n—2)(n—4) + 77 B 4r(n —3)
N (T ) M (TR e (e N

GX,Y,Z, W) =g(X,W)g(Y,Z) — g(X, Z)g(Y, W)
+F(X,W)F(Y,Z) — F(X, Z)F(Y,W).
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We note that (n —4)%2 — 72 # 0, (n — 2)% — 72 # 0, because of p > 2,
q > 2.

Thus, if (M,g, f) satisfies (1.1) and its product conformal curvature
tensor vanishes, then

AL [p(X,W)p(Y, Z)=p(X, 2) p(Y, W) +p(X,W)p(Y, Z2) = p(X, Z) p(Y, W]
HLoAp(X,W)D(Y, Z)+p(XW)p(Y, Z) = p(X, Z2)p(Y, W) =p(X, Z)p
= Alg(X,W)p(Y,2)+9(Y, Z)p(X, W) =g(X, Z)p(Y, W) —g(Y,W)p (XZ)

+F(XW)p(Y, 2)+F(Y,Z)p(X,W)—F (X, Z)p(Y,W)—-F(Y,W)p(X,Z)] (1.7)
Blg(X.W)p(Y.Z)+9(Y,2)p(X.W) g (X, Z)p(Y,W)—g(Y.W)5(X,2)
LE(X.W)p(Y.Z)+ F(Y,2)p(X.W)~F(X.Z)p(Y.W)~F(Y,W)p(X.Z)]

2(Ck—DR)G(X,)Y,ZW)+2(Dr—CR)G(fX,Y,Z,W).
Let us put
NX)Y,ZW) =
— p(XW)p(Y.Z)~p(X.Z)p(Y, W)+ (X, W) (Y. Z) ~ (X Z) (Y. IV),

M(X,Y,ZW) =
= 9(X;W)p(Y,2)+9(Y,2)p(X; W) =g(X, Z)p(Y, W) —g(Y,W)p(X, Z)
HE(X, W)Y, Z)+F (Y, 2)p(X,W)—F (X, 2)p(Y,W)—F(Y,W)j(X,Z).
Then (1.7) can be rewritten in the form
ALIT(X,Y, Z,W) AL (fX,Y, ZW) = A M(X,Y,ZW)
"B M(fX,Y,Z,W)—2(Cr—DR)G(X,Y,ZW)+2(Dk—CR)G(f X,Y, Z,W).
Putting into (1.8) fX instead of X, we obtain e
ALST(X,Y, Z,W)+AL\D(fX,Y, Z,W) =—B M(X,Y, Z,W)
HA M(fX,Y, Z,W)+2(Dr—CR)G(X,Y, Z,W)—2(Ck—DR)G(fX,Y, Z,W).
The last two equations imply
I'X,Y, Z, W)—%M(X, Y, Z, W)—gM(fX, Y, Z, W)=
__L (C"_f( /Z)%t%%()D "CR) ax. v, Zw) (1.9)
L1(Dk—CR)+L2(Ck—DkE)
2(£%-L3)

G(fX.Y, Z,W),
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where
_ AL{+BLs B ALo+BLq (1'10)

. B=
213 [ [2

2. The operator Q(X,Y, Z,W,U,V)

We define the operator Q(X,Y,Z,W,U,V) by

QX,Y,ZW,UV) =
p(X,U)VR(V,Y,ZW)+p(Y,U)R(X,V,ZW)+p(ZU)R(X,Y,V,W)
t(W.U)R(X.Y,ZV)+p(X.fUNR(FV.Y ZW)+p(Y fU)R(X,fV.ZW)
+0(Z, fU) (X,Y, fV,W)+p(W,fU)R(X,Y, Z,fV)—p(X,V)R(U,Y,Z,W)

(Y, V)R(X,U,ZW)—p(ZV)R(X,Y,UW)—p(W,V)R(X,Y,Z,U) (2.1)
(X fV)R(JUY.ZW)~p(Y.fV)R(X,JU.ZW)~p(Z.fV)R(X.Y,fUW)
—o(W,fV)R(X,Y,Z,fU).

