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SINGULARITIES, DOUBLE POINTS,

CONTROLLED T'OPOLOGY AND CHAIN DUALITY
ANDREW RANICKI
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Communicated by Joachim Cuntz

ABSTRACT. A manifold is a Poincaré duality space without singular-
ities. McCrory obtained a homological criterion of a global nature for
deciding if a polyhedral Poincaré duality space is a homology mani-
fold, i.e. if the singularities are homologically inessential. A home-
omorphism of manifolds is a degree 1 map without double points.
In this paper combinatorially controlled topology and chain complex
methods are used to provide a homological criterion of a global na-
ture for deciding if a degree 1 map of polyhedral homology manifolds
has acyclic point inverses, i.e. if the double points are homologically
inessential.

1991 Mathematics Subject Classification: Primary 55N45, 57R67;
Secondary 55U35.

Keywords and Phrases: manifold, Poincaré space, singularity, con-
trolled topology, chain duality.

INTRODUCTION

A chain duality on an additive category A is an involution on the derived cate-
gory of finite chain complexes in A and chain homotopy classes of chain maps.
The precise definition will be recalled in §1. Chain duality was introduced in
Ranicki [29] in order to construct the algebraic surgery exact sequence of a
space X

5 Hy(X3La) 2 Ly(Z[r1(X)]) = Sp(X) — Hp1(X;La) — ...

with L. (Z[m1(X)]) the surgery obstruction groups of Wall [43], and A the
assembly map. Here, L, is the 1-connective simply-connected algebraic surgery
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2 ANDREW RANICKI

spectrum of Z, and the generalized homology groups are the (1-connective) L-
theory of the X-controlled Z-module category A(Z, X) of Ranicki and Weiss
34)

H.X;L,) = L.(A(Z,X)) .

The algebraic surgery exact sequence was used in [29, Chapter 17] to give alge-
braic formulations of the obstructions to the two basic questions of Browder-
Novikov-Sullivan-Wall surgery theory :

Al. Is an n-dimensional Poincaré duality space X homotopy equivalent to an
n-dimensional manifold?

A2. Is a homotopy equivalence f : M — N of n-dimensional manifolds ho-
motopic to a homeomorphism?

The following are the basic questions of Chapman-Ferry-Quinn controlled
topology :

B1. How close is an n-dimensional controlled Poincaré duality space X to
being an n-dimensional manifold?

B2. How close is a controlled homotopy equivalence f : M — N of n-
dimensional manifolds to being a homeomorphism?

Here is a very crude approximation to controlled topology. Given a topological
space X define an X -controlled space to be a space M equipped with a map
py 2 M — X. A map of X-controlled spaces f : M — N is a map of the
underlying spaces such that there is defined a commutative diagram

f
M——N
X
The map f is an X -controlled homology equivalence if the restrictions

flipat (@) = py' (@) (z€X)

induce isomorphisms

(s : Hipyy (2)) = Hi(py' () -

An n-dimensional X -controlled Poincaré space is an X-controlled space N with
Lefschetz duality isomorphisms

H"*(N,N\py'(z)) = Hi(py'(z)) (z € X).
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SINGULARITIES AND CONTROLLED TOPOLOGY 3

There are two extreme cases:
o If X = {pt.} then:

— an X-controlled homology equivalence f : M — N of X-controlled
spaces is just a homology equivalence, with

fe Ho(M) = H.(N) ,

— an n-dimensional X-controlled Poincaré space N is just an n-
dimensional Poincaré space, with

H"*(N) = H,(N) .

e Ifpy=1: N —> N =X then:

— an N-controlled homology equivalence f : M — N of N-controlled
spaces is just a map with acyclic point inverses, with

(fDs s Ho(f 7 (2)) = Ho({a}) (z€N),

— an n-dimensional N-controlled Poincaré space N is just an n-
dimensional homology manifold, with

H"(N,N\{z}) = H.({z}) (z€N).

In a more sophisticated exposition of controlled topology X would be a metric
space, and the condition py; = pn f in the definition of an X-controlled map
would be weakened to

dipym(x),pnf(x)) <€ (x € M)

for some € > 0. In principle, Quinn [24] characterized AN R homology mani-
folds X as metrically X-controlled Poincaré duality spaces. (See Ranicki and
Yamasaki [37] for a preliminary account of the metrically controlled L-theory
required for the details of the characterization).

The original development of controlled topology for metric spaces involved
quite complicated controlled algebra, starting with Connell and Hollingsworth
[5]. However, these questions will only be considered here in the combinatorial
context of compact polyhedra, homology manifolds and PL maps, for which
the controlled algebra is much easier:

C1. Is a polyhedral n-dimensional Poincaré duality space X an n-dimensional
homology manifold?

C2. Does a degree 1 PL map f : M — N of polyhedral n-dimensional homol-
ogy manifolds have acyclic point inverses?
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4 ANDREW RANICKI

McCrory [17] obtained a homological obstruction for C1 (under slightly dif-
ferent hypotheses), which was interpreted in Ranicki [29, 8.5] in terms of the
chain duality on the X-controlled Z-module category A(Z, X). The obstruction
is the image in H"(X x X\Ax) of the Poincaré dual in H"(X x X) of the
diagonal class A,[X] € H,(X x X). The obstruction vanishes if and only if X
is an n-dimensional homology manifold, if and only if the Z-module Poincaré
duality chain equivalence

[X]N—: AX)"™ — AX')

is an X-controlled chain equivalence.

The main results of this paper are the following homological obstructions for
C1 and C2.

Theorem A. An n-dimensional polyhedral Poincaré complex X is an n-dim-
ensional homology manifold if and only if there is defined a Lefschetz duality
isomorphism

H"(X x X,Ax) = H,(X x X\Ax) ,

with
Ax = {(z,z) e X x X |z e X}

the diagonal of X .

Theorem B. A simplicial map f : M — N of n-dimensional polyhedral homology
manifolds has acyclic point inverses if and only if it has degree 1

f«[M] = [N] € H\(N)
and
Ho((f x /)" An,An) = 0,
with
(f x )'An = {(z,y) € M x M| f(z) = f(y) € N}
the double point set of f.

Theorems A, B are proved in §8§6,7 respectively, appearing as Theorem 6.13
and Corollary 7.5.

Here are the contents of the rest of the paper.

In §8 the obstructions of Theorems A, B are interpreted using bundles, specif-
ically the Spivak normal bundle of a Poincaré complex and the tangent topo-
logical block bundle of a homology manifold.

In §9 the obstructions of Theorems A, B are related to the ‘total surgery
obstruction’ s(X) € S,(X) of Ranicki [29] for the existence of a topological
manifold in the homotopy type of a Poincaré space.
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SINGULARITIES AND CONTROLLED TOPOLOGY 5

In §10 chain duality is used to develop a combinatorial version of the controlled
surgery theory.

In §11 some standard results on intersections and self-intersections of manifolds
are interpreted in terms of the chain duality.

In §12 (resp. §13) the controlled topology point of view on Whitehead torsion
(resp. fibrations) is adapted to the combinatorially controlled chain homotopy
theory.

In §14 some standard results in high-dimensional knot theory are interpreted
in terms of the chain duality.

In this paper only oriented polyhedral Poincaré complexes and homology man-
ifolds will be considered, and orientation-preserving PL maps between them.

A preliminary version of some of the material in this paper appeared in Ranicki
[32].

I am grateful to Michael Weiss for valuable comments which helped improve
the exposition of the paper.

1. CHAIN DUALITY

Let A be an additive category, and let B(A) be the additive category of finite
chain complexes in A and chain maps. A contravariant additive functor T :
A — B (A) extends to T : B (A) — B (A) by defining T'(C) for a chain complex
C to be the total of a double complex, with

Definition 1.1 (Ranicki [29, 1.1])

A chain duality (T, e) on A is a contravariant additive functor T : A — B (A),
together with a natural transformation e : T2 — 1 such that for each object A
in A :

o e(T(4).T(e(A)) = 1: T(A) — T(4),
o ¢(A): T?(A) — A is a chain equivalence.

Chain duality has the following properties:
e The dual of an object A is a chain complex T'(A).

e The dual of a chain complex C is a chain complex T'(C).
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6 ANDREW RANICKI

Ezample 1.2 (i) An involution (T, e) on an additive category A is a chain duality
such that T'(A) is a O-dimensional chain complex (= object) for each object A
in A, with e(A) : T?(A) — A an isomorphism.

(ii) An involution R — R;r — T on a ring R determines the involution (7€)
on the additive category A(R) of f.g. free left R-modules with :

e T(A) =Hompg(A4, R)

e RXT(A)—=T(A); (r,f) — (x— f(z)F)

o e(A)THASTHA) s v (f e fl2) -

2. SIMPLICIALLY CONTROLLED ALGEBRA

Let X be a simplicial complex, and let R be a commutative ring.

Definition 2.1 (Ranicki and Weiss [34])
(i) An (R, X)-module is a finitely generated free R-module A with direct sum

decomposition
A= > Al),
ceX

such that each A(o) is a f.g. free R-module.
(ii) An (R, X)-module morphism f : A — B is an R-module morphism such
that for each o € X

f(A(e)) € > B(r).

T>0
Write the components of f as f(r,0) : A(o) — B(7).

Let A(R) be the additive category of f.g. free R-modules, and let A(R, X)
be the additive category of (R, X )-modules. Regard the simplicial complex X
as the category with objects the simplexes ¢ € X, and morphisms the face

inclusions 0 < 7. An (R, X)-module A = > A(o) determines a contravariant
ceX
functor

[A]: X — A(R) 5 0 [Allo] = Y A7) .
T>0
The (R, X)-module category A(R, X) is thus a full subcategory of the category
of contravariant functors X — A(R).

Proposition 2.2 (Ranicki and Weiss [34, 2.9])

The following conditions on a chain map f : C — D of finite chain complexes
in A(R, X) are equivalent :

(i) f is a chain equivalence,

(i) the R-module chain maps

flo,0):C(c) — D(o) (c €X)
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SINGULARITIES AND CONTROLLED TOPOLOGY 7

are chain equivalences,
(iii) the R-module chain maps

are chain equivalences.

3. SIMPLICIALLY CONTROLLED TOPOLOGY

The barycentric subdivision X’ of a simplicial complex X is the simplicial com-
plex with the same polyhedron

x| = |x]
and one n-simplex 7407 . . .0, for each sequence of simplexes in X
op <o << O0p .
The dual cell of a simplex o € X is the contractible subcomplex
D(0,X) = {6001...0n|0 <009} C X',
with boundary

0D(0,X) = {6¢01...0n|0 <00} C D(0,X) .

Definition 3.1 (i) An X -controlled simplicial complex (M,pyr) is a finite sim-
plicial complex M with a simplicial map pys : M — X', the control map.

(ii) A map f : (M,py) — (N,pn) of X-controlled simplicial complexes is a
simplicial map f : M — N such that pps =pnf: M — X'.

In practice, (M, pys) will be abbreviated to M.

Definition 3.2 The (R, X)-module chain complex A(M; R) of an X-controlled
simplicial complex M is the R-coefficient simplicial chain complex of M with

A(M;R)(0) = A(py D(0, X),py0D(0,X); R) .

and

[A(M; R)Jlo] = Y A(M;R)(7),

T>0
= A(py;D(0,X);R), (r€Z,oeX).
A map of X-controlled simplicial complexes f : M — N induces an (R, X)-
module chain map

f:A(M;R) — A(N;R) .
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8 ANDREW RANICKI

Definition 3.3 A map of X-controlled simplicial complexes f : M — N is an
X -controlled R-homology equivalence if the restrictions

f1: 93 D(o0,X) — py'D(0,X) (0 € X)
induce isomorphisms in R-homology

(f1)« : Hi(py; D(0, X); R) = Ho(py' D(0, X); R) (0 € X) .

Proposition 3.4 A map of X -controlled simplicial complexes f: M — N is an
X -controlled R-homology equivalence if and only if the induced (R, X )-module
chain map f: A(M;R) — A(N; R) is a chain equivalence.

Proof Immediate from 2.2. O

Proposition 3.5 (1) If X = {pt.} an X-controlled map f : M — N is an
X -controlled R-homology equivalence if and only if [ induces R-homology iso-
morphisms

fe 1 Ho(M;R) = H.(N;R) .
(i) If X = N an X -controlled map f : M — N is an X -controlled R-homology
equivalence if and only if f has R-acyclic point inverses

H.(f~'(2); R) = H.({z}; R) (v €|X]).

Proof (i) Immediate from 3.4, since a chain map of finite free R-module chain
complexes is a chain equivalence if and only if it induces isomorphisms in ho-
mology.

(ii) Immediate from 3.4, since every point & € |X| is in the interior
D(o, X)\OD(o, X) of a unique dual cell D(o, X), and

H.({z};R)= H.(D(0,X);R) , H.(f '(z);R) = H.(f 'D(0,X);R) .

Here is another way in which (R, X )-module chain complexes arise:

Definition 5.6 (Ranicki [29, 4.2])

Let A=*(X; R) be the (R, X)-module chain complex defined by
A™*(X;R) = Homp(A(X;R),R)_. ,

R ifr=—|o|

) (reZ,oceX).
0 otherwise.

AT(X; R)r(0) = {

As an R-module chain complex A™*(X; R) is just the R-coefficient simplicial
cochain complex of X regraded to be a chain complex.
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SINGULARITIES AND CONTROLLED TOPOLOGY 9

4. THE (R, X)-MODULE CHAIN DUALITY

Proposition 4.1 (Ranicki [29, 5.1])

The additive category A(R,X) of (R, X)-modules has a chain duality (T,e)
with the dual of an (R, X )-module A the (R, X)-module chain complex

T(A) = Hompg(Homp x)(A™"(X;R),A),R)

o TA(o) = [A]fo]"I—",
S Homg(A(r),R) ifr=—|o]
o T(A),(0) = {75
0 if r # —lo| .
The chain duality is such that
T(C) =g Hom(p, x)(C, A(X"; R)) ™" ~g Homp(C, R) ™"
for any finite (R, X )-module chain complex C.
Definition 4.2 Given an X-controlled simplicial complex M let
A(M;R)™ = T(A(M;R))
be the (R, X)-module chain complex dual to A(M; R).
Note that there is defined an R-module chain equivalence
A(M;R)™" ~r Homgr(A(M;R),R)™" ,

with Homp(A(M; R), R)~* the simplicial R-coefficient cochain complex of M
regraded to be a chain complex, and note also that

A(M;R)*(0), = Homp(A(py; D(0,X); R)—ryjo|sR) (r €Z,0€X).

A map of X-controlled simplicial complexes f : M — N induces an (R, X)-
module chain map
ffrAN; R = A(M;R)™" .

The (R, X )-module chain complex A™*(X; R) of 3.6 and the (R, X)-module
chain complex A(X; R)™* of 4.2 (with ppy =1: M — M = X') are related by
the (R, X)-module chain equivalence

AT(X5R) ~px) A(X;R) T
induced by the projections A(D(o, X); R) — R.
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10 ANDREW RANICKI

5. PrODUCTS

Definition 5.1 The product of X-controlled simplicial complexes M, N is the
pullback X-controlled simplicial complex

Mxx N = {(z,y) € M x N |pu(x) =pn(y) € X}
with control map
Mxx N— X (z,y) = pu(x) =pn(y) -
(Strictly speaking, this only defines a polyhedron M x x N).
Definition 5.2 The product of (R, X )-modules A, B is the (R, X )-module
A®rx)B = Z AN) ®r B(p) € A®gr B
A€ X AN p#D

with
(A®r,x) B)(0) = > AN @rB(p) (0€X).

ApEX, ANu=0o

Recall the following properties of the products in 5.1,5.2 from Ranicki [29,
Chapter 7]. (The product A ® (g x) B was denoted by AXpg B in [29, 7.1]).

Proposition 5.3 (i) For any (R, X)-module chain complexes C, D
e C®mrx)AXSR)~rx) C,
o TC ®r,x) D ~r Hom(g x)(C, D) .
(ii) For any X -controlled simplicial complexes M, N
o A(M;R) ®r,x) AN; R) ~(r x) AM xx N; R) ,
o AM;R)™ ®r,x) A(N; R)™*
~n Homp(A(M x N,M x N\M xx N:R),R)_, ,

(iii) The Alexander-Whitney diagonal chain approzimation of the barycentric
subdivision X' of X is an R-module chain map

A: AX';R) — AX; R)ORA(X;R) ; (Bo... %) =Y (Fo...8)O(i ... Tn)
1=0

which is the composite of an (R, X )-module chain equivalence
A(X";R) ~(p x) A(X"; R) ®(r,x) A(X'; R)
and the inclusion

A(X"; R) ®(r,x) A(X"; R) € A(X"; R) ©r A(X'; R) .
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SINGULARITIES AND CONTROLLED TOPOLOGY 11

(iv) The homology classes [X] € Hn(X; R) are in one-one correspondence with
the chain homotopy classes of (R, X)-module chain maps

[X]Nn—-:AX;R)"™* — AX;R),
with

Hy(Homp x)(A(X;R)" ™", A(X";R))) = Hp(A(X';R) ®r,x) A(X';R))
= H,(X;R).

Remark 5.4 An X-controlled simplicial complex M is an example of a CW
complex with a block system & in the sense of Ranicki and Yamasaki [35]. The
product A(M)®(z, x)A(M) is chain equivalent to the chain complex D" (A(M))
of [35].

6. HOMOLOGY MANIFOLDS AND POINCARE COMPLEXES

Definition 6.1 An n-dimensional R-homology manifold is a finite simplicial com-
plex M such that

R ifx=n

. (ceM).
0 otherwise

H.(M,M\&;R) = {

Definition 6.2 An n-dimensional R-homology Poincaré complex is a finite sim-
plicial complex M with a homology class [M] € H, (M; R) such that the cap
products are R-module isomorphisms

[M]Nn—:H"*(M;R) 2 H.,(M;R) .

Similarly for an n-dimensional R-homology Poincaré pair (M,0M), with [M] €
H,(M,0M;R) and

[M]N—: H" *(M,0M;R) =2 H,(M;R) .
Proposition 6.3 A finite simplicial complex M is an n-dimensional R-homology

manifold with fundamental class [M] € H,(M; R) if and only if each (D(o, M),
0D(o,M)) (o0 € M) is an (n — |o|)-dimensional R-homology Poincaré pair

H"1°1=*(D(o, M), 0D (0, M); R) = H,(D(c, M); R)

with fundamental class [D(o, M),0D(o, M)] € H,,_|;|(D(0, M),0D(0, M); R)
the image of [M] under the composition of |o| codimension 1 boundary maps.
A Z-homology manifold will just be called a homology manifold, and similarly
for Poincaré complexes and pairs.
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12 ANDREW RANICKI

Definition 6.4 An n-dimensional X -controlled R-homology Poincaré complex M
is an X-controlled simplicial complex with a homology class [M] € H,(M; R)
such that the cap product

[M]N—=:A(M;R)"* - A(M;R)
is an (R, X)-module chain equivalence.

Remark 6.5 An X-controlled simplicial complex M is an n-dimensional X-
controlled R-homology Poincaré complex if and only if each

Pyt (D(0,X),0D(0, X)) C M (o€ X)

is an (n—|o|)-dimensional R-homology Poincaré pair. In terms of the polyhedra
|M|, |X| this condition can be expressed as follows: for every z € |X| the
inverse image p,; (z) C |M| has a closed regular neighbourhood (U, 9U) which
is an n-dimensional R-homology Poincaré pair.

By analogy with 3.5:

Proposition 6.6 (i) If X = {pt.} an n-dimensional X -controlled R-homology
Poincaré complex M is the same as an n-dimensional R-homology Poincaré
complezx.

(ii) If X = M an n-dimensional X -controlled R-homology Poincaré complex
M s the same as an n-dimensional R-homology manifold.

Theorem 6.7 (Poincaré duality) An n-dimensional R-homology manifold M is
an n-dimensional X -controlled R-homology Poincaré complex, with an (R, X)-
module chain equivalence

A(M;R)" ™ ~ A(M;R)

with respect to any control map pp; : M — X'.
Proof An (R, M)-module chain equivalence

[M]N—:A(M;R)"* - A(M;R)
can be regarded as an (R, X )-module chain equivalence, for any control map
PM : M — X/. O

Corollary 6.8 (Poincaré-Lefschetz duality) An n-dimensional R-homology man-
ifold with boundary (M,0M) is an n-dimensional X -controlled R-homology
Poincaré pair, with an (R, X)-module chain equivalence

A(M;R)"™* ~ A(M,0M; R)
with respect to any control map pp; : M — X'.

Corollary 6.9 (Lefschetz duality) If M is an n-dimensional R-homology man-
ifold and L C M is any subcomplex, there is defined an (R, X)-module chain
equivalence

A(M,M\L; R)"* ~ A(L; R)

DOCUMENTA MATHEMATICA 4 (1999) 1-59



SINGULARITIES AND CONTROLLED TOPOLOGY 13

with respect to any control map py : M — X'. Similarly for an (R, X)-module
chain equivalence

A(M,L;R)"* ~ A(M\L; R) .

Proof Let (U,0U) be a closed regular neighbourhood of L in M, an n-dimen-
sional R-homology manifold with boundary such that the inclusion L C U is a
homotopy equivalence. There are defined (R, X )-module chain equivalences

A(M,M\L; R)"™* ~ A(M, cl.(M\U); R)"™* (homotopy invariance)
~ A(U,0U; R)"™* (excision)
~ A(U; R) (Poincaré-Lefschetz duality)
A(L

; R) (homotopy invariance) .

12

|

Definition 6.10 Let M be an X-controlled simplicial complex, with a homology
class [M] € H,(M; R). The X -controlled peripheral chain complex of M is the
algebraic mapping cone

C = C(IMN—:AM;R)"* — AM'; R))wt1
(with a dimension shift), a finite chain complex in A(R, X).

Proposition 6.11 The following conditions on an X -controlled simplicial com-
plex M with a homology class [M] € H,(M;R) and peripheral chain complex
C are equivalent :

(i) M is an n-dimensional X -controlled R-homology Poincaré compler,

(ii) C is chain contractible in A(R, X),

(i) Hpn—1(C ®(r,x)C) =0,

(iv) each p~'(D(0,X),0D(0,X)) (0 € X) is an (n — |o|)-dimensional R-
homology Poincaré pair.

Proof (i) <= (ii) The chain map [M] N — : A(M;R)"* — A(M';R) is a
chain equivalence in A(R, X) if and only if the algebraic mapping cone is chain
contractible in A(R, X).

(ii) <= (iii) The (R, X )-module chain map

a = [M]N—:A(M;R)"* — A(M';R)
is chain homotopic to its chain dual, with a chain homotopy
Bra~Ta: AM;R)"™ — A(M';R) .
Define a chain equivalence in A(R, X)
ox :C"TIT S C =€)
by
o (1)

CM =AM R)" T @AM R)ri1 — Cr=A(M'; R)ri1 © AXM; R)" .
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14 ANDREW RANICKI

(See §9 for a more detailed discussion of the quadratic Poincaré structure on
(). The abelian group

Hn—l(c®(R,X) c) = Ho(HOIn(R,X)(Cnili*,C))
= Ho(Homg x)(C,C))

consists of the chain homotopy classes of chain maps C — C. This group is 0
if and only if C is chain contractible.

(ii) <= (iv) By 2.2 C is chain contractible if and only if each component
R-module chain complexes C(o) (o € X) is chain contractible. Now

C(o) ~g C([p~*D(0, X)] N —:
A(pil(D(o—vX%aD(O—aX));R)ni‘G‘i* - A(pilD(o—vX%R))*Jrl )

so that C (o) ~p 0 if and only if p~}(D(0, X),0D(0, X)) (0 € X) is an (n—|o|)-
dimensional R-homology Poincaré pair. O

Ezample 6.12 Let X = {pt.}. The following conditions on a simplicial complex
M with a homology class [M] € H,(M;R) and peripheral R-module chain
complex C' are equivalent :

(i) M is an n-dimensional R-homology Poincaré complex with fundamental
class [M],

(i) H.(C) =0,

(iil) H,_,(C ®rC) =0.

In the following result X = M.

Theorem 6.18 The following conditions on an n-dimensional R-homology
Poincaré compler X are equivalent :

(i) X is an n-dimensional R-homology manifold,

(ii) the peripheral chain complex

C = C([X]N—=:AX;R)"* = A(X";R))wr1

is (R, X)-module chain contractible,
(iii) H,-1(C R(R,X) C)=0,
(iv) the cohomology class V. € H™(X x X;R) Poincaré dual to the homology
class A [X] € Hp(X X X; R) has image 0 € H"(X x X\Ax; R),
(v) the fundamental class [X] € H,(X; R) is such that

[X] € im(H"(X x X, X x X\Ax;R) — H,(X;R)),
(vi) a particular R-module morphism

H"(X x X\Ax;R) — Ho(X x X,Ax;R)

(specified in the proof) is an isomorphism, namely the Lefschetz duality iso-
morphism.
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SINGULARITIES AND CONTROLLED TOPOLOGY 15

Proof (i) <= (ii) <= (iii) This is a special case of 6.11.
(i) <= (iv) There is defined an exact sequence

H"(X x X, X x X\Ax;R) — H"(X x X;R) — H"(X x X\Ax;R) .
Thus V has image 0 € H"(X x X\Ax; R) if and only if there exists an element
UeH"(X x X,X x X\Ax;R)

with image V. Now U is a chain homotopy class of (R, X )-module chain maps
A(X'; R) — A(X; R)™*, since

H"(X x X, X x X\Ax;R) = H,(A(X;R)™* ®(R,X) A(X;R)™F)
= Ho(Homp x)(A(X";R), A(X;R)" ™)) .

U is a chain homotopy inverse of
¢=[X]N—-:AX;R)" ™ — AX";R)
with

¢U = 1€ Ho(Homp x)(A(X';R),A(X;R))) = H°(X;R),
¢ = T e Ho(Homp x)(A(X; R)n “, A(X;R)))
(TU)p = (TU)(T¢) = T(oU) = 1

€ Ho(Homp,x)(A(X"; R)" ™, A(X; R)" 7)) .

(iv) <= (v) <= (vi) Immediate from the commutative braid of exact sequences

TN TN

H"(XxX,XxX\Ax:R) H"(XxX;R) H,(XxX,Ax;R)
A
H,(X;R) H"(XxX\Ax; R)

Hpit(XxX,Ax;R)  Hp_1(C@rx) C) HH (X x X, Xx X\Ax; R)
w \_/

on noting that X x X is a 2n-dimensional R-homology Poincaré complex with
isomorphisms

X xX|N—:H" (X x X;R) 2 H,(X x X;R)
and that the diagonal map

A X —>XxX;ze (z,2)
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16 ANDREW RANICKI

is split by the projection
P XXX =X (v,y)—a,

so that

The classes
\%4 GHn(X x X, X XX\A)(;R) , Ox eHn—l(C®(R,X) C)

(with ¢x as in the proof of 6.11) are both images of the fundamental class
[X] € H,(X; R), so that they have the same image in H"(X x X\Ax;R). O

Remark 6.14 The equivalence (i) <= (iv) in 6.13 in the case R = Z is a slight
generalization of the corresponding results of McCrory [17, Theorem 1] and
Ranicki [29, 8.5] for n-circuits and n-dimensional pseudomanifolds respectively.

Remark 6.15 A Poincaré complex X is a homology manifold precisely when the
dihomology spectral sequence of Zeeman [45] collapses. See McCrory [18] for a
geometric interpretation in terms of moving cocycles in X x X off the diagonal.

There is also a version of 6.13 for Poincaré pairs with manifold boundary. Here
is a special case:

Proposition 6.16 An n-dimensional R-homology Poincaré pair (X,0X) with
R-homology manifold boundary is an n-dimensional R-homology manifold with
boundary if and only if the cohomology class V. € H™(X x X, X x 0X;R)
Poincaré-Lefschetz dual to the homology class A [X] € H, (X x X,0X x X; R)
(with [X] € H,(X,0X; R)) is the image of a class

Ue H'(X x X, X x0XUX x X\Ax;R) .

Remark 6.17 In general, a singularity does not arise as a non-manifold point of
a Poincaré complex, so 6.13 cannot be applied directly to obtain a homological
invariant of the singularity. However, for an isolated singular point of a complex
hypersurface it is possible to apply 6.16 to a related Poincaré pair with manifold
boundary. Given a polynomial function f : C**! — C with an isolated critical
point zo € V = f~1(0) Milnor [20] relates the singularity of f at 2z to the
properties of the fibred knot

kE:vnS. = §*lcs = g¥nfl
defined by intersecting V' with
S. = {z€C" ||z — 2] =€}

for a sufficiently small e. (Only PL structures are considered here — the dif-
ferentiable structure on V' N S, could of course be exotic). In §14 below there
will be associated to any fibred knot k : $?"~1 C §?"*! a (2n + 2)-dimensional
homology Poincaré pair (X, 9X) with manifold boundary, which is a homology
manifold with boundary if k is unknotted; the obstruction to (X,9X) being
a homology manifold with boundary is related to homological invariants of k,
and hence to the nature of the singularity.
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SINGULARITIES AND CONTROLLED TOPOLOGY 17

7. DEGREE 1 MAPS AND HOMOLOGY EQUIVALENCES

This section investigates the extent to which a degree 1 map of n-dimensional
homology manifolds has acyclic point inverses. It is shown that this is the case
if and only if the n-dimensional homology of the double point set relative to
the diagonal is zero.

Definition 7.1 The double point set of a map f: M — N is the pullback (5.1)
MxyM = (f x f)il(AN)
= {(z,y) e M x M| f(x) = f(y) € N} .

If f is a simplicial map then M x y M is an N-controlled simplicial complex.
Given a map f : M — N define the maps

1M —>MxyM; x— (z,2),

JiMxyM—N; (z,y) = f(x) = fy),

kE:MxyM—M; (x,y) —x.

There is defined a commutative diagram

Fxf
MxM-——NxN

T TAN

AZ\/I MXNM;N
/
M

It follows from ki =1: M — M that
H.(M xy M) = H.(M)® H.(M xy M,Ay) .
Definition 7.2 Let f : M — N be a map of X-controlled R-homology Poincaré

complexes, with dim(M) = m, dim(N) = n.
(i) The Umkehr of f is the (R, X)-module chain map

FUAN;R) ~ AN; R — 0 AM; R)™ ~ AM; R)ssmon -
(i) f has degree 1 if m =n and
f«[M] = [N] € H,(N;R) .

Proposition 7.3 (i) If f : M — N is a degree 1 map of n-dimensional X -
controlled R-homology Poincaré complexes the Umkehr (R, X)-module chain
map f': A(N;R) — A(M; R) is such that

ff'~1:A(N;R) — A(N;R)
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18 ANDREW RANICKI

and there exists an (R, X)-module chain equivalence
A(M:R) >~z x) A(N; R) ® A(f') -

(ii) If f : M — N s a degree 1 map of n-dimensional R-homology manifolds
then

Ho(A(f) @rny A(fY)) = Ho(M xy M,Ap; R)

Proof (i) Immediate from f.[M] = [N] € H,(N;R) and the naturality prop-
erties of the cap product.
(ii) Apply A(M) ®z,n) — to the (Z, N)-module chain equivalence given by (i)

A(M) =@z n) AN) & A(f')

to obtain
A(M) z,n) A(M)
N (AM)®z 5y A(N)) @ (AM) @(z,n) A(f))
N (A @z 5 AN)) @ (AN) @z,n) Af)) ® (A(f) @@.n) AS))

~z,N) AM) ® A(f!) @ (A(f') ®(z,N) A(f) -
Since H,,(f') = 0, it follows that

H,(M xy M) = Hn(A(M) ®z,n) A(M))
Ho(f) ® Ho(A(f) @z v AF))
Ho(A(f) @z,n) AF)) -

|
E

d

Theorem 7.4 The following conditions on a degree 1 map f : M — N of n-
dimensional X -controlled R-homology Poincaré complexes are equivalent :

(i) f is an X -controlled R-homology equivalence (3.3),
(i) f: A(M;R) — A(N;R) is an (R, X)-module chain equivalence,
(iii) there exists an (R, X)-module chain homotopy

J'f~1:A(M;R) — A(M;R) |

(iv) AuM] = (f'® f)AN] € Ho(M xx M; R),
(V) (f' @ f)AN] =0 € Ho(M xx M, Ay R),

(vi) (f x f)s: Ho(M xx M;R) = Hy(N xx N;R).
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SINGULARITIES AND CONTROLLED TOPOLOGY 19

Proof (i) <= (ii) This is a special case of 3.4.
(ii) <= (iii) Immediate from 7.3.
(ili) <= (iv) Immediate from the identifications

1= AJM], f'f = (f'® f)AN]
€ Ho(Hom(p,x)(A(M; R),A(M; R))) = Hn(M xx M;R) .

(iv) <= (v) Immediate from the identity

(f' @ fHALN] = (IM], (f' ® f)AN] — AL [M])
€ H,(M xx M;R) = H,(M;R)® H,(M xx M,Ay; R) .

(il) = (vi) If f: A(M; R) — A(N; R) is an (R, X)-module chain equivalence
then so is

f®f:AM;R)@rx) AM;R) — A(N; R) @r,x) A(N; R) .
(vi) = (iv) It follows from ff' ~ 1 and
(f @ f)«Du[M] = A[N] € Hp(N xx N; R)
that

AM] = (f' ® [)ALN]
cker((f X f)u: Ho(M xx M;R) — H,(N xx N;R)) = {0}.
O

Corollary 7.5 The following conditions on a degree 1 map f: M — N of n-
dimensional homology manifolds are equivalent :
(i) f has acyclic point inverses,
(11) Hn(M XN M,AM) = 0,
(ii)) Ha(A(f) ® @) A1) =0.
Proof (i) <= (ii) Apply 7.3 with R =Z, X = N, so that
MxxM = MxyM = (fxf)'Ay , Nxx N = N,
Hn(M X x M) = Hn(M)@Hn(M XN M,AM) .

Since f. : Hy(M) = H,(N), condition 7.4 (vi)
(f X f)s:Hy(M xy M) = H,(N xy N)
for f to be a (Z, N)-homology equivalence is equivalent to
H, (M xny M,Ap) = 0.

As in 3.5 (ii) a map f is a (Z, N)-homology equivalence if and only if it has
acyclic point inverses.

(i) <= (iii) By 7.3 (ii) Ho(A(f') @@,z A(f')) = Ho(M xn M, Ayp). O
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20 ANDREW RANICKI

Remark 7.6 (i) A map f: M — N is injective if and only if
M XN M = AM .

The condition of 7.5 (ii) is automatically satisfied for injective f.

(ii) A degree 1 map f : M — N of n-dimensional R-homology manifolds
is surjective by the following argument, which does not require M, N to be
polyhedra. If © € N\ f(M) then

H,(M,M\f '(z);R) = 0 , H,(N,N\{z};R) = R,
leading to a contradiction in the commutative diagram
H,(M;R)=R —= .  H,(N:;R)=R
H, (M, M\f~'(z); R) =0 —— H,(N,N\{z};R) = R
(assuming M, N are connected).

Corollary 7.7 (1) A map f : M — N of n-dimensional R-homology Poincaré
complezes is an R-homology equivalence if and only if it is degree 1 and

AJM] = (f'@ f)ALN] € Hy(M x M; R) .

(ii) A map f: M — N of n-dimensional R-homology manifolds has R-acyclic
point inverses if and only if it is degree 1 and

AJM] = (f' @ fHALN] € Hy(M x5 M;R) .

Proof (i) Apply 7.4 with X = {pt.}.
(ii) Apply 7.4 with X = N. O

Definition 7.8 Given a map f : M — N of R-homology manifolds with
dim(M) = m, dim(N) = n let the Umkehr of the map

JiMxyM—N; (z,y)— f(z) = f(y)
be the (R, N)-module chain map
Gt AN R) — A(M XN M;R)syom-_on
given by the composite
7' AN R) =gy AN x N,N x N\Ay; R)*"™*
DI A(M % M, M x M\M x x M;R)>"*

~r,N) AM xn M;R)wiom—2n -
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Proposition 7.9 The following conditions on a degree 1 map f : M — N of
n-dimensional R-homology manifolds are equivalent :

(i) f has R-acyclic point inverses,

(ii) there exists an (R, N)-module chain homotopy

inf'~ 35 A(N;R) — A(M xx M;R) ,

(iii) there exists an (R, N)-module chain map g : A(N) — A(M) with an
(R, N)-module chain homotopy

ivg~j : A(N;R) — A(M xy M;R) .
Proof (i) <= (ii) Identify

if' =AM G = (f @ F)AN]
& Ho(Hom g x) (A(N; R), AM x M; R))) = Hy(M xx M;R)
and apply the equivalence (i) < (iv) of 7.4, with X = N.
(ii) = (iii) Take g = f".
(iii) = (i) It follows from the exact sequence

Ho(Hom g, ny(A(N; R), A(M; R)))

5 Ho(Hom(p,n) (A(N; R), A(M xx M; R)))
— HO(HOHI(R,N)(A(N; R), A(M XN M, AM; R)))

that such a g exists if and only if the (R, N)-module chain homotopy class
j' € Ho(Homg ny(A(N; R), A(M xn M;R)))
has 0 image in
Ho(Hom g, ny(A(N; R), A(M xy M,Ap; R))) = Hp(M xy M, An; R) .
But this image is precisely the element (f'® f')AL[N] € H,(M xx M, Apy; R)

of 7.4 (v) whose vanishing is (necessary and) sufficient for f to have R-acyclic
point inverses. O

8. BUNDLES

The results of §§6,7 will now be interpreted from the bundle point of view, aftre
a brief review of the various bundle theories involved.

Oriented spherical fibrations 1 over a space X
(D*, 8% — (E(m), S(n) — X
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are classified up to oriented fibre homotopy equivalence by the homotopy classes
of maps n : X — BG(k) to a classifying space BG(k). Every such fibration
has a Thom space
T(n) = Em)/Sn)
and a Thom class B
U, € H*(T(n)) .
See Rourke and Sanderson [38] for the theory of (oriented) PL k-block bundles,

with a classifying space BSPL(k). A codimension k embedding M™ C N"*F
of PL manifolds has a normal PL k-block bundle vprcny : M — BPL(k).

See Martin and Maunder [15] for the theory of homology cobordism bundles,
with a classifying space BSH (k) and forgetful maps

BSPL(k) — BSH(k) , BSH(k) — BSG(k) .

A codimension k¥ embedding M™ C N"** of homology manifolds (i.e. a PL
map which is an injection) has a normal homology cobordism S*~!-bundle
vmcn @ M — BSH(k).

See Rourke and Sanderson [39] for the theory of (oriented) topological k-block
bundles, with a classifying space BSTOP(k) and forgetful maps

BSPL(k) — BSTOP(k) , BSTOP(k) — BSG(k) .
Galewski and Stern [7] proved that every homology cobordism S*~!-bundle

has a canonical lift to a topological k-block bundle, so that there is defined a
commutative diagram of classifying spaces and forgetful maps

BSPL(k) — BSTOP(k)

L]

BSH (k) BSG(k) .

The diagonal embedding of an n-dimensional homology manifold M
A:M—->MxM; z— (z,x)

has a normal homology cobordism S™~!-bundle, the tangent homology cobor-
dism S™~t-bundle ([15, 5.3])

™ = va:M — BSH(n),

and hence a tangent topological n-block bundle Tpy : M — BSf_O\/P(n). The
Euler class of 7j; may be identified with the Euler characteristic of M, as
follows.
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The FEuler characteristic of a finite simplicial complex X is

oo

X(X) = ) (-)'dimpH,(X;R) € Z .
r=0

Proposition 8.1 (i) For a connected n-dimensional Poincaré complexr X
X(X) = A" (V)e H"(X) = Z

with V€ H"(X x X) the Poincaré dual of A.[X] € Hp(X x X).
(ii) The obstruction to a degree 1 map f: M — N of connected n-dimensional
Poincaré complezes being a homology equivalence (7.7 (i))

ALM] = (f' @ fHALN] € Ho(M x M)
has image x(M) — x(N) € Z under the composite
Hy(M x M) = H"(M x M) 25 H" (M) = 7.

Proof (i) As for smooth manifolds (Milnor and Stasheff [21, 11.13]).
(ii) Immediate from (i). O

It is well known that x(M) = x(7ar) for a smooth manifold M ([21, 11.13]).
More generally :

Proposition 8.2 The Fuler characteristic of a connected n-dimensional homology
manifold M is the Euler class of the tangent n-block bundle Tas

x(M) = x(rm) € H' (M) = Z.

Proof The homology tangent bundle of M (Spanier [40, p.294]) is the homology
fibration
(M, M\{¥}) — (M x M, M x M\Ay) — M

with
M—MxM; xw— (xz),

MxM—M; (z,y)—x.
The tangent topological n-block bundle of M

(D", 8"71) = (E(tar), S(tar)) — M
is related to the homology tangent bundle by a homotopy pushout diagram
S(TM) — > M x M\A[\/j

-

E(T]M)’ZM M x M .
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The Thom space, Thom class and Euler class of 7p; are such that

T(T]\/[) = E(T]\/])/S(T]\/]) = (MXM)/(MXM\A]\J) s
Unr € H™(T(7ar)) = H™(M x M, M x M\Ay) |
e(tm) = 2" (Um) € H" (M),

with z : M — T'(7ar) the zero section. Furthermore, there is defined a commu-
tative diagram

H™(M x M, M x M\Ay) ——= H"(M x M)

"

H™(T(ru)) H"(M)

with ¢ : M x M — (M x M,M x M\Ajys) the natural map. As before, let
V € H"(M x M) be the Poincaré dual of A,[M] € H,(M x M). The Thom
class Uy € H™(T(1ar)) has image

i*(Uy) = VeH"(Mx M),
and

e(r) = #*(Un) = A(*(Un)) = A*(V) = x(M) e H"(M) = Z .

Remark 8.3 Theorem 6.13 can be regarded as a converse of 8.2 :
A connected n-dimensional Poincaré complex X is an n-dimensional homology
manifold if and only if the Poincaré dual V € H™"(X x X) of A.[X] € Hp(X x
X) is the image of a Thom class U € H™(T(rx)), in which case

x(X) = e(rx) e H"(X) = Z .

McCrory [17] called such U a geometric Thom class for X.

Proposition 8.4 A degree 1 map f : M — N of n-dimensional R-homology
manifolds has acyclic point inverses if and only if the Thom classes

Un € H"(M x M, M x M\Ayp;R) , Uy € H(N x N,N x N\Ay;R)
have the same image in H"(M x M, M x M\M xx M; R)
c(Um) = (fx )*(Un) € HY (M x M, M x M\M xy M;R) ,

with ¢ : (M x M, M x M\M xnx M) — (M x M, M x M\Ay;) the inclusion
of pairs.
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Proof This is just the cohomology version of 7.7 (ii), after Lefschetz duality
(6.8) identifications

Uy = [M] e HY(M x M, M x M\Ay; R) = H,(M;R),
Ux = [N]€ H'(N x N,N x N\Ay;R) = H,(N;R) ,
H™(M x M,M x M\M xy M;R) = H,(M xy M;R) ,

noting that M x M and N x N are 2n-dimensional R-homology manifolds.
O

Remark 8.5 Suppose that f : M — N is a degree 1 map of n-dimensional
homology manifolds which is covered by a stable map

b:1y De® — v ™
of the tangent block bundles. (For example, if M, N have trivial tangent block

bundles then any map f : M — N is covered by an unstable map b : 7y — 7n).
In general, the diagram

H™(T(7v)) H™(T(7ar))

o o

H™(N x N, N x N\Ay) H™(M x M, M x M\Ay)

(fxf) c*

H™"(M x M, M x M\M xx M)
is not commutative, with the obstruction in 8.4 non-zero:

T) (Un) = (f x £)"(Un) = ¢ (Unm) = (f x £)"(Un)
# 0e H"(M x M,M x M\M xn M) .

In §9 below this difference will be expressed in terms of an N-controlled refine-
ment of the (symmetrization of the) quadratic structure used in Ranicki [27]
to obtain a chain level expression for the Wall surgery obstruction.

Proposition 8.6 Let f : M — N be a degree 1 map of n-dimensional R-homology
manifolds. If there exists an N -controlled map

a:(MxMMxM\Apy)— (NxN,NxN\Ay)
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such that the diagram

(M x M, M x M\M xy M)

c Ixf

(M x M, M x M\Ay) (N x N,N x N\Ay)
18 N -controlled homotopy commutative, then
(fx)*(Un) = ¢"(Up) € H'(M x MM x M\M xn M;R)
and f has acyclic point inverses. Moreover,
a*(Uy) = Uy € H*(M x M, M x M\Ap;R) .
Proof Define the (R, N)-module chain map
9 A(N;R) ~(r x)A(N x N,N x N\Apn; R)>"™*
S5 AM x M, M x M\Ap; R)?™* ~ gy A(M; R)
such that
gIN] = a*(Uny) € H, (M) = H"(M x M, M x M\Ay) .
The N-controlled homotopy of pairs
ac> fx f:(MxMMxM\MxyM)— (NxN,NxN\Ay)
induces an (R, N)-module chain homotopy

ac~ fx f:A(M x M,M x M\M xy M;R) ~g ny AM xy M;R)*"™*
— A(N x N,N x N\Ay;R) 2~ n) A(N; R)*" ™ .

The chain dual is an (R, N)-module chain homotopy
g~ j': A(N;R) — A(M xy M;R) ,

so that
ivg[N] = j'[N] = [M xy M] € H,(M xy M;R) ,

with dual the identity

cfa*(Uny) = (f x /)*(Uny) € H*(M x M, M x M\M xy M;R) ,
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so that f has R-acyclic point inverses by 8.4, and

g~ f"'~f:AN;R) = A(M;R),
g[N] = [M] € H,(M;R) ,
a*(Chv) = Uj4€§f¥n(ﬂ4rx M, M x A4\13A4LR).

d

Remark 8.7 A degree 1 map f: M — N of n-dimensional homology manifolds
which is covered by a map of the tangent n-block bundles b : 7oy — 7n need
not be covered by a map of homology tangent bundles a as in 8.6.

9. THE TOTAL SURGERY OBSTRUCTION

The total surgery obstruction s(X) € S,(X) of Ranicki [29] is defined for
a finite simplicial complex X satisfying n-dimensional Poincaré duality with
respect to all coefficients — such Poincaré complexes are considered further
below. For n > 5 the total surgery obstruction is s(X) = 0 if and only if
the polyhedron |X| is homotopy equivalent to a topological manifold (which
need not be triangulable). On the other hand, an n-dimensional homology
Poincaré complex X is a homology manifold if and only if an obstruction in
H"(X x X\Ax) (6.13) is 0. The obstruction of 6.13 will now be related to the
total surgery obstruction and its Z-homology analogue.

So far, only the homology H.(X; R) and cohomology H*(X; R) of a simplicial
complex X with coefficients in a commutative ring R have been considered. For
non-simply-connected X the homology H,.(X;A) and cohomology H*(X;A)
and with coefficients in an R[m (X )]-module A will also be considered.

Given a commutative ring R and a group 7 let the group ring R[r] have the
involution

R[r] — R[n] ; a:angH6:ang_1 (ng € R) .

gem geET

Use the involution to convert every left R[r]-module M into a right R[r]-module
M?, with the same additive group and

M' x R[x] — M"; (z,a) — a@.x .