Applying (2.1) to (1.7) and using (1.2) and (1.5), we get, after some
simple but long calculation,

[Pp(X,U)—Sp(X,0)|G(V,Y,ZW)+|Pp(Y,U)—Sp(Y,U)|G(X,V,ZW)
HPp(Z,U)=Sp(Z,U)|G(X,Y,V,W)+[Pp(W,U)—Sp(W,U)|G(X,Y,ZV)

]

]
ASp(XU)=Pp(XU)G(fV.Y, ZW)=[Sp(Y,U)=Pp(Y,U)IG(X, fV,.ZW)
Sp(Z,U)~Pp(ZU)G(X,Y, fV,W)~[Sp(W,U)—Pp(W,U)|G(X.Y,Z,fV)
APp(X,V)=Sp(X,VG(U,Y,Z,W)~[Pp(Y.V)-Sp(Y,V)G(X,UZW)  (2:2)
APp(ZV)~Sp(ZV)G(X,Y,UW)~[Pp(W,V)~Sp(W,V)]G(X,Y,ZU)
HSp(X,V)=Pp(X,V)G(fUY,ZW)+[Sp(Y,V)-Pp(Y,V)G(X, fU,Z,W)
HSp(ZV)=Pp(ZV)G(X.Y, fUW)+[Sp(W,V)—Pa(W,V)]G(X,Y,Z fU) = O

P=aA—-p3B-8(Ck—Dr), S=aB-pA-8Dk—-CRg). (23)
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We put W =V = ¢; into (2.2). Summing up, we get
[Pp(X,U) = Sp(XU)][(n = 2)g(Y,Z) +rF(Y,Z)]
—[Pp(Y,U) = Sp(Y,U)][(n — 2)9(X,Z) + rF(X,Z)]
+Pp(X.U) = Sp(X,U)][(n = 2)F(Y,Z) + rg(Y,Z)]
—[Pp(Y,U) = Sp(Y,U)][(n - 2)F(X,Z) + rg(X,Z)] (2.4)
—2[Pp(X,Z) = Sp(X,Z)|g(Y,U) +2[Pp(Y,Z) — Sp(Y,Z)]g(X,U)
—2[Pp(X,Z) — Sp(X,Z)|F(Y,U) + 2[Pp(Y,Z) — Sp(Y,Z)|F(X,U)
—(Prk — SR)G(X,)Y,Z,U) — (Pk — Sk)G(fX,Y,Z,U) = 0.
Now, we put Y = Z = ¢; into (2.4). Summing up, we obtain

[n(n —4) +7?][Pp(X,U) — Sp(X,U)]
+2r(n — 2)[Pp(X,U) — Sp(X,U)]

—[(n —4)(Pk — SK) + r(Pk — Sk)]g(X,U) (2:5)
—[(n —4)(Pk — Sk) + r(Pk — SR)|F(X,U) =0
Putting into (2.5) fX instead of X, we find
[n(n —4) + r2][PH(X,U) — Sp(X, V)]
+2r(n —2)[Pp(X,U) — Sp(X,U)] (2.6)

—[(n —4)(Pk — Sk) + r(Pk — Sk)|F(X,U)
—[(n —4)(Pk — Sk) + r(Prk — Sk)|g(X,U) =

According to our supposition, (n — 4)? — r2 # 0. Thus, from (2.5) and
(2.6), we get

(P2-s2) {p<X,U>—

n2_r2

[(nm—r/?;)g(X,U)—(rn—nR)F(X,U)]} —0. (27)
The relation (2.7) shows that

p(X,U) =

- [(nk —rR)g(X,U) — (rk —nk)F(X,U)], (2.8)

2 _p2

or

P? - §%=0. (2.9)
The condition (2.8) can be rewritten in the form

p(X,U) =Xg(X,U) + uF(X,U).
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Substituting this into (1.1), we find

R(X7YV’Z’ W) = [()‘2 +:U’2)‘C1 + QAMEQ]G(X7 Y, Z, W)
FRALL + (2 + 1) LG X, Y, 2,17,

that is, (M, g, f) is manifold of almost constant curvature.
The condition (2.9) will be examined in the sections 3, 4 and 5.

3. The case P=S#0

According to (2.3), this condition implies
(a+ B)(A—B) =8(C — D)(k +E).

But, in view of (1.6), we have

4 2
A-B=t = Py
Thus A« o
K+ K

On the other hand, in view of (1.10), we have

a+ﬁ—A£1+B£2_A£2_B£1— 4
- L3 L3 (= 4) + (L + L2)

This and (3.1) give

1 [(n—=2)+7]
TEDIC DR (3:2)

L1+ Loy =

In the case P = S, (2.5) reduces to

p(X,U) - p(X,U) = "B (g(x, ) — F(X,U)] (3.3)

n-—r

or, in the local coordinates

~ K—K
pij = pig = —(9i5 — Fij). (3.4)
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From (3.4), we find

K—K

(Pia — Pia)p] = ( )2 (9i5 — Fij)- (3.5)

n—r

On the other hand, from (1.4) we get

(pia = )6 =5 | = — 0= )] (5= (g~ B

n

This, together with (3.5) gives

SR () S ) (&)
Finally, (3.2) and (3.6) imply
1 1 [(n—2)+7] 1 (n—r)
El_2{(ﬁ+f€)[(n—4)+7’]+(/i—/%)[(n—Q)—T]}’ .
£2:1{ 1 [(n=2)+r] 1 (n—r) } ’
2 (k+R)[(n—-4)+r] (k—F&)[n—2)—7]

Now, let us consider the left hand side of (1.9). Explicitly, it is

—a[g(X,W)p(Y,Z)—I—g(Y,Z)p(X,W)—g(X,Z)p(Y,W)—g(Y,W)p(X,Z)
(X, W) (Y, Z2)+F(Y,2)p(X,W)—F(X,2)p(Y,W)—F(Y,W)p(X,Z)]

‘?[F(XW) Y, 2)+9(Y, 2)p(X, W) =F(X,2)p(Y, W) =g(Y,W)p(X,2)

(X, W)p(Y,.Z2)+F(Y,Z)p(X.W)—g(X,2)p(Y,W)—=F(Y,W)p(X, Z)].
(3.8)
But, in view of (3.3), we have

Kk — K

pX,Y)=p(X,Y) —

[9(X,Y) = F(X,Y)].

n—r

Substituting this into (3.8), we obtain, after some calculation, the fol-
lowing expression for (1.9):
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a+p

2{pxw 2( 9CEI) = FOXLI)] - ; LR W) P} x
+

X{p 2( 9V, 2)~F(v.2) - [(YZ)+F(YZ)]}
a+p

Q{p 2( 9(x,2)-F(x.2))- "9 (X,Z)+F(X,Z)]}><

x{p ()= F(r )= (v W) P ) -

_ L1(Cr— DH)+£2(D/<& Cr) 1 </<;—/<c>2 (a+)?

2(L£2—-L2) 2 \n—r 32

+aTﬁ (n T)}G(X,Y,Z,W) (3.9)
L1(Dk—Ck)+Ly(Ck—DE) 1 (k—RK\?2 (a+pB)?
* 2(L£2-L3) 3 (n—r> 32

—O‘Zl;ﬁ (Z:’:) } GUX,Y,ZW).

In view of (1.6), (1.10) and (3.7), we can see that

69

L1(Ck — Di) 4 Lo( Dk — CR) (k — R)? (k + F)?
2(L£2 — L2) S 2n—n)[(n—4)—7r]  2[(n—2)+r]?’