Define an involution (1.2) on the additive category A(R[r]) of f.g. free (left)
R[r]-modules

x: A(R[r]) = AR[r]) ; A— A" = Hom g4 (A, R[n])

with
R[r] x A" — A" ; (a,f) — (z — f(x).a) .
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Definition 9.1 Given a connected simplicial complex X with universal cover X
and an R[m(X)]-module A define the A-coefficient homology and cohomology
R-modules of X to be

H (X;A) = Ho(A' @ppmyx0) AKX R))
H*(X,A) = H*(HOmR[ﬂ.l(X)](A(X;R),A)).

The A-coefficient homology and cohomology R-modules are related by a cap
product pairing

H,(X;R)@r H"(X;A) > Hyeny (XA ;2 @y — 2Ny .

For A = R[m(X)] the A-coefficient homology and cohomology groups are
R[m (X)]-modules

H.(X;Rlm(X)]) = H.(A(X;R)) = H.(X;R),

H*(X; R[m(X)]) = H-.(Hompgr, (x))(A(X; R), R[m1(X)]))

Definition 9.2 An n-dimensional universal R-homology Poincaré complez is a
finite connected simplicial complex X with a homology class [X] € H,(X; R)
such that the cap products are R[m;(X)]-module isomorphisms

X1 =+ B (X; Rlm(X)]) 2 HL(X; Rm (X)) -
A universal Z-homology Poincaré complex will just be called a universal ho-
mology Poincaré complex.

Remark 9.3 (i) A universal homology Poincaré complex is just a Poincaré com-
plex in the sense of Wall [42].

(i) If X is a universal R-homology Poincaré complex with universal cover X
then the R[m(X)]-module chain map

[X]N—: A(X; R)"™ = Homppm, (x)(AX; R), Rlm1(X)])sen — A(X; R)
is a chain equivalence, and there are defined Poincaré duality isomorphisms
[X]N—:H" "(X;A) 2 H(X;A)

for any R[m(X)]-module A.

(iii) A connected finite simplicial complex X with finite fundamental group
71(X) is an n-dimensional universal R-homology Poincaré complex if and only
if the universal cover X is an n-dimensional R-homology Poincaré complex in
the sense of 6.2.

Proposition 9.4 A connected n-dimensional R-homology manifold X is an n-
dimensional universal R-homology Poincaré complex.
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Proof The assembly functor of Ranicki and Weiss [34]

A:ARX) = ARMX)); A = Y Alo)— AX) = > A(pd)

o€X Fex

is defined for any connected simplicial complex X, with p : X — X the uni-
versal covering projection. The assembly is a natural transformation of addi-
tive categories with chain duality ([29, 9.11]), so that the assembly of the n-
dimensional symmetric Poincaré complex (A(X'; R), A[X]) in A(R, X) is the
n-dimensional symmetric Poincaré complex (A(X’; R), A[X]) in A(R[r(X)]).
(This is just a formalization of the standard dual cell proof of Poincaré duality,
e.g. Wall [43, Thm. 2.1]). O

In particular, a homology manifold is a universal homology Poincaré complex.

Definition 9.5 (Quinn [22])
(i) An n-dimensional normal complex (X,vx, px) is a finite simplicial complex
X together with a normal structure

(vx : X — BSG(K) , px : " = T(vyx)) (k large) .
The homology class
[X] = Uoy Nhipx) = [X] € Hy(X) (h = Hurewicz)

is the fundamental class of X.
(ii) A normal structure on an n-dimensional homology Poincaré complex X is
a normal structure (vx, px) realizing the fundamental class [X] € H,(X).

Remark 9.6 (i) A finite simplicial complex X is an n-dimensional universal
homology Poincaré complex if and only if a regular neighbourhood (U, 9U) of
an embedding X C S™** defines a fibration

(D*,8%1) — (U,0U) — X

(Spivak [41], Wall [42], Ranicki [27]). A n-dimensional universal homology
Poincaré complex X has a canonical class of Spivak normal structures (vx :
X — BSG(k), px : S"t* — T'(vx)), namely those represented by such regular
neighbourhoods (U, 0U) with

px 2 S"TF — SR /el (STR\U) = U/oU = T(vx) .

(i) Browder [1] used Poincaré surgery on m1(X) to prove that every n-dimen-
sional homology Poincaré complex X admits normal structures (vx : X —
BSG(k),px : S"™* — T(vx)), and that for any such structure vx @ e: X —
BSG(k+1) is the normal fibration of a Poincaré embedding X c S"t*+! with
complement T'(vx) U,, D"HFFL
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Definition 9.7 (Ranicki [29, 17.1])

The peripheral quadratic complex of an n-dimensional normal complex X is the
(n—1)-dimensional quadratic Poincaré complex (C, ¢ x) in A(Z, X) with C the
X-controlled peripheral chain complex (6.10)

C = C(X]N—: AX)"™ — AX))uss
and
x €Qn 1(C) = Hp (W @z, (CO@z.x) 0))

the X-controlled quadratic class obtained by the boundary construction of [29,
2.6].

Note that the normal complex X is a universal homology Poincaré complex if
and only if the peripheral chain complex C is A(Z[m(X)])-contractible.

Remark 9.8 The X-controlled quadratic class ¥y € Q_,(C) in 9.7 has sym-
metrization

1+ T)px = ¢x € Hyo1(C®z,x) C)

the chain homotopy class of chain equivalences ¢x : C"~1=* — (C (6.11). In
fact, ¥ x is an X-controlled version of the quadratic class

Y = Yr(Un) € Qn-1(C) = Hna(W ®gzs,) (C @2 C))

obtained by evaluating the spectral quadratic construction of Ranicki [28, 7.3]
Yr: H¥(T(vx)) = Qn(C)

on the Thom class U, € H*(T(vx)). Here, F : T(vx)* — X is a stable
map inducing the chain map [X] N — : A(X)"™* — A(X'), with T'(vx)* the
spectrum S-dual of the Thom space T'(vx). If X is homology Poincaré then
T(vx)* =X*°X,. If X is R-homology Poincaré ¢ =0 € Q,—1(C) =0, but in
general ¥x # 0.

Refer to Ranicki [29, p.148] for the algebraic surgery exact sequence of a sim-
plicial complex X

- Hy(X;La) 3 Lo (Z[m (X)]) = Sn(X) = Hy_1(X;La) — ...
with A the assembly map. The generalized homology group
H,(X;L,) = L,(A(Z, X))
is the cobordism group of 1-connective n-dimensional quadratic Poincaré com-
plexes (C,¢x) in A(Z, X), with C' an n-dimensional chain complex in A(Z, X)

and
Vx €QX(C) = Hyp(W @75, (C ®@zx)0))
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such that
(1 + T)’lﬂx S Hn(C ®(Z,X) C) = HO(Hom(Zﬁx)(C”_*, C))

is a chain homotopy class of (Z, X)-module chain equivalences C"*~* — C.
Here, W is a free Z[33]-module resolution of Z

W — Z[%)] =7 Z[%5] =1 Z[%s)] = Z[%s]

and the generator 7" € X5 acts on C' ®z, x) C by signed transposition. The
quadratic L-group

Ln(Z[m(X)]) = Ln(A(Z[m(X)]))

is the cobordism group of n-dimensional quadratic Poincaré complexes (C, )
over the group ring Z[n1(X)] with

Y€ Qn(C) = Hpo(W ®zx,) (C @z, (x)) C)) -

The structure group S,(X) is the cobordism group of 1/2-connective
A(Z|m(X)])-contractible (n — 1)-dimensional quadratic Poincaré complexes in
A(Z, X).

Definition 9.9 (Ranicki [29, 17.4])
The total surgery obstruction of an n-dimensional universal homology Poincaré
complex X is the cobordism class of the peripheral quadratic Poincaré complex
in A(Z, X)

s(X) = (Cx) € Sp(X) .

Proposition 9.10 Let X be an n-dimensional universal Poincaré complex, with
peripheral complex (C,1x).
(i) The following conditions are equivalent :

(a) X is an n-dimensional homology manifold,
(b) C is A(Z, X)-contractible,
(C) (1 + T)’L/JX =0e€e Hn_l(C ®(Z,X) C)

(ii) The total surgery obstruction is such that s(X) = 0 if (and for n > 5 only
if ) the polyhedron | X| is homotopy equivalent to an n-dimensional topological
manifold. The image of the total surgery obstruction

tX) = [s(X)] € Hp1(X;Ls)

is such that t(X) = 0 if and only if the Spivak normal fibration vx : X — BSG
admits a topological reduction vy : X — BSTOP.
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Proof (i) (a) <= (b) The peripheral quadratic complex (C,9x) is A(Z, X)-
contractible if and only if the peripheral chain complex C is A(Z, X)-
contractible, if and only if X is a homology manifold (6.11).

(b) <= (c) The map

Hn(X) - n—l(c ®(Z,X) C)

in the braid used in the proof of Theorem 6.13 sends the fundamental class
[X] € H,(X) to the homology class

(1+T)wx € H,—1(C ®(z,X) a),

and C is A(Z, X)-contractible if and only if (1 4+ T)yx = 0.
(ii) See [29, 17.4]. O

Remark 9.11 There is also an R-coefficient version, for any commutative ring
R. The R-coefficient peripheral complex (C,1x) of an n-dimensional univer-
sal R-homology Poincaré complex X is the A(R[m(X)])-contractible (n — 1)-
dimensional quadratic Poincaré complex in A(R, X') with

C = C([X]N—=:AX;R)"™* — A(X';R))sy1

The R-coefficient total surgery obstruction ([29, 26.1]) of X is the cobordism
class
s(X;R) = (C,Yx) € Sn(X;R)

taking value in the R-coeflicient structure group fitting into the R-coefficient
algebraic surgery exact sequence

- = Hoy(X;L4) 3 Th(Rlm (X)] = R) — Sp(X;R) — Hp1(X;La) — ...

with T', the R-homology surgery obstruction groups of Cappell and Shaneson
[3]. The R-coefficient total surgery obstruction is such that s(X;R) = 0 if
(and for n > 5 only if) the polyhedron |X| is R-homology equivalent to an
n-dimensional topological manifold (Ranicki [29, 26.1]). See §14 below for the
application to knot theory, with R = Z.

10. COMBINATORIALLY CONTROLLED SURGERY THEORY

This section develops the combinatorial version of the topological controlled
surgery theory proposed by Quinn [23] and Ranicki and Yamasaki [37]. In
principle, it is possible to construct the topological theory using the combina-
torial version and the Cech nerves of open covers (cf. Quinn [25, 1.4]), but this
will not be done here.

A degree 1 map f: M — N of n-dimensional homology manifolds has acyclic
point inverses if and only if

AJM] = (f @ fALN] =0e H,(M xy M)
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by 7.7 (ii). For a normal map (f,b) : M — N this obstruction will now be
related to the chain level surgery obstruction. The Wall surgery obstruction
of (f,b) was expressed in Ranicki [27],[29] as the cobordism class of a kernel
n-dimensional quadratic Poincaré complex in A(Z[r1(N)])

o (f,b) = (A(f'),¥) € Ln(Z[m1(N)]) .

The quadratic class 1, will be refined to an N-controlled version v n, with
symmetrization

1+ Ton = AJM] = (f'® f)AIN] € Ho(M xn M) .

Galewski and Stern [7], [8, 1.7] proved that the Spivak normal fibration
vy M — BSG of a homology manifold M has a canonical topological bundle
reduction vys : M — BSTOP, namely the canonical topological bundle reduc-
tion of the normal homology cobordism bundle vy, : M — BSH, and that in
fact for dim(M) > 5 there exists a polyhedral topological manifold Mo p with
a map Mrop — M with contractible point inverses.

Definition 10.1 A normal map (f,b) : M — N from an n-dimensional homology
manifold M to an n-dimensional Poincaré complex N is a degree 1 map f :
M — N with a map of (stable) topological bundles b : vy — 1 over f.

The surgery obstruction o, (f,b) € L,(Z[m1 (N)]) of a normal map (f,b) : M —
N is defined by Maunder [16] following Wall [43]. The surgery obstruction is
shown in [16] to be such that o.(f,b) = 0 if (and for n > 5 only if) (f,b) is
normal bordant to a homotopy equivalence. The surgery obstruction can also
be defined using the chain complex method of Ranicki [26], [27].

Definition 10.2 The N -controlled quadratic structure of a normal map (f,d) :
M — N of n-dimensional homology manifolds is the element

Yo = VrNIN] € QY (A(M)) = Hn(EDy x5, (M xn M))

with ¥y : Ho(N) — QY (A(M)) the N-controlled version of the quadratic
construction of [27, Chapter 1]

bt Ho(N) = Qu(A(M)) = H.(BEE xx, (M x M) .

Here, b : vj; — 7 is a stable bundle map over f from the stable normal bundle
vy of M, n is a bundle over N, E3s is a contractible space with a free Xo-
action, the generator T' € Y9 acts on M Xy M by transposition

T:-MxyM — MxxM; (z,y) — (y,2)

and F : XN, — XM, is a geometric Umkehr map (= the S-dual of
T(b) : T (vpr) — £°°T(n)) inducing f* on the chain level.
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As usual, write W = A(E3;), so that

Qu(AM)) = Hn(W ®z)5,) (AM) @z A(M)))
Qn (A(M)) = Ho(W ®gp5,] (AM) @(z,5) A(M))) -
Remark 10.3 As defined in [27] the quadratic construction ¢p only gives an

element v, = Yr[N] € Q,(A(M)). There are two ways of checking that there
is a lift of ¥, to an N-controlled element 1, v € QN (A(M)):

e Note that the natural chain level transformation in [27, Chapter 1]
Yr: AN) = W @gs,) (AM) ®@z A(M))
factors through
YrN  AN) — W @z, (AM) ®z,n) A(M))
exactly as for the Alexander-Whitney diagonal chain approximation (5.3
(iii)), so that
br s Hu(N) 5 QN (AGM)) — Qu(A(M)) .
e Note that (f,b) determines an algebraic normal map in A(Z, N) in the
sense of [29, 2.16], with a corresponding quadratic class ¥ n.

An n-dimensional homology manifold M determines an n-dimensional symmet-
ric Poincaré complex in A(Z, N)

on(M) = (A(M),A.[M] € Qx(A(M)))
for any simplicial map M — N. Here, the Q-group is defined by
QN(A(M)) = Hp(Homgs, (W, A(M) ®z,n) A(M))) ,

and A, : H, (M) — Q% (A(M)) is induced by the Alexander-Whitney diagonal
chain approximation. (Note that A, is an isomorphism for 1 : M — N =
M). The fundamental L.*(Z)-homology class of M (Ranicki [29, 16.16]) is the
cobordism class

My, = o (M) € L"(A(Z, M)) = Hn(M;L%(Z)) .

For a degree 1 map f : M — N the algebraic mapping cone of the Umkehr
chain map f': A(N) — A(M) is a (Z, N)-module chain complex

A(f') = C(f - AN) — A(M)) .

Let e : A(M) — A(f') be the inclusion. The kernel n-dimensional symmetric
Poincaré complex in A(Z, N)

on(f) = (A(F), (e ® ) AL[M])
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is such that up to homotopy equivalence
on(M) = on(N)@on(f) ,
with cobordism class the difference of the fundamental L* (Z)-homology classes

on(f) = fi[M]L - [Nl € Ho(N;L*(Z)) .

Definition 10.4 (Ranicki [29, 18.3])
The normal invariant of a normal map (f,b) : M — N of n-dimensional
homology manifolds is the cobordism class

[0l = (A, (e ®e)ihn)
€ Lo(A(Z,N)) = Ho(N;L.) = [N,G/TOP] .

The normal invariant of 10.4 is a (mild) generalization of the traditional normal
invariant in surgery theory, and has the following properties:

o [f,b]L € Hp(N;L,) is a normal bordism invariant, such that [f,b]p = 0
if f has acyclic point inverses.

e For a normal map of polyhedral topological manifolds [f, b]. = 0 if (and
for n > 5 only if) (f,b) is normal bordant to a homeomorphism.

e The assembly of [f,b]L in the Wall surgery group is the surgery obstruc-
tion of (f,b)
A[f,bL = 0x(f,b) € Ln(Z[m (N)]) -

e The image of o.(f,b) in the homology surgery I'-group of Cappell and
Shaneson [3]

ATf b = ol (£,0) € Tu(Zlmi(N)] — Z)

is such that o (f,b) = 0 if (and for n > 5 only if) (f,b) is normal bordant
to a homology equivalence.

For PL manifolds these are direct applications of the surgery obstruction theory
of Wall [43]. In the general case, apply the extension of the theory to polyhedral
homology manifolds due to Maunder [16], or else combine with the result of
Galewski and Stern [7], [8, 1.7] that every polyhedral homology manifold can
be resolved by a polyhedral topological manifold and the TOP version of Wall’s
theory.

Proposition 10.5 The N-controlled quadratic class Yy n of a normal map
(f,b) : M — N of n-dimensional homology manifolds determines a kernel
n-dimensional quadratic Poincaré complex in A(Z, N)

o (f.b) = (A(f), (e ® e)tn,w)
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with cobordism class the normal invariant of (f,b)
[f.bl = 0 (£,0) € La(A(Z,N)) = Hn(N;La) .
The Poincaré duality chain equivalence of the symmetrization
L +T)o (f,0) = on(f)

s such that up to chain homotopy

L+ T)e®e)ppn = (e®e)A[M]: A(f)"™ = A(f)
which is the obstruction to f having acyclic point inverses (7.7 (ii))

1+ T)e®e)hn = AJM]—(f' ® f)ALN]
€ Ho(A(f') @@.ny A(f) = Ha(M xy M, Ap) (7.3 (ii)) -

Proof The identity

A+ T)pn = AdM] = (f' @ f)ALN] € Hy(M xn M)

is just the N-controlled analogue of the standard property of the quadratic
construction ([27])

(14T = AJM] = (f' © f)ALN] € Ho(M x M) .
O

Remark 10.6 The quadratic class ¢y ny € Q)Y (A(M)) can be defined for any
degree 1 map f : M — N of n-dimensional universal Poincaré complexes with a
map b : vy — v of the Spivak normal fibrations, with all the properties of 15 v
in 10.2 except that the n-dimensional quadratic complex (A(f'), (e ® €)1y n)
in A(Z, N) will only be Poincaré in A(Z[r(N)]).

A homotopy equivalence f : M — N of n-dimensional homology manifolds can

be regarded as a normal map (f,b) : M — N with b: vy — (f~1)*vas.

Definition 10.7 (Ranicki [29, 18.3])
The structure invariant of a homotopy equivalence f : M — N of n-dimensional
homology manifolds is the cobordism class

s(f) = (A(f),¥b,n) € Supr(N)
with image the normal invariant [f,b];, € H,(N;L,).

Proposition 10.8 (Ranicki [29, 18.3])

The structure invariant of a homotopy equivalence f : M — N of polyhedral
n-dimensional topological manifolds is such that s(f) =0 € S,,(N) if (and for
n > 5 only if) f is h-cobordant to a homeomorphism.
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In §13 below there will be obtained controlled versions of 10.7 and 10.8.

There is also a simple version of the structure invariant, which is defined for
a simple homotopy equivalence f : M — N of n-dimensional homology mani-
folds, taking value in the relative group S (N) in the exact sequence

s = Hy(N;La) 5 Ly (Z[mi (N)]) = S5(N) = Hy_1(N;La) = ...

Remark 10.9 The simple homotopy theory version of surgery theory allows an
application of the s-cobordism theorem, to obtain:

The simple structure invariant of a simple homotopy equivalence f : M — N of
polyhedral n-dimensional topological manifolds is such that s(f) = 0 € SE(N)
if (and for n >'5 only if) f is homotopic to a homeomorphism.

Proposition 10.10 (i) A map f : M — N of simplicial complexes with acyclic
point inverses is simple, with T7(f) = 0 € Wh(m(N)).

(ii) A homotopy equivalence f : M — N of n-dimensional homology man-
ifolds with acyclic point inverses is simple, with simple structure invariant
s(f) =0 € S, (N).

(iii) Forn > 5 a homotopy equivalence f : M — N of n-dimensional polyhedral
topological manifolds with acyclic point inverses is homotopic to a homeomor-
phism.

Proof (i) As in the proof of 9.4 use the assembly functor of Ranicki and Weiss
34]

ATAZN) = AZM(N)]) : A = > Alo)— AN) = > A@ps)

ceN SEN

with p : N — N the universal covering projection. A choice of basis for each
of the f.g. free Z-modules A(o) (0 € N) determines a basis for the assembly
f.g. free Z[m (N)]-module A(N), uniquely up to multiplication by the group
elements g € w1 (V). Thus if C is a based (Z, N)-module chain complex such
that C/(N) is contractible there is a well-defined Whitehead torsion

T(C(N)) € Wh(m(N)) .

For any simplicial map f : M — N there is defined a based (Z, N)-module
chain complex

C = C(f: A(M) — A(N))
with

C(o) =
C(f|: A(f~'D(o,N), f'0D(o,N)) — A(D(o,N),0D(o,N))) (0 € N) .

The assembly of C is the based f.g. free Z[m (N)]-module chain complex

C(N) = C(f: A(M) — A(N))
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with M = f*N the pullback cover of M. If f is a Z|71(N)]-module chain
equivalence (e.g. if f is a homotopy equivalence) the torsion of f is defined by

7(f) = 7(C(N)) € Wh(mi(N)) .

If f has acyclic point inverses each C(c) is contractible, and f is a Z[m; (N)]-
module chain equivalence, with the torsion of f such that

7(f) = 7(C(N)) € im(Wh({1}) — Wh(m(N))) = {0},

so that 7(f) = 0. (This uses Wh({1}) = 0, exactly as in the proof of the
combinatorial invariance of Whitehead torsion in Milnor [19]).

(ii) The simple structure invariant s(f) is the cobordism class of the simple
Z[m (N)]-contractible n-dimensional quadratic Poincaré complex (A(f'), 1y n)
in A(Z, N) with

fl= 1 AWN) = AM) .

By (i) A(f") is simple (Z, N)-contractible, and so represents 0 in the simple
structure group.

(iii) By (ii) f is a simple homotopy equivalence with zero simple structure
invariant, so that 10.9 applies. o

Remark 10.11 Let n > 5.

(i) A map f : M — N of n-dimensional PL manifolds with acyclic point
inverses is homotopic through maps with acyclic point inverses to a PL home-
omorphism if and only if the Cohen-Sato-Sullivan obstruction

c''(f) € H*(N;05")

is 0, with 64 the Kervaire-Milnor cobordism group of oriented 3-dimensional
PL homology spheres (Ranicki [31, pp.26-28]). The obstruction is 0 if f has
contractible point inverses. The obstruction is the homotopy class of the map

H(f): N — H/PL~K(6,3)

classifying the difference between the PL reductions of the normal homology
cobordism bundles of M and N. The combination of the Kirby-Siebenmann
result

TOP/PL ~ K(Z2,3)

with the work of Galewski and Stern [7] shows that the various classifying
spaces are related by a commutative braid of fibration sequences

K(64,3) BPL BTOP 6K (ker(a),5)
K(Z,3) 5 BH K(Z3,4)
TN T
K (ker(a),4) K (65 4)
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with a : 0 — Zs the Rochlin map ([31, p.26)).
(ii) A homeomorphism f : M — N of n-dimensional P L manifolds is homotopic
to a PL homeomorphism if and only if the Casson-Sullivan obstruction

k(f) = a(c(f)) € H*(N;Z2)
is 0 ([31, p.14]). The obstruction is the homotopy class of the map
k(f): N = TOP/PL ~ K(Z,3)

classifying the difference between the PL reductions of the normal topological
block bundles of M and N.

(iii) A homeomorphism f : M — N of n-dimensional PL manifolds is homo-
topic to a simplicial map with acyclic point inverses if and only if the Galewski-
Matumoto-Stern obstruction

Sk(f) € H*(N; ker(a))

is 0 ([31, p.28)).

(iv) Galewski and Stern [8] proved that an n-dimensional topological manifold
N is polyhedral (i.e. can be triangulated by a polyhedron) if and only if the
element

§k(vn) € H(N;ker(a))

is 0. In particular, this obstruction is 0 for the topological manifold N = Mrop
resolving a (polyhedral) homology manifold M given by Galewski and Stern
[7], so that Mpop can be taken to be polyhedral.

11. INTERSECTIONS AND SELF-INTERSECTIONS

The chain complex methods of this paper will now be applied to obtained
a combinatorially controlled homology version of the intersection theory of
homology submanifolds.

Definition 11.1 Given maps of X-controlled R-homology Poincaré complexes
fi:My— N, fa: My — N

with
dim(M;) = my , dim(My) = me , dim(N) = n

define the X -controlled intersection class
[My xx Ms] € Hpp, 4mo—n(My Xx Ma; R)
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to be the chain homotopy class of the (R, X)-module chain map

A(My; R)™ ™ ~ A(Mi; R) 2% A(N;R) ~ A(N; R)™™
Y20 A(Ma; R)"™ =~ A(Ma; R)sgma—n +

using the identifications

Hm1+m2—n(M1 Xx MQ;R)
= Hm1+mzfn(A(M1;R> (R, X) A(M25R))
= HO(Hom(R,X)(A(Ml;R)ml_*aA(MQ;R)*-l-mg—n)) .

In terms of the Umkehr (R, X)-module chain maps (7.1)
FLEANR) = AN R YU AM; R)™ =~ A(My: R) sy —n
£y i AN R) = AN; R P25 A(Mo; R)™ ~ A(Ma: R) sty —n

the X-controlled intersection class is given by the evaluation on the fundamen-
tal class [N] € H,(N) of the composite

Ho(N;R) S Ho(N xx N;R) X2 5o o (M) xx Mo R)

that is
[My xn Mo] = (fi ® f3)A[N] € Hynymy—n(My X x Ma; R) .

For the remainder of §11 R =7, X = N, i.e. only homology manifolds will be
considered.

Definition 11.2 Embeddings of homology manifolds
fr:(My)™ — N™ | fo: (M2)™* — N"
are transverse if

e the intersection M; N My is an (my + mo — n)-dimensional homology
manifold,

e the product embedding f; x fo : My x My — N X N has a normal
homology cobordism bundle

Vf1><f2 . Ml XM2—>BSH(2n—m1—m2)

whose restriction to M7 N Ms (viewed as a submanifold of My x Ms) is a
normal homology cobordism bundle for M; N My C N.
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(Compare with the notion of homology manifold transversality considered by
Galewski and Stern [7, Chapter 3].)
Proposition 11.3 The N -controlled intersection class of transversely intersecting
embeddings of homology manifolds f1 : (My)™ — N™, fa: (M3)™ — N"™ is
the fundamental class of the (my +mz — n)-dimensional homology submanifold

My xy My = MiNMy;CN
that is
[Ml XN MQ] = [Ml n MQ] S Hm1+m2,n(M1 XN MQ) .
Proof The normal homology cobordism bundle
V =VMNM;CN M1 n M2 — BSH(27’L —my — mg)

is such that there are defined isomorphisms

H.(N,N\(M; N M3)) = H,(N,cL(N\E(v)))
H.(E(v), S(v))

H*+m1+m2—2n(M1 N M2) .

R

1%

The identity [My xn Ms] = [M1 N Ms] follows from the evaluation of [N] €
H,(N) in the commutative diagram

IR

Hn(N) Hn(N XNN)

i@ f

H, (N, N\(M; N\ My)) — Hypp, 4my—n(Mi x5 My) .
Given a map f : M — N define the maps

i:M—>MxyM; xz— (z,2),
k:MxyN—M; (z,y) —x

(as in §7) such that
ji=f M—-N , ki=1:M-—>M.

The induced maps
ix: Ho(M) — H (M xn M)

are split injections, with

H (M xnx M) = H,(M)® H,(M xx M,Ay) .
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If M, N are homology manifolds with dim(M) = m, dim(N) = n the Umkehr
(Z, N)-module chain maps

FPrAWN) = AM)iimn 5§ AN) = AM X5 M)si2m-—2n
are defined as in 7.1,7.8.

Proposition 11.4 Let f: M™ — N™ be a map of homology manifolds.
(i) The N-controlled intersection class of f with itself

[M xx M] = 5[N] € Hopn(M xx M)
is such that [M Xy M| =0 € Hopn(M xn M, An) if and only if
[M % n M] € im(is : Homn(M) — Hom_n(M xx M)) .
(ii) If f is an embedding then
M xnyM] = [M]Nne(vy) € Humn(M Xy M) = Hap—pn(M) ,

with e(vy) € H" ™(M) the Euler class of the normal homology cobordism
bundle vy : M — BSH(n —m).

Proof (i) Immediate from the definition of [M x M], and the (split) exact
sequence

0 — Ham—n(M) 2 Hopy_ (M x5 M) — Hopy—n(M x5 M, Apr) =0 .
(ii) For an embedding f

it =1 M—->MxyM = M,
j=f:MxyM = M—N.

It follows from the commutative diagram

H,(N) Ay Hp(NxN)

~J

I

H™"(NxN,NxN\Ay) —= H"(NxN)

p (fxf)*l l(fxf)* Fof
H™(M x M, Mx M\A ) — H"(M x M)

/ AL

H2m7n(M> H2m7n(MXM>

that

Au[M xy M) = A IN] = (f' @ f)AN[N] € Hopmn(M x M) .
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The Pontrjagin-Thom collapse map
F: Ny — N/cl(N\E(vy)) = E(vy)/S(vy) = T(vy)
induces the Umkehr Z-module chain map
F = fiAN) = AN) = AT(5) ~ AM)pmon -

It follows from the commutative diagram

Ha (V) —— = @) = Ha)
%
An AT(l’f) H2m—n(M)
A]M
H,(NxN) res, Ho(T(vs) AT (v5)) = Hopn(M x M)
that
(f' @ [HANIN] = An(f'[N]Ne(vy))
= Ap([M]Ne(vy)) € Hopn(M x M) .

Thus

Ay[M xy M] = (f'® f)AN[N]
= An([M]Ne(vs)) € Hopmn(M x M) .

Now Ay : Hopye (M) — Hop—n (M x M) is a (split) injection, so that
[Mxny M] = [M]Ne(vs) € Hyppn(M) .
O

Remark 11.5 (i) If f : M™ — N™ is a map of homology manifolds with an
N-controlled map

a: (M x M,Mx M\Ay)— (N x N,N x N\Ay)
such that the diagram

(M x M, M x M\M xy M)

c Ixf

(M X M,M X M\AZ\/])

(N x N,N x N\Ay)
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is N-controlled homotopy commutative then
[M XN M] S lm(’L* : Hgm_n(M) — Hgm_n(M XN M)) s

where ¢ is the inclusion. (For m = n this is essentially the same as 8.6.)
The property ac ~ f x f is related to the necessary and sufficient condition
obtained by Haefliger [10] for a map f: M™ — N™ of differentiable manifolds
in the stable range 2n > 3(m + 1) to be homotopic to an embedding, namely
that f x f: M x M — N x N be Yj-equivariantly homotopic to a map
h:M x M — N x N with h=*(Ayx) = Ay, so that h defines a map of pairs

h: (M x M, M x M\Ap) — (N x N,N x N\Ay) .

The action of X9 is by transposition (x,y) — (y, ). See 11.11 below for a more
detailed discussion of the case n = 2m.

(ii) The identity of 11.4 (ii) for an embedding f : M™ — N™ can also be proved
geometrically, whenever there exists an isotopic embedding f': M' = M — N
such that :

e M, M’ C N intersect transversely in a (2m — n)-dimensional homology
submanifold M N M’ C N,

o [MNM'] € Hopm—n(M) is Poincaré dual to e(vy) € H"™(M),
° [M XN M] = [MQMI] S Hgm_n(M)
Applying 11.3, it follows that

M xy M] = [MnM]
= [M]Ne(vs) € Haym—n(M xy M) = Hap_pn(M) .

(iii) Let f : M — X be a degree 1 map of n-dimensional manifolds, which is
covered by a stable bundle map

b:Ty ®e™® —Tx Be™ .
The induced stable map of Thom spaces
T®): Tty @) =XT(p) = T(rx @) =T (1x)
sends the Thom class of 7x to the Thom class of mas
T()*: ﬁn(T(Tx)) — Ef"(T(TM)) i Ux = Uy
The images of the Thom classes Ujys, Ux under the maps

inclusion® : H™(T(7a1)) = H™(M x M, M x M\Ax)
— H™(M x M, M x M\(f x f)"*Ax) ,
Fx e HYX x X, X x X\Ax) — H*(M x M, M x M\(f x f)"'Ax)
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are not the same (in general), since the diagram I in

. T(b)* .
H™(T(7m)) o H™(T(7x))

o o

H™(M x M, M x M\Ayr) H"(X x X, X x X\Ax)

\/

H"(M x M, M x M\(f x f)"1Ax)

/N\

H™"(M x M) "X x X)

does not commute. However, it does commute in the unstable case b : Tpy — Tx,
with a commutative diagram

(MXM,MXM\A]M)L)(X x X, X x X\Ax)

L,

M X

Definition 11.6 The homotopy double point set P(f) of a map f: M — N is
the homotopy pullback in the diagram

P(f) — M

~

I

%N

Thus P(f) is the space of triples (z,y,w) with 2,y € M and w : [0,1] — N a
path such that

w(0) = flz) , W) = fly)eN.

The space P(f) is a homotopy model for the actual double point set M x n M,
and there is an evident inclusion

MXNM_)P(f); (-Tay)’_> (‘Tay’w)

with w(t) = f(z) = f(y) e N (0 <t <1).

Proposition 11.7 If f : M™ — N™ is a map of homology manifolds the image
of [M xn M] € Hopn(M XN M,Ap) in Hopm—n(P(f),Arr) is a homotopy
invariant of f, which is 0 if f is homotopic to an embedding.

Proof Immediate from 11.4. O
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Remark 11.8 See Hatcher and Quinn [11] for the systematic use of homotopy
pullbacks to define intersection invariants of submanifolds.

Next, consider an immersion of an m-dimensional homology manifold in an
n-dimensional homology manifold

f:M™— N"

with m < n. Let vy : M — BSH(n — m) classify the normal homology
cobordism bundle, so that there is defined a fibration

(D", %) (Blvg), S(vg)) — M
and the Thom space is given by
T(vg) = E(vs)/S(vy)
For sufficiently large k there exists a map g : M — int(D¥) such that
fxg:M—NxD"; z— (f(z),9(x))
is an embedding with normal homology cobordism bundle
Vixg = v ® e M — BSH(n —m+k) .
The corresponding Pontrjagin-Thom collapse map
F:Y*N, = NxDF/N xS = Twra) = ¢ (vy)
induces the Umkehr (Z, N)-module chain map
I AN = AN A = AM ) = AT ()

Let
vi Xy vy: M xy M — BSH(2(n—m))

be the homology cobordism bundle defined by the restriction of the product
v xvy: M x M — BSH(2(n —m))
to M xy M C M x M, with Thom space
T(vy xnwvy) = E(vy xyvy)/Svy xnvy)
= E(vy) xn E(vy)/(E(vs) xn S(vy) U S(vp) xn E(vy)) -
Definition 11.9 The N-controlled self-intersection class of an immersion of ho-

mology manifolds f : M™ — N" is the N-controlled version of the homology
class of Ranicki [27, pp.279-282]

un(f) = —¢rN[N]
€ H,(ESs xx, T(vy xn vy))
= Hopn(EXg x5, (M xx M); 2"
= Hopp (W2 ®z(5,) (A(M) ®(z,n) A(M)))

yr=m
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with ¢pn (9.2) the N-controlled version of the quadratic construction ¢ p of
[27, Chapter 1] applied to a geometric Umkehr map F : SN, — S*T(vy) (k

large) inducing f' on the chain level. Here, Z(=)""" refers to Z twisted by the
orientation character of the extended power homology cobordism bundle

ea(vy) 1 EXg X5, (M xny M) — BH(2(n —m))

with
E(ex(vy)) = EX2 xx, (E(vy) xn E(vf)) ,
Slea(vy)) = EXz x5, (E(vg) xn S(vp)US(vs) xn E(v)) ,
T(ealvs)) = Blealwy)/S(ealvs)) = BSs s, T(vg < vg) |
and WZ()""" is a free Z[¥y]-resolution of Z(=)" "

Proposition 11.10 (i) The N-controlled self-intersection class has symmetriza-
tion

(L+Tun(f) = [M xn M] —i.(e(vy) N [M])
€ Hy(T(vy xn vs)) = Hom-n(M xy M),
with
M xny M] = (f'® fHYAN[N] € Hopmn(M xn M) .
(ii) The image of un(f) in
Hopm—n(ESg x5, (M x5 M),EXy x5, Ay Z")
= HY (E%y xy, (M xy M\Ay); Z

2m—n
= HY (M xy M\Ay)/So; 250"

2m—n

yrm

)

is a Z()" " ~twisted fundamental class for the stratified set of unordered double

pointst
(M XNy M\AM) /%o = {(z,y) € MXM |z #vy, f(z) = f(y)}/{(z,y) ~ (y,2)} .

(i) If f : M — N is an embedding then it is possible to chose k = 0, F :
Ny — T(vy) and pn(f) = 0.

(iv) The image of un(f) in HY (M x M\An)/Sy; ZO)"™) is a regular
homotopy invariant of f, which is 0 if f is reqular homotopic to an embedding.
Proof These are the N-controlled versions of standard properties of the self-

intersection form p of Chapter 5 of Wall [43]. O

Let f: M™ — N™ be a map of connected homology manifolds with n = 2m,
such that f. : m (M) — 71 (V) is trivial. Write 71 (N) =7, and let g : N — Bw

1The unordered double point set of an immersion of manifolds f : M™ — N™ is an open
(2m — n)-dimensional manifold in the metastable range 3m < 2n, when there are no triple
points.
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be the classifying map for the universal cover N = g*Em of N. A choice
of null-homotopy ¢gf ~ {x} : M — Bz determines a homotopy equivalence
P(gf) ~7mx M x M, with P(gf) the homotopy double point set (11.6), as well
as alift f: M — N of f: M — N. The N-controlled intersection class (11.1)
is an element

[A4'XA[A1]E‘HB(Af>Qvﬂ1)

with image the intersection class of Wall [43, 5.2]
Af, f) € Ho(P(gf)) = Zln],

which is a homotopy invariant of f. The following result was first obtained in
the differentiable category.

Proposition 11.11 (Haefliger [10])
The reduced intersection class of a map f : M™ — N?™

XS ) = IS € Ho(P(af), An) = Zin)/Z

is such that X(f, f) = 0 if (and for m > 3 only if) [ is homotopic to an
embedding.

Now assume that f : M™ — N?™ is an immersion, so that the double point
set M x M is the disjoint union of Aps and a finite set M Xy M\Aps. The
N-controlled self-intersection class (11.9)

un(f) € Hy(ESy x5, (M xy M); Z5)™)

has image the self-intersection form of [43, 5.2]

p(f) = > w(z,y)g(x,y)
(z,y)E(MX NM\An) /o

€ Ho(Es x5, P(gf);Z7") = Z[x]/{a— (—)"a}
where

e a — @ is the involution on the fundamental group ring Z[n] defined (as
in §9) by

Zlr] = Z[n] 5 a = Z”gg’_’a = 2”99717

gem geE™

e g(z,y) € 7 is the fundamental group element determined for each non-
trivial ordered double point (z,y) € M xny M\An by

f@) = gla,y)fly) e N,

e w(z,y) = £1 according to the matching up of the orientations of M and
N at f(z) = f(y) € N.
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The symmetrization of p(f) is such that

ulf) + ()" uf) = A ) = x(vy) € Zla]
a special case of 11.10 (i), with x(vy) € Z C Z[n].

Proposition 11.12 (Wall [43, 5.2])
The self-intersection form of an immersion f : M™ — N2™

p(f) € Zlr)/{a - (=)"a}

is a regular homotopy invariant such that p(f) =0 if (and for m > 3) if f is
regular homotopic to an embedding.

In fact, the reduced self-intersection form

p(f) € Zim)/(Z + {a — (=)"a})

is a homotopy invariant of f. The condition m > 3 in 11.12 is necessary for the
application of the Whitney trick to remove pairs of double points, with u(f) =0
being just the algebraic condition for the double points to appear in potentially
cancelling pairs. The result of 11.12 for an immersion f : S™ — N2?™ is of
course essential for even-dimensional surgery obstruction theory.

12. WHITEHEAD TORSION

It is a commonplace of controlled topology that the Whitehead torsion of an X-
controlled homotopy equivalence of X-controlled complexes has zero image in
Wh(mi(X)). See for example the controlled K-theory proof in Ranicki and Ya-
masaki [36] of Chapman’s theorem on the topological invariance of Whitehead
torsion.

Proposition 12.1 If f : M — N is a homotopy equivalence of simplicial com-
plexes which is also an X -controlled homology equivalence then the Whitehead
torsion of f is such that

7(f) € ker((pn)« : Wh(m (N)) — Wh(m (X))) .

Proof Work as in 9.10 (i): the algebraic mapping cone of the (Z, X)-module
chain equivalence f : A(M) — A(N)

C = C(f: AM) — A(N))

is a based contractible finite chain complex in A(Z, X'), with assembly the based
contractible finite chain complex in A(Z[r1(X)])

C(X) = C(f: A(M) — A(N))
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with 0 torsion in Wh(m;(X)). The image of 7(f) € Wh(mw1(N)) in Wh(m (X))
is thus B
(pn)«7(f) = 7(C(X)) = 0€ Wh(m (X)) .
O
Definition 12.2 An X -controlled h-cobordism (W; M, N) of homology manifolds

is an h-cobordism together with a simplicial map py : W — X’ such that the
inclusions M — W, N — W are X-controlled homology equivalences.

Proposition 12.3 The Whitehead torsion of an X-controlled h-cobordism
(W; M, N) of homology manifolds is such that

T(W; M, N) € ker((pw )« : Wh(m(W)) — Wh(m(X))) .
Proof By definition
T(W;M,N) = 7(M — W) € Wh(m (W)) .
Apply 12.2 to the X-controlled homotopy equivalence M — W. O
Corollary 12.4 If m (W) = w1 (X) an N-controlled h-cobordism (W;M,N) of
homology manifolds is an s-cobordism, with
T(W;M,N) = 0€ Wh(m (W)) .

Proof Immediate from 12.3, since in this case pyy : W — X = N is a homotopy
equivalence. m|

In principle, it would be possible to investigate X-controlled versions of the
classical h- and s-cobordism theorems of high-dimensional manifold theory,
taking the controlled h-cobordism theorem of Quinn [23] as a model.

13. HOMOLOGY FIBRATIONS

It is a theme of controlled topology that if FF — E — B is a fibre bundle of
manifolds and f : M — FE is a homotopy equivalence of manifolds then M is
the total space of a fibre bundle FF — M — B if and only if f is a B-controlled
homotopy equivalence. For example, see Chapman [4]. (All niceties to do with
fibre bundles, block bundles, approximate fibrations etc. are being ignored
here!). An analogous result will now be obtained in the combinatorial context
of this paper.

Definition 13.1 A B-controlled R-homology fibration E is a B-controlled sim-
plicial complex F such that the inclusions

pg' D(r,B) = pg' D(0,B) (0 <7 € B)
are R-homology equivalences, i.e. induce isomorphisms

H.(p5'D(1,B); R) = H.(p'D(0, B); R) .
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The R-module chain homotopy type of A(png(a, B); R) is the chain fibre of
E. (It is assumed here that B is connected, so that the chain fibre is well-
defined.)

Remark 153.2 An (R, B)-module chain complex C' is homogeneous if the inclu-
sions define R-module chain equivalences

~

[Cllo] = [ClIr] (r<o€eB)

(Ranicki and Weiss [34, 4.5], Ranicki [29, p.110]). A B-controlled simplicial
complex FE is a B-controlled R-homology fibration if and only if the (R, B)-
module chain complex A(F; R) is homogeneous.

Ezample 13.3 Let E be a B-controlled simplicial complex.

(i) The control map pg : E — B’ has R-acyclic point inverses if and only if F
is a B-controlled R-homology fibration with R-acyclic chain fibre.

(ii) The control map pg : E — B’ is a quasifibration in the sense of Dold and
Thom [6] with fibre F' = p' (%) if and only if the inclusions

pp D(7,B) — pp'D(0,B) (0 <7 € B)

are homotopy equivalences, in which case E is a B-controlled R-homology
fibration with chain fibre A(F; R).

Definition 13.4 A d-dimensional B-controlled R-homology Poincaré fibration E
is a B-controlled R-homology fibration such that each p'D(o, B) (0 € B) is
a d-dimensional R-homology Poincaré complex, with each inclusion

pp' D(1,B) — pp'D(0,B) (0 <7€B)
an R-homology equivalence such that the induced isomorphism
Ha(py' D(r, B); R) = Ha(py,' D(0, B); R)

sends [p' D(7, B)] to [pg' D(o, B)].

The chain fibre C' of a d-dimensional B-controlled R-homology Poincaré fibra-
tion E is a d-dimensional symmetric Poincaré complex over R. (See Ranicki
[26] for the theory of symmetric Poincaré complexes.)

Proposition 13.5 Let B be an n-dimensional R-homology manifold B, and let
E be a d-dimensional B-controlled R-homology Poincaré fibration, with chain
fibre C.

(i) E is an (n + d)-dimensional B-controlled R-homology Poincaré complex.
(ii) F xp E is an (n + 2d)-dimensional B-controlled R-homology Poincaré
fibration with chain fibre the 2d-dimensional symmetric Poincaré complex CQp
C over R. In particular, E xpg E is an (n + 2d)-dimensional B-controlled R-
homology Poincaré complex.
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Proof (i) Use the algebraic Poincaré cycle theory of Ranicki [29], involving the
symmetric L-spectrum L*(R) with homotopy groups the symmetric L-groups
of R

m(L*(R)) = L*(R) .

The L*(R)-homology group H,,(B;L°®(R)) is the cobordism group of m-
dimensional symmetric Poincaré cycles in A(R, B), and the cap product

N: H,(B;L*(R)) ® H %B;L*(R)) — H,4a(B;L*(R))

is defined using the ring spectrum structure of L.*(R). The R-coefficient ho-
mology class

[E] = [B]®[F] € Hyra(E;R) = Ho(B;R)®g Hq(F; R)

determines an (n + d)-dimensional symmetric cycle [E]r, = (A(F; R), A[E]) in
A(R, B) which is Poincaré if and only if E is an (n+d)-dimensional B-controlled
R-homology Poincaré complex, in which case [E], € Hp4q(E;L*(R)) is a fun-
damental L *(R)-homology class. The cap product (on the algebraic Poincaré
cycle level) of the fundamental L *(R)-homology class of [29, 16.16]

[BlL € Hn(B;L*(R))
and the L *(R)-cohomology class
[C,ppl € H™Y(B;L*(R))
of Liick and Ranicki [14, Appendix] identifies
[ElL = [BlLN[C,pelL € Hnra(B;L*(R)) ,

so that [E], is a Poincaré cycle, as required.

(ii) For any B-controlled R-homology fibration FE with chain fibre C' the product
E xpFE is a B-controlled R-homology fibration with chain fibre C®@prC. Thus if
F is a d-dimensional B-controlled R-homology Poincaré fibration then Ex g F is
a 2d-dimensional B-controlled R-homology Poincaré fibration, and (i) applies.
O

Remark 13.6 The result of 13.5 (i) is a combinatorial version of the result of
Buoncristiano, Rourke and Sanderson [2, p.21] that the total space of a mock
bundle is a manifold, and of the result of Gottlieb [9] (announced by Quinn [22])
that the total space of a fibration F — F — B with base B an n-dimensional
Poincaré complex and fibre F' a d-dimensional Poincaré complex is an (n + d)-
dimensional Poincaré complex E.

Remark 15.7Let E be a (d+1)-dimensional homology manifold with a simplicial
map pg : £ — S! such that the induced infinite cyclic cover of E

E = (pp)'R
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is finitely dominated. Let ¢ : E — E be a generating covering translation, with
mapping torus

T() = Ex[0,1]/{(2,0) = (((x),1) |z € E} .
The fibering obstruction of E
®(E) = 7(T(¢) — E) € Wh(m (E))

is such that ®(E) = 0 if (and for d > 5 only if) pg : E — S! is homotopic to
the projection of a d-dimensional S!-controlled homology Poincaré fibration.
For an actual manifold E this is the original fibering obstruction of Farrell and
Siebenmann, and the S'-controlled homology Poincaré fibration can be taken
to be an actual fibre bundle over S'. See Ranicki [30],[33] and Hughes and
Ranicki [12] for more recent accounts of the fibering obstruction over S*.

Theorem 13.8 Let B be an n-dimensional R-homology manifold, and let E be
a d-dimensional B-controlled R-homology Poincaré fibration with chain fibre
C, so that E is an (n + d)-dimensional B-controlled R-homology Poincaré
complex (13.5 (i)). If M is an (n + d)-dimensional B-controlled R-homology
Poincaré complex and f : M — E is a degree 1 B-controlled map, the following
conditions are equivalent :

(i) M is a B-controlled R-homology fibration with chain fibre C,

(ii) f is a B-controlled R-homology equivalence,

(iii) (f % f)s: Husa(M x5 M; R) = Hyig(E x5 E; R).
Proof (i) <= (ii) A map f : M — E of B-controlled simplicial complexes is a
B-controlled R-homology equivalence if and only if the restrictions

fl:p3i D(0, B) = pg' D(0, B) (0 € B)

are R-homology equivalences.
(ii) <= (iii) This is a special case of 7.3. O

Remark 13.9 Corollary 7.5 is the special case of 13.8 with R = Z, B = E,
C=R,d=0 (cf. 13.3 (i)).

14. KNOT THEORY

The results of §§7,13 are now illustrated by showing how they apply to high-
dimensional knot theory. No actual new results are obtained in knot theory,
however; known results are restated in terms of the chain theory developed in
this paper.

The algebraic theory of surgery was used in Ranicki [28, 7.8], [33] to obtain a
chain complex treatment of the algebraic invariants of high-dimensional knot
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theory, using the following construction. Let k : S C S"*2 (n > 1) be a
locally flat n-knot, with closed regular neighbourhood

(U,0U) = (8" x D* 8™ x St) c §"*2 |
The knot complement
(T,0T) = (cl.(S™T2\U),dU)

is an (n + 2)-dimensional manifold with boundary, such that the generator
1€ HYT) = H,(U) = Z is realized by a normal map

(f.b): (T,0T) — (D™ x S', 5™ x ")

with f : T — D"t x S a Z-homology equivalence, and f| = 1: 9T — S™ x S'.
Define an (n + 3)-dimensional Z-homology Poincaré pair (X,9X) with X the
mapping cylinder of f, and the boundary X = T Uy D" x S an (n + 2)-
dimensional manifold. The peripheral complex of (X,0X) is a Z-contractible
(n + 2)-dimensional quadratic Poincaré complex (C,9x) in A(Z, X), with

C = C([X]n—-:A(X, 8X)"+3** — A(X))st1 -
The cobordism class
50(X;Z) = (CiYx) € Spq3(X;Z)

is the rel 9 total homology surgery obstruction (9.11), such that s5(X;Z) =0
if (and for n > 5 only if) (X,0X) is homology equivalent rel d to an (n + 2)-
dimensional topological manifold with boundary. The projection X — S! is a
homotopy equivalence, so that

Sn43(X;Z) = Spy3(S';7Z)

The induced functor A(Z, X) — A(Z, S') sends the peripheral complex (C,x)
to the kernel Z-contractible (n + 2)-dimensional quadratic Poincaré complex of
(f,b) in A(Z, S")

ol (f,b) = (A(f': A(D™ x SY) — A(T)), ) -

The assembly functor A : A(Z,SY) — A(Z[z,27Y]) sends 5 (f,b) to the Z-
contractible (n + 2)-dimensional quadratic Poincaré complex in A(Z[z, 27 1])

AcST(£,0) = (A(f': A(D™ x R) — A(T)), Ay) |,
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with T = f*(D™*! x R) the canonical infinite cyclic cover of T. The total
homology surgery obstruction

so(X;2) = AoP (f,b) € Snys(S"2)

is a cobordism invariant of k. For n > 3 it is in fact the cobordism class of k,
with S,43(SY;Z) = C,, the n-dimensional knot cobordism group (Ranicki [28,
p.836]).

The chain homotopy type of o ' (f,b) in A(Z,S') is not an isotopy invariant
of the n-knot k, since it depends on the choice of the map f : 7T — D"+ x S!
within its homotopy class. Working as in the proof of 7.3 (ii) it follows from
the (Z, S')-module chain equivalences

A(T) ~@z,s1) A(f) ® A(SY)
A2 =g g1y A(f)
that there is defined a Z-module chain equivalence
A(T) @51 AT) =2 (A @51 AU © AF) @ A(F) @ ASY)
and that
Hypo(T x51 T) = Hn2(A(T) ®(z,51) A(T))
= Hop2(A(f) ®z,51) A(SY))
= Ho(Homz s1)(A(f), A(f))) -
The following conditions are equivalent :
(a) Hpqo(T x51 T) =0,
(b) 05" (f,b) is chain equivalent to 0 in A(Z, %),
(c) f:T — D" x St is an S'-controlled homology equivalence.

In view of 13.8 it is possible to choose f to satisfy these conditions if and only
if T is an S*'-controlled homology fibration — see further below for fibred knots.

The chain homotopy type of Ac? ! (f,b) in A(Z[z,271]) is an isotopy invariant
of k, since it only depends on the homotopy class of f : T — D"t! x §! . Let
¢ : T — T be a generating covering translation of the infinite cyclic cover T' of
T. The quotient of T x T by the diagonal Z-action

TxzT = (T xT)/{(z,y) = (Cz,(y)}
is such that
Hyyo(T x2T) = Hopo(AT) @z .1 AT))
= Hnp2(AA(f') @z .1 AA(f))

The following conditions are equivalent :
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(d) Hn+2(T X7 T) = 0,
(e) AcS'(f,b) is chain equivalent to 0 in A(Z[z, z~1]),

(f) f: T — D" x St is homotopic to an S!-controlled homology equiva-
lence.

See Ranicki [28, 7.8] for the relationship between AcS' (f,b), the Seifert form,
the Alexander polynomials and the Blanchfield pairing of k. If k is simple

(ie. H(T)=0for 1 <r < (n—1)/2) and n > 3 the chain homotopy type
of Ac? ! (f,b) is the complete isotopy invariant, by the classification results of
Trotter, Levine and Kearton, and the conditions (d),(e),(f) are equivalent to k
being unknotted, i.e. isotopic to the trivial n-knot kg : S™ C S™*2.

Now suppose that k : S C S"*2 is a fibred n-knot, i.e. that the knot comple-
ment 7' fibres over S* (cf. Remark 13.7 above). For example, the link of an
isolated singular point of a complex hypersurface f=1(0) ¢ C™ (f : C™ — C)
is a fibred (2m — 3)-knot

S2m73 — Smel N f*l(o) C S2m71 C (Cm ,

by Milnor [20] (cf. Remark 6.17 above). Let F" ™t C S™*2 be a Seifert surface
for k, with OF = k(S™), and let h : FF — F be the monodromy. The knot
complement

(T,0T) = (T(h),S™ x S*)
is the total space of a fibre bundle
(F",8") — (T,0T) — S'

and f: T — D" x S! may be chosen to be a map of fibre bundles over S*.
The infinite cyclic cover of T is such that

¢:T = FxR—T; (x,t) — (h(z),t + 1)

and
TxsgiT = T(hxh:FXF—FXF)

is homotopy equivalent to

Thus

and in the fibred case

(a) &= (b) &= (¢) = (d) &= (¢) = () .

DOCUMENTA MATHEMATICA 4 (1999) 1-59



SINGULARITIES AND CONTROLLED TOPOLOGY 57

15. OTHER CATEGORIES

Weiss [44] constructed a chain duality on the additive category of X-controlled
Z-modules, for any A-set X. Hutt [13] constructed a chain duality on the
additive category of sheaves of Z-modules over any space X. In principle, all
the results in this paper can therefore be generalized to these categories.
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ABSTRACT. In his paper Motivic equivalence of quadratic forms, Izh-
boldin modifies a conjecture of Lam and asks whether two quadratic
forms, each of which isomorphic to the product of an Albert form and
a k-fold Pfister form, are similar provided they are equivalent modulo
I*+3. We relate this conjecture to another conjecture on the dimen-
sions of anisotropic forms in I¥T3. As a consequence, we obtain that
Izhboldin’s conjecture is true for k < 1.
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In what follows, we will adhere to the same terminology and notations used in
Izhboldin’s article [I] mentioned in the abstract. In particular, if two quadratic
forms ¢ and v are similar, we will write ¢ ~ ).

Let F be a field of characteristic # 2. Recall that an Albert form « over F'is a
6-dimensional quadratic form over F with signed discriminant 1 € F*/F*? (i.e.
a € I?F), and an n-fold Pfister form over F is a form of type (a1, -, an) =
(1,—a1)®---®(1, —ay), a; € F*. In his paper [I], Izhboldin states the following
conjecture :

CONJECTURE 1 (Cf. Conjecture 5.1 in [I].) Let g1 and qo be Albert forms over
F and let m and 2 be two k-fold Pfister forms over F (k > 0) such that ¢; @,
1 = 1,2 is anisotropic and g1 T = g2 @72 mod IFT3F. Then QLR ~ qaRTa.

1This research has been carried out in the framework of TMR Network ERB FMRX
CT-97-0107 “Algebraic K-Theory, Linear Algebraic Groups and Related Structures.”
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In fact, this conjecture is a special case of a question asked by Lam [L, (6.6)].
Lam’s original question was as follows. Suppose 0;, p; € P, F, i = 1,2, and let
¢i = (0; L —p;)an be the anisotropic part of o; L —p;. If ¢y = ¢ mod I"T1F,
does it then follow that ¢1 ~ ¢2 7 By a result of Elman and Lam [EL, Theorem
4.5], it is known that dim¢; € {2"*! — 2™ 1 < m < n + 1}, and that if
dim ¢; = 271 — 2™ then p; and o; are (m — 1)-linked, i.e. there exists an
(m — 1)-fold Pfister form which divides both p; and o;. It is an easy exercise
to show that Lam’s question has a positive answer if dim ¢; (or dim ¢5) equals
0 of 2" (iie. m =n+1 or m = n). In [I, Section 4], Izhboldin constructs
counterexamples with dim ¢1 (or dim ¢2) equal to 2" —2™ with 1 < m < n—2.
The only remaining case m = n — 1 boils down to Conjecture 1 above.

It turns out that this conjecture would have a positive answer if another well-
known conjecture on quadratic forms were true, this other conjecture being

CONJECTURE 2 Let n > 2 and let g be an anisotropic form in I"F. If dimq >
2" then dimgq > 2" 4+ 2771,

ProrosiTiON 1 Conjecture 2 for n = k + 3 implies Conjecture 1 for k.

It was shown in [H 2] that Conjecture 2 holds for n < 4. As a consequence, we
have

COROLLARY Conjecture 1 holds for k < 1.

Note that for £k = 0 this is essentially Jacobson’s theorem saying that two
Albert forms are similar if and only if their associated biquaternion algebras
are isomorphic (see [MS] for a quadratic form-theoretic proof of Jacobson’s
theorem).

Proof of Proposition 1. Suppose that Conjecture 2 holds for k£ + 3. Let ¢; and
g2 be Albert forms over F' and let m; and 7w be two k-fold Pfister forms over
F (k > 0) such that ¢1 ® m = ¢2 ® 73 mod T3 F and such that q; @ T; is
anisotropic for ¢ = 1, 2.

First, we note that we may assume m = my (cf. the remarks following Conjec-
ture 5.1 in [I]). We denote this k-fold Pfister form by 7. Since ¢; @ 7 € I*2F,
we can scale ¢; (and thus ¢; ® 7) without changing the equivalence mod I**3F,
and we may thus assume that ¢; = (1) L ¢}, dim¢; = 5 for ¢ = 1, 2. This yields
¢, @7 =q,b®nmod IF3F.

In particular, 7 ® (¢; L —q5) is a form of dimension 2%(23 + 2) = 2F+3 4 2k+1
in I*3F. By Conjecture 2, 7 ® (¢} L —qb) is isotropic. In particular, there
exists © € F™* such that z is represented by both 7 ® ¢ and 7 ® ¢. Using
the multiplicativity of Pfister forms (cf. [EL, Theorem 1.4]), there exist 4-
dimensional forms ¢/, i = 1,2, such that 7 ® ¢} 2 7 ® ({(x) L ¢}').

From this, it follows readily that 7 ® ¢/ = 7 ® ¢4 mod I**3F. Note that
dim(7 ® ¢') = 282, so that 7 ® ¢} and 7 ® ¢ are (anisotropic) half-neighbors.
As a consequence, ™ ® q] becomes isotropic over the function field of = ® ¢
(see, e.g., [H3, Corollary 2.6] or [I, Lemma 3.3]). By [H1, Theorem 1.4], this
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implies that 7 ® ¢f and 7 ® ¢4 are similar, so that there exists some y € F*
such that 7 ® ¢f = ym ® ¢5. Thus, we obtain

TRq 7@ (l,z) Lr®q modI*+3 F
TR qo modI*t3F
YT X g2 modI¥t3 F

yr @ (1,z) Lyr ®q¢y modI*3F
yr @ (1,z) L7®q! modI*3F

and hence 7® (1, 2) = yr® (1, ) mod I**3F. Now dim(r®(1,z)) = 2+ and
the Arason-Pfister Hauptsatz therefore implies that 7 ® (1,z) & ym ® (1,z).
We conclude that

T®(Lz) L7®q)
yr @ (L, z) Lym @ gy
Ym &K qa .

T & q1

1R 1R

O

Note that we didn’t really make use of the fact that ¢; and g are Albert
forms. However, it is not difficult to show that if 7 is a k-fold Pfister form and
q=¢ L {(a) € IF such that 7 ® ¢ € I*2F, then if one chooses b € F* such
that § = ¢’ L (b) € I?F, one has 7 ® ¢ = 7 ® §. So what is essential is the fact
that 7 ® ¢; is in I**2F, in which case we may as well assume by what we just
mentioned that ¢; is an Albert form.

In the proof of Conjecture 2 for n = 4 in [H 2], one makes use of a certain prop-
erty PDs. It turns out that this property can be used to establish Conjecture
1 for k = 1 without invoking Conjecture 2 for n = 4. Let us recall the general
definition of property PD,,.

DEFINITION Let n be an integer > 1. The field F' is said to have the Pfister
decomposition property for Pfister forms of fold < n, PD,, for short, if for
each m (1 < m < n), for each anisotropic 7 € P,,,_1F, for each r € F, and
each anisotropic ¢ € mWF, there exist forms o and 7 over F' such that for
pr=mT®@(r) onehas p =7 @0 L p@7 and (Pr(p))an = (T @ 0)p(p)-

PROPOSITION 2 Suppose that F' has PD,, for some n > 1. Then Conjecture 1
holds for k =n —1.

Proof. Suppose that F' has PD,, for n = k+ 1. As in the previous proof, we
may assume that we are in the situation where 7 ® ¢1 = 7™ ® g2 mod I*+3F
with Albert forms ¢;, i = 1,2, a k-fold Pfister form 7 and with 7 ® ¢; being
anisotropic for ¢ = 1,2. After scaling, we may assume that ¢ = (1,—r) L ¢}
for some r € F*. It follows that m ® g1 contains the subform p =7 ® ().

In particular, 7 ® ¢; becomes isotropic over the function field F(p), and thus
T® ¢z also becomes isotropic over F'(p) (cf. [I, Theorem 4.3]). Property PDj.1
then implies that m® g2 contains a subform similar to p, and since we may scale
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T ® qo € I"2F without changing the equivalence mod I*T3F, we may assume
that 7 ® g2 2 7 ® ({1, —r) L ¢4) for some 4-dimensional form ¢j.

It follows that 7 ® ¢} = 7 ® ¢4 mod I**3F. As in the proof of Proposition 1,
this implies that 7 ® ¢ and 7 ® ¢4 are similar, and thus that 7 ® ¢; and 7 ® ¢
are also similar. ]

It was proved by Rost that each field has property PDs (see [H2, Lemma 2.6]).
Again, we can conclude that Conjecture 1 holds for k£ < 1, this time by invoking
PDs.

In the case n > 3, we do not know whether PD,, holds for all fields nor whether
PD,, for afield F implies that Conjecture 2 holds for F' for n+2 (or vice versa).
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ABSTRACT. For an algebraic, normal-crossings degeneration over a
local field the local monodromy operator and its powers naturally
define Galois equivariant classes in the f-adic (middle dimensional)
cohomology groups of some precise strata of the special fiber of a
normal-crossings model associated to the fiber product degeneration.
The paper addresses the question whether these classes are algebraic.
It is shown that the answer is positive for any degeneration whose
special fiber has (locally) at worst triple points singularities. These
algebraic cycles are responsible for and they explain geometrically the
presence of poles of local Euler L-factors at integers on the left of the
left-central point.

1991 Mathematics Subject Classification: 11G25, 11540, 14C25,
14E10

INTRODUCTION

Let X be a proper and smooth variety over a local field K and let X be a regular
model of X defined over the ring of integers Ok of K. When X is smooth over
Ok, the Tate conjecture equates the /—adic Chow groups of algebraic cycles on
the geometric special fiber Xz of X — Spec(Ok) with the Galois invariants in
H?>* (X, Q,(%)). One of the results proved in [2] (cf. Corollary 3.6) shows that
the Tate conjecture for smooth and proper varieties over finite fields together
with the monodromy-weight conjecture imply a generalization of the above
result in the case of semistable reduction. Namely, let p € Spec(Ok) be a

1 Partially supported by the NSF grant DMS-9701302
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prime over which the special fiber X x Spec(k(p)) =Y is a reduced divisor with
normal crossings in X’ (i.e. semistable fiber). Then, assuming the above two
conjectures, the f—adic groups of algebraic cycles modulo rational equivalence
on the r—fold intersections of components of Y (r > 1) are related with Galois
invariant classes on the Tate twists H2*~("~1(X, Qu(x — (r — 1))).

An interesting case is when one replaces X by X xx X, so that Galois in-
variant cycles may be identified with Galois equivariant maps H*(X g, Q) —
H*(Xg,Qe(-)). Examples of such maps are the powers N° of the logarithm
of the local monodromy around p. The operators N* : H*(Xg, Q) —
H*(Xfg,Qu(—i)) determine classes [NY] € H?((X x X)g,Qu(d — 1)) (d =
dim X ) invariant under the decomposition group. In this paper we study in
detail the structure of [N?] when the special fiber Y of X has at worst triple
points as singularities. That is, we exhibit the corresponding algebraic cycles
on the (normal crossings) special fiber T' = U;T; of a resolution Z of X xp, X.
Denote by N =1® N + N @ 1 the monodromy on the product, and let F' be
the geometric Frobenius. Then the classes [N?] naturally determine elements in
Ker(N)NH?* (X x X) %z, Qe(d—i))"='. Assuming the monodromy-weight con-
jecture on the product (i.e. the monodromy filtration L. on H*((X x X)z, Qr)
coincides—up to a shift-with the filtration by the weights of the Frobenius
cf. [16]) and the semisimplicity of the action of the Frobenius on the inertia
invariants, the following identifications hold

(0.1) Ker(N)NH?*((X x X) g, Qe(d —i))F=!

- L pr2d . =t
~ ((mMQH (T, Qu)(d z>)

~

Ker(p(z(iJrl)) :H2(d7i) (T(2i+1), Qe)(d*i)HHQ(dii) (jﬂ(z(zﬁrl))7 Qe)(d*i)) F=1
Image p(2¢+1) '

Here TU) denotes the normalization of the j—fold intersection on the closed
fiber T. These isomorphisms show that the classes [IN?] have representatives
in the cohomology groups of some precise strata of T. Moreover, the Tate
conjecture and the semisimplicity of the action of the Frobenius on the smooth
schemes TU) would imply that these classes are algebraic. We refer to § 1,
(1.6) for the description of the restriction maps p in (0.1).

To better understand the geometry related to the desingulatization process
Z — X X, X, and to avoid at first, some technical complications connected to
the theory of the nearby cycles in mixed characteristic, we start by investigating
this problem in equal characteristic zero (i.e. for semistable degenerations over
a disk). There, one can take full advantage of many geometric results based
on the theory of the mixed Hodge structures. Under the assumption of the
monodromy—weight conjecture and using some techniques of [16], our results
generalize to mixed characteristic. The cycles we exhibit on T+ explain
geometrically the presence of poles on specific local factors of the L—function
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related to the fiber product X x X. In fact, theorem 6.2 equates, under the
assumption of the semisimplicity of the action of the Frobenius F' on the inertia
invariants H*((X x X)g, Q)!, the rank of any of the groups in (0.1) with
ords—gq_; det(Id — FN(p)~*|H?**((X x X)g,Qe)!). Here, N(p) denotes the
number of elements of the finite field k().

A study of the local geometry of the normal—crossings special fiber T' shows
that [N?] are represented by certain natural “diagonal cycles” on T@i+1) o
gether with a cycle supported on the exceptional part of the stratum that
arises because the classes [N?] must belong to the kernel of the restriction map
pEHD) (¢f. (0.1)). This result is obtained via the introduction of a generalized
correspondence diagram for the map

(02)  N':H(Y,grf RU(Qu)) — H'(Y, (gt RU(Qx))(~)).

This morphism describes the monodromy action on the £1—term of the spectral
sequence of weights for the filtered complex of the nearby cycles (RU(Qx), L.)
(cf. § 2, (2.1)). For i > 0, the classes [N?] do not describe an algebraic cor-
respondence in the classical sense. In fact, the algebraic cycles representing
them are only supported on higher strata of the special fiber T' (i.e. on T(2+1)
and they do not naturally determine classes in the cohomology of T'. This is a
consequence of the fact that for i > 0, the cocycle [N?] does not have weight
zero in the f—adic cohomology of the fiber product (X x X)), as one can easily
check from (0.1). Nonetheless, we expect that each of these classes supplies a
refined information on the degeneration. Namely, we conjecture that the geo-
metric description that we obtain up to triple points can be generalized to any
kind of semistable singularity via a thorough combinatoric study of the toric
singularities of the special fiber of the fiber product resolution Z.

The correspondence diagram related to the map (0.2) is built up from the
hypercohomology of the Steenbrink filtered resolution (A%, L.) of R¥(Qx). In
§ 3 we establish the necessary functoriality properties of the Steenbrink complex
and its L.filtration. A difficult point in the description of the correspondence
diagram is related to the definition of a product structure on the E;—terms of
the spectral sequence of weights. Example 3.1 points out a problem related
to a canonical definition of a product structure for (A%, L.) in the filtered
category. It comes out that the monodromy filtration L. is not multiplicative
on the level of the filtered complexes. A partial product, canonical only on the
FEy = E-terms is provided in the Appendix. This suffices for purposes of our

paper.
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1. NOTATIONS AND TECHNIQUES FROM MIXED HODGE THEORY

In this paragraph we introduce the main notations and recall some results on
the mixed Hodge theory of a degeneration.

We denote by X a connected, smooth, complex analytic manifold and we let
S be the unit disk. We write f : X — S for a proper, surjective morphism and
we let Y = f~1(0) be its special fiber. We assume that f is smooth at every
point of X* = X \'Y and that the special fiber Y is an algebraic divisor with
normal-crossings. The local description of f near a closed point y € Y is given
by:

flz1, .00 2m) = 27" - 2"

for k <m =dim X and {z1,...,2n} a local coordinate system on a neighbor-
hood of y in X centered at y and e; € Z, e; > 1. The fibers of f have then
dimension d = m — 1.

A normal-crossings divisor as above is said to have semistable reduction (strict
normal—crossings) if one has: e; = 1 Vi, in the local description of f.

We fiz a parametert € S. For t # 0, let f~1(t) = X; be the fiber at ¢. Because
the restriction of f at S* = S~ {0} is a C*°, locally trivial fiber bundle, the
positive generator of m(S*,¢) ~ Z induces an automorphism T; of H*(Xy,Z),
called the local monodromy. We will always suppose throughout the paper
that T} is wnipotent. This assumption, together with the local monodromy
theorem (cf. [7], Theorem 2.1.2), implies that (T} — 1) = 0, on H(X;,Z).
The unipotency condition of the local monodromy is for example verified when
g.cd.(e;, i € [1,k]) =1, Yy € Y (¢f. op.cit. ). Under these conditions, the
logarithm of the local monodromy is defined to be the finite sum:

1 1
fg(th1)2+§(th1)3f--.

Nt = IOg Tt = (Tt — 1)
It is known (cf. [5]) that the automorphisms T; of H'(X;, C) (t € S*), are the
fibers of an automorphism 7' of the fiber bundle R’ f, (0% / s(og Y)) over S,
whose fiber at 0 is described as Ty = exp(—2miNy). By definition, the endomor-
phism Ny is the residue at 0 of the Gauss-Manin connection V on the “canon-
ical prolongation” Rf, (Q;(/S(log Y)) of the locally free sheaf R'f, (Q;(*/S*).
Because of the definition of Ty, it makes sense to think of a nilpotent map
N := —ﬁ log T as the monodromy operator on the degeneration f: X — S.
Via the canonical isomorphism (cf. [11], Thm. 2.18)(t € S):

R'f.(Q%/s(log Y)) @0 k(t) = H' (X, Q% /s(log Y) ®ox Ox,)
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where k(t) is the residue field of Og at t, we can see the map Ny as
an endomorphism of the hypercohomology of the relative de Rham com-
plex Q% ¢(log V) ®oy Oy. This complex represents in the derived cat-
egory DT(Y,C) of the abelian category of sheaves of C—vector spaces on
Y, the complex of the nearby cycles R¥U(C). Namely, there exists a non-
canonical quasi-isomorphism (i.e. depending on the choice of the parame-
ter ¢t on 5) Q% 5(logY) ®ox Oy ~ R¥(Cy.) := i 'Rk.Cg. (cf [11],
§ 2). This isomorphism, composed with the canonical map Q% / s(ogY) ®oy
Oy — Q;(/S(log Y) ®0y Oyrea (Y4 = reduced, induced structure scheme on
Y), induces a quasi-isomorphism (i 'Rk, Cg.)un ~ Q;(/S(log Y) @0y Oyrea
(¢f. op.cit. § 4). Here, we denote by (i 'Rk, C 5. )un the maximal subobject of
i~ 'Rk, C . on which 7 (S*) acts with unipotent automorphisms. We refer to
the following commutative diagram for the description of the maps:

X o x oty
| ls |
s L2 . 8 {0}.

The space $* = {u € C |Im u > 0} is the upper half plane, the map p : S* — S
p(u) = exp(2miu) = t, makes S* in a universal covering of S* and X* is the
pullback X xg S* of X along p. The morphism k is the natural projection. It
factorizes through X* by means of the injection j : X* — X. Finally, ¢ is the
closed embedding.

Steenbrink, Guillen and Navarro Aznar and Masaiko Saito (cf. [11], [6], [12])
defined a mixed Hodge structure on the hypercohomology of the unipotent
factor of the complex of the nearby cycles H*(X, Q;(/S(log Y) ®0x Oyrea).
This is frequently referred as the limiting mixed Hodge structure.

We will assume from now on that f is projective. Then, the weight filtration on
the limiting mixed Hodge structure is the one induced by the nilpotent endo-
morphism N, namely by the logarithm of the unipotent Picard-Lefschetz trans-
formation T that is already defined at the Q-level. This filtration, which one
usually refers to as the monodromy—weight filtration L., is defined inductively.
On the limiting cohomology H?(X*, Q), it is increasing and has lenght at most
2i. By the local monodromy theorem N'T! = 0, hence one sets Ly = Im N*
and Lg;_1 = Ker N?. The monodromy filtration L. becomes a convolution
product of the kernel and the image filtration relative to the endomorphism N.
These filtrations are defined as

K, H(X*,Q) := Ker N'*1, I H(X* Q) :=Im N’
and their convolution is
(1.1) L=Kx«I, Ly= Y Knl.

1—j=k
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It is a very interesting fact that there is no explicit construction of the
monodromy-weight filtration L. on Q% ¢(log Y) ®o Oy itself. The filtration
L. is defined on a complex Ag which is a resolution of Q% (log Y) ®o Oyrea.
More precisely, the complex Q5% / s(log Y) ®oy Oyrea is isomorphic, in the de-
rived category DT (Y, C), to the complex Ag of Ox—modules supported on
Y. The complex Ag is the simple complex associated to the double complex

(p, ¢>0):
AR = QPFI (log V) /W, 05 (log V)

where W, Q% (log V) is the weight filtration by the order of log-poles
(cf. [3], § 3). The differentials on it are defined as follows

d' AR — AR (W) = dw
is induced by the differentiation on the complex Q% (log Y) and
d’: AL — Az():,q-i-l, d"(w)=0Aw
where 6 := f *(%) = Zle ei% is the form defining the quasi-isomorphism we
mentioned before (¢f. [11], § 4)
L] 0 L]
Y/s(log Y) ®oy Oyrea LAl

The total differential on Ag is d = d’+d”. The weight filtration W, Q% (log Y)
induces a corresponding filtration on Ag (r € Z):

(1.2) W, ARG =t Wi g1 Q5 (log V) /W, Q5 (log V'),

The filtration that W,.Ag induces on H*(Y, AL) ~ H*(X*, C) is the kernel
filtration K (cf. (1.1))

K.H*(X* C)=W,H"(Y,A) =:Im (H*(Y, W, AL)—H*(Y, A'C)> =Ker N" 1

The monodromy-weight filtration is then defined as
L AP i= Wy y 1 Q5T (log V) /W, Q5 (log V).
Via Poincaré residues, the related graded pieces have the following description
(1.3) QTTLA. = @ (a2k+r+1)*Q;7(2k+r+l) [—r — 2k].
k>max(0,—1)
Here, we have denoted by Y (") the disjoint union of all intersections Yi,Nn...N

Y, for1 <ig <...<ipm<n (Y =Y1U...UY,). We write (am)« Y(m 5 x

i’VTL
for the natural projection.

The monodromy operator N is induced by an endomorphism o of Ag which is
defined as (—1)P*97! times the natural projection

. AP:4 p—1l,qg+1
v:AG — Ag .
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The endomorphism 7 is characterized by its behavior on the L-filtration,
namely

V(L AL) C Ly—2 AL
and the induced map
(1.4) 7 grl AL — grt AL

is an isomorphism for all » > 0. The complex Ag contains the subcomplex
WoAL = Ker(7) that is known to be a resolution of Cy. The filtration L
and the Hodge filtration ' on Ag induce resp. the kernel and F' filtration on
WoAg. The resulting mixed Hodge structure on H*(Y,C) is the canonical
one. Similarly, the homology H.(Y,C) (i.e. Hy (X, C)) with its mixed Hodge
structure is calculated by the hypercohomology of the complex Coker(7).
Because of the description given in (1.3), the spectral sequence of hyperco-
homology of the filtered complex (Ag,L) (frequently referred as the weight
spectral sequence of RU(C)) has the F term given by

E;T,ﬂﬁi”l“ _ @ Z;In—r—Qk(}7(2}’@-{-7“-{-1)7 C)
k>max(0,—r)

d = SR+ (~D)F ).
k

(1.5)

The explicit definition of the differentials, in the strict normal-crossings case
(i.e. semistable degeneration), is the following:

r+2k+2
dll _ p(r+2k+2) _ Z (71)u71p1(j+2k+2)
u=1
(1.6) r42k+1
dlll _ _,7(7‘+2k+1) — Z (_1)u,y£T+2k+1)
u=1

where
p7(1r+2k+2) — (61(;"4-216—1-2))* . Hn—r—2k(?(2k+r+1), C) N Hn—r—2k(j}(2k+r+2)’ C)

71(;“+2k+1) _ (51(f+2k+1))! . Z;Infrfmc(Y/(2k+r+1)7 C) N anr72k+2(f/(2k+r), C)

are the restrictions, resp. the Gysin maps, induced by the inclusions (u,t € Z)

57(}) Y, N---nY;, =Y, n---n(Y; )Am...myit_
In the general normal-crossings case (i.e. fibrations locally described by
f(z1,.. 5 2m) = 27" -+ 2%, e; > 1), the definition of d; has to take into ac-
count multiplicity factors +e;, before each map (5§t))*. The map d} is infact
induced from a “wedging” operation with the form 6 = Zle eidz—zj (cf. last
page). The definition of df is analogous to the one given in the strict normal—-
crossings case.

Notice that the weight spectral sequence (1.5) is built up from a filtered double
complex. This property distinguishes this weight spectral sequence from others
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as e.g. the spectral sequence of weights which defines the mixed Hodge structure
on a quasi—projective smooth complex variety (cf. [3]).

The complex Ag is the complex part of a cohomological mixed Hodge complex
A% whose definition is less explicit than Ag and for which we refer to [7]. This

rational complex induces on H'(X*, Q) a rational mixed Hodge structure. The

rational representative of the above spectral sequence (1.5) is

(17) El—r,n—i-r _ @ Hn7r72k(f/(2k+r+1), Q)(—T _ k)
k>max(0,—7)

The index in the round brackets outside the cohomology refers to the Tate twist.

Both these spectral sequences degenerate at Ey = Eo and they converge to

H™(X*,C) and H"(X*, Q) respectively.

For curves (i.e. d = 1), the degeneration of the weight spectral sequence pro-

vides the exact sequences

—1,2

0 By - HOY®, Q)(-1) "% B2V ™M, Q) - H2(X*,Q) — 0
and
(1.8) 0 HY(X*,Q)— H'(Y1V,Q L HOY®, Q)& HY(X",Q).

The differentials d] ** and d7° are defined as in (1.6) and the map « in (1.8)
is the edge map in the spectral sequence. We also have a non canonical decom-
position

HY(X*,Q) =H'(YWY Q) aE; " e E°.

with E'21’0 = Im(a).

Steenbrink proved that the L—filtration induced on the abutment of the spectral
sequence of the nearby cycles is the Picard-Lefschetz filtration, hence it is
uniquely described by the following properties

N(Lpir HY(X*,Q)) C (Lnpr—2H"(X*,Q))(—1)
and
N": gTrI;+THn(X*7 Q) E) (grrlzlfan(X*v Q))(ir)

for 7 > 0. In the rest of the paper we will refer to it as the monodromy filtration.

2. THE MONODROMY OPERATOR AS ALGEBRAIC COCYCLE

We keep the notations introduced in the last paragraph. As n varies in [0, 2d]
(d = dimension of the fiber of f : X — S) and ¢ > 0, the power maps

induced by the endomorphism N : R" f, (2% g(log Y)) — R" £, (Q% 5 (log Y)),
define elements

N e Hom(H (X*,Q), H'(X*,Q)(—1))
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which are invariant for the action of the local monodromy group m;. They can
be naturally identified with

™
N'e @[ (X Q) Q)| <[ < T Q)

n>0

T

The space X*xgX*is the generic fiber of the product degeneration X xg X —
S. After a suitable sequence of blow-ups along Sing(Y” x Y) D Sing(X xg X):

Z—-—>XxgX—>S5

we obtain a normal-crossings degeneration h : Z — S with Z non singular and
whose generic fiber is still X* x X*. Its special fiber T = h=1(0) = Ty U---UTN
has normal crossings singularities. The local description of h along 7" looks like:

hwy, ... W) = wit -+ we"

for {w1,... ,wam} a set of local parameters on Z and e, ... , e, non-negative
integers.

The semistable reduction theorem (cf. [9]) assures that modulo extensions of the
basis .S and up to a suitable sequence of blow-ups and down along subvarieties of
the special fiber T, we may eventually obtain from h a semistable degeneration
W — § with Wy = Wy, U...UW,,, as special fiber.

Because of the assumption of the unipotency of the local monodromy on
H*(X,C) (cf. §1), the local monodromy o of h will be also unipotent. We then
call N = log (¢). By the Kiinneth decomposition it results: N = 1@ N+ N®1
and we have:

Nie <H2d(5(* x X*,Q(d — i)))m Ker(N) N H?{(X* x X*,Q(d — i)).

Let consider the monodromy filtration L. relative to the degeneration h. We
denote by Hompr g (Q(0), V) (Hom(Q, V') shortly) the subgroup of Hodge cy-
cles of pure weight (0,0) of a bifiltered Q—vector space V: (V, L, F), endowed
with the corresponding mixed Hodge structure. Then, we have the following

ProrosiTIiON 2.1. Fori>1

N* € Homprn (Q(O), Ker(N) N H?(X* x X*, Q(d — z))) C
C Hompyp (Q(O), Ker(N)N (gTQL(dﬂ-)HM()N(* x X*,Q))(d — z)) ~

~ Homynu (Q(O), (grQL(dfi)HQd(T, Q))(d - z)) ~ Hom(Q, A),

A Ker(pz(iJrl) . f2(d—i) (T(Zz‘Jrl)7 Q)(d _ Z) N Hz(dfi)(jv(2(i+1)), Q)(d _ Z))
o Image p(2i+t1) '
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Here p is the restriction map on cohomology and by T we mean the disjoint
union of all ordered j—fold intersections of the components of T (cf. §1).

Proof. The identification of N* with a Hodge cycle is a consequence of N
being a morphism in the category of Hodge structures. The first inclusion
derives from the well known facts that Ker(N) has monodromic weight at
most zero and that its Hodge cycles are included (Hom being a functor left
exact on the second place) in the corresponding ones for the graded piece
(gTQL(d_i)HQd(X* x X*,Q))(d—1) of Ker(N)ﬁ@j(gr]LHQd(X* x X*,Q))(d—1).
The second isomorphism comes from the local invariant cycle theorem, namely
from the following exact sequence of pure Hodge structures (c¢f. [2], lemma 3.3
and corollary 3.4)

0— 9T2L(d—i)H2d(T’ Q) — 9T2L(d—i)H2d(X* x X*,Q)
N ¥ v *
- 9T2L(d—i—1)H2d(X* x X*,Q)(-1)
Finally, the last isomorphism is a consequence of the description of the graded

piece (grQL(dﬂ.)HQd(T, Q))(d —7) as sub-Hodge structure of (gTQL(dﬂ.)HQd()N(* X
X*,Q))(d—1) (cf. op.cit. lemma 3.3). O

Proposition 2.1 shows how the operators N can be detected by classes [N¢]
in the cohomology of a fixed stratum of the special fiber T. Equivalently, we
can say that N' determine classes [N?] € H24(T, (grL,,R¥1,(Q))(d —i)) in the
(Ef“(dﬂ))(d —4)-term of the spectral sequence of weights for the degeneration
h. Here we write grZ,, R¥,(Q) for geriA",V,Q. .

The goal of this paper is to identify the class [N*] with an algebraic cocycle
related to the degeneration f: X — S. In all those cases that we will consider
in the paper, this identification is obtained via a “correspondence-type” map

(1=0)
N':H (Y, gry A% q) — H'(Y, (9775 A% @) (—1)) = H* (Y, gry (A% (1))
which makes the following diagram commute

E—T+2i,*+r+2(d—i)

1
[
H(T, grEAY o)~ H2H(T, (grl_y, A% o)(d — 1))

(2.1) o] | @
* L] NZ * [ ] -
H (Ya!]TTLAx,Q) - H (Y,grf(AX’Q(—z)))

—7r,x+7r —r=42i,%x+r—21
El El
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The projections p1, ps : X* x X* — X* on the first and second factor, deter-
mine pullbacks and pushforwards on the hypercohomology as we shall describe
in § 3.

From the theory we will explain in the next paragraphs and in the Appendix
it will follow that N? has the expected shape. Namely, it is zero when N =0
and it is the identity when N’ induces an isomorphism on E; "**". Also, it
will result that pi, (p2)« and [N?] - all commute with the differential on Ej.
That will imply an induced commutative diagram on Fj.

For ¢ = 0, i.e. when the correspondence map is the identity, proposition 2.1 can
be slightly generalized, using the theory developed in [2] (¢f. lemma 3.3 and
corollary 3.4) and in [1] so that the identity operator is seen as an element in

Ker(p? : H*Y(TM, Q)(d) — H*!(T®), Q)(d)) ) N
m (=i i s Hya1)(TW, Q)(d = 1) — H2U(TM,Q)(d) )

Im(i* : H*(T,Q)(d) — H>*(T™), Q)(d)) )
Im (—i* iy : Hyq—1)(TM, Q)(d — 1) — H*H(TM, Q)(d)

Here the map i* (resp. i) represents the pullback (resp. pushforward) relative
to the embedding (") — T. Proposition 2.1 shows this class as a Hodge cocycle
in H?¥(X* x X*,Q(d)). That agrees with the classical theory of algebraic
correspondences describing the identity map via an algebraic correspondence
with the cycle diagonal. Namely, the identity is determined by the diagonal
Az, C X* x X* seen as specialization of the cycle diagonal on X x X on the
fiber product X* x X*. (¢f. [8]).

The cases described in the next paragraphs will also supply some evidence for
our expectation that [N?] can be always described by an algebraic (motivic)
cocycle. Finally, notice that the calculation on the F; involves the cohomology
of individual components of the strata and it is therefore in some sense local,
whereas Fs introduces relations among components of strata, so that any cal-
culation on it becomes of global nature. That is the reason why the description
of the monodromy cycle is carried out mainly at a local level in this paper.

Homy g <Q7 I

~ HOTI’LMH (Q,

3. FUNCTORIALITY OF THE STEENBRINK COMPLEX AND REMARKS ON
PRODUCTS

Let g : Z — X be a morphism between two connected, complex analytic
manifolds over a disk S. Let f: X — S and h: Z — S be the degeneration
maps. Let assume that both Z and X are smooth over C and they have
algebraic special fibers f~1(0) = Y and h~1(0) = T with normal crossings. We
have the following commutative diagram

T — Y
1 1
Z g, X
h ™\ i
S
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Locally on the special fibers, f and h have the following description

’

!
[ (3
flz1, oo 2m) = 27" - 2% h(wr, ..., wn) = wit - wiE
for {z1,... ,2m} and {w1,... ,wp} local parameters resp. on X and Z, 1 <
E<m, 1<K <M andey,...,eg; €,...,e% integers.

Because g~ 1(Y) = T, at any point y € g(T) C Y (y = g(t), for some t € T)
where the local description of Y is zi" - - - z;* = 0, the pullback sections g*(z;;)
(V1 <i; <k) define divisors on Z supported on T’ (not necessarily reduced or
irreducible).

Let order the components of Y as Y = Y; U...UY; and let denote by Y (") the
disjoint union of all intersections Y;, N...NY; for 1 <4y < --- <4, < k. There
is a local system e of rank one on Y (") of standard orientations of r elements
(cf. [3]). The canonical morphism

g% (log Y) — Q% (log T)

is a map of bifiltered complexes with respect to the weight and the Hodge
filtrations on X and Z resp. (¢f. op.cit. ). In particular it induces the following
map of bicomplexes of sheaves supported on the special fibers (r > 0)

9*(WTA3(,C) - WTA.Z,C

where Ag is the Steenbrink complex which represents in the derived category
the maximal subobject of the complex of nearby cycles where the action of the
monodromy is unipotent (c¢f. § 1). W, A% is the induced weight filtration on
Ag (cf. (1.2)). Because the weight filtration on the complex Ag is induced by
the weight filtration on the de Rham complex with log-poles, ¢ induces a map
in the derived category

g*(WTR\IJf(QX)) - WTR\Ijh(QZ)'

Notice that g*(ﬂ) € W10 (log T), i.e. pullbacks preserve poles. Hence, we

Zi

deduce the functo]riality of the monodromy filtration

g*(LTA;(,C) — LTA.Z,C'

Because ¢! is an exact functor, g determines on the graded pieces a pullback
map
* L L
g +gry A;(,C — gry A'Z,c
where

ngA'Z,c = @ (a2k4r+1)« Qs rin) (5 [—r — 2k].
k>max(0,—1)

The functor ¢! is also compatible with both differentials d’ and d” on Ag.
Hence, g* induces a morphism of bifiltered mixed Hodge complexes (F" =
Hodge filtration cf. [3])

g* : (A;(,CaLaF) - (A.Z,C’L’F)
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which in turn induces a map between the spectral sequences of weights
g By V(X)) = HUY, gry AY) — HY(T, gry AY) = E; "7 (Z).
On the rational level this morphism between spectral sequences is described by
a direct sum of maps as
(3.1)

g* . Hq—r—2k(}7(2k+r+1), Q)(—?‘ _ k) N Hq_T_2k(T(2k+T+1), Q)(—?‘ _ k)
Both spectral sequences degenerate at Fy = E,,. Keeping track of the mul-
tiplicities and the signs for these pullbacks can be rather hard. Let suppose
that locally the defining equations for Y and 7" are ¢t = [ [, z;* and t =[], w]e-j
respectively, and we are given strata Y7 = Y;, N...NY;, (i1 < ... < ip) and
Y; =Y, n...NnY;,. Then the computation of the multiplicities involved in
g*: H*(Y7,Q) — H*(T;, Q) essentially amounts to determine the coefficients

dw;, dwj,, . —n dzjp . . .
of o N A ing ( ERARRERA ). This technique will be frequently

used in the paper.

As an example, we describe the map (3.1) when f : X — S is a degeneration
of curves with normal crossings singularities on its special fiber Y and Z is the
blow-up of X at a closed point P € Y. Let g : Z — X be the blowing up map.
If P is a regular point in the special fiber, the number of components of the
special fiber T of Z will simply increase by one (the exceptional divisor F) and
the remaining components are the same as for Y. Hence ¢g* : HO(Y("), C) —
H(TM,C) is simply the map g*(1y,) = 17, + 15 on the components.

Let suppose instead that P is singular. Since the description of g* is local
around each closed point, we may assume that the degeneration f is given, in
a neighborhood of P, by the equation z7'z5? = ¢, being ¢ a chosen parameter
on the disk S and ej, ey positive integers. Let assume that e; < es. Then,
locally around P: Yy = v, [1Y2. Set-theoretically one has Y; = {z; = 0}
(i=1,2)and Y® =Y, NY; = {P}. Then, T = Ty [[T> [ [ T3 where T} and
T5 are the strict transforms of the two components Y;, while T3 represents the
exceptional divisor. We implicitly have fixed the standard orientation on Yy
(e.g. Y® =viNY, = Y12). On T(T), we choose the orientation for which the
exceptional component T3 is always considered as the last one.