L1(Dk — Ck) 4 L2(Cr — DR) (k — k)2 (s )2
2(L£2 — L2) C2n—n)[(n—4)—7r]  2[(n—2)+r]?’

1/k—F& k—&\?[(n—2)—7]
4<n—r>(a_ﬁ)_<n—r) [(n—4)—1]
These relations, together with (3.1), imply

L1(Ck—DEk)+Loy(Dk—CR)
2(£3-L3)
L1(Dr—CR)+Ly(Cr—DRE)
2(L£3-L3)

N = DN =

32 4

5 () - () o

N (n—k>2+(a+ﬁ)2_a—ﬁ </<;—;%> _o,



70 Mileva Prvanovié

because of which, (3.9) reduces to

{otem) =g W) =P W =S (X PR
(o2~ 5l v.2)-F(v.2) - L a2+ P (2)
{px2)- )~ P2 - Pl 2+ P2 | ¢
o)== a0 W) =P = 2 (V) + WL | =0,

This yields

905¥) OOV L2 (0 )+ FOCY)) = Bo(X)u(),

K—K

p(X,Y) m

where v(X) is I-form such that v(fX)=v(X) and 6 is a scalar function. With-

out loss of the generality, we can suppose that Z v(e;)v(e;) = 1. Then

=1

and therefore

i (3.10)

(n—2)—|—'rv

] FXY)— (X)o(Y).

4. The case P=—-5 #0

This condition, in view of (2.3) and (1.6), gives

4(k — R)
a=-f= (n—2)—r"
On the other hand, in view of (1.10),

4 1
S (Copey s R g s
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Thus ( )
n—2)—r 1
L1 — Lo = : 4.2
! 2 (n—4)—7r (k—R) (42)
If P =-S5, (2.5) reduces to
- K+ R
pXU) +p(X,U) = ———[g(X,U) + F(X, V)], (4.3)
or, in the local coordinates,
K+K
ij + pij = ———(gij + Fij)-
Pij + Pij n+r(g]+ i)
Therefore,
-\ K4 &\ 2
(pia-+ )6 = (555 (g5 + ). (14)

On the other hand, using (1.4), we find

(piat 56} =5 |~ + o+ ) () (g + ). (49)

The equations (4.4) and (4.5) show that

K+ K 1 1
i+ Fij) =5 |— k)| (955 + Fij),
(n+r>(93+ j) 2{ £1+£2+(“+H)](93+ J)

from which we find

n+r 1
[(n—=2)+7](k+F) (4.6)

Ly+ Ly =

From (4.2) and (4.6), we get

1 1 (n—2)—r 1 n+r

e e e M =R o
r _1{_ 1 (n—2)—r 1 n+r ] '
T2l k=R [(n—4) =1  (r+R)[(n—2)+71]

According (4.3),

FOU) = —p(X,0) + EE (X, ) + P, D))
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Substituting this into (3.8), we find that (1.9), in the case P = —S # 0, can
be expressed in the form

{0 =y (W 4 P W) =Rl (X~ F X)) |

| 2) =5 S a2 P2 - e 2)-F(Y.2)
{px2)- 5 2+ P2 - Pl 2) - P2 | ¢

o)~ (W) PO =2 V)~ P WL | =0,

This equation implies

K+k

XY )5 (XY P (XY )= 2 (X)) ~FLY)] = pu(X)u(Y)

where w(X) is a I-form and ¢ is a scalar function. Without loss of the

n
generality, we can suppose that Zw(ei)w(ei) = 1. Then

i+1
B K—FK
LA (n—2)—r
and therefore
1 [r+kR K—FR
pPXY)= 3 {n+r+(n_2)_r} 9(X,Y) s
1 [k+R K—R K—F .
2 {n+r_(n—2)—r} FXY) (n—2)—rw(X)w(Y)
5. The case P =S =10
In this case we obtain from (2.3)
_ 4[(n —2)k — 7R _ 4[(n —2)k — K]
a= (n_2)2 12 p (n—2)2_ 12 (5.1)
Thus
- . = 1 5.2
OH_ﬂ_( —2)+7‘</€+/€)’ a_ﬁ_(n—Q)—r(K_ ) (5:2)
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On the other hand, in view of (1.10), we have