There are only three graded complexes grZ A% non zero both on X and Z. On
X they have the following description

gri A% o = (a2).95 ) [-1]
gréA},C = (al)*Q;”/(l)
and via the isomorphism (1.4) one has:
vigriAkc = oAk e
Hence Ey9' = HY(Y, grflAkc) = 0 unless ¢ = 1, in which case we get

g (Y@, C) - BT, C),
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To understand the description of this map, one has to look at the local geometry
of the blow-up at P. It is quite easy to check that Z is covered by two open
sets, say Z = UUV. To make the notations easier, let call t; = =L and t3 = Z

On U, described by t52 = W, one has coordinates {t2, 21}, T red _ = {t2 =0}
and T3 = {z; = 0}. On V, described by ¢! = b,

{t1, 20}, Tred = {t; = 0} and T3 = {2z, = 0}. Then T® = T3] Tos, here

we denote T;; = T; N T}.

le dZQ — le dt2
/\ dZQ) - le /\

. Hemce7 keeping in account the fixed orientation among the

one has coordinates

On U we have g*(Z* , whereas on V one gets g (dz1 A

dZZ) _ dt1 A dZZ
dzo/ — dty
components of T the description of the pullback g*(1y2)) = ¢*(1y,,) is given

by
g*(lylz) = 1T13 - 1T23'

The presence of a negative sign is due to the change of orientation. This
description defines the above map ¢* on H°. Similarly, we find that

g H' (YW C)— HY(TW, C)

is given by ¢*(1y,) = 11, + 11, and ¢*(1y,) = 11, + 11,. The description of g*
on the terms H' goes in parallel.

Let now consider the proper map that g induces on the closed fibers. For
simplicity of notations we call it g : T — Y. Let d = (dim T — dim Y'). The
above arguments have shown that g induces a pullback map g* between the
cohomologies of the strata: ¢f. (3.1). Since each stratum is a smooth projective
complex variety (not connected), we can use the Poicaré duality to associate
to each pullback in (3.1) that contributes to the definition of the map g* its
dual so that we naturally obtain a dual pushforward on the E;—terms of the
spectral sequence of weights that is described by a direct sum of maps as

(32) gr: Hq r— Q(k d)( (2k+7‘+1) Q)(*T*k+d)
N Hq7r72k(§/(2k+r+1)’ Q)(—T _ k/’)
On each stratum gy is defined by the following formula
1 d—2k—’r/ 1 2d—2k—r/ *
— UB = (—— U
(27T T1) S ()Up (27r T1) e @9 (3)

where f denotes the morphism trace described by the cap—product with the
fundamental class of each component of the stratum, for any chosen cou-
ple of elements a € HIT2Rd=2k=r)(PCk+r+1) ‘(24 — 2k — 7)) and § €
H- q(}/(2k+r+1),(2)7 qgeZ, q¢>0.

Notice that although we have a notion of bifiltered pullback

" (A%, L, F) — (A3, L, F)

this does not imply a canonical definition of a product structure on Ag obtained
via pullback along the diagonal map A : X — X xg X. In fact, the property
of f: X — S to have normal crossings reduction is not preserved by the
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product map f x f: X xg X — S. The space X xg X is in general not even
smooth over C! Finally, we remark that although the monodromy filtration
is not multiplicative on the level of the filtered complexes (A&, L) (the simple
example shown below will motivate this claim), it becomes multiplicative on
the limiting cohomology with its mixed Hodge structure.

EXAMPLE 3.1.

Let f : PY — S be a P!-fibration over a disk S. We blow a closed point
P € P} =Y in the fiber P} over the origin {0}. The resulting map h: Z — S
has a normal crossings special fiber h=1(0) = T = Ty U Ty, where T} is the
strict transform of Y and Th is the exceptional component (i.e. P'). The
intersection @ = T1 N1y = Tjo is transverse. Locally around @, h has the
following description

h(Zl, 22) = Z1%22.

Consider the subcomplex Wy(AY o) of Ay  filtered by the monodromy filtra-
tion L induced on it by the one on Ay o (cf. § 1, (1.2)). Its hypercohomology
computes H*(T, C) and it can be determined in terms of the homology of the
complex

{c*: B (TM,C) 5 H(T?,0)} =
{C*: H'(T),C)® H (T, C) % H'(T12,C)}
where C® sits in degrees zero and one. The differential d on C* is of “Cech type”
i.e. it is an alternate sum of pullback maps as defined in (1.6). A product in
the filtered derived category (A'Z’C, L) if any exists, should induce a product

on C*®. The tensor product C*®* ® C*® is a complex sitting in degrees zero, one
and two and it has the following description

2
{cract: P (H(T;,C)oH (T;,C) & P{(H (T, C)9 H' (T12,C))®
i,7€[1,2] i=1
® (H'(I12,C) © H'(T;, 0))} ' (H'(T12,C) ® H'(T12, C))}.
However, there is no way to define canonically the product

u:C*RC* —C*.

In fact, let’s look for a possible description of it in each degree. In degree zero
a product should satisfy

H(Tl,C) ®H(T1,C) [ H'(Tl,C),
H(TQ,C) ®H(T2,C) = H'(TQ,C),
H(T;,C)® H (T;,C) — 0, i,j=1,2.
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In degree one, one could start by setting
H (Ty,C)® H (T12,C) —
H (Ty2,C)® H (T3,C) —
H (T5,C)® H (T12,C) —
H (Ty2,C)® H (T1,C) —

Notice however, that this definition is not at all canonical, as one could alter-
natively set

H'(T»,C) @ H'(T12,C) v H'(T12,C),
H'(T12,C)® H (T1,C) — H'(T12,C),
H (T1,C) ® H' (T12,C) — 0,
H'(Ty2,C) ® H'(T3,C) v 0.

Finally, in degree two one would have

H (Th2,C)®H (T12,C) — H' (T12,C)

4. SEMISTABLE DEGENERATIONS WITH DOUBLE POINTS

This section is mainly devoted to the determination of [N] for one-dimensional
semistable fibrations with at worst double points as singularities. The descrip-
tion of [N] is obtained via the introduction of the algebraic correspondence-type
square on the cohomology groups of the special fiber as described in (2.1). A
one—dimensional double point degeneration is the simplest example of a nor-
mal crossings fibration. The generalization of these results to double points
semistable degenerations of arbitrary dimension is done at the end of this para-
graph where we also report as an example of application of these results the
case of a Lefschetz pencil.

We keep the same notations as in § 3, in particular we denote by f: X — S
a semistable fibration of fiber dimension one. Its special fiber is denoted by Y.
By definition, locally around a double point P € Y the description of f looks
like

f(Zl, 22) = Z1%2

for {21, 22} local parameters on X at P. For one dimensional fiberings, the only
group where the local monodromy may act non trivially is gry H'(X*, Q), in

which case the identity map on the E;-terms of the weight spectral sequence
(1.5)

B = HO(V®,Q)-1) 1 1OV, Q)(-1) = B} (1)

determines an isomorphism of rational Hodge structures of weight two on the
related graded groups Es = F,. This isomorphism is induced by the action of
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the local monodromy N around the origin:
N :gry HY(X", Q) = (gry H'(X*,Q))(-1)

It is a well known consequence of the Clemens-Schmid exact sequence (consid-
ered as a sequence of mixed Hodge structures) that (cf. [9])

gryH'(X*,Q) #0 &
& Ker(p® - H'(YW, Q) - H'(Y®,Q)) #0 & h'(IT)) #£0

where h!(|T'|) is the dimension of the first rational cohomology group of the
geometric realization of the dual graph of V. It follows from proposition 2.1
that [N] € H(T, (gr=,A% o)) = H*(T®, Q) determines a Hodge class

(4.1) [N] € Homu(Q(0), gri HA(T, Q) ~

H(T®,Q) )
Tmage(p® : HY(T®, Q) — HY(T®),Q)) )’
Here T is the special fiber of a normal-crossings degeneration h : Z — S.
The variety Z is a smooth threefold over C obtained via resolution of the
singularities of X xg X. Notice that no more than three components of T’
intersect at the same closed point since dim Z = 3. 3

We shall determine the Hodge cycle [N] € E¥°(Z) = HY(T®), Q) by means of
a “correspondence type” map

N :HY (Y, gri A% q) — H'(Y, (g 5 A% o) (1)) = H* (Y, gry (A% o (1))

as we explained in (2.1). From the proof it will easily follow that the map N is
zero for x # 1 and is the identity for x =1 = 7. On the Es-level it will induce
(for x = 1 =r) a commutative diagram

~ Homuy (Q(O)

gTQLHl(X*XX*,Q) M-, g?“QLH?’(X'*><)2*,Q):E21’2

(Pl)*T l(pz)*

By = grf HI(X",Q) — — (grf H'(X*,Q))(-1) = (B,")(~1)
The pullback p} and pushforward (p2). are defined as in § 3. The above di-
agram will determine uniquely both [N] € Hom i (Q(0), gr& H?(T, Q)) and
the product [N] -.
The following result defines the geometry of the model Z and the special fiber
T after resolving the singularities of X xg X and Y x Y.

LEMMA 4.1. Let z120 = wiws be a local description of X xg X around the
point (P, P), with P € Y =Y1 UY> a double point of f and {w1, w2} a second
set of regular parameters on X at P. After a blow-up of X xg X with center
at the origin (z1, ze, w1, ws), the resulting degeneration h : Z — S is normal-
crossings. Its special fiber T is the union of five irreducible components: T =
U2_,T;. We number them so that the first four are the strict transforms of the
irreducible components Y; xY; of Y XY, namely Th = (Y1 x Y1), To = (Y1 xYa),
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Ty = (Yo x Y1), Ty = (Ya x Y3). The last one Ty represents the exceptional
divisor of the blow-up. We have T = LI, Ti. The scheme Z is covered by
four affine charts U;. On each of them there are three non empty components
T. The scheme T®) is the disjoint union of four zero dimensional schemes
(closed points): Tias € Uz, Tiss € Uy, Taus € Us and Tays € Uy, each of whose
supports projects isomorphically onto the diagonal Ais : Y12 — Y12 X Y7o.

Proof. The local description of X x ¢ X around (P, P) is given by the equations
z129 = wiwg and z12z0 = t, for t € S a fixed parameter on the disk. We
choose the standard orientation of the sets {z1, 22} and {wy, w2} and we write
w;, = ot w;, = T wij = 5—;, z = =, zj, = - and z;; = j—;, fori,7 =1,2.
After a single blow-up of X xg¢ X at the origin (21, 22, w1, w2), the resulting
model Z is non singular as one can see by looking at the first of the following
tables which describes Z on each of the four charts U; who cover it. In the
second table, we have collected for each U}, the description of the non empty
divisors T}, € T there. We use the pullbacks pf(dz—zl1 A dz—zj) and jz)g(dw—wl1 A %)

to define in the third table the pullbacks pf(ly,,) € H(T?), Q).

Open sets | Loc. coordinates and relations

/ / / / —

U {w117w21721}5 Wy, Wy, = 221
/ / / / —

Us {wi,, wh,, 22}, wi,wh, = 212
! / / / _

Us {21, 25, w1}, 21,25, = wn
! / / / _

U, {21, 25,, w2}, 21,25, = wio

Open sets | Divisors

U T3 = {wy, =0}, Ty = {wy, =0}, T5 = {z1 =0}

UQ T1 = {w’12 = 0}, T2 = {w/22 = 0}, T5 = {22 = 0}

Z/{3 T2 = {Zil = 0}, T4 = {Zél = 0}, T5 = {w1 = 0}

Z/{4 T1 = {2’12 = 0}, T3 = {Zé2 = 0}, T5 = {’w2 = 0}
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Open sets | pi(ly;,) | p3(1y,)
U, 17, — 11, =l + 11y + 11,
Us 1p, + 17, Iy + 11y + 11,
Us =17y + 11y + 17y, —1py; — 174
Uy —1r,, + 17, + 114 1p, + 17y,

The global description of the pullbacks pi(ly,,) and p3(1ly,,) is
pT(lym) = (1T15 + 1y — Inyy — 1T45) +1r, +1m,

p;(lyu) = (1T15 - 1T25 + 1T35 - 1T45) + 1T12 + 1T34-

Finally, notice that each U; is isomorphic to A® and in each of them one has
three non empty components T}. O

The following result holds

THEOREM 4.2. Let f: X — S be the semistable degeneration of curves as de-
scribed above. Then, the following description of [N] € HY(T®), Q) (cf. (4.1))
holds:

[N] = a12511y,5 + G13517155 + 245175, + a34517,,
where the (rational) numbers a’s are subject to the following requirement:
—2a195 + 2a135 — 2a245 + 2a345 = 1.

The induced class [N] in gri H?(T, Q) (i.e. modulo boundary relations via the
restriction map p® cf. (1.6)) determines a unique zero—cycle.

Proof. We determine [N] as a cocycle making the following square commute
grEHN (X x £,Q) M gk (X < £0,Q) = By
(4.2) (’“)*T l(mn
By = grf HI(X",Q) —— (grf H'(X*,Q))(-1) = (B,")(~1)
In terms of cohomologies of strata, we have to describe explicitly a representa-
tive of [N] in E*°(Z) that satisfies the commutativity of

HOT®,Q)(-1) - H(1?), Q)
(4.3) - [ @)

Ef? = H'(Y®,Q)(-1) == H°(Y?,Q)(-1) = B;"(-1).
With the notations used in lemma 4.1 the description of [N] is given by

[N] = a12511y,5 + G135 1745 + 245175, + a34517y,;-
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For the standard choice of the orientations of {z1, 22} and {w;, w2} and the
numbering of the 7;’s defined in lemma 4.1, the local description of the pull-
backs pf(ly,,) for ¢ = 1,2 is given in the third table of the above lemma.
Following the definition described in the Appendix (c¢f. (7.6)), the product
[N] - p3i(1y;,(—1)) is then the following

(44) [N] 'pi(lylz(_l)) =

= [N]- (Irys (=1) + 1my (= 1) — 1my (= 1) — 175 (—1))
= a125(91(11ys5 - 1135 (1)) — g2(11yss - 115 (—1)))

+ a135(91 (1155 - 11y (—1)) + 93(1myys - 115 (—1)))
+ a245(92 (11245 - 115 (1)) + 9a(11ny5 - 1145 (—1)))
+ a345(—93(11uss * 115 (—1)) + 9a(1mnys - 115 (—1)))
ar25(11y; — 17y5) + a13s (s + 175)

+ a2as5(17y; + 175) + asas(— 17y + 11y,).

The maps g1, g2, g3 and g4 are the pushforwards as introduced in the Appendix.
The following formula illustrates the product 17, - >, .. 17, (—1) following
the definition of it given in the Appendix:

1Tijk ’ Z 1Tlm(_1) = 1Tijk ) (1Tik(_1) + 1Tjk(_1))
l,m

= gi(lTijk L1, (*1)) - gj(]‘Tijk : ]‘Tjk (*1)) = gi(]‘Tijk) - gj(]‘Tijk)
€ Image(@gt cHY(T® Q) (-1) — H¥(T®, Q)).

In (4.4), we have denoted, for simplicity of notations, the difference g;(17,;,) —
gj(11,,,) with 17, — 17, . The map g; represents the pushforward on cycles
deduced from the embedding g; : T;jr — Tjr. The definition of g; is similar.
Therefore, via the local definition of the pushforward (ps). along the affine
charts (c¢f. §3 and third table in lemma 4.1), we obtain:

(p2)«([N] - T (1y,,(—1))) = (—2a125 + 2a135 — 2a245 + 2a345)1y;, (—1).

The commutativity of (4.3) and hence of (4.2) is then equivalent to the re-
quirement

—2a125 + 20135 — 2a245 + 2a345 = 1.
Hence, the operator [N] is determined as a cocycle in HO(T®), Q) by the setting
(4.5) [N] = a12517,55 + a1351 7155 + @24517,,5 + 345175,
— 2a125 + 2a135 — 20245 + 2a345 = 1.

Up to boundary relations by means of the restriction map p®® which connects
the elements 17, with 1p,,. and 17, with 17,,., (4.5) determines a unique
zero—cycle in the quotient E3°(Z) (¢f. (4.1)). Of course, if N = 0, this class
may be trivial. O
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REMARK 4.3.

The description of [N] € E"°(Z) as well as the relation among the coefficients
a;jr in (4.5) is not unique in Ey. In fact, it depends on the choice of the
desingularization process, as well as on the ordering of the components T} €
TM. For example, for the ordering of T} for which T} represents in each

chart the exceptional divisor of the blow-up (T2 = (Y1 x Y1), T5 = (Y1 x Ya),

Ty = (Ya x Y1), Ts = (Y2 x Y3)), the setting (4.5) becomes
[N] = a12311y55 + @12417y,, + 1351705 + G14517y,55
—a123 + a124 — a13s + as = 1.

If instead we choose to desingularize X xg X via a blowing-up along z; =
wi; = 0 and we set the order among the Tj’s so that the exceptional divisor
is represented in each chart by the last component (i.e. Th = (Y1 x Y3), T =
(Yo x Y1), T3 = (Ya x Ya), Ty = (Y1 x Y1),), then we would get

[N] = a13417y,, + a23alr,,,;
— Q134 + G934 = 1.

It is a consequence of the uniqueness of the product structure on the correspond-
ing Eo—terms that all these different settings determine a unique description of
[Nl e EZ°(2).

In what it follows we support some evidence for our belief that the description
of [N] for a double points degeneration of higher fiber dimension (i.e. locally
described by f(z1,...,2n) = 2i%;, ¢f. below) is deducible from the case worked
out for curves. As already remarked, the description of [N] in the cohomology
of the strata of the special fiber of the fiber product resolution is of local
nature, ¢.e. it can be described locally around each double point. For a higher
dimensional double points degeneration [N] should be again described in terms
of a “diagonal” cocycle whose support projects isomorphically onto the diagonal
A1z € Y19 X Y75 as it was shown in theorem 4.2. In general, that “diagonal”
cocycle would be formally locally a bundle over the corresponding diagonal
cocycle which comes up for a degeneration of curves. This is a consequence of
the local description of the degeneration map around a double point. We give
now some details for these ideas.

Let f: X — S be a semistable degeneration with double points of fiber dimen-
sion d over the disk S. Then, locally in a neighborhood of a double point P on
Y, f has the following description

f(z1, o 2n) = 225
for {z1,...,2zn} a set of regular parameters on X at P and suitable in-
dices i < jin I = {1,...,n}. Let Y = ¥; UY> be the local descrip-
tion of Y in a neighborhood of P € Y3 NY; = Yi5. Locally around P,
{#1,...,%i,...,2j,... ,2n} are free parameters for this description. Hence,
the special fiber is locally around the point, formally isomorphic to A4~! x Y
with ¥ = Yl U YQ of dimension 1. In a formal neighborhood of P, Y
is defined by Spec(C{{z1,...,%i,...,%j,...2n}}2i,2j]/z%;). The model X
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is formally locally isomorphic to A1 x X , with X of fiber dimension 1

and special fiber Y. The formal description of X xg X is similar, namely

X x5 X ~ A4l x Ad=1 x (X x5 X). Keeping the same notations introduced

before, we get a formal local description of the stratum T() (containing the
2 (3) 2 (3)

cocycle [N]) as A1 x A4=1xT ~ with T  collection of points. [N]is a cycle

- 2 (3)
(of dimension d — 1) in T®) formally, locally described by Aga-1 x T . This

scheme is isomorphic to the formal completion of the diagonal Ay,, C Y12 x Y19,
i.e. Aym ~ Ad-1 % }}12, (dlm };12 = 0)

In this way, the description of [N] would be deduced from a formal local de-
scription of the Lefschetz pencil of fiber dimension one f : X — C{{t}}. Hence,
one would get a formal local class representative of N as a bundle over the di-
agonal cocycle which describes [N] in theorem 4.2. What said so far supports
evidence for the following

CONJECTURE 4.4. Let f : X — S be a semistable double points degeneration of
fiber dimension d. Then, the local monodromy operator is described by a unique
algebraic cocycle of codimension d-1 in the stratum T (dim T®) =2(d —1))
1.€.
CHI1 (T(S))
S = = .
] Image(p®) : CHI=Y(T®?)) — CHI=1(T®)))

[N

A (3
The formal local description of [N] is given by the algebraic cycle Apa— XT( )
Notice that for a double point degeneration of fiber dimension d > 1, [N] may
represent the monodromy map acting non trivially on different graded pieces
of the limiting cohomology. However, they are all of type gréHHq()N(*, Q) =
Ey YN (X) for ¢ € [0,d]. In fact, for double point degenerations we have
always N = 0 on grqu(X*,Q), and H*(Y, griLASQC) =0fori#-1,0, 1
because no more than two components of Y intersect simultaneusly at the same
closed point.

As an example of application of these results we consider the case of a Lefschetz
pencil of fiber dimension at least three. The description of [N] is the same to
the one just described for a degeneration with double points. We will only show
how to reduce in this case the study of [N] to the previous one. A Lefschetz
pencil of fiber dimension greater than one is not even normal-crossings because
the special fiber is irreducible and singular. We will only consider the case of
odd fiber dimension since Lefschetz pencils of even fiber dimension have trivial
monodromy always.

Let f/ : X — S be such a pencil and let n = 2m + 1 be the dimension of its
fiber. Locally, in a neighborhood of the singular point of the special fiber ),
the pencil f’ is described by

m
(205 y2n) = Z 2uZui14tm
v=0

DOCUMENTA MATHEMATICA 4 (1999) 65-108



LocAL MONODROMY 87

where as usual {z,...,z,} represents a set of regular parameters on X. It is
clear from the definition that the special fiber ) is irreducible and singular at
the origin (zo,... ,2n). However, after a single blow-up at that point we get a
normal-crossings degeneration f : X — S with special fiber locally described
by Y = Y7 UY5. The component Y7 is the exceptional divisor of the blow-up,
a projective space of dimension n which intersects the strict transform Y5 of Y
along a quadric hypersurface Y15 of dimension 2m. The component Y; appears
with multiplicity e; = 2 whereas Y5 is reduced (i.e. e =1). Let h : X — X
be the blow-up map. It is a (proper) map of S-schemes, therefore it induces a
morphism

g RV (Qx) — RY;(Qx)

of complexes of nearby cycles. This morphism induces in turn a homomorphism
between the corresponding hypercohomologies

9" H'(Y,R¥;(Q)) — H'(Y,R¥4(Q))

In order to work with the resolution Ag of R¥(Q) which carries the mon-
odromy filtration, we have to consider Y with its reduced structure (the ex-
ceptional divisor has multiplicity e; = 2 as algebraic cycle on X). Because
g.c.d.(e1,e2) =1 Vy € Y the action of the local monodromy on the complex of
sheaves RU (Y, Q) is unipotent (c¢f. § 1). That implies that the monodromy
operator acts unipotently on cohomology.

Because f’ is a Lefschetz pencil of fiber dimension n, the only group where N
acts non trivially is H*(X*, Q). Also, [N] determines an element in (H?"(X* x
X*, Q(n —1)))™ and because the generic fibers of f/ and f are the same, we
may as well consider [N] € H*(Y x Y,R¥((Q))™.

The map f is locally described by 22q(z20,...,2i,...,2n) = t for some i €
[0,n], t being a local parameter on S and ¢(zo,...,%,...,2,) an irreducible
quadratic polynomial. Via the extension of the basis S’ — S 7 — /¢, the
degeneration f is deformed to w;z; = 7, with w; = Z% and w? = h. It is clear
that this procedure does not affect the special fibers (i.e. the reduced closed
fibers are the same). Hence, after a possible normalization of the resulting
model, we obtain a double point semistable degeneration h : Z — S. Let
T = Ty UT>, be its special fiber. Then [N] can be seen as a Hodge cycle in
H>(T xT,R¥,(Q))™ = Ker(N)NH>**(X*x X*,Q), for N=19N+N®1.
The geometric description of [N] is then the same as the one we have shown
before. The class [N] represents the monodromy operator acting non trivially
only on grk,  H"(X*, Q).

5. SEMISTABLE DEGENERATIONS WITH TRIPLE POINTS

A semistable degeneration with triple points is the first case where both the
operators N and N? may be non trivial. In this paragraph we will mainly
consider a triple point degeneration of surfaces. The description of [N] and
[N?] for higher dimensional triple points degenerations can be deduced from
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the one for surfaces using the same kind of arguments described in the last
paragraph for double points degenerations of higher fiber dimension.

Let f: X — S be a surfaces degeneration with reduced normal crossings and
with triple points on its special fiber Y. We keep the basic notations as in the
previous sections. Then, locally around a triple point P € Y we may assume
that f has the following description:

f(21,22,23) = 212223.

As usual, {21, 22,23} is a regular set of parameters on X at P. Globally on
X, the special fiber can be the union of more than three components i.e. Y =
Y1 U...UYy, but at most three of them intersect at the same closed point.
The Clemens—Schmid exact sequence of mixed Hodge structures describes the
behavior of the operators N and N? in terms of some invariants on the special
fiber. Namely

LEMMA 5.1. (Monodromy criteria) Let f : X — S be a semistable degeneration
of surfaces, then
N=0on H(X*,Q) < h'(T) =0
N=0on H*(X*,Q) < h3(|T|) =0 and p? : H} (YWY Q) » H'(Y?,Q)
N? =0 on H*(X*,Q) < h3(IT|) = 0.

Here h'(|T'|) denotes the dimension of the ith-cohomology group of the geometric
realization of the dual graph of Y.

Proof. cf. [9]. O

A degeneration of K-3 surfaces with special fiber made by rational surfaces
intersecting along a cycle of rational curves, is an example for which both N
and N? are non zero (cf. [9]).

Let us suppose that at least one of the groups griH 1(5( *,Q) and
gry H?(X*,Q) is non zero (for the above example it is well known that
gryHY(X*,Q) = 0, as H'(X*,Q) = 0). The map N acts on them as an
isomorphism of pure Hodge structures

N :gry HY(X",Q) = (grg H'(X*,Q))(~1)

N :gryH*(X*,Q) > (gr{ H*(X*,Q))(—1).

The only group where N2 behaves as an isomorphism is grk H?(X*, Q). The
map N? is defined by the composition

griHA(X*,Q) & (gri H2(X*, Q) (~1) & (grf H2(X*,Q))(-2).

The sequence is not exact in the middle. The map N on the left is injective and
the one on the right surjects (grf H2(X*,Q))(—1) onto (gri H*(X*,Q))(—2).
Its kernel, in term of the spectral sequence of weights is

(Im(H(Y, gr{" Q% (log V) ® Q — H*(Y, A% q))) (~1) =
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Ker(p® : H2(§~/(1), Q)(-1) — H2(§~/(2), Q)(-1))

-~ Im(y®: HO(Y®),Q)(-2) — HX(Y(),Q)(-1))
We first consider N and its related class [N]. Both griH'(X*, Q) and
gr¥ H?(X*, Q) are described in terms of cohomology classes on Y (2) (c¢f. (1.7)).
The study of the correspondence-diagram (2.1) is similar for them. Namely,
once one has found an algebraic cycle representing [N], it certainly makes both
the correspondence diagrams commute. For degenerations of surfaces it follows
from proposition 2.1 that

(5.1)

Ker(pW : H2(T®), Q)(1) — H2(TW, Q)(1

[N] c (gT§H4(T, Q))(l) ~ (p (~ )( ) (~ )( ))
Im(p® : H(T),Q)(1) — H2(T®), Q)(1))

where h : Z — S is a normal crossings degeneration with special fiber T" and

generic fiber X* x X* obtained via resolution of the singularities of X xg X.
Similarly, one has

H(T®, Q)
Im(p® : BT, Q) — HOT®), Q)
Both [N] and [N?] have the further property to be Hodge cycles in the co-
homologies of the corresponding strata. The following lemma determines the

geometry of the model Z and the special fiber T after resolving the singularities
of X xg X and Y x Y.

(5.2) [N?] € grf HNT, Q) ~

LEMMA 5.2. Let z12023 = wiwews be a local description of X xXg X around
the point (P, P), being P € Y = U3_,Y; a triple point of f and {w1, wa, ws}
a second set of reqular parameters on X at P. After three blows-up of X Xg
X with centers at z; = 0 = w; (i = 1,2,3) the resulting degeneration h :
Z — S is normal—crossings. Its special fiber T is the union of nine irreducible
components: T = U_,T;. We number them so that the first siz are the strict
transforms of the irreducible components Y; x Y; of Y xY: Ty = (Y1 X Ya),
Ty = (VixYa), Ts = (Yax Y1), Ta = (Yax Ya), Ts = (Ya x Vi), Ts = (Y3 x Ya).
The last three components are the exceptional divisors of the three blows-up:
Tr = (Y1 x Y1), Ts = (Yo x Ya), To = (Y3 x Y3) . We have T = ][, T:.
The scheme Z is covered by eight affine charts, on each of them there are
at most five non empty components T;. Among the components T;;, whose
disjoint union defines the scheme T(S), Ti7s and Ts7g contain resp. the curves
“diagonal” 612 and 812 whose supports project isomorphically onto the diagonal
Aqo 1 Y19 — Y19 xY1o. Similarly, Torg and Ts79 contain resp. 15 and 815 whose
support projects isomorphically onto A1z : Y13 — Y13 X Yi3. Finally, Tyge and
Teso contain da3 and o5 whose support is isomorphic to Aoz. The exceptional
surface Trgg—intersection of the three exceptional divisors of h—is isomorphic to
the blow-up Bl of P* x P at the points {(0,1) x (1,0)} and {(1,0) x (0,1)}.
Finally, the scheme T®) s the disjoint union of siz irreducible components
(points). They are: Tiarsg, Tierso, Toarso, Taarso, Tasrs9, Tsersg. Their support
maps isomorphically onto the (point) diagonal Aqas : Y123 — Y123 X Yio3.
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Proof. The local description of X xg X at (P, P) is given by the equations
Z12923 = wiwows and 212923 = t, for t € S a fixed parameter on the disk. We
choose the standard orientation of the sets {z1, 22, 23} and {wy, w2, w3} and we
write w} = =, zl = 2t for i = 1,2,3. After three blows-up of X x5 X along
the subvarieties z; = 0 = w;, the resulting model Z is non singular as one can
see by looking at the first of the following tables which describes Z on each
of the eight charts ¢/; who cover it. In the second table, we have collected for
each U}, the description of the non empty divisors T}, € TM there and the third
table shows the “diagonal” curves § and § defined in each chart. The remaining

charts describe the pullbacks pf(% A ﬁ)7 p(dws A dw; ), pr(LL A dz2 A dz—?)

Zj w; wj zZ1 zZ2

and p;(‘% A dw—“? A %) in terms of the related descriptions by cocycles classes

in the corresponding cohomologies.

Open sets | Loc. coordinates and relations
U {wl, wh,wh, z1, 22, 23}, wjwhws =1
Us {wl, wh, z1, 22, w3}, wiwh = 2%
Us {w], wh, z1, 23, w2 }, wWijwh = 24
Uy {#h, 2%, 21, we, ws }, zhzh = w)
Us {wh, wh, 29, 23, w1 }, whwh = 2}
Us {71, 25, z2, w1, w3}, 2124 = wh
Uy {Zivzéaz&wlan}a Zizé :wé
Us {71, 2h, 24, w1, wa, ws}, 2izhz5 =1
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Open sets | Divisors

U T; ={21 =0}, Tg = {22 =0}, Ty = {23 =0}

Uy Ts = {w) =0}, Ts = {wh =0}, Ty = {z; = 0},
Ts = {22 =0}, Ty = {ws =0}

Us T3 = {w) =0}, Ty = {ws =0}, Tr = {z1 =0},
Ts = {we =0}, Ty = {23 =0}

Uy T3 = {2z, =0}, Ts = {5 =0}, Ty = {2, = 0},
Tz = {wa =0}, Ty = {ws =0}

Us Ty = {wh =0}, Ty = {w} =0}, Ty = {w, =0},
Tz = {20 =0}, Ty = {23 =0}

Us Ty = {21 =0}, Ts = {25 =0}, Ty = {wy = 0},
Tz = {22 =0}, Ty = {w3 =0}

Uy Ty ={2{ =0}, Ty = {25, =0}, Ty = {wy =0},
Ts = {wa =0}, Ty = {23 =0}

Us T = {w; =0}, Ts = {wy =0}, Ty = {ws =0}
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Open sets | “Diagonal” curves

U none

Uy b3 ={w] =21 =w3 =0, wh =1} C Thrg, d13NTs #
O23 = {wy = 22 = w3 =0, wy =1} C Tigsg, 23 NT7 # )

Us dio={w) =21 =wy =0, wy =1} C Ts7s, d12NTy # 0
523:{wg223:w2:0, wy =1} C Tyso, 5230T77é@

U, do={{zb=21=wa =0, 2§, =1} C Ty7s, 612 NTy #
i3 ={zb=z1=w3=0, 25 =1} C Tsr9, 13 NTs # 0

Us 10 = {wh = 20 = wy =0, wh =1} C Thzs, 012N Ty # O
b13 ={wh =23 =wy =0, wh =1} C Targ, 613N Tx # 0

Us dip={zl =2 =w; =0, 24 =1} C Tirs, 612NTy # 0
Jag = {2 = 2o =w3 =0, z{ = 1} C Tego, a3 Ny # ()

Uy bi3={2=z3=wy =0, 25 =1} C Torg, d13NTs # 0
bz ={zh =23 =wo =0, 2}, =1} C Tugg, d2sNTy # 0

Us none

Denote by vy,; a class in H*(Y;;, C) and by vr, a class in H*(T®,C). Then

we have
Open sets | 21 (UYIZ) D5 (UYIZ)
U UTqg UTrg
Us UTrg UTss T UTss — UTgr + UTyg
Us —UT3; — UTy; + UTyg UTys + UTrg
Uy —UTy; + UTyg UTrg + VT + UTig
Us VT + UTpg + UTng UTyg — UTyy
Us UTyg + Vg VUTrg — VT — VUTer
Uz UTyy + UTps — UTyy + UTyg UTrg
Us UTrs UTrg
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Hence, the global description of the pullbacks pj(vy,,) and p5(vy,,) are

pi (UYu) = (UT1s T Uy — VT, — UTy, + UT78) + Uy,

pS(UYIZ) = (_UT17 T VT T VT —

Vg, + UT78) + VT

Open sets | p>1k (UYIS) p; (UYIS)
U UTqg UTrg
Us —UTs; — UTgy + UTyg UTyg + UTyg
Us UTrg UTrg — UTyy + VT3 + VUTyy
Uy —UTy; + UTye UThe + VT + VT
Us VT + Uy + VT UTyg — UTyr
Us UTy + Vg — UTer + UTg UTrg
Uz Ve + VT VUTrg = UTy7 — UTyy
Us UTrg UTrg

Hence we have the global descriptions

p? (UYIS) = (UT19 + Ve — VT, — VTer + UT79) + Uryg

p; (UYIS) = (_UT27 T UTyy — VT, T VT + UT79) + Uy, -

Open sets | 21 (Uyzs) D5 (Uyzs)
U UTgg UTgo
Us —UTsg — UTgs T UTyg UTgy + UTge
Us VT + VT + VT UTgy — UTyg
Uy UTgs + VTyg — UTsg T VT UTgo
Us UTgg UTgey — UThg + VUTye + UTy,
Us —VTgs + VTgg UTgg + UTyg + UTge
U7 UTye + VUTyg VTgg — UTag — VTyg
Us UTgg UTso
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Finally we have
* J—
P1 (Uyzs) = (UT39 T VT — UTyg — VT T+ Ung) + Uy,
* _
P2 (vyza) - (UT19 — VUTyg — VTyg + VUTge + UTSQ) + U7y,

Using the above tables we deduce the following

Open sets | 5 (1yvi,s) | 5 (1yys)

Uy 170 1700

U I7srs + 17grs + 170 1760 + 1550 — 17570 + 11ge
Us —Lryrg — 11yre + 11y —1rs + 11y + 17use + 11y
Uy 1rys, — 11urg + 11nsg + VTngg 17500 + 170go + 170

Us 17yse + 17 + Lrygg 17y — 1Tyre + 1Tpms + VT,
Us =11y + 11gy + 17605 + 11gg =17y — 17gme + UThee

U7 I + 11uge — I1ype + 1 17508 + 1T47s — VUThse

Us 177g0 L7

We then obtain

DT (1yins) = (I7iee + 17oue + 17ose — 17570 — 17une + 170se)
— 1rs + 11, + I + Ly

Da(Lyvins) = (—1pyg + Iryee + 11ge + 11ngg — 17570 + 1700 )
+ 1, +1mys — Irgys + Iaygs-

Notice that with the exception of ¢; and U that are open sets in A% on which
only the exceptional components 77, Tg and Ty are non empty, all the remaining
charts U; are isomorphic to A5 and in each of them one has five components
T}, non empty.

On Uz N U, the surface Ty7g contains the curve d12, and on Us N Uy, Ti7s
contains the curve 512. The curves §12 and 512 are different: i.e. Ty = () on
Us and Uy, but their supports map isomorphically onto the same diagonal
Ap 1 Y12 — Y1 X Y1a.

Similarly, Us N Uy contains §13 whose support maps isomorphically onto Ajz,
whereas Us N Uz contains b13, whose support maps still isomorphically onto
A13: 613N 13 = 0. _ _

Finally, o3 C Uz N Us, 0o3 =~ Agg, while do3 C U3 N Uz, 023 ~ Aoz and
523 N 523 = @

The blow-up Z; of X xg X at z; = 0 = w; is the strict transform of X xg X in
the blow-up of A® along the corresponding linear subvariety. Let (Z1,11) be a
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couple of homogeneus coordinates. The exceptional divisor, say E%l), is locally
a P!

(21,%1)
defined on E%l) by 222321 — wowszw; = 0. The blow E%Q) of P!x{z;=0=w}
on P! x {z1 = 20 = w1 = wy = 0} defines the strict transform of Eil) after
the second blow-up along {z2 = wo}. Said ESQ) the exceptional divisor of the
second blow-up and (Z2,s) another couple of homogeneus coordinates, one

has B2 0 B = PL

1
(Zl,ﬁ)l) X P(Ez,’u}

—bundle over {z; = 0 = wy }. Then, the intersection E%”ﬂZl is locally

2 X {21 = 22 = w1 = wy = 0}. Finally, after

the third blowing at {z3 = 0 = w3} the three exceptional divisors E£3), Eég)

and E§3) will intersect the strict transform Z of X x g X along the exceptional
surface Trgg. This surface is described by the equation Z12523 — wiwews = 0 in
E£3) ﬂEéB) mE?(’S) = P%EL’UNJI) x Pézyﬁlz) X P%531u73
ws = 0} = (P1)3, (Z3,1W3) being a third couple of homogeneus coordinates. Let
consider the projection Trgg — P%z i) ¥ Pé, i)+ The fiber of this map over a
2,W2 3,W3

given point in the base (P1)? is defined by a linear equation as az; — Bw; = 0.
If either « or 3 (or both) is not zero, then this fiber is reduced to a single
point, so the projection map is locally an isomorphism. On the other hand,
a =0 = [ happens over the two points (1,0) x (0,1) and (0,1) x (1,0), where
the fiber is a P!. Since Trgg is non singular, these two copies of P! are Cartier
divisors, so by the universal property of blow-ups the map factors through the
blow-up Bl of (P1)? at the two points (i.e. Trgg — Bl — (P1)?). It is easy to
see from this description that Trgg ~ BI.

It is straighforward to verify from the second table the description of T®) on
each chart U; and the statement concerning its support. O

)x{21222:z3:w1 = Wy =

The following result generalizes the description of [N] given in theorem 4.2 for
double points degenerations.

THEOREM 5.3. Let f : X — S be a semistable degeneration of surfaces as
we have considered above. With the same notations as in lemma 5.2, let 7 :
Bl — P! x P! be the morphism definying the blow-up of P* x P at the points
{(0,1) x (1,0)} and {(1,0) x (0,1)}, being Bl ~ Trsg. Let Fy = 7*({pt} x P!)
and Fy = 7 (P x {pt}) be the two fundamental fibers and let Ey and Ey be
the two exceptional divisors of w. The following description of [N] € Ker pt*)
(cf. (5.1)) holds:

[N] = (1178512 + (1279513 + asrgdia + (1489823 + as79013 + aggedaz + I

The 1-cycle T' C Bl and the (rational) numbers a’s are subject to the following
requirements:

I'=xF +yFs + zF + wks, with w=z-1, x,y,z,weQ

a17s — a37g = A279 — G579 = (489 — Aegy = 1
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and the relations among them are given by the following set of equalities

airg = —w, azrg = —(y + w), agrg = —z,

(489 = T + 2, asrg = —(y + 2), aggy = T + w.
Furthermore, for those degenerations with N2 # 0, the class [N?] € EY*(Z) =
HY(T®), Q) (cf. (5.2)) can be exhibited as:

[N?] = biarsoTi2789 + b167soTh67s9 + b2arsoTharso
+ b34789 134789 + b35789 135789 + bse7s9T56789-

The (rational) numbers b’s must satisfy the following equation:

—b12789 + b16789 — b2a789 + b3a7s0 — b3srse — bserse = 1.
Hence, the induced classes of [N] in gryH*(T,Q)(1) and of [N?] in
gr& HY(T, Q) (i.e. modulo boundary relations via the restriction maps p© and
p®) cf. (1.6)) determine algebraic cocycles of dimension one and zero respec-
tively.

Proof. We will determine [N] as a cocycle making the following square commute
(i.e. this is the one one has to study for a degeneration of K-3 surfaces of the
type mentioned above)

grEH2(X* x X*,.Q) L grEHS(X* x X*,.Q)(1) = (EX®)(1)

(m)*T l(m)*

By = grf P (X°,.Q) —— (gr[H*(X",Q))(-1) = (By")(-1)

Note that besides the commutativity of the square, one has to impose another
condition on [N] in order for it to represent the operator N. That arises from
(5.1). Namely, the representative of N in (Ef2)(1) = H2(T(3),Q)(1) must
belong to the kernel of the related restriction map p*). This condition was
automatically satisfied for double point degenerations since T™*) = ) always in
that case. We will explicitly describe a representative [N] of N in (E;?)(1)
that satisfies the commutativity of the following square

HY(T®,Q)(-1) -1 HY(T®),Q)(1)

(5.3) p;T l(m)*
Hl(?@)’ Q)(_l) _— Hl(?@)a Q)(_l)

With the notations introduced in lemma 5.2 we first remark that the cocycles

[(SU] = (AU)*(lyw) (Z,j = 1, 2, 3, 7 7& j), Aij : Y;j — Y;'j X Y;'j being the

diagonal embedding, evidently satisfy the cohomological equality
(P2)«(Ax(Ly;;) - (p1)*(v) = (P2)« (A A™PT(v)) = (P2)+(As(v)) = v

for 1y,, € H°(Y;;, Q) and any element v € H'(Y®), Q)(—1). However, since a

simple linear combination as a17g(§12 + 0@79813 + (1378512 + a489523 + a579513 +
agsodaz (the coefficients a’s are integers) does not satisfy the requirement of
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being in the kernel of the restriction map p™*) (c¢f. (5.1) and (1.6)), we have
to add to the above “diagonal” definition a 1-cocycle I' C T%gg, so that the
completed linear combination defines an element in (E3)(1) representing N.
Notice that since the exceptional surface T7gg9 projects down via py, onto the
triple point P, this modification by I does not spoil the commutativity of (5.3),
once we have checked it for the partial representative of [N] given in terms of
the above diagonals.

The 1-cycle I' will be described as a combination of the generators
Fy, Fs, Ei, Es of the Neron-Severi group N.S(T7s9). First of all, let consider
the six curves Tyrg9 for K = 1,...,6. They are elements of T®. We describe
them using the generators of NS(Trsg). Because m(Ti7s9) = {(0,1) x (1,0)},
T1789 = E2. Similarly, we have T3789 = El, as 7T(T3789) = {(1, 0) X (0, 1)} The
remaining four curves are described using the projection formula. For example,
we know that 7(Th7s9) = (0,1) x P! and that 7*((0,1) x P1) = F} = Ey+Tarso.
Hence we have Thrgg = Fi1 — E>. With a similar procedure we obtain
T4789 = F2 — El, T5789 = F1 — E1 and T6789 = F2 — EQ. The geometry of
the intersections among the generators of NS(T7sg) is well known, namely
Ey-FEy=FE-F,=F - F =FEy-Fy =Fy-F,=F - = F-F, =0,
El-Elz—leg-Eg andFl-ngl.

Let T' = o Fy +yFo+ 2By + wEy be an element of N.S(Trsg), with z,y, z,w € Q.
Then, we must solve

[N] = 178012 + a279013 + azzsdia + agedaz + asrod1s + agsedaz + T
. " .. 4 w1 (4
for I subject to the condition that [N]is in ker p¥), for p®) =5~ (—1) 1o

(¢f. (1.6)). For example we have p(4)(a178512) = —a178(512 - Ty), while
p™ (ag79013) = ag79(d13 - Tx). Following these rules we obtain the system

ayrg = I' - Thi7g0 = —w, agrg = —I' - Torgg = —(y + w)
(5.4) agrs = I' - T3789 = —2, asgg =1 - Tyrg9g =+ 2
asrg = —I' - Tsrg9 = —(y + 2), aggg = I' - Torg0 = = + w.

For the standard choice of the orientations of {z1, 22, 23} and {w;, we, w3} and
the numbering of the T;’s setted in lemma 5.2, the local description of the
pullbacks dz—zj A % and dw—“’ii A dwﬂ (i # 4, 4,5 = 1,2,3) in terms of cohomol-
ogy classes vr,, and v,
lemma 5.2.

Let v;; € HY(Y® Q)(—1), then via the multiplicative rule described in the
Appendix (¢f. the similar calculation done in the proof of theorem 4.2) we
obtain

x> 1s given following the tables shown in the proof of

[N] - pI(vi2 +vi3 + va3) =
= [N]- (v + V1g + V1 + U1 + U1y + VT, ) =
= a17891(012 - V715 ) — Q37897 (012 - V1) + A27992(013 - VT ) — a57097(813 - U7y )+
+a1s9(g4 (D23 - V1) — a6s9(gs (023 - vy ) =

= a178078(1) — agrsvss(1) + a2r9v79(1) — asrovsg (1) + asgevso(1l) — assoveo(1)
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where g; are the pushforward maps defined in the Appendix. Applying the
map (pz2). we have

(p2)«([N] - pi(v12 + v13 + v23))
= (a17s — azrs)viz + (a279 — as79)v13 + (a4s9 — agsy)va3.
The commutativity of the diagram (5.3) is then equivalent to the requirement
(5.5) a17s — G378 = G279 — A579 = Q489 — Q69 = 1
The linear system (5.4) may be then read as z — w = 1. Therefore, any curve
' =xF) +yFs + zE; + wEs satisfying the condition z — w = 1 can be used in
the description of [N] € (E7?)(1).
The description of [N?] is similar. For instance, from proposition 2.1 we have
H(T®),Q)
Im(p® : HO(T(4), Q) — HO(T(E’), Q)
Via the procedure described in (2.1), [N?] is then determined in terms of the
commutativity of the following square

[N?] € grf HY(T, Q) ~

~ ~ 2 . ~ ~
g (X x X,Q) gk HO(X < X7,Q) = B3

(Pl)*T l(?z)*

— Uk N? " s
Byt = grb HY(X*,Q) —— (grf HA(X*,Q))(—2) = (E3°)(-2).
The related E; description is

HOT®, Q)(-2) L2

PIT l(l)z)*

HO(?(B)’ Q)(_Q) e HO(?@)a Q)(_Q)

The scheme T is the disjoint union of the zero dimensional schemes Tia7s9,
T16789, T35789 and Txersg. Their support map all isomorphically onto the di-
agonal Aoz : Y123 — Y723 X Yio3. With a similar procedure as the one used
above to describe [N], we write
[N?] = biarsoTi2789 + b167s9 L1679 + b2a789THa789
+ b34789 134789 + b35789 135789 + bse789T 56789

for some integers b’s. Imposing the commutativity of the above diagram, by
means of the description of the pullbacks pi(ly,,,) and p3(ly,,,) as shown in
the last table appearing in the proof of lemma 5.2, we finally get the condition

—b12789 + b16789 — baargg + b3arsg — b3s789 — bserse = 1.
O

It is straightforward to verify that both [N] and [N?] make diagrams like (2.1)
commute, for any choice of the indices * and r.
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REMARK 5.4.