A-B ALB
Ly —Ly= 2T

£1+£2:Oé+ﬁ’ Ol—ﬁ

Therefore

L,l[ . ] , 1[A—B_A+B]
'“ola+8 "a-p81" T 2la+B a-p8

(5.3)

Now, we note that (1.9) can be rewritten in the form

(X W)= 2 g (X W) =2 F W), 2)~ Lo, 2)- L P (v 2)
10(X.2)- 29X, 2) - DX D)) [p(Y- W)~ Loy W) 2 Py,
HCW) = GG, 2)- S Fv2)-Jov. 2] (54
1P(X,2) = F(X2) =g (X 2V W)= S F (W)= (v w)] =
a?+3?  L1(Ck—Di)+Ly(Dr—CF)
16 2(L3-L2)
af  L1(Dk—Ck)+Ly(Ck—DF)
+[8 ! s }G(fX,Y,Z,W).

G(X)Y,Z,IV)

But, in the case P =S =0, (5.1) and (5.3) hold good, because of which
we have

o? + %  Li(Ck— D)+ Lo(Dr — CR)
16 2(L£2 - L3) B
ap N L1(Dk — CR) + L2(Ck — DFR)

S 207~ £3)

=0
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In other words, the equation (5.4), in the case P = .S = 0, reduces to

(X W)= 29X W)= 2 P (X)) [o(v,2) - Sg(v.2) -2 P (v, 2)
1p(x.2)- 29(x.2)- TP D)oy W)~ Sg(v. )

W)= S W)~ (X W][p(v,2) - S F(v,2) -

%ﬁ(X,Z)—%F(X,Z)—ég(X,Z)][ﬁ(KW)—gF(Y,W)—

In view of (5.1), the equation (5.5) yields

FY,W)]
(5.5)

2(v.2)

Lgtvwy) =o.

(n— )K—’I"Ii _rk—(n—2)k
o2 T G Y g

+77[U(X)U(Y)+U(X) Y]+ ¢la(X)u(Y) + u(X)a(Y)],

where 1 and 1) are some scalar functions, while u(X) is a l-form and a(X) =
n

p(X,Y) =

u(fX). Without loss of the generality, we can suppose that Z u(e;)u(e;) = 2.
i=1
Then, putting into (5.6) X =Y = ¢; and summing up, we find
_ (n—=2k—rk
T= o m—22 =7

In a similar way, using p(X,Y), we get

rk —(n —2)k

w_

2[n— 22— 77
Thus
) = PR Loy ) acoay ) -
5.7
_’& 2:27;2_225 {F(X,Y)—; [a(X)u(Y)+u(X)a(Y)]}

6. Conclusion

Summing up the results obtained in the sections 2, 3, 4 and 5, we can
state the following

Theorem. Let (M,g, f) be a locally decomposable Riemannian mani-
fold,
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dm M =n=p+q,tr f=r=p—q,p>2,q>2. If(M,g,f) is product
conformally flat and the Riemannian curvature tensor satisfies the condition
(1.1) where L1 and Ly are some scalar functions such that L3 — L3 # 0, then
there occurs one of the following cases:

(i) (M, g, f) is a manifold of almost constant curvature at the points where
2 _ 2
Kk —Rk® #0,

(i) the relations (3.7) and (3.10) are fulfilled, where v(X) is 1-form such
that Zv(ei)v(ei) =1;
i=1

(iii) the relations (4.7) and (4.8) are fulfilled, where w(X) is 1-form such
that Zw(ei)w(ei) =1;
i=1

(iv) the relations (5.3) and (5.7) are fulfilled, where w(X) is 1-form such
that Zu(ei)u(ei) =2 and u(X) =u(fX).
i=1
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