It is easy to verify that the description of [N] and [N?] given in theo-
rem 5.3 holds also for a normal—crossings degeneration (not semistable) like
f(z1,...,2n) = 222, 4,5 € [1,n], i # j. This applies in particular to the case
of normal-crossings degenerations of curves with triple points as described
above. The desingularization process of the threefold X xg X is obtained via
two blow-ups along z; = 0 = w; and z; = 0 = w; by analogy to what we
have done in Remark 4.3. For the description of [N] we also refer to the same
Remark.

6. AN ARITHMETIC INTERPRETATION OF THE MONODROMY OPERATOR IN
MIXED CHARACTERISTIC

The calculations on the geometric description of [N] that we have done in
the previous sections only involve the (local) geometry of the special fiber of a
degeneration. Hence they equally hold in mixed characteristic also, i.e. for a
degeneration f : X — Spec(A) = S, where A is a Henselian discrete valuation
ring with 7 and v as its generic and closed points respectively. In analogy
with the classical case, the model X is assumed to be proper and the map
f is supposed to be flat, smooth over the generic point  and with a normal-
crossings special fiber Y defined over the finite field k(v) of characteristic p > 0.
Locally, for the étale topology X is S-isomorphic to S[z1,... ,x,]/(x]" - 2Pk —
7), where 7 is a uniformizing parameter in A and e; € Z, Vi = 1,... , k. For
simplicity, we also assume that A is a finite extension of Zy or Qg, where [ # p
is a prime number.
The complex of nearby cycles is then defined as R¥(A) := i 'Rj.A. Here
i:Y — X (resp. j : X, — X) is the natural closed (resp. open) embedding
that one “extends” to the algebraic closure k(o) of k(v) (resp. a separable
closure k(7)) of k(n)). Assume that the multiplicities e; are prime to ¢ and
g.c.d.(e;,p) = 1. Then, the wild inertia acts trivially on R¥(A) and the theory
exposed in [16] shows that the nearby cycle complex has an abstract description
in the derived category DT (Y, A[Z;(1)]) of the abelian category of complexes of
sheaves of A[Z(1)]-modules on Y, by a complex A% ,, supported on Y. A% ,
can be interpreted as the analogue of the Steenbrink resolution in the classical
case. Therefore, the related study of it goes in parallel with the classical one
in equal characteristic zero. We refer to op.cit. and [7] (e.g. Théoreme 3.2) for
further detail.
The power maps (n € [0,2d], i > 0, d = dim X,) N* : H"(X;A) —
H"™(X;,A)(—i) define elements

G G
N e P [HM”(X,], A)(d) ® H"(XU,A)(—i)] = [H?d(x,7 x Xg, A)(d — 1)

n>0

invariant for the action of the Galois group G = Gal(7j/n) on the cohomology of
the product X5 x X5. Assume that f : X — S has at worst triple points. Then,
the singularities of both X xg & and Y X Y can be resolved locally around
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each singular point by a sequence of at most three blows-up, as we described in
details in §§ 2,4,5. The resulting degeneration h : Z — S is normal-crossings
with special fiber T' =T, U...UTy. Let X7 x A = Z5 be its geometric generic
fiber. Denote by N =1® N + N ® 1 the logarithm of the local monodromy
on the product degeneration h. Then, the analogue of proposition 2.1 is the
following

PROPOSITION 6.1. Assume the monodromy-weight conjecture on H*(Zg, A)
and the semisimplicity of the Frobenius on the inertia invariants. Then

N' € [Ker(N) 0 H2(Zy, A(d — 1)) ™"

- N1 F=1
~ [Ker(N) N (gTQL(d,i)HQd(Zﬁa A))(d - Z)]
A\ F=1
~ ((gr5q—n H* (T, A))(d — 1))
Ker(p@(+D) . g2(d=i (T4 A)(d—i) — H2d=D)(T D) A)(d—i)) F=l
Image p

where F' is the geometric Frobenius.

The following result shows the relation of proposition 6.1 with the arithmetic
of the degeneration h

THEOREM 6.2. Assume the monodromy-weight conjecture on Zj and the
semisimplicity of the action of the frobenius F' on H*(Z5, A)!. Then, fori >0
and d = dim Aj

ord det(Id — FN(v)™*|H?*(Z;,\)) =

s=d—1
y Ker(pQ(i-i-l):HQ(d—i) (T(%*l),A)(d—i) _ H2(d_i)(f(2(i+1)),A)(d—i)) F=1
Image p '
N (v) is the number of elements of the finite residue field k(v).

Proof. cf. [2], theorem 3.5. O

This result explains geometrically the pole of the local factor at v of the L-
function L(H?(Z5,Qy), s) at the points s = d — 1 and s = d — 2, with the
presence of the “diagonal” cycles representing the monodromy powers on the
strata of T' as we previously described.

7. APPENDIX (BY SPENCER BLOCH)

Our objective in this appendix is to define a multiplication between the to-
tal complex of Fj-terms of the Steenbrink spectral sequence and the graded
complex

(7.1) H*(Y®), p = restriction
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which is the F; complex converging to the cohomology of the special fiber
Y. We order the components ¥ = Y; U ... U Yy and write a;,.. i, €
H*(Y%.....in,, Q). The Eq-terms of the Steenbrink spectral sequence can be
arrayed in a triangular diagram (compare [7], (2.3.8.1)) where each e denotes
some H*(Y(™) Q(n)).

TN
(7.2) TN TN
S0 L

Here the horizontal arrows are Gysin maps and the vertical arrows are re-
striction maps. The diagonal arrows are (upto twist) the maps N which, on
the level of E; are either the identity or 0. The Steenbrink E:-terms, i.e. the
H*(Y,grERY(Q)), are direct sums of terms on a NE-SW diagonal, with weight
r meeting the ”z-axis” at z = 7. The complex H*(Y(*)) is embedded as the left
hand column, and the resulting multiplication on it is the usual (associative)
product

0 im F j
(7.3) Qig,..rign @ o, { 7 Jo

(@ D)ig,...imjtrmn Tm = Jo

The bottom row is a quotient complex calculating the homology of the closed
fiber H.(Y) (with appropriate twist). Our multiplication induces an action of
the left hand column on the bottom row, which we will show induces the cap
product ([14], p. 254)

(7.4) HIUY)® Hy(Y) — Hy_y(Y).

This module structure, unifying and extending the classical cocycle calculations
for cup and cap product, is of independent interest. Quite possibly it can
be extended to a product on the whole FEj-complex, but the daunting sign
calculations involved have prevented us from working it out.

We will apply this construction to calculate the product

(7.5) [N'] - HY (T, gry Ay q) — BT, gry_g; A% o(d — 1))

from (2.1).

We return to the situation in section 2. In particular, Z — X xg X is a
resolution, and T C Z is the special fiber, which we assume is a normal crossings
divisor. We write E1(Z) for the Steenbrink spectral sequence associated to the
degeneration Z/S.

LEMMA 7.1. There exists a class [N'] in E1(Z) satisfying
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1. di[N%] = 0, and the induced class in Es is the i-th power of the mon-
odromy operator

N € gri, oy H* (X* x X*,Q(d — 1))

2. N([N?]) =0, i.e. in the diagram (7.2), [N?] lies in the left hand vertical
column.

Proof. We see from proposition (2.1) that the class of N* is killed by N in
E5(Z). Let M denote the map on E; which is inverse to N insofar as possible,
i.e. M maps down and to the right in diagram (7.2). M is zero on the bottom
line. Let z € E; represent N’ in Ey. Then Nx = dyy. (Here di = d' +d" is
the total differential.) Since N commutes with d’ and d”, and Nz has no term
on the bottom row, it follows that [N?] := x — d; My is supported on the left
hand column, i.e. killed by N. O

Here is some notation. The special fiber will be Y = JV;, with 0 < ¢ < N.
Write H*(Y') for cohomology in some fixed constant ring like Z or C.

I={io,... yim}; J={jo,... Jn} (strictly ordered); Y7 = [V,

inel
We will say the pair I, J is admissible if
Jp such that 4, = max(l) = j, and {jo,... ,jp} C I.
In this case, write jo = @by, - ,Jp—1 = @p,_,. Define
a(l,J):=bo+ ...+ bp_1 +mp.
With I, J admissible as above, write
J =Los--dpts T =Lpyeoeydnt; J=J 0T I NI =t = {im}
Write
I'=J;1"=U-J)YU{in}; I=T0I"; {in}=0I'NnI"
Let K = I" U J"”, and define
(7.6) 0(1,J): H*(Y7) ® HP(Yy) — HPPT2P(Yy)
(7.7) O ) @ y) = (—1)° 0 g5 0-0g; (2 ).
Here z -y € H*A(Y715), the g; are Gysin maps, and
Gio O+ Gjps t H*(Yiug) — H* PP (Y gm).
If the pair I, J is not admissible, define 6(I,.J) = 0. Define for I as above and
0<k<N
o(l,k)=#{iel|i<k}
For k ¢ I we have the restriction resty : H*(Y7) — H*(Yjuqxy). Define

d = z:(—l)"(l’k)rest;€ H*(Yr) — @H*(Ylu{k})
k¢I k¢I
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Similarly, for k € I we have the Gysin g : H*(Y7) — H*"?(Y;_{;3). We define

d' =Y (=17 Mg H (Y1) » @H T (Yi—1y)-
kel kel

THEOREM 7.2. With notation as above (I,J not necessarily admissible) the
following diagram is commutative:

0(I,J .
H (V) @ B (Yy) 200 g vy
J{d,®1+(71)m1®(d,+d”) ld,“rd”
* * B(f,j) *
DBH (Y;) @ H*(Y;) —— & H"(Yg)
I1,J K=I1"uJ"”

REMARK 7.3.

A priori the theorem does not suffice to determine the desired mapping
H*(Y.)®E1*>E1 a®br—>a>kb

because a given H*(Yx) occurs many times in the diagram (2.1) (at every point
along a NW pointing diagonal). However, if we add the condition that the
weights (SW-NE diagonals in (7.2)) should be added, the mapping is defined.
It has the property that

ax Nb=N(axb)

In particular, there is an induced action on Ey /N E; which we identify with the
bottom row in (7.2). This simple complex calculates H,(Y'), and the product
coincides with the cap product. To see this, one notes that the product is
correct for two elements in weight 0, and that if each H*(Y7) is replaced by Z,
the acyclic model theorem ([14], p. 165) can be applied.

proof of theorem. The proof consists of many separate cases. In each case we
will check the sign carefully (this is the delicate part) and omit checking that
the maps coincide set-theoretically (which is straightforward).

case: im & J.

In this case, the pair I, J is not admissible, so (I, J) = 0. We must show

(7.8) @O, J)o(d @1+ (-1)"1®(d +d") =0.
IJ

We may ignore non-admissible I,J. The only way admissible I, J can occur in
this situation is if for some p > 0 we have j,—1 < im, < Jp and {Jjo,... ,jp—1} C
I. (If a subscript for j doesn’t fall in {0,...,n}, ignore it, i.e. take j_; =
—00, jnt1 = +00.) Assume these conditions hold. Then the pair I U {j,}, J
is admissible and occurs in the image of d’ ® 1. Also the pair I, J U {i,,}
is admissible and occurs in the image of (—1)"(1 ® d’). We must show these
two contributions cancel. Suppose jo = ip,,... ,jp—1 = ip,_,. Lhen the sign
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condition we need to verify is

ol,jp)+bo+ - +bp_1+p(m+1)=
1+m+o(J,im)+bo+ - +b—1+pm mod (2)

This is correct because o(I,j,) = m+ 1 and o(J, in,) = p.

case: im =jp € J, {jo,.. s dp-1} € J.
This is the other case where I,J is not admissible, so 6(I,J) = 0. To get
admissible I, J we must have

3k, 0 <k <p—1such that jx & I, {jo, - Jk>--- ,Jp_1} C I.

Assume this. Then the pairs (IU{jx},J) and (I, J —{k}) are admissible. The
first occurs in (TU{jx}, J)o(d'®1) and the second in (—=1)™0(I, J—{jr})ol®d".
The necessary sign condition for cancellation is

o(l,jx) +a(IU{jr},J) =m+1+k+a(l,J — {jx}) mod (2).

To check this sign condition write j, = ip, for 0 <r <p—1, r # k. Then
a(l,J —{jk}) =bo+ - +bk—1 +bgy1+---+by_1+(p—1)m
a(IU{jr},J) =bo+ - +be1+0o(l,jx) + (brr1 +1) +
+-o+ (bp—1 + 1) +p(m +1).

This yields the necessary congruence.

For the rest of the proof we assume I, J is admissible. We examine the various
terms in (7.8) and show they occur with the same signs in (d’ +d") o 6(I, J).
We first consider terms coming from d’ ® 1, so the target is labelled by I =
Tu{k}, J=J.

case: k < im = jp. In this case, since j, = minJ” and k ¢ I D J’, we have
k ¢ J. The pair I = TU{k}, J is admissible with I = I U{k} and the same
decomposition J = J'UJ". Let K = I"UJ"” = KU{k}. Since k < j, = minJ”,
we have

[

o(K,k)=0oc(I",k)=0(l,k) —o(J' k)
What we must show, therefore, is that

a(I,J)—a(l,J)=o(J k) mod (2)

Write
I={io,. . ims1}: Jo :%Bo"" s Jp—1 :%Epil;
a(l,J)=bo+---+bp1+ (m+1)p
I'={io,...,im}; jr=1p,,0<r<p—1
a(I,J)=0by+ - +bp_1+mp
where

~ by ibz<k
by = .
bo+1 iy, >k
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Thus

a(l,J) —a(l,J) =p—#{j € = {ip} | j > k} =
#jeJ | j<k}=0o(J k).
This is the desired congruence.
We continue to consider the contribution of d’ ® 1 with I, J admissible.
case: k> im, k # jpt1.
In this case I U {k},.J is not admissible so (I, .J) = 0.
case: k= jpi1.
Here I := I U{k},J := J is admissible with
T ={jo,. - sdpert = ULk} = T U {jpi1}
J" = {iprr it = 0" = {iph K=1"UJ" = K = {jp}
Note in this case k > i,, so o(I, k) = m+1. The claim is here that the diagram

01,7 .
H*(Y7) @ H*(Y;) 2500 g (vi)
J{(fl)erlrest.@l J{(—1)‘7(K’jp)Gysinj]J

0(I,J N
H*(Y;) @ H*(Y) 2D, g (Yz)

commutes. Note that the right hand vertical arrow (with the sign) is part of
1®d"”. To verify the signs we need
a(l,J) 4+ o(K,j,) =m+1+a(l,J).
Since K = I"" U J” and k = max(I"”) = min(J") it is clear that
o(K,jp)=#I"-1=m—p.

Also jp = i, so with the usual notation j,. =1, we get

a(I,J)=bo+ -+ +by_1+m+ (m+1)(p+1).
Now the desired congruence becomes
bo+- - +bp1+pm+m—p=by+---+bp_1+m+(m+1)(p+1)+m+1

This is correct.

We now consider terms occurring in (—1)"(1 ® d') on the left of the diagram
in the statement of the theorem. We assume given k ¢ .J.

case: k> jp.

Note in this case k ¢ I. Taking J = JU{k}, K = KU{k}, I claim the diagram
below is commutative:

H*(Yr)®@ H*(Yy) 2D,

H*(Yk)
l(fl)m*"(‘]'k)l@rest l(fl)"(K’k)rest

0(1,.J)
_

H*(Yr) @ H*(Y) H*(Kg)
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(In other words, the contribution in this case is to d’ on the right.) Set
J=JuJ" J =J"u{k}; K=1"UJ".
We have
a(l,J) = a(l,J)
o(J,k)=0o(J" k) +p+1
o(K,k)y=0c(J" k)+#I" =0o(J" k) +m+1—p

It follows that

m+o(J,k)+a(l,J)=o(K,k)+a(l,J) mod (2)

which is the desired sign relation in this case.

case: k < jp, k¢ 1.

In this case, the pair I, J U {k} is not admissible, so the contribution is zero.
case: k < jp, k€ 1.

In this case the pair I, J is admissible with
J=Ju{ky=JuJ" J=JU{k}
I=I=Jul"; I"=1"-{k}; K=K - {k}=1"UJ"

The term in question contributes to d” on the right, and the diagram which
commutes is:

01,7 .
H*(Y7) @ H*(Y;) 2200 g (vi)
l(fl)m“’u’k)rest l(fl)"(K’k)Gysink

o(I,J N
H* (V1) @ H*(Y;) L0 B (vy)

The signs will be correct if
a(l,J)+o(K, k) =m+o(J,k)+0(I,J) mod (2)
Write J = {jo, ... , jm+1} and j, = ig,» 7 < p. The desired congruence reads

bo+ -+ byt +mp+ (K, k) = m+o(J,k) +bo+ -+ by + (p+ 1)m
We have
be < ao(Jk)
by={ o(l,k) €=o(J k)
bei 0> o(Jk)
The condition becomes
o (K, k) = o(J, k) + o(1,k) = o(J' k) + o(J', k) + o(I", k),

which is true.
Finally we consider terms coming from (—1)"(1 ® d”) in the lefthand vertical
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arrow in the diagram of the theorem. In what follows j € J.
case: j € J", j # jp. Define

J=J-{j K=1I"UJ"; K=K {j}=1"uJ".
The diagram which commutes is:

0(I,J)
—_

H*(Y;) ® H*(Yy) H*(Yk)

ll@(—l)erg(‘]’j)Gysinj l(—l)g(K’j)Gysinj

o), J)

H*(Yr) @ H*(Y;) —— H"(Yg)

The sign condition to be checked is
= 2
m+o(J,j)+a(l,J)=a(l,]J)+o(K,j) mod (2).
Our conditions imply j > j, so a(I,J) = a(I,J). Also,
#I" +#J =m+2=m mod (2),
S0
o(K,j)=#I"+o(J",j)—1=m+#J +0o(J',j)—1
o(J,j)=0a(J,j)+ao(J",j)—1=#J —1+a(J", 7).
This is the desired condition.
case: j = jp.
In this case, I, JJ — {j} is not admissible, so we get no contribution.
case: j € J, j < jp.
In this case, j € J', j # jp. Set
J=J—{j} J' =T —{j}J =J"
I=LI"=1"U{j}; I=I=JUl"
K=1"uJ", K=I"uJ"=K — {j}.
The sign condition to show we gat a contribution to d”” on the right is

a(l,J) +o(K,§) = m+o(J,§) +a(l,J) mod (2).
Writing j = j, = 4, the condition becomes

?

bo+ - +bp1 +mp+o(K,j)
bo+ - +by+bept+ -+ by +m(p— 1) +m+o(J,])
This is true because
be=o(1,j) =o(I",j) + o(J', )
o(K,j)=o(I",j); o(J.j)=0o(J",]).
The proof is completed by checking that all the terms on the right in the theo-

rem (i.e. in d’ + d") are accounted for precisely once in the above enumeration
of cases. O
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ABSTRACT. Stationary solutions of higher order KdV equations play
an important role for the study of the KdV equation itself. They give
rise to the coefficients of the associated Lax pair (P, L) for which P
and L have an algebraic relationship (and are therefore called algebro-
geometric). This paper gives a sufficient condition for rational and
simply periodic functions which are bounded at infinity to be algebro-
geometric as those potentials of L for which Ly = zy has only mero-
morphic solutions. It also gives a new elementary proof that this is
a necessary condition for any meromorphic function to be algebro-
geometric.

1991 Mathematics Subject Classification: 35Q53, 34A20, 58F07
Keywords and Phrases: KdV equation, algebro-geometric solutions of
integrable systems, meromorphic solutions of linear differential equa-
tions

1 INTRODUCTION
The collection of equations of the form
gt = [Pa L]

where L = 8?/02% + q and (P, L) is a Lax pair? is called the KdV hierarchy.
Stationary solutions of equations in the KAV hierarchy are given as [P, L] = 0

1Based upon work supported by the US National Science Foundation under Grant No.
DMS-9401816

2That is, P is a monic odd-order differential expression whose coefficients are polynomials
in ¢ and its z-derivatives in such a way that the commutator [P, L] is a multiplication operator,
see Lax [13].
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110 R. WEIKARD

and are, according to a theorem of Burchnall and Chaundy [2], [3], related to
a hyperelliptic curve. For this reason they are often called algebro-geometric
potentials of L. In the case of continuous, real-valued, periodic potentials ¢
Novikov [15] and Dubrovin [4] established the fact that ¢ is algebro-geometric
if and only if the spectrum of the associated L?(R)-operator has a finite-band
structure. Recently F. Gesztesy and myself [7] discovered that an elliptic po-
tential is algebro-geometric if and only if, for every z € C, every solution of
the equation Ly = y” + qy = zy is a meromorphic function of the independent
variable. Our proof relied on a classical theorem of Picard [16], [17], [18] which
states that a linear ordinary homogeneous differential equation with elliptic
coefficients has always a solution which is elliptic of the second kind provided
every solution of the equation is meromorphic. Note that in Picard’s theorem
the independent variable is considered to be a complex variable.

By extending this result to the AKNS hierarchy (cf. [8]) we proved that the
connection between the algebro-geometric property and the existence of only
meromorphic solutions is not restricted to the KdV case. For a review of these
and related matters see [9].

The goal of this paper is to show with the aid of theorems of Halphen [10] and
Floquet [6] that this characterization of elliptic algebro-geometric potentials
may be carried over to the case of rational and simply periodic potentials. This
covers the case of the famous N-soliton solutions of the KdV equation, which,
when viewed as depending on a complex variable, are exponentially decaying
along the real axis but are periodic with a purely imaginary period. Specifically,
after giving a formal definition for the term “algebro-geometric” in Definition
1, necessary and sufficient conditions for a potential to be algebro-geometric
will be provided in Theorems 1 and 2, respectively.

DEFINITION 1. Let L be the differential expression L = d?/dz? + q. A mero-
morphic function ¢ : C — C will be called algebro-geometric (or an algebro-
geometric potential of L) if there exists an ordinary differential expression P
of odd order which commutes with L.

Note that by Theorem 6.10 of Segal and Wilson [19] any algebro-geometric
potential which is smooth in some real interval may be extended to a mero-
morphic function on C. The restriction to meromorphic functions in Definition
1 is made to provide a concise statement.

THEOREM 1. If q is an algebro-geometric potential then the following two state-
ments hold:

1. Any pole of q is a regqular singular point of the differential equation y" +
qy = zy. The principal part of the Laurent expansion of q¢ near xq is given
by —k(k+1)/(x —x0)? for a suitable positive integer k. In particular, the
residue of q at xq is equal to zero.

2. For all z € C all solutions of y" + qy = zy are meromorphic functions of
the independent variable.
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We prove this theorem in Section 4.

At this point it should be noted that, in the case when the curve associated
with ¢ is nondegenerate, the above result follows also from a theorem of Its and
Matveev [12] published in 1975. In fact, Its and Matveev showed that, under
the given circumstances, the potential ¢ and a fundamental system of solutions
of y” + qy = zy may be expressed in terms of Riemann’s theta-function. From
these expressions one can read off immediately the conclusions of Theorem 1.
In 1985 Segal and Wilson [19] looked at this type of questions from a very
different perspective. They study the Gelfand-Dickey hierarchy (which contains
the KdV hierarchy as a special case) employing loop group techniques. Instead
of Riemann’s theta-function they use an object called 7-function which is also
an entire function of its arguments and this implies the validity of Theorem 1.
In justification of offering yet another proof of Theorem 1 let me remark that it
will be completely elementary using only the well-known recursion formalism
of the KdV-hierarchy.

We turn now our attention from necessary conditions for the algebro-geometric
property to sufficient conditions. In Section 5 the following theorem will be
proven.

THEOREM 2. Suppose that the function q satisfies one of the following three
conditions:

e ¢ is rational and bounded near infinity,

e ¢ is simply periodic with period p and there exists a positive number R
such that q is bounded in {z : |Im(x/p)| > R}, or

e q is elliptic.

Furthermore assume that, for infinitely many values of z € C, every solution
of the differential equation Ly = y" + qy = zy is meromorphic. Then q is an
algebro-geometric potential of L.

Note that, when ¢ is elliptic, this result was proven in [7]. However, the proof
given below will be new and much shorter than the one in [7].

In Section 2 the KdV hierarchy is formally introduced and some of its most im-
portant properties are collected. In Section 3 Frobenius’ method of establishing
series solutions of linear differential equations is used to prove two crucial lem-
mas. Section 4 is devoted to the proof of Theorem 1 while Section 5 furnishes
the proof of Theorem 2.

2 THE KDV HIERARCHY

Suppose q is a solution of some equation in the KdV hierarchy, i.e., there exists
a positive integer g and a monic differential expression P of order 2¢ + 1 such
that g, = [P, L] where L = 9?/82% +q. Since L commutes with its own powers
we may add a polynomial K (L) whose degree is at most g to P and still have a
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monic differential expression of order 2g + 1 whose commutator with L equals
q¢- It is well known that among all these expressions one can be written as

11 dl .,
j=0
where fo =1 and, for n > 1, the f,, can be expressed as polynomials in ¢ and
its x-derivatives which obey the recursion relation

1 1
Floal@) = S 7@+ a@) () + 2d (@) Fao). )
In fact, since [P,L] = f;,1, the equation satisfied by ¢ is ¢t = f;;. The

condition that ¢ be a stationary solution of some equation in the KdV hierarchy
is therefore equivalent to the existence of an integer g such that

Fra@) = 105'@) + 0(@) @) + 5 (@) @) = 0 @)
Defining
Fy(ea) = Zg;fg—j(w)zj
and ]

1 1
Ragii(2) = (= = a(@) Fy (,2)° = 5Fy (2, 20)Fy(2,2) + 1 Fy 2, 2)?
one can show that in this case Ryg11 does not depend on z and that
pP? = R29+1(L)

which defines the hyperelliptic curve mentioned in the introduction. Since it is
also true that [P, L] = 0 if P and L satisfy the relationship P? = Ra,.1(L) one
has the following result which is a special case of a theorem of Burchnall and
Chaundy [2], [3].

THEOREM 3. Let L = d?/dx? + q and suppose P is a monic differential ex-
pression of order 2g + 1. Then L and P are commutative if and only if there
ezist polynomials R and K of degree 2g + 1 and k < g, respectively, such that
(P+ K(L))?>=R(L).

We need subsequently the following theorem which establishes a sufficient con-
dition for the potential ¢ to be algebro-geometric.

THEOREM 4. Let y1(z,-) and ya(z,-) be two solutions of Ly = y" + qy = zy
which are linearly independent for all but at most countable many values of z.
Define

9(z, ) = y1(z, )y2(2, 7).
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If

g(Z,SC) -

where 7y is independent of x and F(z,x) is a polynomial as a function of z and
meromorphic as a function of x, then q is algebro-geometric.

Proof. A straightforward calculation® shows that the function g(z,-) satisfies
the differential equation

A(z — q(2))g® — 299" + g% = W (y1,y2)(2)° (3)

where W (y1,y2) is the Wronskian determinant of y; and yo and where primes
denote derivatives with respect to x. Hence

(= — @) F(z,0) = 3F(z,)F" (2,2) + (2,2 = /()W (1, 1) (2. (4)

As a function of z the left hand side is a polynomial of degree 2g + 1 with
leading coefficient 4 fo(z)? when F (-, x) is of degree g and has leading coefficient
fo(x). Since the right hand side does not depend on x we conclude that fo(z)
is constant and we may assume without loss of generality that fo(z) = 1.
Equation (4) implies also that ¢ is meromorphic. Therefore we may differentiate
(4) with respect to x. Assuming that

F(z,z)= Z fo(x)29™"
n=0

and dropping a common factor —2F(z, x) we obtain

- / g—n z Lo L, ’ g—n
3 S = 3 (110 4 50 @A) +afi @)

n=0

since f} = 0. This shows that the coefficients f,, satisfy the recursion relation
(1) and that f, satisfies (2). Hence, by the preceding considerations, ¢ is
algebro-geometric. O

3 FROBENIUS’ METHOD

In this section we prove two results concerning the structure of solutions of the
differential equation y” + qy = zy. The first of these results is obtained from
applying Frobenius’ method of solving an ordinary linear differential equation
by a power series to our particular case. A more general account can be found,
for instance, in Ince [11], Chapter XVI. The proof of this standard result is only
provided to facilitate references to it. The second result draws some further

3 Apparently this observation was first made by Appell [1] in 1880.
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conclusions in the presence of a spectral parameter and for the case when all
solutions are meromorphic for infinitely many values of this spectral parameter.
Suppose x¢ is a regular singular point of the equation 3" + qy = 0. Then q is
meromorphic in a vicinity of zp and has, at worst, a second order pole there.
Suppose

a(x) =) qj(x —20)’ >,
j=0

Then the indicial equation of the singularity is r(r — 1) + ¢o = 0. The roots of
this equation are called indices and since their sum must be equal to one we
may denote them by —k and k + 1 where without loss of generality Re(—k) <
Re(k + 1). Note that o = —k(k + 1). Now introduce the series

Then

w’ + qu = Z {(] +0)(j +0—1)cj + qoc; + Z qj_mcm} (x — x0)7 T2,

=0 m=0

Define
foll) =Ll —=1)+qo= L+ k)L —-k—1)

and, recursively for j > 1,

clo) = _er;loqj—mcm(o)
1) = == e ) ©)

assuming that fo(o 4+ j) # 0 for j > 1. Then

w” + qu = co(0) fo(o)(x — x0)7 2.

Suppose first that —k and k + 1 do not differ by an integer. Then fy(o) = 0
but fo(o +j) # 0 for j > 1 and either choice of o among the values —k and
k+1. Hence, choosing ¢y = 1, we find that w(—k,-) and w(k+1, -) are linearly
independent solutions of 3" + qy = 0.

Next suppose that 2k + 1 is a nonnegative integer. Then w(k 4 1,-) is again a
solution of y” + gy = 0 but w(—k, ) becomes undefined since the requirement
that fo(o + 7) # 0 is not satisfied for 0 = —k and j = 2k + 1. To obtain a
second solution we choose ¢y = H?E{l fo(o+ 7). One shows then by induction
that cg, ..., cor are polynomials with simple zeros at 0 = —k while cox41 is a
polynomial which may or may not have a zero at —k. Finally, cox+2, c2x+3, ..
are rational functions in ¢ which are analytic at —k. Now consider

v(o,x) = g—o(a, x) = Z (% + ¢jlog(x — xo)) (z — x0)7 ™.

=0
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Since differentiation with respect to o commutes with d?/dz? + g(x) we obtain
that

o+ qo = (% T cofolog(z — xo>> (z — 20)72.

Since ¢y fo = H?E&l fo(o + j) has a double zero at ¢ = —k we obtain that
v(—k,-) is a solution of y” 4+ qy = 0 which is easily seen to be independent from
w(k +1,-). We may write

v(—=k,x) = hi(z)log(xz — zo) + ha(x)

where
hi(z) = Z cj(—k)(x — 207" and ha(z,2) = Z %(—kz)(m — x0)? k.
j=2k+1 j=0 7

(6)

We collect these results for the particular case, when k is a positive integer in
the following

LEMMA 5. Suppose q is meromorphic near xg with principal part
—k(k +1)/(x — 20)* + 1/ (z — x0)

where k 1is a positive integer. Then the differential equation y" + qy = zy
has a solution w which is analytic at xo and a solution v defined by v(x) =
hi(x)log(x — zo) + ha(x) where hy is analytic at xo and hy is meromorphic at
Zo.

This lemma and its proof are the main ingredients of the following one.

LEMMA 6. Let Z be the set of all values of z € C such that y" + qy = zy has
only meromorphic solutions. The following statements hold:

1. If Z is not empty then q is meromorphic and any pole of q is of the second
order at most.

2. Z is either a finite set or equal to C.

8. If Z = C and if xg is a pole of q then the principal part of the Laurent
expansion of q about zg is given by —k(k +1)(x — x9) =2 for some k € N,
in particular, reszy, ¢ = 0.

Proof. The fact that ¢ = (y” — zy)/y shows that ¢ is meromorphic and has at
most a double pole at any of its singular points even if y” + qy = zy has only
one meromorphic solution for one value of z. This proves the first claim.

Hence, if Z # (), a pole xqg of ¢ is a regular singular point of " + qy = zy and

@) =D gj(w —wo)
=0
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in a vicinity of xy. The indices associated with x(, which are given as the roots
of r(r — 1) + go = 0 and hence are independent of z, must be distinct integers
whose sum equals one. We denote them by —k and k+ 1 where k£ > 0 and note
that go = —k(k +1).

Note that replacing ¢ by ¢ — z amounts to replacing g2 by g2 — z in the Laurent
expansion of ¢ turning the recursion relation (5) into

= (@i—m — 28— m2)em (0, 2)
B fo(o +7) @)
2k+1

where co = [[;Z;" fo(j +¢). The equation y” + (¢ — 2)y = 0 has a solution
v(z,z) = h1(z,x) log(x— )+ ha(z, x) which is meromorphic at x¢ if and only if
hi(z,-) = 0. Recall that ¢;(—k, z) = ... = cap(—k, z) = 0. Using this fact in the
recursion relation (7) shows that the coefficients c;(—k, z) are zero for all j if and
only if eap41(—k, z) = 0. Hence, because of (6), we have hy(z, ) = 0 if and only
if cop+1(—k,z) = 0. The recursion relation (7) also implies immediately that
the coefficients c; are polynomials in their second variable. Hence caj41 (—k,-)
has either finitely many zeros or else it is identically equal to zero. Therefore,
if cor11(—k,) # 0 for any singular point of the equation then Z is finite.
However, if cop+1(—Fk, ) = 0 for all singular points of the equation then Z = C.
This proves the second claim.

To prove the third claim we need more detailed information about the leading
coefficient of the polynomial cory1(—k,-). We will show below that, if ¢g; =
res;, ¢ 7 0, then cory1(—k,-) is a polynomial of degree k thus forcing Z to be
a finite set and proving the last claim.

Suppose now that ¢; # 0. Since cor41(+, 2) has a removable singularity at —k
we may determine co11(—Fk, z) by computing lim,_,_x cart1(0, 2) for o < —k.
Note that ¢o(0, z) = vo(0) and ¢1(0, 2) = —g171(0) where

¢, 2)

2k+1 2k+1

—o(0) = — _1'[ folo+4) and (o) = _1'[ fo(o + 7).

The functions —7o and 7 are positive in (—k — 1, —k) and have simple zeros
at —k. Assume that j < k and that cg;_2(0, z) and cg;_1(0, z) are polynomials
in z of degree 7 — 1 and that

¢2j-2(0,2) = 12j-2(0)2" " + O('77),
coj-1(0,2) = —Q172j_1(0)zj_1 + O(ZJ—Q)

where (—1)77y2;_2 and (—1)?7'42;_; are positive in (—k — 1,—k) and have
simple zeros at —k. Then, using the recursion relation (7), we obtain that
c2;(0, z) and cg;41(0, z) are polynomials in z of degree j and that, in particular,

2C25—2 i1 Y25—2 i i—1
c2i(0,2) = ———— + O(2’ =170 20407,
24(0:7) Jo(o +2j) =) fo(o +27) =)

cojv1(0, 2) = et S O 1Y =—q¢ YV2j1 + 72 2407,

~ folo+2j+1) Jfolo+25+1)
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Letting y2; = v2;-2/fo(0 + 2j) and 2511 = (v25-1 + 72;5)/fo(o + 25 + 1) we
find that (—1)7"1y9; and (—1)772j11 are positive in (—k — 1, —k) and that vo;
has a simple zero at —k. If j < k then 72,41 has a simple zero at —k, too,
since 72;—1 and 72; have the same sign in (—k — 1,—k). However, if j = k
then both the numerator and the denominator in (yer—1 + a2k )/ fo(c + 2k + 1)
have a simple zero at —k proving that ~vor41(—k) is different from zero. This,
however, shows that car1(—k, ) is a polynomial of degree k which has at most
k distinct zeros. However, copt1(—k, ) must be zero for any value of z since

Z = C. This contradiction proves our assumption ¢; # 0 wrong. o

4 NECESSARY CONDITIONS

In this section we will prove Theorem 1 which gives conditions which must be
satisfied for any algebro-geometric potential. We start with

THEOREM 7. If q is algebro-geometric then any of its poles is a regular singular
point of the differential equation Ly = y" + qy = zy. Moreover, when zq is a
pole of q then the coefficient of (x — x¢)~2 in the Laurent expansion of q about
xo 1s equal to —k(k 4+ 1) for some positive integer k.

Proof. We show first that any pole of ¢ is a regular singular point of y"’ + qy =
zy, i.e., that its order is at most equal to two. Hence assume this were not
the case. That is, suppose that xy which, without loss of generality, may be
assumed to be equal to zero is a pole of ¢ of order £ > 3. Then ¢ has a Laurent
expansion ¢ = az~* + ... where o # 0. Consider the recursion relation (1).
One shows by induction that the order of the pole xy = 0 of f is smaller than
that of ¢f;, + ¢’ f»/2 and that therefore

2j —

1 —nk
5 + O(x™"™").

fi(z) = —nkaxF1 H
j=1

If ¢ were algebro-geometric there would have to be an n such that f, = 0. This
contradiction shows that the order of the pole zg is at most two and that x is
a regular singular point of " + qy = zy.

Next assume that g = 0 is a pole of order one, i.e., ¢ = az~! + O(1) with
a # 0. We prove, again by induction, that

n—1

fola) = 500> [] 35 +1/2) + 0=+

j=1

using that the order of the pole xy = 0 of f/" is larger than that of ¢ f] +¢' fn/2.
Hence, for no n is f], ever zero showing that zo must not be a first order pole
if g is algebro-geometric.
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Finally, suppose that ¢ = az~2 + ... for some « different from any number in

{=k(k+1): k € N}. Then another induction shows that

fute) = =2 | [T 2= i = )| a1 4 O™,
j=1

Again f! # 0 for all n € N contrary to the hypothesis. O

THEOREM 8. If q is algebro-geometric then every solution of Ly = y"+qy = zy
is meromorphic for every z € C.

Proof. Since q is algebro-geometric there exists a differential expression P of
the form

71, dl
P=3 |5l + i 2
j=0
for which [P, L] = 0 and P? = Ryy41(L). In contradiction to what we want
to prove assume that there exists a point zg such that y” + qy = 29y has a
solution which is not meromorphic.
Let Z be the set of all values of z € C such that y” + qy = zy has only mero-
morphic solutions. By Lemma 6 the set Z is closed and hence its complement
is open. Therefore and because the zeros of Ry, are isolated there is no harm
in assuming that Rag41(20) # 0.
Next denote the two-dimensional space of solutions of Ly = zoy by W (zp).
The restriction of P to the space W(z) maps back into W (zy) since P and L
commute. Note that

d 1
=~ SFy(z0,7).

Pl (z) = Fy(20,2)

Introduce the basis {y1,y2} of W(z) which is defined by y]@_l)(zo) =4 In
this basis the restriction of P to W (zp) is represented by the matrix

M= 1 —F/(Zo,wo) 2Fg(20,$0)> .

5 <2(20 — q(wo))Fgg(Zo,.To) — F;I(ZO,.To) F;(ZQ,.To)

Note that tr M = 0 and det M = —Rg441(20) regardless of x9. Therefore M
has distinct eigenvalues wy = £4/Rag+1(20). The associated eigenfunctions
Yy satisfy Py = fwoeyp and LYy = zotpx. Define ¢y = ¢/, /91 and note

that ¥
Py 1_,
:l:’wozw—i: gsﬁiiiFg'
Hence
2w + Fé
Y+ = oF

g
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are meromorphic functions on C. Not both of the solutions ¥+ can be mero-
morphic since they are linearly independent. Suppose 1 is not meromorphic.
Then, by Lemma 5, there is a constant v such that ¢, (or an appropriate
multiple) is given as

Y4 (z) = hi(x)log(z — x0) + ha(z) + yw(z) (8)

where hi, ho, and w are functions which are meromorphic at xoy. Hence

(z — 20)(+h1 — h)log(z — xo)
= h1 + (x — z0)(hy + yw') — (x — 20)(h2 + yw)p+

is meromorphic at z¢ and we conclude that ¢ h; —h] = 0. This implies that
hi = cyp4 for some constant c. If ¢ # 0 we obtain from (8)

og(z — 20) = ( Th1(2) = ha(o) = yu(o) ) i)

which is impossible since the right hand side is meromorphic at xy. Therefore
c = 0, i.e., h; vanishes identically and ) is meromorphic at xzg contrary to
our assumption. O

We are now ready for the

Proof of Theorem 1. Theorem 7 proves that a pole of ¢ is a regular singular
point with principal part —k(k+1)/(x—x0)?+q1/(x—x0) for a suitable positive
integer k£ and complex number ¢;. Theorem 8 proves not only that all solutions
of y’ 4+ qy = zy are meromorphic for all z € C but also that the hypotheses of
Lemma 6 are satisfied. This in turn shows then that ¢; = 0. O

5 SUFFICIENT CONDITIONS

In this section we will prove Theorem 2. As mentioned in the introduction the
proofs rely on classical theorems by Halphen, Floquet, and Picard concerning
the linear differential equation

20y ™ + @y + ..+ gy = 0. (9)

While Floquet’s theorem is well known (see e.g. Eastham [5] or Magnus and
Winkler [14]) it is appropriate to repeat the theorems of Halphen and Picard.
Halphen’s theorem is concerned with the rational case. A proof is given by Ince
[11] and this proof can be used to state the following version which is different
from Ince’s version.

THEOREM 9. Let the coefficients qo,...,qn in (9) be polynomials such that
degg; < degqo = s for j = 1,...,n. For j = 0,..,n let A; be the coeffi-
cient of x* in q; and let X\ be a zero of Ao\ + AuN"! + ..+ A,. If the
differential equation (9) has only meromorphic solutions then it has a solution
R(z) exp(Ax) where R is a rational function.
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Picard’s theorem is concerned with the elliptic case. It may also be found in
[11].

THEOREM 10. Assume that the coefficients qo,...,qn in (9) are elliptic with
common fundamental periods 2wi and 2wy and let p1 be a Floquet multiplier
with respect to the period 2wy. If the differential equation (9) has only mero-
morphic solutions then it has a solution which is elliptic of the second kind and
satisfies y(x + 2w1) = pry(z).

5.1 RATIONAL POTENTIALS

Suppose that ¢ is rational and bounded at infinity. Let zp = limg—, o q(z).
From Lemma 6 we know that y” + qy = zy has only meromorphic solutions for
any value of z and from Halphen’s theorem (Theorem 9) we obtain, for z # zo,
that there are linearly independent solutions

y+(z,2) = Ry(z,z) exp(£vz — 202)

where Ry (z,-) are rational functions. Also from Lemma 6 we obtain that

" si(si+1
q:’ZO*Z J(] )

= (@ —1b;)?

where by, ..., b, are distinct complex numbers and s1, ..., S, are positive inte-
gers. The singular point b; of ¥ 4+ qy = zy has indices —s; and s; + 1 and
hence any pole of y+ is located at one of the points b; and has order s;. Now
define the function g(z,x) = y4(z,2)y— (2, ). Letting v(z) = [[_,(x — b;)>
we see that the functions y.v are entire as functions of x and hence v2g(z, )
is an entire rational function, i.e., a polynomial. Letting

d
v(z)’g(z,z) = ch:cj
§=0

the functions v2g(z, ), v3¢'(z,z), v1¢g”(z,x), and v°¢"'(2,x) are polynomials
in z whose coefficients are homogeneous polynomials of degree one in cg, ..., cq.
Since v?q and v3¢’ are polynomials we find that v®(g"”’ +4(q—2)g’+24'g) is also
a polynomial in z whose coefficients are homogeneous polynomials of degree
one in cg, ...,cq. The coefficients of the ¢y in this last expression, in turn, are
polynomials in z of degree at most one, i.e.,

N d
v (g" +4(q - 2)g +2¢'g) Z Z a0+ Bjez)cex? (10)
j=0£¢=0

for suitable numbers N, o ¢, and §; ¢, which depend only on ¢. From Appell’s
equation (3) it follows upon differentiation that the expression (10) vanishes
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identically. This gives rise to a homogeneous system of N + 1 linear equations
for the ¢ of which we know that it has a nontrivial solution. Solving the system
shows now that the coefficients ¢, are rational functions of z, i.e.,

ég(z)
Cy\z2) =
=) 7(2)
where v and ¢, are polynomials in z. Therefore

_ Y057 F(za)
9D == @ T )

where d .
Zj:o ¢j(z)x?

v(x)?
is a polynomial as function of z and a rational function as function of . We
have therefore proven that the hypotheses of Theorem 4 are satisfied and this
shows that ¢ is algebro-geometric.

F(z,z) =

5.2 SIMPLY PERIODIC POTENTIALS

Suppose ¢ is meromorphic, simply periodic with period p € C, and bounded
in {z : |[Im(xz/p)| > R} for some R > 0. Lemma 6 implies firstly that, for
all values of z all solutions of ¢y’ + qy = zy are meromorphic. To simplify
notation we assume without loss of generality that the fundamental period p
of ¢ is equal to 2. Define ¢* : C — {0} — C* by ¢*(¢) = q(—ilogt). Because
of the periodicity of ¢ the function ¢* is well-defined and meromorphic. Since
q(x) remains bounded as |Im(z)| tends to infinity the points zero and infinity
are removable singularities of ¢* and hence ¢* is a rational function which is
bounded at infinity and zero. Denoting its poles by t1, ..., t,, we may write

m  Nj k
’ tAjk

=t t—1;)

j=1 :1

where %1, ..., t,, are distinct nonzero complex numbers. Let z; be any complex
number such that e**s = t;. Then we obtain that

() = al Jk
q(z) = ¢"(e") = Z e(mx—))k

Since .
(s . 7
) 1= (e — )1+ (o — 3) + Ol(x — ;)"))

we obtain from Lemma 6 that N; =2 and Aj1 = A;2 = s;(s;+1) with s; € N.

Hence
m

q*(t) = 2o +ZSJ(SJ +1)

j=1

tt;
-t
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In particular ¢*(0) = ¢*(c0) = 2.
From Floquet’s theorem we know that there are solutions (called Floquet so-
lutions) of ¢’ + qy = zy of the form

Vi(z,2) = pa(z, x)eTH®
where py are periodic functions with period 27 and A is a suitable complex
number depending on z which is determined up to addition of an arbitrary
integer. Unless 2 is an integer which happens only for an isolated set of values
of z the solutions 14 are linearly independent.
The functions 14 (z, ) are meromorphic by assumption. Their poles are at the
singularities of the differential equation, i.e., at the poles of q. Because the
indices of the singularities ; = —ilogt; are —s; and s; + 1 the functions given
by

m

1/}:‘:(2, z)e:Fi)\z H(ezm _ eimj)sj

=1
are entire and periodic functions of period 2.
Define

m

’U(.T) — H(ezz _ emj)sj.

j=1
The substitution y = ue™? /v transforms y" + qy = zy into
v?u” + (2i? — 200" ) + (=A% — 2 + q)v? — 2i v’ + 2% — v’ )u =0
(11)
which has entire solutions at least one of which is periodic with period 27.
Next define v*(t) = v(—ilogt) = [[;_,(t — t;)* and substitute u(z) = u*(t)
where x = —ilogt in (11) to obtain v/ (x) = itu* (t), u” (x) = —t2u*"(t) —tu* (t)
and hence
Qou™ + Quu” + Qau* = 0 (12)
where
QO = t2’U*2,
Q1 = t((1 4 2\)v*? — 2tv*v*),
QQ — (Z _ q* + )\2)?}*2 _ (2)\ + 1)tU*U*/ + 2t2?}*/2 _ t2’U*’U*N.
Because equation (11) has an entire 27-periodic solution equation (12) has a
solution which is analytic on C — {0}, i.e., a solution for which zero and infinity
are isolated singularities.

Since v*(0) # 0 the point zero is a regular singular point of (12) with indicial
equation

242\ 42— 20+ A2 = 0. (13)
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This equation must have at least one integer solution since otherwise no solution
of (12) would be one-valued, i.e., zero would not be an isolated singularity.
Thus suppose the solutions of (13) are m and —2X — m where m € Z. Then
—2 m —m? = z — 29+ A? which implies A\ = —m 4 i,/z — z9. As we are free to
change )\ by adding an integer we may assume from now on that A\? = zy — 2
and that the zeros of the indicial equation (13) are zero and —2A.

Next turn to the point infinity. After introducing 1/¢ as independent variable
it turns out that infinity is also a regular singular point with indicial equation

7?4+ (28 —2\)r + 5% —2A5 =0 (14)

where S = 377" s; = degv*. The solutions of (14) are —S and 2\ — S.

Now, if 2 is not an integer then (11) has precisely one linearly independent 27-
periodic solution. Hence (12) has precisely one single-valued analytic solution
in C — {0}. This must therefore be the solution associated with the indices 0
and —S at zero and infinity, respectively, i.e., this solution is a polynomial of
degree S.

Repeating the above procedure after replacing A by —\ we now obtain that the
differential equation y” + qy = zy has the solutions

- ui(z, ')
v* (ezz)
where u (2, ) and v* are polynomials. These solutions are linearly independent

except at an at most countable number of isolated points z.
Again define the function g(z,x) = y+(z,2)y—(z,2). Then

exp(LiAx)

d
v(@)g(z,x) = wi(z, €T )ul (2,67) = Y e;(2)e "
i=0

The functions v?g(z, x), v3¢'(z, x), v'g"(z,x), and v5¢" (2, x) are now polyno-
mials in " whose coefficients are homogeneous polynomials of degree one in
€o, ..., cq and so is the function v°(g"" + 4(q — 2)g’ + 2q¢'g). Specifically,

N d
v (¢" +4(q — 2)g' +24¢'g) :ZZ a0+ Bjez)cee ", (15)
7=0 £=0

As the expression (15) must vanish identically we obtain again a system of
linear equations which we use to show that the coefficients ¢, are rational
functions of z. Therefore g(z,2) = F(z,z)/v(z) where F(z,z) is a polynomial
as function of z and a rational function as function of €. Theorem 4 gives
that ¢ is algebro-geometric.

5.3 ELLIPTIC POTENTIALS

Finally let ¢ be elliptic with fundamental periods 2w; and 2ws. Assume that
none of the poles of ¢ equals zero or a half-period (modulo the fundamental
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period parallelogram) which may always be achieved by a slight shift of the
independent variable. Then, by Lemma 6 and general properties of elliptic
functions,
_ a(p(@)) + g2(p(2))p’ ()
q(l‘) - m 2
Hj:1(@(z> —pj)

for suitable polynomials ¢; and ¢» and suitable numbers m and p1, ..., py,. Let

o(@) = [[(pla) ;)"

where —s; < 0 and s; +1 > 0 are the indices of the singularity x; for which
o(z;) = p;j. Then v?q and v3¢’ are polynomials in p(z) and @' (z).

Picard’s theorem guarantees the existence of two linearly independent solutions
y+(z,-) of ¥y’ 4+ qy = zy which are elliptic of the second kind for all but an
at most countable number of isolated points z since we then have different
Floquet multipliers with respect to 2w;. {From Floquet theory we know that
the product of these solutions must be doubly periodic since the product of
Floquet multipliers with respect to any period is equal to one in our case. As
all solutions are meromorphic (by Lemma 6) we have that g(z,-) the product
of y4(z,-) and y_(z,-) is elliptic. Therefore and since the only poles of g(z, )
are at the points where p(z) = p; and have order at most 2s; we get

g(z 1,) _ gl(za p(x)) + 92(2’, p(l‘))p%z)
| v(a)?

where ¢1(z,-) and g2(z, ) are polynomials. Introduce the coefficients c, ..., cq
by

3 d
g1(z,t) = ch(z)tj’ g2(2,t) = Z Cj(z)tj—é—l_
J=0 j=0+1

Each of the functions v2g, v3¢’, v*¢”, and v°¢"” are now of the form

d1(p) + d2(p)p’ where ¢1 and ¢y represent various polynomials. The coeffi-
cients of these are homogeneous polynomials of degree one in cg, ..., cq. There-
fore v°(g"" + 4(q — 2)g' +2¢'g) = h1(p(x)) + ha(p(x))’ (r) where h; and hy
are polynomials whose coefficients are polynomials in the variables z, cg, ..., cq
homogeneous of degree one with respect to co, ..., cq and of at most first order
with respect to z. This implies just as before that the c; are rational functions
of z and proves that g(z,2) = F(z,x)/v(z) where F(z,z) is a polynomial as
function of z and a rational function as function of p(z) and ©'(x). Theorem
4 gives that ¢ is algebro-geometric.
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ABSTRACT. In this paper simply connected twistor spaces Z con-
taining a pencil of fundamental divisors are studied. The Riemannian
base for such spaces is diffeomorphic to the connected sum nCP?. We
obtain for n > 5 a complete description of the set of curves intersect-
ing the fundamental line bundle K —3 negatively. For this purpose
we introduce a combinatorial structure, called blow-up graph. We
show that for generic S €| f%K | the algebraic dimension can be
computed by the formula a(Z) = 1 + k71(5). A detailed study of
the anti Kodaira dimension x~1(S) of rational surfaces permits to
read off the algebraic dimension from the blow-up graphs. This gives
a characterisation of Moishezon twistor spaces by the structure of
the corresponding blow-up graphs. We study the behaviour of these
graphs under small deformations. The results are applied to prove the
main existence result, which states that every blow-up graph belongs
to a fundamental divisor of a twistor space. We show, furthermore,
that a twistor space with dim | —3K |= 3 is a LeBrun space [LeB2].
We characterise such spaces also by the property to contain a smooth
rational non-real curve C' with C.(-1K) =2 —n.

1991 Mathematics Subject Classification: 320125, 32J17, 32J20,
14M20

Keywords and Phrases: Moishezon manifold, algebraic dimension,
self—dual, twistor space

1 INTRODUCTION

For a complex manifold with non-positive Kodaira dimension and zero dimen-
sional Albanese torus, the algebraic dimension is the most basic birational
invariant. By definition it is the transcendence degree over C of the field of
meromorphic functions on the manifold. Because it is often a difficult task
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to compute this invariant in explicit examples, it is interesting to study the
algebraic dimension in special classes of manifolds. A class where we can find
interesting phenomena is the class of twistor spaces. From our point of view,
a twistor space is a compact complex three-manifold Z equipped with

e a proper differentiable submersion 7 : Z — M onto a real differentiable
four-manifold M (called the base), whose fibres are holomorphic curves
in Z which are isomorphic to the complex projective line and have normal
bundle in Z isomorphic to O(1) ® O(1) and

e an anti-holomorphic fixed point free involution o : Z — Z with 7o = 7.

Usually, such spaces arise in 4-dimensional conformal geometry. The points of
Z correspond to complex structures on the tangent spaces at M, compatible
with the conformal structure. The idea for such a construction traces back
to F. Hirzebruch, H. Hopf [HH] and R. Penrose [Pe]. The twistor construc-
tion in the context of Riemannian geometry was first developed by M. Atiyah,
N. Hitchin, I. Singer [AHS]. It plays an important role as a bridge between
conformal Riemannian geometry and complex geometry. Twistor spaces have
always negative Kodaira dimension and trivial Albanese torus [H2]. If a twistor
space has the maximal possible algebraic dimension a(Z) = 3, then it must be
simply connected with base homeomorphic to either S* or a connected sum of
CP?’s [C2]. Compare with Proposition 2.4 below.

The involution o is called a real structure and we designate any o-invariant
geometric object as being “real”. For example, the fibres of 7 are called “real
twistor fibres”, a line bundle £ € Pic Z is called real if 0*£ = £ and a sub-
variety D C Z is called real if D := o(D) = D. The degree deg(L) of a
line bundle £ € PicZ is by definition the degree of the restriction £L ® Op
to a real twistor fibre ' C Z. The “type” of a twistor space is by definition
the sign of the scalar curvature of a metric with constant scalar curvature in
the conformal class of M. On every twistor space there exists a distinguished
square root K ~2 of the anti-canonical line bundle of Z. This bundle is called
the fundamental line bundle. The divisors in | —3 K | are called fundamental
divisors. The study of the structure of these divisors and of their linear system
played a fundamental role in the study of twistor spaces.

In this paper we study simply connected twistor spaces containing irreducible
fundamental divisors. Some authors start with the assumption that the twistor
space is of positive type, but we don’t here. We show in Section 2 that a
simply connected twistor space containing an irreducible fundamental divisor
must necessarily have positive type. For a collection of the basic properties of
such twistor spaces and appropriate references, the reader is referred to [K1,
Sections 2 and 3]. In the final three sections of the paper [K1], the case ¢} =0
is studied, whereas the case ¢ > 0 is fairly well understood (see [H2], [FK],
[Pol], [KK], [Po4]). Here we focus on the general case: c; < 0.

The goal of this paper is an understanding of the relationship between the alge-
braic dimension a(Z), the structure of fundamental divisors and the base locus
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and dimension of the fundamental linear system on Z. The results show that
a finite set of curves with certain numerical properties contains very important
information on the structure of the twistor space. We study the interplay be-
tween curves and surfaces, not merely divisors inside our three-manifolds. The
basic assumption for our study will be dim | —%K |> 1. Under this assumption,
we develop in Section 3 a clear picture of the possibilities for the base locus and
dimension of the fundamental linear system. We also give a new characterisa-
tion of LeBrun twistor spaces (Theorem 3.6). For LeBrun twistor spaces and
the twistor spaces studied in [CK2] the place among all twistor spaces becomes
quite clear by Theorems 3.6 and 3.7. Curves with certain numerical properties
play an important role for these results.

To compute the algebraic dimension of a simply connected twistor space one
relies on the observation of Y.S. Poon [Po2] that one can compute a(Z) by the
litaka dimension of the anti-canonical line bundle x(Z, K ~!). This can be de-
duced from the fact that K—! generates the unique one-dimensional subspace
in Pic Z ® R which is invariant under the involution, induced by the real struc-
ture on Z. To compute a(Z) one can use the inequality a(Z) < 1+ (S, Kg').
But in many cases this is not enough for computing the algebraic dimension.
In Section 4 we improve it (under our assumption dim | —1K |> 1) to the
equality

a(Z) =1+ k(S Kg")

for generic fundamental divisors S.
This motivates the study of the anti Kodaira dimension x~1(S) := x(S, Kg")
of rational surfaces in Section 5.
To handle the structure of the base locus of the fundamental system (which
is also related to the number of divisors of degree one, see [K1, Proposition
3.7]) we define the notion of a blow-up graph (Section 6). This is a combina-
torial structure which reflects numerical properties of the components of anti-
canonical divisors on rational surfaces. These graphs contain also information
on the anti Kodaira dimension.
The existence of new twistor spaces can be shown with the aid of deformation
theory [DonF], [C1], [LeBP], [PP2], [C3]. To be able to state interesting results
on the structure of twistor spaces constructed in such an indirect manner, we
study the behaviour of the blow-up graphs under small deformations in Section
7. These results will then be used in Section 8, where the relationship between
a(Z), dim | —1K | and the structure of anti-canonical divisors on fundamental
divisors is studied. As a result we see that basic information on the structure
of twistor spaces is already contained in a finite set of curves in such a space.
We prove in this section a vanishing theorem for the second cohomology of the
tangent sheaf:

H2 (Z7 ®Z> = 07

which is necessary to show the existence of twistor spaces related to arbitrarily
prescribed blow-up graphs. Our main existence result (Theorem 8.8) states
that every blow-up graph appears as a blow-up graph of a fundamental divisor
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contained in a twistor space. To prove this we rely on recent results of N.Honda
[Hol, who studies the twistor spaces constructed in [PP3].

2 CONSEQUENCES OF THE EXISTENCE OF FUNDAMENTAL DIVISORS

In this section we show that the existence of an irreducible fundamental divisor
in a simply connected twistor space has strong consequences. We see, for
example, that there is no need to assume the twistor space to be of positive
type, because we obtain this from our assumption. As a consequence, we have
Hitchin’s vanishing theorem at our disposal. This states for simply connected
twistor spaces of positive type the vanishing of H*(Z, £) for any line bundle £
with deg(£) < —2 [HI].

In fact, the topology of simply connected twistor spaces containing an effective
divisor can be restricted to a few cases by results of P. Gauduchon [Gau] and
C. LeBrun [LeB1].

First of all, we cite the following lemma from [PP1, Lemma 2.1], which will be
useful in the following.

LEMMA 2.1. Let Z be a compact twistor space and S C Z an effective divisor
of degree 2 which is irreducible and real, then S is smooth. O

This implies, in particular, that each real irreducible fundamental divisor S €
| — K| is smooth.

From here on, we are only concerned with simply connected twistor spaces.
Without assuming Hitchin’s vanishing theorem or the twistor space to be of
positive type, we can study the structure of irreducible fundamental divisors.

LEMMA 2.2. Let Z be a compact simply—connected twistor space and S € | —
%K | be real and irreducible. Then there exists a real twistor fibre F C S and
dim |F| = 1. The surface S is smooth and rational.

ProOOF: From Lemma 2.1 we know smoothness of S. If S would not contain a
real twistor fibre, the twistor fibration would give an unramified covering S —
M of degree two, since Z does not contain real points. This is in contradiction
with m (M) = m1(Z) = 0. Similarly, if dim |F| = 0, we obtain an unramified
covering S\ F — M \ {pt} of degree two. Again, we obtain a contradiction
to m (M \ {pt}) = m (M) = 0 because S\ F is irreducible (being open in the
irreducible surface S). This implies h°(Og(F)) > 2. The adjunction formula
on S yields (F?)g = (F.(~Kg))s —2 = F.(—$K) — 2 = 0. Hence, we have an
exact sequence 0 — Og — Og(F) — Op — 0, implying h°(Og(F)) <
h°(Og) + h°(Or) = 2. Thus |F| is a pencil. On the other hand, ((mF —
Ks)?)s = 2m(F.(=Ks))s + ((-Ks)?)s = 4m + ((—Ks)?)s > 0 for large
positive m. Therefore, S is a projective algebraic surface ([BPV, IV (5.2)]).
By Noether’s lemma ([GH, IV§3]) the existence of the pencil |F| implies the
rationality of S. O
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LEMMA 2.3. If Z is a compact, simply connected twistor space containing an
irreducible fundamental divisor, then h'(K2) =0 for all i and hi(Oz) =0 for
i > 0.

PROOF: By assumption | — £ K| contains an irreducible member, hence, the
generic member of this linear system is irreducible. Therefore, we can choose
an irreducible real S € | — %K |, which is smooth and rational by Lemma 2.2.
In particular, we have h'(Og) = h?(Og) = 0. Because the restriction defines
an isomorphism H°(0z) — H°(Og), the exact sequence 0 — K32 —
Oy — Og — 0 implies h%(K2) = 0 and hi(Kz) = hi(Oy), if i > 0.
Using the Serre duality, this gives the desired vanishing for ¢ € {0,3} and
h(Oz) = hY(Kz) = h2(Kz) = h2(Oy). The simply connectedness of Z
implies 0 = b1 (M) = h*(Oz) (see [ES]) finishing the proof. O

PROPOSITION 2.4. If Z — M is a compact, simply connected twistor space
containing an irreducible fundamental divisor, then M is diffeomorphic to the
connected sum nCP? and M is of positive type.

PROOF: Because Z is compact and M self-dual, we obtain (see e.g. [ES, Cor.
3.2]) b_(M) = h?(Oz) which vanishes under our assumptions by Lemma 2.3.
Therefore, the intersection form on H?(M,R) is positive definite. To see that
the type of M is positive, we recall a theorem of Gauduchon [Gau] stating that
a twistor space of negative type does not contain effective divisors. Hence, in
our case, the type is non—negative. If the type would be zero, we would obtain
(using m1(M) = 0) from [Pon, Cor. 4.3], that M is a Kihler surface. But,
what we have seen above, implies then that the intersection form on H?(M,R)
would be negative definite. But for a simply connected complex surface this
is impossible by the signature theorem [BPV, IV (2.13.)]. Therefore, M has
positive type. In this situation a theorem of Pedersen and Poon [PP1] states
that M is diffeomorphic to nCP?2. O
From [Gau] and [LeB1] we obtain that a simply connected twistor space, which
contains an effective divisor, can only be built over a self-dual four manifold M
having one of the following properties (M denotes the anti-self-dual manifold
obtained by reversing the orientation of M):

(a) M is a blow-up of P? at m > 9 points or
(b) M is a K3-surface with a Ricci-flat metric or
(c) M is homeomorphic to nCP? with n > 0.

From [Po3] we obtain that in case (a) a(Z) = 0 and in case (b) a(Z) = 1.
The goal of the following sections is to gain more knowledge on the algebraic
dimension and their relation to the geometry of Z in case (c).

3 THE FUNDAMENTAL LINEAR SYSTEM OF A TWISTOR SPACE

We consider a simply connected twistor space Z. In this section we study the
fundamental linear system | —3K |. Under the assumption that it is at least a
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pencil, we obtain information on its dimension and the base locus. In Section
8 we study the algebraic dimension a(Z) in more detail.

In the case where an irreducible fundamental divisor exists, Proposition 2.4
shows that the Riemannian base of such a twistor space is diffeomorphic to the
connected sum nCP? and the conformal class contains a metric with positive
scalar curvature. If n < 3 it is well-known (and follows easily from the Riemann-
Roch formula and Hitchin’s vanishing theorem) that we have a(Z) = 3. The
case n = 4 was studied in [K1]. Since a twistor space of positive type over
nCP? with n < 4 contains always a pencil of fundamental divisors, the picture
is in this case fairly satisfactory. If, however, n > 4 (which is equivalent to
c1(Z)? < 0) the situation is much more rich and less understood.

In the rest of this section we denote by Z a twistor space fulfilling:

(3.0) Tt is simply connected, contains an irreducible fundamental divisor and
satisfies h(K~2) > 2 and ¢,(Z)? < 0.

We have seen in Section 2 that such a twistor space is of positive type and is
built over nCP? with n > 4. Furthermore, Pic(Z) is a free abelian group of
rank n 4+ 1 and (—3K)% = 2(4 — n) (see [K1, Section 2]).

LEMMA 3.1. Let D C Z be an effective divisor of degree one.

(a) If DN D # 0 then D.D = F is a real twistor fibre.

(b) If (D) > 2, then dim | D |= 1, dim | —1K |= 3, the base locus of the
pencil | D | is a smooth rational curve B which is disjoint to its conjugate B.
The surface D is rational and intersects the conjugate surface D. The base
locus of the fundamental linear system | —%K | is the curve BUB and we have
B.(-3K)=2-n.

PrROOF: This lemma can be deduced from [Ku] and [Po4] but we prefer to
give a direct proof here.

(a) Assume D N D # (). Consider a point z € D N D and denote by F the
real twistor fibre containing z. But F' and D N D are real, hence Z € F N D.
Using that D is of degree one we conclude F € DN D. As D is smooth and
irreducible we have for every real twistor fibre F' C D an exact normal bundle
sequence:

Using Np|z = Op(1)%? and Oz (D) ® Op = Op(1), we obtain Np|p = Op(1),
which means (F?)p = 1. As in the proof of Lemma 2.2 this implies that D
is algebraic and rational. Since any two real twistor lines are disjoint we infer
from the Hodge index theorem that F' is the unique real twistor fibre contained
in D. This implies DN D = F because the intersection D N D would contain a
second twistor fibre if it contains a point outside F. We even have D.D = F,
since D.D = rF implies r = ((D.D).F)p = D.F = 1.

(b) If we have Oz(D — D) = Oy, then ¢1(Oz(D)) would be invariant under
the involution on H?(Z,Z). This would imply Oz(4D) = Kgl, which is only
possible if n = 0. In this case Z = P3 by [H2] and [FK]. But we assumed n > 4.
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Hence, Oz(D—D) is not the trivial line bundle. This implies H(Oz(D—D)) =
0 because there is no effective divisor of degree zero. If D and D would be
disjoint, we would have Oz (D) ® Op = Of. Considering the exact sequence

0— Oz(D - E) — Oz(D) — Oz(D) & Oﬁ —0

we would obtain a contradiction to the assumption h°(Oz(D)) > 2. Therefore,
we must have D N D # (), hence D.D = F.

Let now D' €| D | \{D} and define B := D.D’. We obtain B.D = D.D'.D =
(D.D).D' = F.D" = 1. Since | D | is at least a pencil, this implies B is smooth.
This computation shows furthermore (B.F)p = B.D = 1. In particular B N
B =0, because B C D and Z does not contain a real point.

Let ZTp C Oz be the ideal of B C Z and denote by s,s" € H*(Oz(D)) sections
defining the divisors D, D’. By V. C H°(Oz(D)) we denote the vector space
generated by s,s’. This pair of sections defines the exact Koszul complex

Since deg(—2D) = —2 we obtain from Hitchin’s vanishing h!(Oz(-2D)) =
0 and h?(Oz(—2D)) = 0. Hence, H*(Oz(-D)) ® V.= H!(Zp). But the
exact sequence 0 — Oz(—D) — Oz — Op — 0 and H(Oz) = 0
imply H'(Oz(—D)) = 0. Hence, H'(Zp) = 0, showing that the restriction
H°(Oz) — H°(Op) is surjective. Thus, B is connected, hence irreducible.
The linear system | F' | on D is of dimension two and does not have base
points which can be seen from the exact sequence 0 — Op — Op(F) —
Op(F) — 0. Since (B.F)p =1 we see that B is the strict transform of a line
in CP? under the blow up D — CP?, defined by | F |. In particular, B is
smooth and rational.

Now we can compute B.(—1K) = B.(D+D) = D.D'.D+B.D = D3+1 = 2—n,
and this is negative since we assumed n > 4. In particular B and B are
contained in the base locus of | —2 K |. By a lemma of Poon [Po4, Lemma 1.4],
we can conclude hO(K~2) < 4.

To determine the base locus of | —3K | consider a base point z of this linear
system. This point is contained in every divisor of the form D+ D of which there
exist an infinite number. Thus there exists a pair of effective linearly equivalent
divisors of degree one D, D’ such that z € DN D' = Bor z € DN D =B
This shows that the base locus of | —1 K | is contained in B U B, hence BU B
is the base locus.

Finally, we have to compute the dimension of the fundamental linear system.
For this purpose we tensor the exact sequence (1) with Oz(D + D) = K~2
and obtain an exact sequence

0— Oz(D—-D) —V ®0zD) — Ip®OzD+ D) — 0.

If we use H(Oz(D — D)) = 0 we obtain an injection H(V ® Oz(D)) =
V@H(Oz(D)) c HY(Zp®K~2) c H)(K~2). Since V@V C VRH(Oz(D))
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we obtain 4 < h°(K~2) which implies by the above inequality dim | K~2 |= 3
and hence dim | D |= 1. O

LEMMA 3.2. Assume Z contains only finitely many divisors of degree one. If
A C Z is an irreducible and reduced curve with A.(— éK) < 0, then there exists
a smooth real fundamental divisor S €| —%K | containing a real twistor fibre

F with2 > F.A>1. We have A.F = 2 if and only if A is real.

PrOOF: Let x € A be apoint and x € F' C Z the real twistor fibre containing
this point. Since | —1K | is at least a pencil, there exists a divisor S € | - 1 K|
containing a given point y € F'\ {z,z}. Because F.S =2 and SNF D {y,x,z}
the twistor fibre F' is contained in S. So the real subsystem |- 1 K|p C |- 1 K|
of divisors containing F' is not empty. Because S contains at most a real
one-parameter family of real twistor fibres, the intersection points of A with
real twistor fibres contained in S form at most a real one-dimensional subset
of points z on A. Therefore, we obtain at least a one-parameter family of
surfaces S containing a real twistor fibre F with F*A > 1. Since we assumed
that there are only finitely many divisors of degree one, we can choose an
irreducible real fundamental divisor among them, which is smooth by Lemma
2.1. Since (A.(—Kg))s = A.(—3K) < 0 each real anti-canonical divisor C €|
—Kg | contains A and A. Since F is nef this implies (F.A)s < (F.(=Kg))s =
F(—%K) = 2. If A # A there even holds (F.(A + A))s < (F.(~Kg))s = 2
implying (F.A)s = (F.A)s = 1. If A = A, we must have (F.A)s # 1 since S
does not contain real points, hence (F.A)s = 2 in this case. O

LEMMA 3.3. If Z is a twistor space satisfying condition (3.0), then:
(a) There exists a reduced irreducible curve A C Z with A.(—3K) < 0.

(b) If we have A.(—3K) > 2 —n for every reduced irreducible curve A C Z,
then dim | —1K |= 1.

PrROOF: Let S be a smooth real fundamental divisor. We have KS_1 ~ K 3@
Og and dim | —1 K |=dim | —Kg | +1, hence | —Kg |# 0. Since ((—Kg)?)s =
(—3K)3 =2(4 —n) < 0 we obtain (a). To show (b) we recall from [K1, Prop.
3.6] that there exists a succession of blow-ups o : S — P! x P! such that the
anticanonical system | — Kg| contains a real member C' mapped onto a curve
C’" on P! x P! having one of the following four types :

(0) C" € |0(2,2)] is a smooth elliptic curve,

(1) C’ has four components €’ = F' + F' + G’ + G’ where F' € |0(0,1)| and
G’ € |0(1,0)]| are not real,

(2) C' has two components C' = F' + C} where F’ € |0(0,1)] is real and
C{ € 10(2,1)] is real, smooth and rational,

(3) C’ has two distinct components C’ = A’ + A’ where A’ A’ € |O(1,1)].

At each step of blow-up a conjugate pair of points, lying on the image of C, is
blown up. The pencil | F' | generated by a real twistor fibre F' C S is mapped
to the pencil |0(0,1)] on P! x P!, It was shown in [K1, Prop. 3.3] that none of
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the blown up points lies over a real member of |O(0,1)|. This implies in case
(2) that there is a component Cy of C with (Cy.(—Kg))s =6—2n < 2—n. In
case (0) we have (C?)s = (C.(—Kg))s = 8—2n < 0 and C is irreducible, hence
| —Ks |={C}. If in case (3) all the blown up points lie over smooth points of
C'=A +W, then C' = A + A with (A.(—Ks))s = (Z.(—Ks))s =4-n<0.
Hence, | —Kg |= {C}. If, however, in case (3) the conjugate pair of singular
points A’ N A’ is blown up, then we can choose the succession of blow-ups o
such that C is mapped to a curve of type (1) in P! x PL. This is done by an
elementary transformation (see [K1, Cor. 4.3]).

To deal with case (1) we choose an irreducible reduced curve G C Z with
G.(—3K) < 0. By Lemma 3.1 the assumption of (b) implies that there does
not exist a pencil of divisors of degree one. Hence we can apply Lemma 3.2
and can find a smooth real fundamental divisor S with (F.(G + G))s = 2
for twistor fibres F* C S. Take C' C S as above in the description of type
(1), then G is a component of C, hence smooth rational and not real. This
implies (F.G)s = (F.G)s = 1. Thus, the curves G and G are mapped to the
components G’ and G’ of C'. Since G.(—1K) = G(—3K) < 0, at least three
of the blown up points are lying over G’ and their conjugates over G’. Since
we assumed G.(féK) > 2 —n, at most n — 1 blown-up points lie over G'.
Hence, a nonempty set of blown-up points lies over a conjugate pair F’, F’ of
members of |O(0,1)|. This implies that these curves are not movable, hence
| —Ks |= {C}. O

PROPOSITION 3.4. Let Z be a twistor space satisfying condition (3.0) and let
A C Z be an irreducible reduced curve.

(a) If A is not real, then A.(—1K)>2—n.

(b) If A(-1K) < 2 —n, then A is real (i.e. A =A) and it is the unique
irreducible reduced curve having negative intersection number with K3,
Only the following two cases are possible:

(i) A(—1K) =8—2n, n > 6 and A is smooth elliptic. In this case
dim | -3 K |=1.
(ii) A(=3K) = 6 —2n and A is smooth rational. In this case dim |
—iK |=2.
(c) If A(—3K) = 2 —n, then {A, A} is the set of all irreducible reduced
curves in Z with negative intersection number with K =2 and either
(i) n =16 and A=A smooth and elliptic and dim | —1K |=1, or
(it) A is smooth rational and not real. In this case dim | —3K |= 3.
ProoF: If a pencil of divisors of degree one exists, all the statements are clear

by Lemma 3.1. Therefore, we assume that there exists only a finite number of
divisors of degree one. This allows us to apply Lemma 3.2.
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If A(—1K) > 0 nothing is to prove. Assume A.(—3K) < 0 and choose a
smooth fundamental divisor S as in Lemma 3.2. Let, furthermore, be o : § —
P! x P! a succession of blow-ups as in the proof of Lemma 3.3. Using the
notation of that proof, we obtain that A must be a component of C. Since
every curve on P! x P! has nonnegative self-intersection number, (a) is clear
from the description of the types (0) — (3).

The assumption of (b) implies that we are in types (0) or (2) which correspond
to the cases (i) and (ii) respectively. In type (0), the irreducible curve C
has negative intersection number with —Kg, hence | —Kg |= {C?}, implying
dim | —1K |= 1 in case (i) of (b). In type (2) we obtain | —Kg |= Cj + |F|
yielding dim | —2K |= 2 in case (ii) of (b). Finally, if A.(—3K) =2 —n we
can have type (0) only if n = 6, giving the case (i) of (¢). Otherwise, we are
in type (1) and n blown-up points are over G’. The conjugate set of blown-up
points lies over G’, hence the components F’ and F’ of C’ are movable. This
yields dim | f%K |= 3 and A+ A is mapped to G’ + G’ giving the statement
(ii) of (c). O
Now we are ready to give new characterisations of the Moishezon twistor spaces
introduced by LeBrun [LeB2] and studied by Kurke [Ku]. Recall the following
result of Kurke [Ku] and Poon [Po4]:

THEOREM 3.5. If Z contains a pencil of divisors of degree one, then it is one
of the Moishezon twistor spaces introduced by LeBrun [LeB2] and studied by
Kurke [Ku].

The following theorem provides new characterisations for these twistor spaces.

THEOREM 3.6. If Z is a twistor space satisfying condition (3.0) then the fol-
lowing properties are equivalent:

(a) Z contains a pencil of divisors of degree one.
(b) dim | -1 K |=3.
(c) dim | —%K |> 3.

(d) There exist exactly two reduced irreducible curves in Z having negative

intersection number with I_(’%. These two curves are smooth rational,
form a conjugate pair {A, A} and A.(—éK) =2—n.

(¢) There exists a smooth rational curve A C Z with A.(—3K) =2 —n.

PrROOF: The implication (a) = (b) was shown in Lemma 3.1. (¢) = (d)
follows from Lemma 3.3(a) and Proposition 3.4. (d) = (e) is obvious. (e) =
(a) can be shown by the same proof as in the case n = 4 given in [K1, Prop.
5.3.], therefore we omit it here. O

THEOREM 3.7. If Z is a twistor space satisfying condition (3.0) then the fol-
lowing properties are equivalent:
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(a) dim | —1K |=2.

(b) There exists a smooth irreducible real rational curve Cy C Z with the
property Co.(—3K) = 2(3 —n). This is the unique irreducible reduced

curve in Z having negative intersection number with K3,
(c) There exists a smooth real rational curve Co C Z with Co.(—3K) < 0.

PrOOF: This follows from Lemma 3.3(a) and Proposition 3.4. For (c¢) = (a)
see also [K2, Thm. 2.1]. O

4 COMPUTATION OF THE ALGEBRAIC DIMENSION

The computation of the algebraic dimension of a specific compact complex
manifold Z is often a very difficult task. It is known that in general there
exists a line bundle A € Pic Z whose Iitaka dimension x(Z, A) is equal to a(Z).
It is an observation of Y.S. Poon [Po2], [Po3] that we can choose A = K2 if Z
is a simply connected twistor space and #(Z, K~2) # —oo. If S €] —1K |isan
irreducible smooth fundamental divisor on a twistor space, then the inequality
a(Z) < 1+ k(S,Kg") is easy to see. But this will in general not suffice to
compute a(Z). The following theorem improves this situation a lot.

THEOREM 4.1. Let Z be a compact complex manifold, F and A line bundles
on Z, A C| F | a one-dimensional linear system. Assume a(Z) = k(Z,A)
and that the general member of A is irreducible and reduced. Then, for general
S € A, the following formula holds:

a(Z) =1+ K(S,A® Og).

PrOOF: The linear system A does not have a fixed component since it contains
an irreducible reduced member. Let ¢ : Z --» P! be the meromorphic map
defined by the pencil A C| F |. By B C Z we denote the set of indeterminacy
of ¢, that is the base locus of A. Using Hironaka’s theorem on resolutions
of singularities in the complex analytic case (see [AHV]), we can resolve the
singularities of the graph space of ¢ to obtain a proper modification o : Z—Z
and a holomorphic map @ : Z — P! such that: Z is a smooth compact complex
manifold, @ is proper and surjective, o induces an isomorphism Z\ oc~(B) —
Z\Band g =gpooon Z\ o }(B).

In particular, the generic fibre of & is smooth (see [U, Cor. 1.8]). Since Z is
irreducible and reduced and @ maps Z onto a smooth curve, the map ¢ is flat.
But 0~1(B) has at least codimension one in Z and the general member S of A
is, by assumption, an irreducible smooth divisor in Z, hence the generic fibre of
¢ is connected. This implies, the general fibre S of ¢ is smooth and irreducible
and o induces a proper modification o : S — S = ¢(S) € A. By [U, 5.13] we
obtain:

K(S, 0% (A® Og)) = K(S, A® Os)
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and k(Z,0*A) = k(Z, A).

Let m be a positive integer and consider the projective fibre space P(@,0* A®™)
over P!. We have meromorphic maps ®,, : Z — P(3,0* A®™) compatible
with the maps to P'. The restriction of ®,, to a generic fibre Sc Zof @ is
the map given by the line bundle (¢*A®™) ® Oz (see [U, (2.8)(2.10)]). This

implies for m > 0:

dim @,,,(Z) = 1+ w(S, 0" A® Og).

Since P! and hence P($.0*A®™) are projective, we have a(®,,(2)) =

dim ®,,(Z) and obtain

a(Z) = a(Z) > a(®,(Z)) = 1 + k(S, 0" A® Og).

Finally, since we assumed k(Z, A) = a(Z) > 0, implying h°(A®™) > 0 for m >
0, we can apply [U, Thm. 5.11] to the proper holomorphic map ¢ : Z — P!
to obtain

K(Z,0"A) < K(S,0" A® Og) + 1.

All the inequalities together yield
a(Z) > 1+ k(S, 0" A® Og) > k(Z,0" A) = k(Z, A) = a(Z)
which gives the claim. O

DEFINITION 4.2. The anti Kodaira dimension of a compact complex variety
X is the number x1(X) := (X, K1).

COROLLARY 4.3. Let Z be a compact, simply connected twistor space contain-
ing an irreducible fundamental divisor. If hO(K~2) > 2 and S €| —1K | is
generic, then:

a(Z) =1+ r"9).

PROOF: Our assumptions imply that there exists a pencil A C| — ;K | whose
general member is irreducible and reduced. The general fundamental divisor of
Z is contained in such a pencil. By Poon’s theorem we have a(Z) = x(Z, K~ 2)
and by the adjunction formula we obtain Kgl ~ K2 @ Og. Application of
Theorem 4.1 gives the result. O

5 ANTI KODAIRA DIMENSION OF RATIONAL SURFACES

The results of the previous section motivate the study of the anti Kodaira
dimension of rational surfaces. Such studies were made by Sakai [Sa] but we
are interested in a more detailed knowledge on the relationship between the
anti Kodaira dimension and the numerical properties of the components of
anti-canonical divisors. The desired results can also not be found in the papers
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of E. Looijenga [Lo] and B. Harbourne [Hb] who studied surfaces containing
effective anti-canonical divisors.

In contrast to the Kodaira dimension, the anti Kodaira dimension is not a
birational invariant. Its behaviour under blow-ups becomes more transparent
by the following results.

LEMMA 5.1. Let S’ be a smooth surface, P' € S’ a point and C' € | — Kg/| an
anti-canonical divisor. By o : S — S’ we denote the blow—up with centre P’.
Then we have:

(a) k~H(S) < kYY) and
(b) if multp/(C") > 2, then k= 1(S) = k=1(S").

ProoOF: Let E C S be the exceptional divisor of 0. Then J"‘KS_,1 &~ Kgl ®
Os(E). Because E is effective and 0,.0g = Og we obtain with m > 1:
WO(S,K3™) < h(S, K3™ ® Os(mE)) = h(S, 0" K3™) = h9(S', K5™). This
proves (a).

Assume now multp/(C") > 2, then C := 0*C" — 2E is effective. This is true
for non-reduced C’. Using Kg* = 0*Kg? ® Og(—2F) = ¢*Kg' @ Os(0),
we obtain h°(S",Kg™) = h%(S,0*Kg5™) < hO(S,0"Kg™ @ Og(mC)) =
hO(S,Kg*™). This implies k~1(S") < (S, Kg?) = x~1(S) and we obtain
(b). O

THEOREM 5.2. Let S’ be a smooth rational surface and C' €| —Kg/ | an anti-
canonical divisor. The irreducible components (with reduced structure) are de-
noted by C1,...,ClL. Assume that among the C) there is no smooth rational
(—=1)—curve. Then we have:

(a) v : (Cl.(—Kg))s: > 0= r~1S") =2

(b) Vv : (CL-(_KS’))S’ =0= H_l(SI) S {0, 1}

(¢)Vu: (C,.(=Ks))s: <0 and Fv:(C).(~Kg))s <0=r"(5)=0

In the case (b) we have k= 1(S") =0 <= V¥Ym > 1:h°(C', N®™) = 0, with the
abbreviation N := K;,l ® Oc¢:.

PrOOF: We start with the observation that the exact sequence 0 — Kg —
Ogr — O¢r — 0 and the rationality of S’ imply h°(Oc/) = 1. As a conse-
quence we obtain that C” is connected.

Recall that for arbitrary D € Pic(S’) and effective D’ € Pic(S’) one always has
k(S', D) < k(S",D+ D’). It D is nef (i.e. for each effective divisor D’ one has
(D.D")s: > 0), then (D?)ss > 0 if and only if (S, D) = 2.

To show (a) we assume first the existence of a component C’, with (C”,?)s: > 0.
Such a divisor is nef and x(S’,C)) = 2, but —Kg — C/ is effective, hence
k™S = 2.

Assume now (CLQ)S/ < 0 for all p. By assumption we have one component
C!, with (C!.(—Kg/))s: > 0. We show (C’,?)g = 0 as follows: The genus
formula gives 2pq(CL) — 2 < 2pa(Cy) — 2 + (CL.(=Ks'))s = (CL%)s < 0,
hence the arithmetic genus p,(C?,) vanishes and C!, 2 P!, In turn, this implies
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0> (C!%)s = (C.(~Kg'))sr —2 > —2. By assumption, we have (C/,%)s # —1
and conclude (C,?)s: = 0. In particular, —Kg is not a multiple of C’,.

174

Because C’ is connected, we can choose a component C,, # C; with ¢ :=
(C,-C})s > 0. We define D :=c-C}, + (1 — (C’ZLQ)S/) - C}, which is an effective
divisor. Since (D.C},)s = c- (CLQ)S/ +(1- (Cﬁ)sr)-c =c¢>0and (D.C})g =
A4+ (1- (Cﬁ)sr) (C!?)g = ¢ > 0, we obtain (D?)g > 0 and D is nef. If we
choose m = max{c, 1 — (CL2)S/}, then k= 1(S") = (9", Kg") > (S, D) = 2
and (a) is proved.

If we have (C},.(—Kg/))s» = 0 for all components of C’, then —Kg is nef and
(=Ks)?)s: = 0, hence k= 1(S") < 2. Because we assumed that | —Kg | is
non—empty, we have k~1(S’) > 0 and (b) is shown.

To show (c) we can apply [Lo, (1.3)] which proves that the matrix ((C}.C%)s )i ;
is negative definite. Hence, in the Zariski decomposition C’ = P’ + N’ of the
divisor C" we have P’ = 0 (see [Sa]). This implies x~1(S") = k(59",C") =
k(S’, P') = 0, hence (c).

To distinguish, in the case (b), anti Kodaira dimensions zero and one, we
consider the exact sequence (m > 1):

0— Kg!™™ — Kgm — N®™ 0 (2)

If KO(C',N®™) = 0 for all m > 1, we obtain h’(Kg™) = 1 for m > 1
and k71(S’) = 0. On the other hand, if there exists some m > 1 with
hO(C’, N®™) > 0, then we let mgo be the smallest one with this property.
From the sequence (2) we obtain h%(S',Kg™) = 1 for 0 < m < mg. We
have h2(S', Kg™) = hO(S",K&™') = 0 for m > 0 (because S’ is rational)
and ((—Kgs/)?)s: = 0 (in case (b)) and obtain from the Riemann-Roch formula
hO(K g™ )—h'(Kg™) = 1. Therefore, h' (Kg™) = 0 for 0 < m < myg. The exact
sequence (2) with m = my implies now h°(Kg™) > 1, thus x71(5) > 0. O

REMARK 5.3. It is a remarkable fact that the numerical information contained
in an anti-canonical divisor is not sufficient for the computation of the anti
Kodaira dimension, if its components are orthogonal to the canonical class.
This phenomenon also appears in the paper [Sa]. It is the reason that it is

difficult to construct simply connected twistor spaces of algebraic dimension
two (see [CK1]).

COROLLARY 5.4. Let S be a smooth rational surface, C €| —Kg | an effective
anti-canonical divisor with components C1, ... ,C, and denote N := KS_1®OC.
Assume that among the C, there is no smooth rational (—1)-curve or that S
cannot be blown-down to a surface with the properties of Theorem 5.2 (b).
Then, the anti-Kodaira dimension x~1(S) is determined by the pair (C,N).

PROOF: Since (C2)s = 2pa(C,) — 2 + (C,.(—Ks))s and (C,.(—Ks))s =
deg(N ® O¢, ), this follows from Theorem 5.2. O
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6 BLOW-UP GRAPHS

In this section we develop a method to handle the numerical information of
an anti-canonical divisor on a surface obtained by a sequence of blow-ups from
P! x P! at points lying over an anti-canonical curve with four irreducible com-
ponents.

In view of our application to twistor spaces, we are only interested in blow-ups
of conjugate pairs of points to have real structures on all the blown-up surfaces.
We equip S = P! x P! with the real structure given by the antipodal map on
the first factor and the usual real structure on the second (cf. [K1, Ch. 3]).
Choose an anti-canonical curve C = F + F + G + G with F # F €| 0(0,1) |
and G €| O(1,0) |.

Let S® — g1 _, - §0) = § be a sequence of blow-ups at each
step of which we blow up a conjugate pair of points lying on the effective anti-
canonical divisor C¥) which is mapped to ¢ C S. Denote by o; : S*) —
S@ the partial blow-up (0 < ¢ < k). The curve ck) < 80 ig a “cycle of
rational curves” as defined in [K1, Def. 3.5] with an even number of irreducible
components. Denote its components by C1, Cs, ... , Ca,, such that C; intersects
C;—1 and C;11 (we consider indices modulo 2m). We have 2 <m < k+2. We
associate the following graph to the given sequence of blow-ups:

The graph contains k42 vertices, some of which are possibly marked. We let m
of these vertices correspond to the pairs of conjugate curves in S*): (C1,Crmt1),
(Co, Crt2), -+ 5 (Ci,y Cap). We denote these vertices by v, ..., v, and call
them internal vertices of the graph. Two of these vertices v; and v; are joined
by one edge if and only if there is an integer 0 < r < k such that ¢,.(C;) and
0-(C;) are curves and 0, (C; U Cpogi) N0 (Cj U Cpoyj) # 0.

The graph can also contain external vertices. These vertices vy 4+1,...,Vk
correspond bijectively to conjugate pairs of irreducible smooth rational curves
contracted under o¢ : S*) — §. These are those strict transforms in S*) of
exceptional curves of the blow-ups which are not components of C*). Hence,
for every external vertex v there exists an integer 1 < r(v) < k—1 such that the
curves corresponding to v are the strict transforms of the exceptional curves of
the blow-up S+ — §r(¥)) The number of components of C("(*) and of
Cr(+1) are equal and the blown-up points lie on () (CiUCy, ) for precisely
one i. We denote this index ¢ by i(v). An external vertex is connected with
an other external vertex by an edge if and only if the corresponding pairs of
conjugate curves in S(*) have nonempty intersection. Every external vertex v
is connected by an edge with precisely one internal vertex, namely with v;(,).
Finally, we equip an external vertex v with a marking if and only if for every
external vertex w connected with v by an edge we have r(v) < r(w). Internal
vertices are never marked. In our pictures we shall draw the vertices as circles
and indicate the marked vertices by an asterisk inside this circle.

In the description of the following examples the reader should keep in mind
that we consider only blow-ups of conjugate pairs of points. Thus, if there is
written: “if we blow up P € F, then ... 7, one should read: “if we blow up
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2

P € F and the conjugate point P € F, then ...

Example 6.1. If k =1 and we blow up the point F' N G then the graph is the

following:

Ezample 6.2. 1f we blow up k distinct points on F', which are not contained in
G UG, then we have m = 2 and the graph contains k marked external vertices
which are joined with one of the internal vertices. If k¥ = 3, the graph looks
like:

L
N

Ezample 6.3. If in the previous example we blow up four times the same point
on the strict transforms of F, the resulting graph can be drawn as follows:

Ezxample 6.4. If k > 2 and we always blow up the unique point over the point
F NG lying on the strict transform of F', we obtain a (k + 2)-gon divided into
triangles by the diagonals from one vertex to all other vertices. All vertices are
internal in this case. If k = 6 the graph looks like:
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Ezample 6.5. If k = 3 and we blow up the two points F' N (G UG) and a third
point on F', the graph is the following:

®

DEFINITION 6.6. A blow-up graph is a graph consisting of a finite number
of vertices, and edges connecting distinct vertices. Some of the vertices are
marked. Between two vertices there exists at most one edge. This graph can
be drawn in the real plane such that a subset of at least two non-marked vertices
(called internal vertices) form a regular m-gon such that the edges connecting
them are represented by mutually disjoint diagonals giving a triangulation of
this m-gon. (If m = 2 this means that the two vertices are connected by
one edge.) The remaining vertices are called external vertices. The subgraph
formed by these vertices and the edges among them is the disjoint union of
chains like this:

such that each chain contains precisely one marked vertex. The marked vertex
of such a chain is an endpoint, i.e. is not connected with two other vertices
in that chain. Finally, every external vertex is connected with precisely one
internal vertex in such a way that the vertices of one chain are connected with
the same internal vertex.

If v is a vertex of such a graph, we denote by n(v) the number of edges adjacent
to this vertex v plus the number of its markings (which is zero or one).

PROPOSITION 6.7. The graph associated to a blow-up in the way defined above
is always a blow-up graph in the sense of Definition 6.6. Moreover, the internal
vertices v1, ... ,Umn form the vertices of the m-gon of the blow-up graph such
that v; and viy1 are neighbours along the boundary of the m-gon.
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The self-intersection number of each of the curves corresponding to a vertex v
is equal to 1 — n(v).
Every blow-up graph appears as a graph associated to a sequence of blow-ups.

PrOOF: We prove the proposition by induction on k£ > 0. If £ = 0 we obtain
m = 2 and the graph is a 2-gon: consisting of 2 internal

vertices. In this case the proposition is clear, because (F?)s = (G?)s = 0 on
S.

For the inductive step let T be the graph associated to S® — ... — S0,
Let S 1) — §(*) be a further blow-up of a conjugate pair of points {P, P}
lying on C®) and denote by I the graph associated to the sequence of blow-
ups S+ — gk, §O) Assume that T is a blow-up graph and
the self-intersection numbers in S®*) are those given by the claim. Then there
are three possibilities:

(1) P is a singular point of C*), or equivalently, P is contained in two com-
ponents of C*). The corresponding internal vertices v; and v;; are
neighbours in I' along the boundary of the m-gon of internal vertices.
The exceptional curves of S* 1 — §() are components of C'F+1),
hence correspond to a new internal vertex of I'V. Therefore, the graph
I'" contains an (m + 1)-gon of internal vertices {v1,... ,v;,,,} and is ob-
tained from I' by adding a new internal vertex, which is connected with
v; and v;+1. The numbering of the vertices in IV can be chosen such that
vé- =w0;if1 < j <4, vj,, is the mewvertexamdU;-Jr1 =v;ifi+1 <j<m.
If part of " looks like the following picture:

(o Vi4+1

Vi—1 Vit2

the graph I' is of the following kind:

/
Vit1

79

This procedure will be recalled by saying “we added an internal triangle”.
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(2) P isasmooth point on C'®). In this case, the conjugate pair of exceptional

curves of the blow-up S*#+1) — §®) is not contained in C*+D. Tt
corresponds, therefore, to a new external vertex of I'V. Assume P lies on
the strict transform FE of an exceptional curve of one of the previous blow-
ups, which is not a component of C*). Since E intersects C*) we must
have E? = —1. Hence, by the inductive hypothesis, the corresponding
external vertex w is one end of its chain of external vertices. Moreover,
if this chain consists of more that one vertex, it is the non-marked end,
because this is the only vertex on this chain having n(w) = 2. Let v be
the internal vertex being connected with w. The graph I is obtained
from I' by adding a new external vertex which is connected with v and w.
It, therefore, becomes the unmarked end of its chain of external vertices.
For a graph I' containing;:

AKX,

we obtain a graph I like the following:

We call this procedure “adding an external triangle”.

P is a smooth point on C*) not lying on a curve corresponding to an
external vertex. Let v be the internal vertex of I' corresponding to the
components of C*) containing P. Then we obtain I by adding a marked
external vertex to I' and connect it with v. For example, from a graph I'

containing:
v
Q/\ /O\i
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we obtain IV with:

We shall say, we “added a marked (external) vertex”.

In each of these three cases it is clear that IV is again a blow-up graph and the
self-intersection numbers of the curves corresponding to the vertices decrease by
the number of additional edges at such a vertex. The self-intersection number
of the curves corresponding to a new vertex is —1 since these are the exceptional
curves of the blow-up. Hence, by the inductive hypothesis we obtain that the
self-intersection numbers can be computed as 1 — n(v).

To show that every blow-up graph is associated to a sequence of blow-ups, we
first observe that we can construct every blow-up graph I' in the following way:

o We start with the 2-gon.

e We carry out (m — 2) steps of “adding an internal triangle” and obtain a
triangulated m-gon.

e We add the necessary number of marked vertices.
o We add “external triangles”.

As seen above, each step of this procedure corresponds to a blow-up of a conju-
gate pair of points, such that there exists a sequence of blow-ups determining
the given graph I'. o

REMARK 6.8. Observe that every vertex of a blow-up graph is connected with
at least one internal vertex by an edge. For every marked vertex v we have
n(v) € {2,3}. Every vertex v with n(v) > 3 is an internal vertex. The set
of internal vertices is determined by the vertices, their edges and markings.
Therefore, we don’t need a special marking for them.

Next we give the interpretation of the results of Section 5 in terms of our graphs
associated to blow-ups of surfaces.

Let T and IV be blow-up graphs such that I" is obtained from IV by adding an
internal triangle. This corresponds to a blow up S — S’ of a singular point
(more precisely a conjugate pair of such points) on an anti-canonical divisor
of a rational surface S’. By Lemma 5.1(b) these surfaces have the same anti
Kodaira dimension. If for every sequence of blow-ups S — P! x P! with
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associated blow-up graph I' the anti Kodaira dimension x~1(S) is the same,
we define the anti Kodaira dimension of the graph ' by x~1(T") := x~1(9) and
say that the graph determines the anti Kodaira dimension. This property of a
graph is not changed by adding an internal triangle.

THEOREM 6.9. Let S — P! x P! be a sequence of blow-ups of conjugate pairs
of points as before with anti-canonical divisor C = 212:1 C; and T the associated
blow-up graph. Assume that (C?)s # —1 for all i. Then:

(a) The graph T' cannot be obtained from an other blow-up graph by adding
an internal triangle.

(b) The graph T' determines the anti Kodaira dimension if and only if it
contains an internal vertex v with n(v) # 3.

(c) IfT contains an internal vertex v with n(v) < 2 then k= 1(T) = 2.

(d) If for all internal vertices v of T' we have n(v) > 3 and for at least one of
these vertices this inequality is strict, then k= 1(I') = 0.

If m =2 and n(vy) = 2 (that is (C3)s = —1), then

(b’) The graph T determines the anti Kodaira dimension if and only if n(vy) #
5.

(c’) If n(vy) <4, then k= H(T) = 2.
(d’) If n(vg) > 6, then k= 1(I') = 0.

PrOOF: To be able to apply Theorem 5.2 we recall that the conjugate pairs
of components of the anti-canonical divisor on the surface S correspond to
the internal points of the associated blow-up graph. These components are
irreducible smooth rational curves. By the adjunction formula for such a com-
ponent C; we obtain (C;.(—Kg))s = 3 —n(v;). (We keep denoting the internal
vertex of I' corresponding to C;, 1 <4 < m by v;.) Therefore almost all state-
ments are purely a translation of the statements of Theorem 5.2. We have to
prove only two things.

First, the assertions (¢’) and (d’), if m = 2 and (C?)s = (C3)s = —1. This
correspond to n(v1) = 2. This case is not covered by Theorem 5.2. Let —I =
(C3)s = (C%)s, then n(vy) =1+ 1. We can contract C; and C3 to obtain a
smooth rational surface S” with C' = C} + C} €| —Kg/ | being the image of
C. Then we have (C$) g = (C?)sr =2 — 1 and k~1(S) = k7 1(S’) by Lemma
5.1 (b). If I = 3 it is easy to see that C’ is nef and big, hence x~1(S’) = 2. If
l # 3 we can apply Theorem 5.2 and obtain: k~1(S) = k71(9") = 2/if | < 4,
Kk 1(S) = k7 1(S") € {0,1} if | = 4 and k() = k~1(S") = 0if | > 4. This
shows (¢’) and (d’).

Second, we have to prove (b) and (b’). So, we are looking for two sequences of
blow-ups Sy — P! x P! and §; — P! x P! with same associated graph I" but
with £71(S;) = j. The graph I is required to fulfill m = 2, n(v1) = 2,n(vs) =5
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or should be a blow-up graph whose internal vertices v all have n(v) = 3. Using
Remark 6.11 below this follows by a similar argumentation as in [CK1, Section
4]. O

REMARK 6.10. A blow-up graph I' contains more information than necessary
for computing £~ 1(T"). The values for all n(v) at internal vertices would suffice.
We shall see later (Sections 7, 8) the reason for using such graphs.

REMARK 6.11. It is an easy observation that every triangulated m-gon con-
tains at least one vertex with more than three incident edges, provided m > 5.
This implies, together with Theorem 6.9 (b), that a blow-up graph determines
the anti Kodaira dimension, provided it contains at least 5 internal vertices
and it cannot be obtained from an other blow-up graph by adding an internal
triangle. The following five blow-up graphs are the only ones with the property
that each internal vertex v has n(v) = 3.

If m (the number of internal vertices) is four, there is only one possibility:

If m = 3 the following graph is the unique blow-up graph with precisely three
edges starting at each internal vertex:

If m = 2 there exist three possibilities, whose differences concern only the
markings and the edges between external vertices:
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All these five graphs have six vertices. Such graphs are obtained by blowing
up four pairs of conjugate points.

To obtain a complete understanding of all blow-up graphs not determining the
anti Kodaira dimension, we describe below the graphs mentioned in item (b’) of
the above theorem. There are only five blow-up graphs with m = 2, n(v;) = 2
and n(vy) = 5. Again, they differ only in the markings and edges between the
external vertices:

O—0O—C——0» 6—"—C0O—"~C1T—06
O—O—C——0® 6—CO0—~01

O—0O—=C

These graphs appear by blowing up five conjugate pairs of points, starting with
P! x P'. But, as seen in the proof of Theorem 6.9, on such a surface we can
contract a pair of (—1)-curves to arrive at a smooth rational surface, having
by Lemma 5.1 (b) the same anti-Kodaira dimension as the surface we started
with. The blown-down surface is obtained by blowing-up four conjugate pairs
of points which are sitting on a conjugate pair of curves of type (1,1) in P! x PL.
This situation appears as type (3) at the beginning of Section 8. In the paper
[CK1] we studied a similar situation and showed how to construct twistor spaces
of algebraic dimension one and two by moving the blown-up points a bit.
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REMARK 6.12. If T" is a graph as in Theorem 6.9 (c) or (c¢’), then m = 2 or
it contains an internal vertex v with n(v) = 1, since a vertex with n(v) =
2 corresponds to a (—1)-curve. Such a graph contains exactly two internal
vertices (i.e. m = 2) and one of them is connected with at most one external
vertex. If one internal vertex is not connected with an external vertex, we have
no further restrictions:

If both vertices are connected with an external vertex, then the number of
external vertices is at most four, one of them is connected with one internal
vertex, the remaining at most three with the other internal vertex:

®—0O O

According to Theorems 5.2 and 6.9 the blow-up graphs associated to a sequence
of blow ups resulting in a surface with anti Kodaira dimension two are precisely
those which are obtained by adding a finite number of internal triangles to one
of the graphs described in this remark. In particular, we find among them all
blow-up graphs having no external vertex.

7 SMALL DEFORMATIONS OF BLOW-UP GRAPHS

In this section we study small deformations of rational surfaces obtained by
blowing up P! x P!. The results will be used in Section 8 to show the existence
of twistor spaces containing fundamental divisors with certain properties. We
study the behaviour of blow-up graphs under small deformations, so that we
can apply the results of the previous sections to the deformed surfaces.

DEFINITION 7.1. Let
gk Tk, gk—1) ZEz1 92 o(l) 91, g(0) — g

be a sequence of blow-ups of points P9 € S on surfaces. We call a flat family
of surfaces S — 7 together with a 7-morphism & — S x 7 a family of blow-
ups of S, if we are given 7 -flat families S; — 7 with sections ¢; : T — S;
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(0 <i < k—1) such that ;41 — 7 is obtained by blowing up S; — T
along @;(7) C S; and So = S x T, S = Sk. We say that this family is a
deformation of the given sequence of blow-ups, if there is a point 0 € 7 such
that for 1 < i < k the fibre of the blow-up morphism §; — S;_1 over 0 € 7
is isomorphic to the given blow-up §) — §(—1),

PROPOSITION 7.2. Let S be a smooth surface and A,B C S smooth curves
intersecting transversally at P € S. Consider a sequence of morphisms

gk Tk, gk—1) ZEz1 92 o(l) 91, g(0) — g

where o1 is the blow-up of a point P e S Denote by ¢ : SO — §
the composition 010020 ...00; and define inductively A© = A, BO) = B and
AW B C SO to be the strict transforms of AG—1, B~ C §ti=1)
Assume: PO =P e A0 0 BO gng O‘(i)(P(i)) =Pforall <i<k-1.
PO e A® if 0 <i<a and PW e B ifa+1<i<k-—1 for an integer
0<a<k-1.

Letw:{0,1,...,k—1} — {1,2,..., 8} be a monotone partition of {0,1, ..., a}
and {a+1,...,k—1}. This means (3 is a positive integer and 7 is a surjective
map with the properties i < j = w(i) < w(j) and o := 7(a) < w(a + 1). The
fibres of w form then the usual partition sets m; := 7w~ 1(i) C {0,1,...,k — 1}.
Then there exists a deformation Sy — T of the given sequence of blow-ups,
such that every neighbourhood of the special point 0 € T contains a pointt € T,
whose fibre Sy := (Sy )¢ is isomorphic to a sequence of blow-ups

Sy s s s 50 =g

at points Q1) ¢ St(i) with the following property (where we defined Agi),Bt(i)
and at(i) in the same way as A, BY and o™ ):

QW e AW ifo<i<a,

QW eBY ifa<i<k-—1,

O’t(i) (QW) # P for alli and

a:(QD) = 01 (QW) if and only if (i) = ().

In particular, there exists a deformation S — T of the given sequence of
blow-ups, such that every neighbourhood of the special point 0 € T contains a
point t € T whose fibre S; is isomorphic to a blow-up of S at k distinct points
QYW (0 < i < k—1) with the property QW € A\ {P} for 0 < i < a and
QW € B\{P} fora<i<k-1.

The proof requires some preparation and will be given after Lemma 7.5.

DEFINITION 7.3. We say that a quadruple (S, A, B, P) is admissible with pa-
rameters in 7', if S — T is a flat family of smooth projective surfaces, A, B C S
are flat sub-families of smooth curves and P = AN B is a section of S over T

LEMMA 7.4. Let (S, A, B, P) be admissible with parameters in T. We define
S — S x7 A to be the blow-up along the graph T'y C S X1 A of the embedding
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A C S, i.e. T'a_is the intersection of S xr A with the diagonal of S xr S.
By AcSandBcC S we denote the strict transform of A xr A and B xp A
respectively. Let finally P:=ANB and S — T := A be the morphism induced
by the projection Sxp A — A, then (S, A, B, P) is admissible with parameters
in T. Furthermore, A A x7 A and PP X1 A are isomorphisms and
B — Bxr1 A s the blow-up of Px1 P, where the morphisms are those induced
by the blow-up S — S xp A.

PRrROOF: Since I'y C S X1 A is a section of the projection S x7 A — A we
obtain flatness of S — T = A. Since (A xp A) N (B xp A) = P xp A and
FA N (P oy A) = P xp P is a divisor in P X7 A, we obtain an 1som0rphlsm
P=ANnB — P x7 A, hence P c S is a section of S — T. Because
(Axp A)NT 4 is the diagonal in A X7 A and A has relative dimension one over
T, we obtain an isomorphism A— Axr A, which is, hence, a flat family of
smooth curves.
On the other hand, T'y N (B xp A) = P xr P, hence B-—B x1 A is the
blow-up of the sub-scheme of codimension two P x7 P C B xr A. Since E A
are smooth we obtain flatness of B —> A as soon as we have shown that all
fibres are one-dimensional. But this is clear since the fibres of S over T = A
are surfaces which are obtained by the blow-up of precisely one point of the
corresponding fibre of S over T'. O
In the following we denote the admissible quadruple (§ , A, E, 15) constructed
in the lemma by B4(S5, A, B, P). Interchanging the role of A and B we obtain
Bgp(S, A, B, P) with parameters in T = B.
We use this construction to define recursively the deformation which will be
used in the proof of the proposition.
Let 7 be a point, S := 5, A := A B := Band PO = AONBO) =P
Then (S©, A© BO) PO)) is admissible with parameters in 7(*). We define
(SUHD | AGHD B+ i1 — B 4w (39),“4(’1),3(.1),7)(.1)) %f 0< z <a,
By (S, A0 BO PW) if g <i < k.
The following lemma provides more information on the parameter spaces
T+ = AW if § < gand T =B ifa <i < k — 1.
The careful reader will observe that we abuse notation a bit by using P to
denote on one hand the point P € S and on the other hand the reduced closed

sub-scheme P C S supported by this point. This allows us to write P x A’
instead of {P} x A" and will not cause confusion.

LEMMA 7.5. If0 <i<a+ 1 we have:
(a) AW = Ax A" and the structure of a family of curves in S is given by the
projection to the last i components (i.e. the first component is omitted)
AD 2 A x AT — AUZD > AT = T,
(b) Under this isomorphism, P® C A% corresponds to P x A’.
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(c) B® — B x A' is obtained by successively blowing up first P x H; and
then the strict transforms of P x H;_1,P X H;_o,... , P x Hy, where we
denote by H,, C A’ the hyper-surface being the preimage of P € A under
the m-th projection A® — A. Again, the projection B x A® — A? gives
the structure map B — At =T

Ifs>2andi=a+ s <k—1 we have:

(d) B® — B3 x A%t is obtained by successively blowing up the sub-varieties
of codimension two H. x Hy11, then the strict transforms of H, x Ha, ... ,
H! x Hy followed by the same sequence with H._, replacing H., etc. up
to H] x Hy. Here we let H, C B*® be the preimage of P € B under the
n-th projection B> — B. The map BY — BU=D = T s induced
by the projection which forgets the first component B x B5~1 x A*t! —
Bs—l % Aa+1.

(e) For all 1 < i < k the family S© — T is a family of blow-ups of
the surface S (see Definition 7.1), which implies in particular that it is
obtained from S x T™ by a succession of i blow ups of one point in
each fibre. If we consider the sequence of blow-ups of S corresponding
to a point t € TH), then the images in S of the blown-up points are
precisely the components of the image of t under the blow-up T*) =
Bk=1 _, Bk-l-a y patl (if g = k — 1 one has no blow up, namely
TH) = A(k=1) = gk)

PROOF: Assume 0 < i < a+1. Since we use B 4+ to construct SV, ... S+l
the statements (a) and (b) follow by induction from Lemma 7.4, where we use
always (for different 7”) the natural isomorphism (A xp T") X7 (A xp T") &
A X1 (A xp T") which forgets the first T".

The statement of (c) is clear for ¢ = 0,1 from the same lemma, which also
implies, that B() — BG—1) X AGi-2) AG=1) is the blow-up at P01 X Ati-2)
PGE=1), Using (a) and (b) this translates by induction to the statement that
BW — (Bx A1) x 4i-1 A* = B x A’ is the succession of the blow-ups of (the
strict transforms of) P x H;, P X H;_1,... , P x Hs followed by the blow-up of
the strict transforms of (P x A" 1) x 4i-1 (Px A7) 2 Px Px A1 = Px H;.
We assume now s > 2 and i = a+ s < k — 1. To prove (d) we first observe
(cf. (a)) that the Lemma 7.4 implies that B(*) is isomorphic to the s-fold fibre
product Bt x iy BOTY X sy ... Xg@rn B and the projection to
BU=1 is by forgetting the first factor. But we know from (a) and (c) that
T+ = Ao+l and Blet) — B x A%t is the blow-up of P x Hay1, P X
H,,...,P x H; and the projection to A**! gives the map B(@+t1) — 7 (a+1),
Induction on s implies now easily the claim of (d). The statement (e) is clear
by induction since SO = 8 and 8O —; §G-1) X7 (i-1) 7@ is the blow-up of
the section of the projection to 7 given by the inclusion 7 ¢ SG-1. O
PROOF: (of Proposition 7.2)

Let S := S® and 7 := 7®*) with the notation of Lemma 7.5. The assumptions
imply that for every 0 < i < k — 1 the surface S is the fibre of S® — 7
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over a point PU—1 ¢ 7() < SG=1)_ The point P® e S is the intersection
point of the section P S with the fibre S,

The special point 0 € T = T® corresponds to P*¢—1 ¢ 7k < k1),
Its image under the sequence of blow-ups 7 — B*~¢~1 x A%*+1 is the point
pk-a=l x patl — (P P,...,P).

Using the partition 7 we can define an embedding 6, : B8 ~%x A® — Bk—a=1x
AL by the formula 6, (zg, Tg-1,...,71) == (Tr(k=1)s Tw(k—=2)> - - - » Tm(0)). This
is a kind of diagonal. The fibre product of the sequence of blow-ups 7 —
BF=1=ax Ao+ with §, defines a variety 7, together with a morphism 7, — 7
and a sequence of blow-ups 7, — BS~® x A*. T, C T is the strict transform
of 6-(B%~® x A®) and, therefore, the morphism 7, — B”~% x A% is the
composition of the blow-ups of H [’Fa x H, followed by the blow-up of the
strict transforms of Hé_a X Hy_1,... ,Hé_a X Hl,Hé_a_l X Ha,Hé_a_l X
Hy_1,... ,Hé_a_1><H1, .. yH{XHq,... ,H{xHy. The H/, H; have the same
meaning as above but now as sub-varieties in B~ and A® respectively. The
assumption that the partition 7 is monotone ensures that we put the H] x H;
in the right order.

Since A and B are by assumption smooth irreducible curves, 7 is smooth
and irreducible. The preimage in 7, of the union of all two-fold diagonals in
BP= x A and the set of points with at least one component equal to P is
a Zariski-closed subset of 7, containing P**~1) and has codimension one in
T,. On its complement the blow-up 7, — B%~% x A% is an isomorphism (by
Lemma 7.5). Hence, each (analytic) neighbourhood of P*~1) € 7, contains a
point ¢, whose image in B%~% x A® is a point whose components are distinct
from each other and from P. Hence, the fibre of S — 7 over the image of ¢
in 7 is a sequence of blow-ups St(iﬂ) — S’t(i) of points Q) € S’t(i) with the
required properties.

The family S, — 7, obtained by base change via 7, — 7 from § — 7 is
the family with the required properties. The particular situation with k distinct
points in S corresponds to the partition 7 : {0,1,...,k — 1} — {1,2,...,k}
given by (i) =i+ 1. In this case we have T, = 7. O
Because our main interest is the study of sequences of blow-ups of conjugate
pairs, we need an additional result to make Proposition 7.2 applicable. On the
other hand, we want to patch together deformations of the kind described in
Proposition 7.2 centred around different points P € S. For both purposes, we
can apply the following lemma.

LEMMA 7.6. Let S be a smooth surface and &' — S x T’ and 8" — S xT"
be two flat families of sequences of blow-ups of S. Hence, we are given sections
oy T — S (0 < i <K —1) of T'-flat families S, — T’ being the
blow-up of Si_y — T’ along ¢, _(T') C S_y and Sy = S xT', §' = S},.
By o) : T' — S we denote the composition of ¢} with the projection to S.

Similarly for 8" — T". Assume Uf:ol YT N Uf;o_l YT = 0.
Then 8§ =8 xg8" — T =T xT" is a flat family of blow-ups of S. The

fibre over (t',t") € T is isomorphic to the blow-up of S corresponding tot' € T’

DOCUMENTA MATHEMATICA 4 (1999) 127-166



TWISTOR SPACES WITH A PENCIL OF FUNDAMENTAL DIVISORS 155

followed by the sequence of blow-ups corresponding tot” € T".

PrROOF: By the disjointness assumption we can lift ¢} to a section @) of
Si — T'xT" where S :=8" xT" =8 x5 (SxT") and §; — S;_1 is the
blow-up of @/ (T’ x T"), that is S; = &’ xg /. This gives the lemma. O

REMARK 7.7. We shall apply this lemma in the following situation to obtain
a real structure on the family S — 7. We assume S is a surface with a
real structure (without real points) and S is the conjugate family to &', this
means 7" =77, 8" = &' and ¢!’ is the conjugate section to ¢}. The projection
S” — S is the composition of the corresponding projection S” — S with
the isomorphism S — S defining the real structure. The real structures on
S and 7 are given by interchanging the components. This is anti-holomorphic
since the identity &’ — &' is.

We start now the study of small deformations with the aid of the blow-up
graphs of Section 6.

DEFINITION 7.8. We say that a blow-up graph I' is a small deformation of
an other blow-up graph I'y if and only if there exists a flat family of surfaces
S — 7T with real structures having special fibre Sy over the real point 0 € 7
such that Sy is isomorphic to a blow-up of P! x P! with associated graph I'g and
every (analytic) neighbourhood of 0 € 7 contains a real point ¢ € 7 (R) \ {0}
whose fibre S; is isomorphic to a blow-up of P! x P! with associated graph I'.

In the following we want to determine blow-up graphs which are small deforma-
tions of a given blow-up graph. We shall not solve the problem of determining
all graphs being a small deformation of a given one, because this includes the
study of different graphs belonging to isomorphic surfaces. The results obtained
here are sufficient for our applications.

DEFINITION 7.9. Let I'g,T" be blow-up graphs with the same set of vertices.
We say T is an elementary deformation of Iy if we obtain I' by removing one
edge from I'y which connects two internal vertices or two external vertices in
I'y. We require that one of these vertices, call it v, is marked in I' but not
marked in I'g. All other markings of I' and I'y coincide.

REMARK 7.10. Since the number of adjacent edges of the vertex v in I' is one
less than in the graph T’y but it is marked in T', the number n(v) must be the
same for both graphs. If the removed edge connects two external vertices, the
chain of external vertices in I'g containing this edge splits into two chains in
I". One of these two parts does already contain a marked point. Therefore, the
vertex to be marked is in this case already determined by I'g. If we remove
an edge connecting two internal vertices, the vertex v must fulfill n(v) = 2 or
n(v) = 3, since in T' it is an external marked vertex. In general, the vertex v
which becomes marked in I' is not determined by the graph I'y.
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Example 7.11. If T'y is the following graph:

we obtain as an elementary deformation by removing a connection of external
vertices the following graph:

®

and by removing an edge connecting two internal vertices we obtain the ele-
mentary deformation:

Example 7.12. The following two graphs are elementary deformations of the
graph I'y drawn in Example 6.4. Here we see that we have two possibilities for
the additional marking in the graph I'. In the first example we have m = 6
and in the second m = 3, whereas for the graph I'y we have m = 8.

S~
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THEOREM 7.13. Let Iy, be two blow-up graphs such that T' can be obtained
from Ty by a finite number of elementary deformations. Then I' is a small
deformation of T'y.

PROOF: Assume I'g and I" have the same set of vertices. If I'g # I" there is a
certain set V of vertices which are marked in I' and not marked in T'g. Every
vertex v € V is contained in precisely one (maximal) chain of external vertices
C(v) in the graph I". By C we denote the union of these sets of external vertices
C=U,epC(v).

Let TV be the graph obtained from I'" by removing all the vertices in C and
the edges connecting them with internal vertices of I'. This means, I' can be
obtained from IV by adding marked vertices and external triangles. As seen
in the proof of Proposition 6.7 there exist sequences of blow-ups S; ~ S} <,
S = P! x P! such that I' (resp. I") is the graph associated to the sequence of
blow ups ¢’ oo (resp. ¢’). Furthermore, it is clear from the definitions, that we
obtain 'y from IV by adding internal triangles, external triangles and marked
vertices. This implies the existence of a sequence of blow-ups o : S — 5]
such that Iy is the graph associated to the composition ¢’ o oy.

The graph obtained from I'y by removing all the internal vertices of I' consists
of certain connected components. We denote by C; with 1 < i < ¢ the subsets
of C obtained by intersection with these connected components.

Every set C; consists entirely of internal or of external vertices of I'y, because
in a blow-up graph two marked vertices are not contained in the same chain
of external vertices. If C; contains an internal vertex of 'y, then it contains
exactly one vertex connected with two internal vertices of I'. All other vertices
of C; are connected with precisely one of these internal vertices of I'. If C;
consists of external vertices of I'g, then all its vertices are connected with the
same internal vertex in T'.

From the relation between blow-ups and the operation of adding a marked
vertex or an external triangle to a graph (described in the proof of Proposition
6.7) it is clear that the sets C; are precisely the equivalence classes on C given
by the equivalence relation: w ~ w’ if and only if the conjugate pairs of curves
corresponding to w and w’ are mapped under oy : Sy — 57 to the same
conjugate pair of points. These points lie on the curves in S7, corresponding
to the internal vertices of the graph IV connected with C;.

By Lemma 7.6 it is enough to prove the theorem in the case of only one set C;.
But in this case the result is a reformulation of Proposition 7.2 (using Lemma
7.6 to obtain a version of Proposition 7.2 with pairs of blown-up points at each
step, see Remark 7.7). The partition of the set C; is defined by the chains of
external vertices of I' inside C;. The following picture gives an example of a
part of a graph I'y where the edges which are not edges of I' are drawn with
broken lines. The vertices of the set V are indicated with bullets.
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P@ pP®) P2 p) P0) p®) p(6) P

In this example we have five sets in the corresponding partition (i.e. 5 = 5),
namely {P(©), P} (PR} (pG) pAWy 1pG)Y (p6) pM1 O

COROLLARY 7.14. FEvery blow-up graph I is a small deformation of a blow-up
graph Ty with the same number of vertices, but having no external vertices.

ProoOF: This follows easily by induction from the observation that we obtain a
blow-up graph I'y by the following procedure: In a blow-up graph I' we unmark
a marked external vertex v. Let w be the unique internal vertex connected with
v. Then, we connect v by an edge with one of the internal vertices which are
neighbours of w along the boundary of the m-gon of internal vertices of the
given graph I'. o
This motivates the following definition.

DEFINITION 7.15. A basic blow-up graph is a blow-up graph which does not
contain external vertices.

REMARK 7.16. Let us equip the set of blow-up graphs with the partial ordering
generated by the requirement: I' > I'y if I" is an elementary deformation of T'y.
Then the basic blow-up graphs are precisely the minimal elements in this PO-
set.

REMARK 7.17. For every 2 < m < 5 there exists precisely one basic blow-up
graph with m vertices. They are the following;:

AATY

All other blow-up graphs with m < 5 are small deformations of them. If m = 6
there exist three different basic blow-up graphs:

s
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8 APPLICATION TO TWISTOR SPACES

We return to the situation of Section 3. Let Z be a compact, simply con-
nected twistor space containing an irreducible fundamental divisor and satis-
fying ¢1(Z)? < 0 and hO(K~7) > 2.

By Proposition 2.4 we know that the Riemannian base of such a twistor space
is diffeomorphic to the connected sum nCP? (with n > 4) and the conformal
class contains a metric with positive scalar curvature.

The existence of such a pencil implies that the algebraic dimension of Z must
be positive. Let S be an irreducible real fundamental divisor, then there exists
a sequence of blow-ups of n > 5 conjugate pairs of points S — P! x P'. We
know from [K1, Prop. 3.6] that we can choose this succession of blow-ups such
that the anti-canonical system | — Kg| contains a real member C' mapped onto
a curve C’ on P! x P! having one of the following four types :

(0) C" €]0(2,2)] is a smooth elliptic curve,

(1) C’ has four components C' = F' + F' + G' + G’ where F’ € |0(0,1)| and
G’ € 10(1,0)]| are not real,

(2) C’ has two components C' = F' + C) where F’ € |O(0,1)| is real and
C} € |0(2,1)] is real, smooth and rational,

(3) C” has two distinct components C' = A’ + A’ where A’, A’ € |O(1,1)].

In the case of type (0) the curve C is smooth elliptic and (C?)s < 0, hence,
by Theorem 5.2 we have k~1(S) = 0. Corollary 5.4 implies that we have for
generic real fundamental divisors k~1(S) = 0. Hence, by Corollary 4.3 we
obtain a(Z) = 1.

In the type (2) case we always have x~1(S) = 2, because there is no point on F’
blown up and hence the strict transform F of F” is a curve with (F.Kg')s = 2.
Again, by Corollaries 5.4 and 4.3 we obtain a(Z) = 3. This was also obtained
in [K2].

The case of type (3) reduces to type (1) using elementary transformations,
if the intersection points of A’ and A’ are blown up. Otherwise, we obtain
(A.(~Ks))s < 0 and C = A+ A. In this situation, Theorem 5.2 tells us
k~1(S) = 0 and again we compute a(Z) = 1 using the Corollaries 5.4 and 4.3.
It remains to study the situation of type (1). This is precisely the situation
where we can associate to the sequence of blow-ups a blow-up graph I'. If
I' does not contain one of the ten graphs of Remark 6.11 as a subgraph that
contains all external vertices and all edges between them, then I' determines the
anti Kodaira dimension of S by Theorem 6.9. If this is the case, the algebraic
dimension a(Z) is determined by I'. This follows from Corollaries 5.4 and 4.3,
because the restriction K§1 ROc = K 3*® O¢ does not depend on the chosen
fundamental divisor S. For example we can formulate the following theorem:

THEOREM 8.1. A simply connected twistor space Z containing at least a pencil
of fundamental divisors is Moishezon if and only if it fulfills the equivalent
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conditions of Theorem 3.7 or contains a real irreducible fundamental divisor S
possessing an associated blow-up graph that either

e contains one internal vertex which is connected with all external vertices,
or

e contains at most four external vertices and a pair of connected internal
vertices with the property that one of them is connected with precisely one
of the external vertices and the other one with all the remaining external
vertices.

In particular, basic blow-up graphs appear only in Moishezon spaces.

ProOOF: The observations at the beginning of this section show for n > 5 that
a Moishezon twistor space, not fulfilling the conditions of Theorem 3.7, contains
a real fundamental divisor S possessing a blow-up graph. For n = 4 this follows
from [K1] and in case n < 3 every twistor space contains a fundamental divisor
possessing an associated blow-up graph.

Observe that a blow-up graph with at most five vertices always fulfills the
conditions of the theorem. Since in the case n < 3 all twistor spaces are
Moishezon, nothing is to prove then. In the case n = 4 (corresponding to blow-
up graphs with six vertices) the result follows from previous work [K1] and the
observation, that (in this case) K~z is not nef if and only if the corresponding
blow-up graph fulfills the conditions of the theorem. By a nef line bundle we
mean here one which has non-negative intersection number with all curves in
Z. Let us, therefore, assume n > 5.

In the theorem the conditions on the graph are made to match precisely the
graphs obtained by adding internal triangles to a graph fulfilling condition (c)
or (¢’) of Theorem 6.9. If dim | f%K |= 1, we can apply Corollary 5.4 and
Theorem 6.9 to show that the generic S €] —1K | has k~1(S) = 2. Corollary
4.3 implies that Z is a Moishezon space. If dim | —3K [> 2, then the result
follows from Theorems 3.6, 3.7 and the observations at the beginning of this
section. O

REMARK 8.2. A blow-up graph fulfills the properties of the theorem precisely
when it contains one of the graphs of Remark 6.12 as a subgraph that contains
all external vertices of it.

REMARK 8.3. In Corollary 7.14 we saw that every blow-up graph is a small
deformation of a basic blow-up graph. By Theorem 8.1 basic blow-up graphs
appear only in Moishezon twistor spaces. This suggests that one could hope
to be able to construct twistor spaces containing a fundamental divisor associ-
ated to an arbitrarily given blow-up graph by studying small deformations of
Moishezon twistor spaces. We shall see in Theorem 8.8 that this in fact works.
In particular, small deformations of Moishezon twistor spaces need not to be
Moishezon [C1], [LeBP].
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It would be very interesting to obtain a better understanding of a(Z) and
k~1(9) if I does not determine the anti Kodaira dimension. This would help
to understand the case a(Z) = 2.

DEFINITION 8.4. A blow-up graph I' is called twistorial if there exists a twistor
space Z containing an irreducible fundamental divisor S which is obtained from
P! x P! by a sequence of blow-ups whose associated graph is T.

Ezxample 8.5. The basic blow-up graphs of Example 6.4 containing one vertex
which is connected with all other vertices are twistorial.

By Proposition 6.7, Theorems 3.6 and 3.5 one should search for a correspond-
ing fundamental divisor in a LeBrun twistor space. Such twistor spaces Z are
birational to conic bundles over P! x P! whose discriminant is the union of n
irreducible divisors in the linear system | O(1,1) |. The fundamental linear
system is isomorphic to | O(1,1) | such that every divisor in | O(1,1) | cor-
responds to a fundamental divisor in Z. The most degenerate LeBrun spaces
are those where the n components of the discriminant of the conic bundle are
contained in one pencil in | O(1,1) |. Such a pencil has two base-points on
P! x P!. Every real member of this pencil, which is different from the n com-
ponents of the discriminant of the conic bundle, has as its associated graph the
basic blow-up graph mentioned above. (Below, the picture for the case n =6
is drawn.) This degenerate case was not studied in [LeB2]. The details can be
found in [Ku].

In the sequel we want to study the question which blow-up graphs are twistorial.
For that purpose we have to show the existence of twistor spaces with certain
properties. A very efficient tool for constructing new twistor spaces is the
following theorem, which has its origin in the paper [DonF].

THEOREM 8.6. ([DonF|,[LeB3],[PP2],[C3]) Let Z be a Moishezon twistor
space with H*(Z,0z) = 0. Then, any real member of a small deformation
of Z is again a twistor space. Furthermore, any small deformation of a real ir-
reducible fundamental divisor S with real structure is induced by a deformation
of Z in the sense that the deformed surfaces are members of the fundamental
system of the deformed twistor spaces.

For LeBrun twistor spaces the vanishing of H?(Z, ©7) was shown in the papers
[LeBP], [C1] and [C3]. But the authors of these papers do not take care of the
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degenerate case. Therefore we need the following theorem, whose proof grew
out of a discussion with H. Kurke. The author is grateful to him.

THEOREM 8.7. If Z is a Moishezon twistor space containing an irreducible
fundamental divisor, then H*(Z,0z) = 0.

PrOOF: The space Z is simply connected [C2] and of positive type by Propo-
sition 2.4 or [Po2]. Let S €] —3K | be an irreducible fundamental divisor. By
Lemma 2.2 S is a smooth rational surface. The adjunction formula implies
K3 ® Og = Kg. The exact sequence

O—>N§‘Z—>le®(95—>915—>0

implies H°(Q ® Os) = 0, because H(Ng,,) = H*(Os(-S)) = H°(Ks) =0
and H°(Q%) = 0 by the rationality of S.

On the other hand, the restriction map PicZ —— PicS is injective by
[K1, Lemma 3.1]. The Frohlicher spectral sequence (which degenerates for
Moishezon varieties [U]) together with the rationality of S, the vanishing
of H(Z,9%) ([H2]) and Lemma 2.3 induces natural isomorphisms Pic Z =
HY(Z,Q)) and PicS = H'(S,Q%). The corresponding natural injective map
HY(Z,Q}) — H'(S,}) is the composition of the natural maps H!(Q2},) —
HY(Q, ® Og) — H'(2}). The first morphism, which is hence injective,
appears in the exact cohomology sequence of

0— Q,(-8) — Q, — Q, ® 0g — 0.

With the vanishing of H°(2}, ® Og), shown above, we obtain now: H(Q}, ®

K3)=HY(Q}L(-8)) = 0.

Using the standard exact sequence 0 — Ng/‘z — QL 05 — Q5 — 0 we

obtain, using Ng\z = 05(—85) = K7 ® Og, the exact sequence
O—>K§2i>ﬂlz®K%®OS—>Q}S®KS—>O.

Since S is a rational surface we have h°(K§?) = 0 and h®(QL @ Kg) = h?(0g) =
0. Hence, we obtain h%(QL, ® K2 © Og) = 0. Using the exact sequence

0— QoK — Q00K —QLoK? @05 — 0,

and the vanishing of h'(QL, ® K?2), this implies h}(QL ® K) = 0. By Serre
duality we obtain the desired vanishing. O
The following theorem is the main result of this section.

THEOREM 8.8. FEvery blow-up graph is twistorial.

Proor: Combining Theorems 8.7, 8.6 with Theorem 7.13 and Corollary 7.14
we see that it is enough to show that every basic blow-up graph is twistorial.
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The corresponding twistor spaces are provided by the equivariant version of the
method of Donaldson and Friedman [DonF] to construct self-dual structures on
the connected sum of two self-dual manifolds. Such a method was developed
by Pedersen and Poon in the paper [PP3]. The spaces obtained in the case
of the action of a two dimensional torus are investigated in detail in a recent
preprint of Honda [Ho].

His main result is that the twistor spaces obtained by the equivariant version of
the Donaldson-Friedman construction contain a pencil of fundamental divisors
invariant under the action of the two-dimensional torus. The general member
of this pencil is a smooth toric surface, which is isomorphic to a successive
blow-up of P! x P! at conjugate pairs of fixed points of the action.
Furthermore, he shows, using the results of Orlik and Raymond [OR], that
every such toric surface appears as a fundamental divisor in a twistor space. But
the fixed points of the torus action are precisely the singularities of the (unique)
torus invariant effective anti-canonical divisor on the toric surface. This means
that an arbitrary sequence of blow ups of conjugate singularities of the torus
invariant effective anti-canonical divisor, starting at P! x P!, leads to a surface
which appears as a fundamental divisor in a twistor space. Because every basic
blow-up graph can be obtained in this way, the theorem is proven. o
There is another construction of twistor spaces over nCP? with the symmetry
of the two-torus, introduced by D. Joyce [J]. It seems to be not clear, whether
these spaces contain a pencil of fundamental divisors or not. But, observe
that D. Joyce associates (in a different way) to each of his spaces one of the
basic blow-up graphs [J, p. 541]. These graphs reflect the orbit structure and
isotropy groups of the action of 72 = S! x S! on nCP2.
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ABSTRACT. Let G be a finite group and p a complex linear repre-
sentation of G. In 1961, Atiyah and Venkov independently defined
Chern classes ¢;(p) with values in the integral or mod p cohomology
of G. We consider here the mod p Chern classes of the regular repre-
sentation r¢ of G. Venkov claimed that ¢;(rg) = 0 for i < p™ —p"~1,
where p™ is the highest power of p dividing |G|; however his proof is
only valid for G elementary abelian. In this note, we show Venkov’s
assertion is valid for any G. The proof also shows that the ¢;(rq) are
p-powers of cohomology classes invariant by Aut(G) as soon as G is a

non-abelian p-group.

1991 Mathematics Subject Classification: 20J06, 20C15
Keywords and Phrases: Finite groups, Chern classes, regular repre-
sentation

INTRODUCTION

Soient GG un groupe fini et p une représentation linéaire complexe de GG. La
définition des classes de Chern de p est généralement attribuée & Atiyah [1,
appendice]. Toutefois, ces classes ont également été introduites par B.B. Venkov
dans une note contemporaine [16].

Venkov annonce dans cette note un certain nombre de résultats’. En partic-
ulier, soit r¢ la représentation réguliere de G. Venkov [16] annonce le théoreme
suivant:

0.1. THEOREME. Soit p un nombre premier, et soit v = v,(|G|). Alors les
classes de Chern c;(rg) € H*(G,Z/p) de r¢ a coefficients Z/p sont nulles
pour i < p¥, sauf peut-étre si i est de la forme p¥ — p' pour un l < v.

LCertains sont manifestement erronés, comme celui affirmant que les classes de Chern de
p et son degré déterminent la classe de p dans R(G).
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Son esquisse de démonstration ne donne malheureusement le résultat annoncé
que dans le cas ou G est abélien élémentaire. Dans cet article, nous nous
proposons de démontrer le théoreme annoncé par Venkov. La méthode est
inspirée de [7].

Je remercie Don Zagier pour son aide dans la démonstration du lemme 1.3 et
le referee pour sa lecture soigneuse du manuscrit.

1. CLASSES DE CHERN MODULO p D’UN FIBRE VECTORIEL COMPLEXE

Soit E un fibré vectoriel complexe sur un espace topologique X, et soit p un
nombre premier. Pour tout i > 0, on note ¢;(E) € H*(X,Z/p) la i-éme classe
de Chern modulo p de E.

1.1. THEOREME. Supposons que c;(E) = 0 pour i £ 0 (mod p — 1). Si les
¢i(E) ne sont pas tous nuls, il existe v > 0 tel que
i) pouri<p”—p" !, ci(E)=0; cp_pw—1(E) #0.
(i) Prep_p-1(E) = (p"—p;*1—1)CpU7pU7l+(p71)k(E) pour 0 < k < p"~1, ou
PF est la k-ieme puissance de Steenrod (P* = S¢** sip =2);
(iii)  pour p* —p*~! < i < p¥, ¢;(E) = 0 si i nest pas de la forme p* — p
(r <v).

T

DEMONSTRATION. Elle procede essentiellement comme dans [7, dém. de la
prop. 1.1]. Pour simplifier, notons ¢; = ¢;(E); soit M le plus petit entier tel
qu cpr # 0. D’apres [11, th. 2] (voir aussi [8]), on a

1—1
Phe; = ( & )Ci-i-(p—l)k + Y cnblo)
0<i<(p—1)k

ol P(c) est un polynéme en les ¢; isobare de poids (p — 1)k — I, donc ne faisant
intervenir ¢; que pour j < (p — 1)k. On a donc, pour i < M:

i—1 M
iv(p—1k =0 O<k<—
( K )< be =8 pour -1

et pour ¢ = M:
M-1 M
’Pch:( )cM _k pour O0<k<-——.
K +(p—1) (p—1)
Notons C; = ¢(,—1);- Sous I'hypothese du théoreme, on a M = (p — 1)m pour
un m convenable. Les relations ci-dessus donnent alors:

(i(plj)1>0i+k0 pour 0<i<m et O0<k<m (1)
et
PrC,, = (m(p _kl) B 1)Cm+k pour 0<k <m. (2)
Prenant en particulier ¢ = m — k dans (1), on obtient:
<(m—k)(z—1)—1) =0 (modp) pour 0<k<m. (3)
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1.2. LEMME. Tout entier m vérifiant la condition (3) est une puissance de p.

DEMONSTRATION. Ecrivons m = mqp™, avec (mg,p) = 1. Supposons mg > 1.
Choisissons k = p™ dans (3). En écrivant dans F,[[t]]

(1+ t)p”(mwl)(pfl)fl =1+ tp")(mofl)(pfl)(l —t+t2—..)

on voit que le coefficient de t*" dans (1 + )P (Mo=DE=D=1 ast (my — 1)(p —
1) 4+ (=1)P". Par hypothese, on a donc:

n

(mo —1)(p— 1)+ (=1)" =0 (mod p)
mo=1+(=1)*" =0 (mod p)

ce qui contredit I’hypothese. On a donc my =1 et m = p™. O

Dans le théoreme 1.1, (i) résulte du lemme 1.2 et (ii) résulte de (i) et de (2).
Pour voir (iii), soit j < 2p™ — 2 tel que C; # 0. En vertu de (1), on a alors:

i —k)(p—1)—1
<(j )(Z;C ) > =0 (modp) pour j—p"<k<p" (4)
il suffit donc de prouver:

1.3. LEMME. Tout j € [p™,p™ + p"~! + .- + 1] vérifiant (4) est de la forme
pn_’_pnfl_i__i_pr

DEMONSTRATION. (Don Zagier) Soit r le plus petit entier tel que j < p™ +
p?» =t 4 ... 4 p". On a donc

j=pt4p" T 4T g

avec 0 < x <p".

Supposons x < p”. Choisissons & = p"~! 4+ p"~2 4+ ... + p". Alors l'entier
N = (j—k)(p—1)—1 vérifie 'inégalité

(P"=p")p—-1)<N<p'(p-1)

donc a un développement en base p ayant pour chiffres

chiffre | p—-2|p—-1|p—-1| ... |p—1]|c * cel | %
place n n—1|\n-2| ...|r+1|7r|7=1] ... |0

avec ¢ > 0, tandis que k a pour développement en base p

chiffre | 0 1 1 1 1 0 .10
place |n|n—1|n—-2| ... |r+1|r|r—1| ... |0
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On a donc

((j - k)(z;— 1) - 1)
=)0 CO06)-6)
ce qui contredit I'hypothese. 0

2. L'INVARIANT v,

NOTATION. Soit E un fibré vérifiant la condition du théoréeme 1.1. L’entier v
de ce théoreme est noté v, (E). Sitous les ¢;(E) sont nuls, on note v,(E) = oo.

2.1. PROPOSITION. Soit f : Y — X wun revétement fini, et soit E un fibré
vectoriel complexe sur 'Y wvérifiant les conditions du théoréme 1.1. Soit v =
vp(E); supposons que rg E soit divisible par p”. Alors

(i) f«E vérifie les conditions du théoréme 1.1.
(i) On avp(fiE) > 1p(E).
(iii) Soit r=p” —p"~1. Alors

er(foE) = fucr (E).

DEMONSTRATION. Par un dévissage standard, on se rameéne au cas oul f est
galoisien de degré p. Dans ce cas, on utilise la formule d’Evens-Kahn-Fulton-
MacPherson [3], [4, th. 14.2]

n—1

c(fuB) = N(e(E) + ) (1= p? )" = N (ei(E)) (5)

=0
ou n = rgkE, N est le transfert multiplicatif d’Evens-Steiner [2], [15] et
i =c1(L) avec fl = @P L& (1 est le fibré trivial de rang 1).

Pour voir (i), il suffit de vérifier que N (c(E)) ne fait intervenir que des classes
de degré divisible par p — 1, ce qui résulte de [4, th. 8.1]. D’apres [4, cor. 5.7],
on a la formule

¢i(f«E) = feci(E) + ¢i(nfil) pour i<r.
Ecrivons n = ngp?. Alors ¢(nf,1) = (1 — pP~1)® = (1 — pP~DP")n0_ donc
ci(nfy«l) =0 pour i < (p — 1)p¥, ce qui démontre (ii) et (iii). O
2.2. PROPOSITION. Soient p un nombre premier, X un espace topologique et E

un fibré sur X vérifiant la condition du théoréme 1.1, et tel que p*»(F) | rg(E).
Alors

vp(E 8 B(ry,)) = vy(E) + 1

ot EX B(rz,,) est le produit tensoriel externe de E et de B(rg,,) sur l'espace
X x BZ/p.
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DEMONSTRATION. On peut écrire
Tz)p = @ X
XEX(Z/p)

ou X (Z/p) est le groupe des caractéres de Z/p. Choisissons un générateur 7
de ce groupe. On a alors

(ER B(rz)p) = c(ER @ B(r')) = [] «(ERB(r")).

i€Z/p i€Z/p
Soit n =rgE. On a
(ERB(r') =Y ¢;(E) x (1+icy(r))"
7=0

ol X désigne le cross-produit. Les termes de plus bas degré sont
(I+ic ()" + ¢ (E)
1

our =p — p»(E)=1_ Par hypotheése sur n, les termes apparaissant dans
(14 icq(7))™ — 1 sont tous de degré > r. On a donc

c(ERB(t"))=1+¢.(E) (mod degr+1)

vp(E)

et

c(EXB(rz) = (1+c.(E)? =1 (mod degr +1).
Il reste & voir que c,v+1_pw (EXB(rz/,)) # 0; pour cela 11 suffit de vérifier que le
coefficient numérique de ¢,y -1 (E)Xey (T )= " dans sa décomposition
de Kiinneth est # 0. Or

c(EXR B(rgz)) = H((l +ic1 (7)) + ¢ (E) x (1 +ici (1))
i=0

= [Ja+ie@)" [T(1+en(B) x (1 +ier (7))

i=0 i=0
p—1
=1 —c(r)PhHn 1+CT le—i—zcl )
1=0

v+1

=1—c(n)P" P (14c (B xi (1 +ic ()P )7P1)  (mod ¢, (E)?)

ou on a posé n = nop”. Le terme cherché est donc

p—1 +1
2 2 v—1
( P )i(p_l) Clp—1ypr—1 (E) X ¢1(7)@= D7
0

+1 o
- ((Pp— 1)2 ) Cp—1ypr—1 (E) Xcl(q—)(p 1)2pr—t

1=
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-p+1
(p—1)2
(L4877 = (L7) 7 (L +t) = > (1) (1 +1t) € Fp[[t]]

on voit que
p+1)
=—-1 (mod p).
(67 mod )

2.3. REMARQUE. Comme dans [7], définissons pour tout n > 0
I™(X)={[E] € K(X) | ¢;(E)=0pouri#0 (modp—1),
vp(E)>net rgE=0 (mod p™)}.

et on veut voir que ( ) # 0 (mod p). En écrivant

On vérifie facilement (par le principe de scindage, par exemple) que (n) (X)
est un idéal de K (X), stable par image réciproque. La proposition 2.1 montre
que I (X) se conserve également par image directe pour un revétement fini.
Comme dans [7], on peut demander:

QUESTION. Est-il vrai que 1™ (X)I((X) c 1(™*™)(X) pour tous m,n, X?

Il est facile de voir, encore par le principe de scindage, que la réponse est oui
pour m = 1.

3. REPRESENTATIONS RATIONNELLES

Soient G un groupe et p : G — GL,(C) une représentation de dimension finie
de G. La construction de Borel associe & p un fibré vectoriel Bp sur l’espace
classifiant BG de G. Les classes de Chern de Bp sont par définition les classes
de Chern de p; on les note ¢;(p).

Supposons p définie sur Q. Alors la condition du théoréeme 1.1 est vérifiée pour
tout p [5]; Vinvariant v,(Bp) =: vp(p) est donc défini.

Supposons G fini, et prenons p = rg, représentation réguliere de G. Alors p
est évidemment définie sur Q. L’entier v,(rg) est noté v,(G).

Voici quelques propriétés de 'invariant v,(G):

3.1. PROPOSITION. Soient G un groupe fini, p un nombre premier et H un
sous-groupe de G. Alors

a) On avy(H) < vp(G) et cpupan _ppin-1(ra) = Cor% Cprp(m) _prpn -1 (TH).
b) Supposons que H soit un p-sous-groupe de Sylow de G. Alors on a v,(H) =
vp(G).

DEMONSTRATION. a) résulte de la proposition 2.1. Pour voir b), on écrit

Res$ra = (G : H)ry
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donc

Res§j c(re) = c((G : H)rg) = c(ry) ).
Comme (G : H) est premier & p, on a vp,((G : H)rg) = vp(rm). Par ailleurs,
I’homomorphisme de restriction

Res: H*(G,Z/p) — H*(H,Z/p)

est injectif. Il en résulte que v, (rg) = v, (G : H)rg). O

3.2. PROPOSITION. Soit G un groupe fini. Alors v,(G x Z/p) = v,(G) + 1.
Cela résulte de la proposition 2.2. m|
3.3. PROPOSITION. Pour tout groupe fini G, on a vp(G) < v,(|G]).

DEMONSTRATION. Soit 7 = p?»GD) —pvr(IGD=1: on va montrer que ¢,.(rg) # 0.
D’apres la proposition 3.1, on peut supposer que G est un p-groupe. Soit F un
sous-groupe d’ordre p de G. On a

Resg c(rg) = C(Resg rg) =c((G: E)rg) = C(TE>(G:E)

On ac(rg) = 1—c1(p)P~ 1, onl p est un caractere non trivial de E. On sait que
c1(p) n’est pas nilpotent dans H*(F,Z/p); par conséquent, cp,l(rE)(G:E) #0.
Mais

c(rp) ) = 1+ cp 1(B)+...)FE) =14¢, ((E)EE) 4
puisque (G : E) est une puissance de p. On en conclut que

Res€ ¢, (ra) = ¢p_1(E) EE) £ 0.

Vu le théoreme 1.1, I'assertion de Venkov se reformule ainsi:

3.4. ASSERTION. (Venkov) Pour tout groupe fini G et tout nombre premier p,
on 4 1,(G) = v,(|).

La proposition 3.2 implique:

3.5. PROPOSITION. [16] L’assertion de Venkov est vraie pour un p-groupe
abélien élémentaire. O

4. GROUPES D’ORDRE p? ET p°
4.1. PROPOSITION. L’assertion de Venkov est vraie pour G = Z/p?.

DEMONSTRATION. On écrit r¢ = €D, ¢ x(g) X- Choisissant un générateur 7 de
X (@), on obtient

ctra) = [ A +ia() = [[A+ia@)P =0 -aE@)rt)yr=1- e ()PP
1=0 1=0

|
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4.2. PROPOSITION. Supposons p impair. L’assertion de Venkov est vraie pour
le groupe non abélien G d’ordre p® et d’exposant p.

DEMONSTRATION. En effet, G est produit semi-direct de C et H pour tout
sous-groupe H d’indice p de G et tout C engendré par un g ¢ H. Par la
proposition 3.5, v,(H) =2. On a

ra = (ra/c)u

oll 7 /¢ est la représentation de permutation de G sur G/C, d’ott
Cor% Cp2_p(ra) = Cor$ Res$ cp2—p(rayc) = 0.

D’apres la proposition 3.1 a), on a donc v,(G) > 2. D’autre part, v,(G) < 3
d’apres la proposition 3.3. On en conclut que v,(G) = 3, comme souhaité. O

4.3. PROPOSITION. Soit G un p-groupe tel que tout sous-groupe propre de G
soit abélien élémentaire. Alors

e soit G est abélien élémentaire;
o soit G est cyclique d’ordre p?;
o soit p est impair est G est d’ordre p* et d’exposant p.

DEMONSTRATION. Supposons que G ne soit pas abélien élémentaire. S’il est
cyclique, il est nécessairement d’ordre p?. Si G n’est pas cyclique, tout élément
de G est contenu dans un sous-groupe propre de GG, donc est d’ordre < p. Par
conséquent, G est d’exposant p. Si p = 2, c’est impossible, car G serait alors
abélien élémentaire.

Supposons donc p > 2. Comme G n’est pas cyclique, on a (G : [G,G]) > p;
comme [G, G| est distingué dans G, pour tout g € G le sous-groupe engendré
par g et [G, G] est propre, ce qui implique par hypothése que [G, G] est central.
On en déduit une application bilinéaire alternée

L] G/IG,G] x G/[G,G] =[G, G]
dont I'image engendre [G, G]. La conclusion résulte alors du lemme suivant:

4.4. LEMME. Soit [,] : V xV — W une application bilinéaire alternée, ot
V,W sont des Fp-espaces vectoriels. Supposons que [,] # 0, que Uimage de |, ]
engendre W et que, pour tout hyperplan H de V., [,]|g = 0. Alors dimV = 2
et dimW = 1.

En effet, choisissons un hyperplan H de V et soit e € V' \ H. Soit K C H
un hyperplan de H. Alors < e, K > est un hyperplan de V; il en résulte que
[e, K] = 0 et donc que [V, K] = 0. Mais alors on a dim H = 1: sinon, tout
élément de H serait contenu dans un de ses hyperplans, et on aurait [V, H] = 0,
d’ott [V, V] = 0 puisque [,] est alternée. O

5. DEMONSTRATION DE L’ASSERTION DE VENKOV

5.1. LEMME. Soient G un p-groupe, H un sous-groupe de G d’indice p et
a € H*(H,Z/p) une classe de cohomologie invariante sous laction de G/H.
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Alors
Cor$; a? = 0.

DEMONSTRATION. On a

Res$ N (a) = H ca = a”
oceG/H
d’ou
Cor% aP = Cor Resy N(a) = 0.

d

(Autre démonstration: (Cora)? = Cor(a - ResCora) = 0, d’ou (Cora)? =
Cor(a?) =0.)

5.2. LEMME CLE. Soit G un p-groupe non abélien élémentaire. Supposons que
Dassertion de Venkov soit vraie pour G. Alors c(rg) = a?, ot a € H*(G,Z/p)
est invariant sous l'action des automorphismes de G.

DEMONSTRATION. Soit ®(G) le sous-groupe de Frattini de G. On peut écrire

rg =rg/e(6) Dp

avec
p=p @pp”

olt 7q/a(g) est la somme des caracteres abéliens d’ordre p de G, p’ est la
somme de ses caracteres abéliens d’ordre > p et pp”’ est la somme de ses autres
caracteres irréductibles, avec leur multiplicité. (Rappelons qu’un caractere
irréductible intervient dans r¢ avec une multiplicité égale a son degré; comme
G est un p-groupe, ce degré est une puissance de p. Cf. par exemple [13, p.
30, cor. 1 et p. 68, cor. 2].)
La représentation p” est évidemment invariante par automorphismes de Gj il
en est donc de méme de ¢(p”). Si x est un caractere abélien d’ordre p” > p, il
en est de méme de x* pour tout ¢ premier & p. On a

c(x') =1+ ic1(x)
donc
3 . _ r—1
o @ )= Il (+ict0)=0-ato™
i€(Z/pm)* i€(Z/pm)*
Soit o un automorphisme de G. Alors o permute les caracteres abéliens d’ordre
p" ainsi que les orbites [x] = {x* | i € (Z/p")*} de 'action de (Z/p")* sur ces
caractéres. Par conséquent, pour tout r > 1, Aut(G) laisse invariante la classe
de cohomologie
[T —eator™
Ix]
ol [x] décrit les orbites ci-dessus. On en déduit que ¢(p’), et donc ¢(p), est de
la forme bP, ou b est invariant sous l'action de Aut(G).
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Soient v = vp(|G|) et d = v,((G : ®(G))). Par hypothese, on a d < v. Par
conséquent, p¢ — 1 < p¥ — p”~ 1. 1l en résulte que

ci(ra/a@) =0 pour i>p” —pv L

D’autre part, on a par hypothese

c(ra/ea)) = clra)e(p) ™ = (L+ ey p-i(re) + ... )elp) ™
On en déduit que les ¢;(rg/a(c)) sont des polynoémes en les ci(p) (plus
précisément, on a ¢;(rq o)) = —ci(p) puisque les seules classes de Chern
éventuellement # 0 de 7g/e(q) sont celles de degré > p¢ — pd=1 d’apres la
proposition 3.5). La conclusion du lemme clé en résulte (avec une formule
explicite pour a si besoin est). O

5.3. THEOREME. L’assertion de Venkov est vraie.

DEMONSTRATION. D’aprés la proposition 3.1 b), il suffit de la démontrer
pour tout p-groupe G. On raisonne par récurrence sur |G|. Si G est abélien
élémentaire, le théoréeme résulte de la proposition 3.5. De méme, si G est
cyclique d’ordre p? ou non abélien d’ordre p? et d’exposant p, il résulte des
propositions 4.1 et 4.2.

Supposons maintenant que G ne soit pas de I'un des types ci-dessus. D’apres
la proposition 4.3, G contient un sous-groupe H d’indice p qui n’est pas abélien
élémentaire. Soit v = v,(|G|). Par hypothese de récurrence, on a v, (H) = v—1,;
d’autre part, d’apres le lemme-clé, on a

Cpl/flipu72 (TH) = ap

ol @ est invariant sous laction de Aut(H). En appliquant le lemme 5.1, on en
déduit que Cor% Cpr—1_pv—2(rg) = 0. On conclut comme dans la démonstration
de la proposition 4.2. a

5.4. COROLLAIRE. (O. Kroll [9]) Soit G un p-groupe qui n’est pas abélien
élémentaire. Alors on a
1T Bx=0

X€H(G,Z/p)—{0}
ou 3 est le Bockstein modulo p.
DEMONSTRATION. Les arguments du lemme clé montrent que c¢(rg/o(c)) est
une puissance p-ieme; en particulier, cya_1(rg/a(c)) = 0, ot p? = (G : ®(G)),
ce qui est équivalent a I’énoncé du corollaire. O
5.5. REMARQUES.

1. Le corollaire 5.4 a été amélioré par Serre [14]: on a [[Bx = 0, ou x
décrit un systeme de représentants de l'espace projectif sur le Fj,-espace
vectoriel H'(G,Z/p). (Voir aussi [10].)

DOCUMENTA MATHEMATICA 4 (1999) 167-178



CLASSES DE CHERN 177

2. Soit n = v,(|G), et soit r = 1p(G) le maximum des rangs des p-sous-
groupes abéliens élémentaires de G. En se restreignant a de tels sous-
groupes, on voit facilement que les classes

Cpn—pn—1(TG)s -+, Cpn_pn—r(TG)

sont non nilpotentes et algébriquement indépendantes sur F,. Par un
théoréme de Quillen [12, th. 7.1], les autres classes de Chern de r¢ sont
nilpotentes. D’aprés un autre théoreme de Quillen (loc. cit., cor. 2.4),
lalgebre de cohomologie H*(G,Z/p) est un module de type fini sur sa
sous-algebre engendrée par les ¢;(rg); c’est donc un module de type fini
sur la sous algebre engendrée par les cpn_,x(rg) pour k € [n —r,n —
1]. Notons que Aut(G) opere trivialement sur cette sous-algebre. Par
ailleurs, le lemme clé 5.2 montre que, si G n’est pas abélien élémentaire,
les c,n_,k(rg) sont puissances p-iemes d’éléments également invariants
par Aut(G).

3. Le théoréme 5.3 est & comparer avec les résultats obtenus dans [7] pour
les classes de Stiefel-Whitney de rg. Un entier v(p) analogue & vp(p) y
est défini pour toute représentation réelle p d'un groupe G. Si G est fini,

on montre que
r2(G) < v(ra) < va(|Gl)

ol 79(G) est comme dans la remarque précédente. En général, on a
v(rg) < v2(|G|), par exemple pour G = Z/4. Toutefois, on montre que
v(2rg) = v2(|G|) + 1 pour tout groupe fini G.

REFERENCES

[1] M.F. Atiyah Characters and cohomology of finite groups, Publ. Math.
LH.E.S. 9 (1961), 23-64.

[2] L. Evens A generalization of the transfer map in the cohomology of groups,
AMS Trans. 108 (1963), 54-65.

[3] L. Evens, D.S. Kahn An integral Riemann-Roch formula for induced rep-
resentations of finite groups, AMS Trans. 245 (1978), 309-330.

[4] W. Fulton, R. MacPherson Characteristic classes of direct image bundles
for covering maps, Ann. of Math. 125 (1987), 1-92.

[5] A. Grothendieck Classes de Chern et représentations linéaires des groupes
discrets, in Dix exposés sur la cohomologie des schémas, North Holland,
1965.

[6] B. Kahn Classes de Stiefel-Whitney de formes quadratiques et de
représentations galoisiennes réelles, Invent. Math. 78 (1984), 223-256.

[7] B. Kahn The total Stiefel- Whitney class of a reqular representation, J. Alg.
144 (1991), 214-247.

[8] S. Mukohda, S. Sawaki On the b’;’j coefficient of a certain symmetric func-
tion, J. Fac. Sci. Niigata Univ. 1 (1954), 1-6.

[9] O. Kroll A representation-theoretical proof of a theorem of Serre, Aarhus
Univ. Preprint Series 33 (1986).

DOCUMENTA MATHEMATICA 4 (1999) 167-178



178 BruNO KAHN

[10] T. Okuyama, H. Sasaki Evens’ norm and Serre’s theorem on the cohomol-
ogy algebra of a p-group, Arch. Math. (Basel) 54 (1990), 331-339.

[11] F.P. Peterson A mod p Wu formula. Bol. Soc. Mat. Mexicana 20 (1975),
56-58.

[12] D. Quillen The spectrum of an equivariant cohomology ring, I, II, Ann. of
Math. 94 (1971), 549-572, 573-602.

[13] J.-P. Serre Représentations linéaires des groupes finis, Hermann, Paris,
1970.

[14] J.-P. Serre Une relation dans la cohomologie des p-groupes, C. R. Acad.
Sci., Paris, 304 (1987), 587-590.

[15] R. Steiner Multiplicative transfers in ordinary cohomology, Proc. Edin-
burgh Math. Soc. 25 (1982), 113-131.

[16] B.B. Venkov Classes caractéristiques pour les groupes finis (en russe), Dokl.
Akad. Nauk SSSR 137 (1961), 1274-1277. Traduction anglaise: Sov. Math.
Dokl. 2 (1961), 445-447.

Bruno Kahn

Institut de Mathématiques
de Jussieu

Université Paris 7

Case 7012

75251 Paris Cedex 05

France

kahn@math.jussieu.fr

DOCUMENTA MATHEMATICA 4 (1999) 167-178



Doc. MATH. J. DMV 179

DIFFERENCE SCHEME

FOR THE VLASOV-MANEV SYSTEM
R. ILLNER AND S. RJASANOW

Received: January 22, 1999

Communicated by Alfred K. Louis

ABSTRACT. We develop and test a finite difference scheme for the
Vlasov-Manev Equation in one space and one velocity dimension. The
Manev correction to the Newtonian potential produces visible quali-
tative differences in the behaviour of stellar systems; the most notable
effect observed in this paper is a stabilisation of the separate identities
of two Maxwellian concentrations at different locations.
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1 INTRODUCTION

We are concerned with the numerical solution of the Vlasov equation with
a Manev-type correction to the potential in 1 + 1 (one space, one velocity)
dimensions. In the three-dimensional case, the Newtonian potential is changed
to the “Manev” potential

¥ )

Ule =D =~ " o =yF

(1)

The correction —§/|z — y|?> was introduced by Manev in a series of papers
[7],18],[9], [10] in the 1920s in an attempt to find a semiclassical approxima-
tion to the relativistic central force problem. For v the universal gravitational
constant and § = 372/c?, where c is the speed of light, this correction gives a
qualitatively accurate prediction of the precession of the perihelion of Mercury.
Manev’s work was the main motivation for the recent paper [2], in which the
authors discuss the properties of the corresponding stellar dynamic equation.
Notably, it is shown that the Cauchy problem for this equation does not, in
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general, admit global solutions (the corresponding result for the classical stel-
lar dynamic equation holds only if the number of space dimensions is larger
than or equal to 4, see, e.g., [4]). This means that a stellar system driven by
Manev forces will typically develop features where the spatial density p loses
smoothness such that the Manev force term, i.e., the Riesz transform of p

Eulp(t,x) == 6 / Tttt u)dy

diverges. Possible reasons for this are the local formation of singularities in
p (“concentrations”) or in V.p (e.g., “shock waves”). As it is well known
that such singularities do not occur in solutions of the classical stellar dynamic
equation (see [4]), the Manev correction may be of physical relevance in mod-
elling the evolution of large stellar systems like galaxies, globular clusters or
interstellar dust clouds.

We remark that an equation with v = 0 and 6 > 0 (referred to as the “pure”
Manev case in [2]) possesses an interesting “projective” invariance in addition
to the standard translation, scaling and Galilei invariances. Specifically, as
shown in [2], if f(¢,z,v) is a solution of the pure Manev equation

Of +v-Vaf + Ealp] - Vuf =0

and if for some a > 0, 7 =t/(1 4+ at), y = /(1 + at) and w = (1 + at)v — ax,
then

F(r,y,w) = f(t,z,v)
solves
O-F+w-VyF+ Esp-Vu,F =0

with p = [ Fdw. This “projective” invariance, described in the context of
the corresponding N-body problem by Bobylev and Ibragimov [1], may be
of significance (and use) in regions where p or Vp are large and the Manev
correction dominates the Newtonian forces.

As also discussed in [2], Boltzmann collision terms are dimensionally of the
same order as the Manev force term and should therefore be included in a
proper model. However, the present study aims at the identification of effects
which can be attributed to the Manev correction alone; we therefore omit
Boltzmann collision terms and any other conceivable correction (such as, e.g.,
Smoluchowski type coagulation terms).

It is tempting to try a particle or particle-in-cell scheme for this equation, as
is common for the Vlasov-Poisson (VP) system. The most advanced scheme of
this type for VP is due to Greengard and Rokhlin [5]. We experimented with
particle schemes for the Vlasov-Manev equation and found that they performed
poorly due to the strong singularity of the Manev correction at very short range.
Specifically, particles could be accelerated to extreme velocities over one time
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step, an effect which can also happen for VP but which is rare enough to cause
no difficulties. It should also be an insignificant effect for the Vlasov-Manev
equation while the densities are smooth (this follows from the existence and
uniqueness proof shown in [6]), so a good numerical method should reflect this;
but particle methods do not. Of course, one could mollify the Manev potential
in order to avoid the difficulty, but unless the mollification parameter is chosen
with great care, this may obfuscate the effects of the Manev correction relative
to the Newtonian forces. It is for these reasons that we decided to avoid particle
methods altogether.

The main objective of this paper is therefore the construction and testing of a
difference scheme for the Vlasov-Manev (VM) equation in one-dimensional ge-
ometry; effective generalisation for multidimensional cases is planned for future
work.

Our paper is organised as follows. In Section 2, we describe the VM equation
and summarise its properties. In Section 3, a difference scheme for VM is
derived, and its properties are formulated and proved. Section 4 contains a few
informative numerical examples.

2 THE VLASOV-MANEV EQUATION AND ITS PROPERTIES

The one-dimensional Vlasov-Manev equation is associated with the potential

U(lz —y|) = =yl —yl = dInfz —yl.
This potential arises from (1) by assuming homogeneity of the stellar system

in the y— and z— directions, and the Vlasov-Manev equation can be written
in the form

ft+vfI+EfU:Oa (2)

where f = f(t,z,v) : R xR, xR, — R, is a non-negative distribution density
function, ¢t > 0 is the time variable, = is the space variable and v is the velocity
variable. The force function E = E(t, ) is defined as follows:

T —y T —y
E(t,z) = *7/ — t,ydy*5/ ot y)dy, 3
(t,x) Rny—yIp( ) Rylw—pr( ) (3)
pta) = [ fita v
Rv
or E = —VU, with

Ut,z) = — / & — ylp(t.y) dy — 6 / In |z — ylp(t, ) dy.

DOCUMENTA MATHEMATICA 4 (1999) 179-201



182 R. ILLNER AND S. RJASANOW

Here, p denotes the spatial density. The non-negative constants v and § are
given, and typically v >> §. The equation (2) is complemented with the initial

condition
f(0,2z,v) = fo(x,v) > 0. (4)
We summarise the main properties of this equation.

1. Conservation of non-negativity

if fo(x,v) >0, then fort >0 f(¢t,2,v) > 0.

2. Conservation of mass

//ftxvdvdac— //foacvdvdac

3. The continuity equation reads

pe(t,x) + Ju(t,x) =0, (5)
jtx) = /va(t,:c,v)dv.

4. Conservation of energy
e(t) = / / f(t, z,v)dzdv
- E/R /R (Y& =yl +dIn |z — y[)p(t, z)p(t, y)dzdy = €(0).
x Yy

5. Second derivative of the moment of inertia

// ft,z,v)dvde

- / m / o=yl )dy e~ 5 0).

dt?

d2
— / 22p(t, z)dx
RI
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In the three-dimensional case and for v = 0, the last identity is

d? 9

— [ z%p(t,x) dx = 4e(0),

o | &) (0)

and this can be used to show non-global existence (for v = 0) whenever the ini-
tial energy is negative. This argument is not applicable in the one-dimensional
case under consideration; it may well be that solutions in this situation always
exist globally.

3 A DIFFERENCE SCHEME

We begin our numerical study of the initial value problem (2),(4) with the
discretisation of the physical and velocity spaces. First, we restrict the whole
space R, x R, to a rectangle

QL:{(SC,’U) ERy xRy, =Ly <2< Lg, —L, SUSLU};

and assume that f(t,z,v) has its support with respect to x and v in the box
Q. We can then compute the force field by integrating over Q)1 alone; later,
we shall act as if f is extended periodically in x and v.

The next step is the discretisation of the rectangle @@y using the nodes

(xiavj) = (_Lm+ihma_Lv +jhv)a (Zaj)EQn
2L, .
h, = , Nz € N, and n, is even,
2L, .
h, = , Ny € N, and n, is even,
Qn = {(i,j) €Z% 0<i<ng, 0<j<n}.

Furthermore, we introduce the index set @, as a subset of all vectors in Q,,
excluding those which have the form (0, 7) or (4,0).

Let 7 > 0 be the time discretisation parameter, and ¢ty = k7, kK =0,1,.... The
function f(tx,x,v) will now be represented by a vector f* € R™, n = n,n,
with components

flk: ilfj%f(tk;ziavj)v (Z;]>€Qn (6)

Here, [ denotes the global index of the vector f°, given by

l=0G—1Vng+i, l=1,...,n.
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Note that (6) defines the vector f* for all (i,5) € Q, by the assumed periodic
extension of f.
It is also convenient to use the matrix form of the unknown function:

FF e Rr=xm,

The numerical density p¥ ~ p(tx,z;) can be computed using the midpoint
integration rule

Ny
Pf - thfi]?jvizlv"';nzv
j=1
pg = pr k=01,
or in the matrix form
pF = h,FFe, (7)

where pF € R™ and e, = (1,...,1)T € R™.
The total mass of the system is

ng
k k
i=1

and can be computed as follows:

m* = h, (pk,enz) = hy hy (fk,en) = hy hy (ernv,enz) . (8)

The next and most involved step is the numerical computation of the force due
to (3). We take advantage of the fact that it is sufficient to integrate over one
spatial period in (3), because what is really done is treat the case where the
support of p stays inside such a period.

Using the notation

-y z—y
— -5 -
lz =yl |z — v

Plz—y) =

and the piecewise representation of the density p we compute

Ety, ;) ~ B} = ZP?Gij, (9)
j=1
EF =GpF, EF e R, G e R%X"s, (10)
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The elements of the matrix G are defined by
T +hT/2
Gi= [ Plai-yay (1)
Zj —hT/Q
Direct computation of the force via (9) will require O(n2) arithmetical opera-
tions in each time step and is therefore an “expensive” step. The combination

of the special form of the matrix G and uniform discretisation leads to a special,
Toeplitz form of the matrix G.

LEMMA 1 The matriz G defined in (11) is a skew-symmetric Toeplitz matriz.

PROOF:
A matrix G is Toeplitz if

Gi-‘,—l,j-{-l = Gl]) Zajzlaanz_l

The analytical integration in (11) leads to

j—i—1/2 .
Gij=7hy =0 In"———_ j >i.
=7 n]fz+1/23 ‘
For j <t we get
Gij = =Gy

because of (11).

The matrix G is therefore uniquely defined by its first row. The element
(11 is a strongly singular integral which should be considered as a Cauchy
integral

€—0 1—ha/2 T1+e

T1—€ z1+hg/2
Gi1 = lim </ P(z1 —y)dy +/ P(xy — y)dy> -

Using the substitution y = —y’ + 221 in the second integral and the obvious
property

Pz —y)=-Ply— )
we obtain
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z1+hg /2 x1—hy/2
/ Px1 —y)dy = —/ P(z1 +y' — 221)dy’

1t+e 1—¢€

xr1—¢€
= / P(y' —x1)dy’

1—ha/2

xr1—¢€
f/ Pz —y')dy',

1—ha/2

and therefore

G11 =0.
|

REMARK 1 The multiplication of a Toeplitz matrix with a vector can be realised
efficiently using the following well known trick. The matriz G can be considered
as a left-upper block of the circulant matriz G of the dimension m which is a

power of two:
~ G Gz
G —
< G211 Gao >7

The matriz G has the following additional property

Gim = Giy11,1=1,...,m—1

and its first row is defined as

(Gi1y-+ G110,y 0,..,0, =G 1, =Gy —11, .o, —Ga ) € RV (12)

The dimension m of the matriz G is the next power of two for the number
2n, —1 and the number of zeros in (12) is equal to m—2n, + 1. It is obviously
true that 2n, — 1 <m < 4n, — 4.

Each circulant matriz C of the dimension m can be represented as

C=m"'F,AFE},
where F,, denotes the matriz of the Discrete Fourier Transform (DFT) of the

dimension m. The diagonal matriz A contains the eigenvalues of C' and can be
computed as

A = diag(\1, ..., \n) = diag(F,,CTey), (13)
e.g. as the DFT of the first row of the matriz C.
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The computation of the force due to (10) therefore reduces to one DFT in a
preparatory step for the computation of the eigenvalues of the matrix G using
(13) (the matrix G remains fixed during the time steps), and then to two DFTs
and one multiplication of the diagonal matrix n,'A with a vector. If m is a
power of two then the computation of the force only requires O(n, logy(n,;))
arithmetical operations using the Fast Fourier Transform (FFT) [3],[13] and is
therefore much “cheaper” than the computation of the density via (7) which
requires O(n) = O(n, n,) arithmetical operations. The number of arithmetical
operations for the multiplication

~ G G G
GiF = 12 Pk _ Pk 14
P ( Go1 Gaa ) ( 0 Ga1 Pk ( )

is then of the same order O(ng logy(ng)).

REMARK 2 In a two- (d = 2) or three-dimensional case (d = 3) we will obtain
a circulant-block matriz [12]. Such matrices can again be efficiently multi-
plied with a vector using the FFT. The amount of arithmetical work would be
O(nd logy(ny)) in this case.

The next step in the numerical procedure we are describing is the discretisation
of the equation (2) using a semi-implicit difference scheme. At the given time
level k& we compute the density p* via (7) and the force E¥ via (10) or (14),
and then we use the following “upwind” approximation for the derivatives in

(2):

fhAL_ gk
k 7
ft(tk;ziavj) ~ ft,i_j = %Jv (15)
frAL gl
Jig i—1.5 >0
N k1 5 7 , U =2
fo(tkaziavj) ~ v fm,i_j = f_k+1_ jf_k_-',-l ) (16)
Uj“rldiz , v <0
T
k+1 k+1
o Tl EF >0
k 7 I 7 =
Ef’v(tk;zi)vj) ~ E’Lk fu;z!jjl = fk+1 1 f'k'+1 . (17)
L I
v

The resulting difference scheme can now be written in the form

fl o fE A BE AT =0, 0,5 €Qu, k=0,1,... . (18)

)

The initial values in = fo(x;,v;) are given. After multiplication by 7, (18) is
a system of linear equations which can be written in the matrix form
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Akkarl :fka Ak eRan’ fkakarl eRna N ="ngNy.

The elements of the matrix Ay using the global numbering with | = n,(j—1)+1
are of the form

T T
(Ag)y, = 1+ h_z|Uj| + h_v|Ef|’ (19)
— v, v; >0
A = ho ™ = 20
( k)z,lﬂ { 0, v,<0 (20)
0 v; >0
A _ n = 21
( k)z,z+1 { 7hlx|vj| , v, <0 (21)
— - |EF EF >0
A _ Ry el B =T 22
( k)l,lfnz { 0, Ezk <0 ( )
0, EF>0
(Ak>l,l+nm = _hLlEzk , Ezk <0 ) (23)
I = 1,....n.

All other elements of the matrix A are equal to zero, i.e. the matrix Ay is
extremely sparse. Exactly three elements of each row of this matrix are unequal
to zero. In a d—dimensional case this number would be 2d + 1.

REMARK 3 If the indices in (15)-(17) or in (20)-(24) are not from the set Q,

then we always assume the periodic property (e.g. fﬁ:‘iw = ffjl ete.).

The main properties of the difference scheme (18) correspond to the properties
of the matrices Ag, k=0,....

LEMMA 2 The matriz Ay has the following properties
1. Ay is a regular M-matriz,
2. Apen, = en, A{ €n = €n,
5. 147 = 1.

Here ||A,;1H2 denotes the spectral norm of the matriz A,;l, i.e. 1its biggest
singular value.
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PROOF:

1. The elements of the matrix A fulfil

(A)y > 0, (Ak)y, <0, L #m,

> Ay, = Ll=1,...,n (24)

m=1

By (24), the matrix A is strongly diagonal-dominant and therefore a
regular M —matrix.

2. The first property is given trivially in (24). This means that the vector
en is an eigenvector of the matrix Ay and corresponds to the eigenvalue
one. The matrix AT has the same eigenvector and the same eigenvalue
because

(AZ e")l = Z (Ak)ml =
m=1
= (Ak)ll + (Ak)l+1,l + (Ak)l—l,l + (Ak)l—nm,l + (Ak)l-i-nm,l :

Using the representations (I +1,0) = (I +1,(l4+1)—1) and (I - 1,1) =

(1-1,(I—1)+1), the property I +1 = (n, —1)j + (i £ 1) and (20),(21)
we obtain

.

(Ak)pyrg + (A, = _h_|Uj|-

By analogy

.
(Ak)lfnz,l + (Ak)lJrnI,l = _h_|Ef|

Together with (19) we obtain the required result.

3. The matrix A;l is element-wise non-negative, because it is the inverse
of the M —matrix. The spectral norm of the matrix A;l is equal to
its largest singular value or to the square root of the largest eigenvalue
of the matrix A,;TAlzl. This matrix only has non-negative elements
(as a product of two element-wise non-negative matrices) and the real
eigenvector e, only has positive components. Then the corresponding
eigenvalue (Perron-Frobenius theorem) is the largest Perron-eigenvalue
of this matrix. In our case this eigenvalue is equal to one, because of the
properties in 2. Hence the spectral norm of the matrix A,;l is equal to
one.
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More details concerning M —matrices can be found in [11].
The above lemma enables us to prove some important properties of the differ-
ence scheme

1. Initial step
in = fo(zi,vy),
2. Time step for k. =0,1,...
21 pF=h,FFe,,,
2.2 EF=GpF,
2.3 ApfEtl = fk

COROLLARY 1 The solution of the difference scheme (25) exists for all k =
0,1....

PROOF: This property follows directly from the regularity of the matrix Ay for
allk=0,1....
n

COROLLARY 2 If the initial function fo(x,v) is non-negative then the vectors
f* remain component-wise non-negative for all k =0,1,... .

PROOF:
The initial vector f° is component-wise non-negative because of its definition
in step 1 of (25). If f*, k =0,1,... is component-wise non-negative, then we

obtain from Step 2.3 of (25)

fk+1 _ A};lfk

The matrix A;l is component-wise non-negative because it is inverse of an
M-matrix. The proof is then completed by induction.

n
COROLLARY 3 The difference scheme (25) conserves mass.
PROOF:
The mass of the system can be computed for £ = 1,2,... corresponding to
formula (8)
mk - hxhv(fkv en) = hzhv(Akflfkila en)
= hoho(fF 1 AT _1en) = hoho(fF 7l en) =mF ™t = .. =mP.
n

COROLLARY 4 The difference scheme (25) is stable in the discrete mazimum
norm with respect to the initial data.
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PRrROOF: The discrete maximum norm of f*, k=0,1,... is defined as

||fk||oo = mlaX|fzk| = mlaXflk = fz]i

because the components of the vector f* are non-negative. Here we have used
the global numbering [ = n,(j — 1) + i of the components of f*. Using

(Ap—1)1=1+ >0, (Ak—1)ij <0, i #£j

in the time step k = 1,2,... we obtain the following estimate for the index [*
1 e = Ff = (Ak—1)iete + (Ap—1)1m1- 1
+ (Ap—)rres1 + (A1) —ny + (Ag—1) 115 4n, ) fE
< (Ap)ie fE A+ (A1 fE 4
+ (A S+ (A —n, fE o, Akt o, [ =
+ (A = S oo < S oo

COROLLARY 5 The difference scheme (25) is stable in the discrete La—norm
with respect to the initial data.

PRrOOF: The discrete Lo—norm of f*, k=0,1,... is defined as

kaH% = hmhv(fkafk)-

Using this definition and property 3 in Lemma 2 we obtain for k =1,...

£ = 1AL L e < AL 2l 57 e = I e < < 1o
|

COROLLARY 6 If the sequence { f*} converges then it converges to the constant

0
lim f* = n
k—oo 4LILU

en
PrOOF: If the sequence {f*} converges to f° then this vector fulfils

Aoofoo:fooa
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where Ao, denotes the limit of the sequence of matrices { Ay }. Since the matrix
A is still a regular M —matrix, its eigenvalue 1 is simple. It means that only
a constant vector f*° = ae,, can fulfil the equation (26). The constant « can
be obtained using the conservation of mass

m® = hohy(f, €n) = hohya(en, en) = a(heng)(hony) = a(4L,L,).

m
Next, we obtain the discrete form of the continuity equation (5). We will use
the following notations

v=(v1,...,0,)F € R™ — vector of the velocities,
= diag(v) € R™ > — corresponding diagonal matrix,

D = diag(0.5(|v| + v)) € R™v>™w — positive part of D,
D; = diag(0.5(|v| — v)) € R™v*mv — negative part of D,,,
w=(vi,...,v2 )T €eR™ — vector of squares of the velocities,
EF =(Ef,...,Ef )T € R — vector of the forces, (%)
Dg = d1ag(E ) € RteXna — corresponding diagonal matrix,
DJr = diag(0.5(|E*| + E¥)) € R"«*"e — positive part of D,

Dy, = diag(0.5(|E*| — E¥)) € R™=X"= — negative part of D,,
Jm = cire(0,1,0,...,0) € Rmx™ — circulant matrix of the dimension m,
pF =h,Fre,, € an — density,
¥ =h, FFv e R — numerical flux.

Using (x) we rewrite the difference scheme (18) in the matrix form

Fk+1 _ Fk 1
— t ((In, — Ju,)F*T'Dy + (I, — JL )F* DY)
1
+ = (DzF*'(1,, — JI )+ DEFM (T, — Jn,)) =0,
k= 0,1,.

3 )

If we multiply this matrix with the vector h,e,, then we obtain using

(Inv - Jnu)enu = (Inv - ng)enu =0,
D e, = v,
Dte,, = o*

the following equation

— % ((Inm - Jnm)F]H_lU_ + (Inm - ng)Fk+1U+) ’
T T
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pk-i-l _ pk h
—— + 5= (05(Ln, — Jng ) FFTH (0] = 0) +0.5(I, — J1 )F* (o] +v)),
k+1 k
A L Ty k1 L L T \ k+1
—(Jp, — J, —hyhy— (20, — Jn, — J, )F =0
or
k+1 k
P —p 1 T\ k1 1 1 T\ pk+1
—+ —(Jp, — J, =——hzh,—= 2L, — Jn, —J, )F .
The short form of this equation is
E o, 1 k+1
pt +Ji = *§hz(th V)22, (26)

where y, denotes the central difference and y,, the second difference of the
grid function y. The equation (26) corresponds to the continuous equation
(5). While the left hand side of (26) is a possible correct approximation of the
derivatives in (5), the right hand side forms an artificial viscosity of our scheme.
Because of this term which is of the order O(h,) we are not able to obtain the
conservation of the energy of the scheme directly. However, our numerical tests
show that the variation of the energy in one time step is small.

4 NUMERICAL EXAMPLES

In this section we calculate some examples using our difference scheme. The
initial distribution fo(x,v) is given by

e = (o ) eon (52 o (5)

where T,, T, and zy are some positive parameters. In FIGURES 1,2 we present
the time evolution of the density and of the force in the time interval (0,1.4) for
the following setting of parameters: v =4, § =0, T, =2, T, = 0.05, 2o =4
and n, = 60, n, = 90, i.e. for the pure Vlasov case. The time interval (0,1.4)
is sufficient to show the main numerical effects.
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-7.5 -5 -25 0 2.5 5 7.5
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-

-7.5 -5 -2.5 0 2.5 5 7.5

Time=1.4

FIGURE 1: The density profiles for v =4, § =0
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FI1GURE 2: The force profiles for y =4, =0
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196 R. ILLNER AND S. RJASANOW

We observe a very clear unification of the two particle “clouds” in space and no
remarkable concentration of mass during the time evolution. FIGURE 3 shows
the function f(¢,z,v) and its iso-lines for the time ¢t = 1.4.

In the second test we consider the pure Manev case with the same initial
distribution and the same parameter of discretisation.

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
-75 -5 -25 0 2.5 5 7.5 -7.5 -5 -25 0 2.5 5 7.5
Ti me=0. 0 Ti me=0. 7
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
-7.5 -5 -25 0 2.5 5 7.5 -75 -5 -25 0 2.5 5 7.5
Ti me=1. 05 Ti me=1. 4

FIGURE 4: The density profiles for v =0, 6 =4

7.5 7.5
5 5
2.5 2.5
o/\/\/ 0
2.5 2.5
-5 -5
7.5 7.5
755 25 0 2.5 5 7.5 75 5 25 0 2.5 5 7.5
Ti me=0. 0 Ti me=0. 7
7.5 7.5
5 5
2.5 2.5
0 0
2.5 2.5
-5 -5
7.5 7.5
755 25 0 2.5 5 7.5 755 25 0 2.5 5 7.5
Ti me=1. 05 Ti me=1. 4

F1GURE 5: The force profiles for y =0, § =4
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There is a very clear difference in the behaviour of the two examples. The pure
Manev case leads to a significant concentration of the mass in the two “clouds”,
and during the evolution they remain separated. FIGURE 6 shows the function
f(t,x,v) and its iso-lines for the time ¢t = 1.4.

Finally, we consider the mixed case v = 2, § = 2 in order to illustrate the
influence of the two effects: unification and concentration. The results are
presented in FIGURES 7,8,9.

0.8 0.8

0.6 0.6

0.4 0.4
0.2/\/\ 0.2
-

-7.5 -5 -25 0 2.5 5 7.5 -

Ti me=0. 0 TlmaO
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0.6 0.6
0.4 0.4
0.2 0.2
-7.5 -5 -2.5 0 5 5 7.5 -7.5 -5 -2.5
T|n13105 Tlmal

FIGURE 7: The density profiles for y =2, § =2
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F1cURE 8: The force profiles for v =2, § = 2
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5 CONCLUSIONS

Our calculations suggest that the Manev correction will have a “stabilising”
effect on isolated one-dimensional matter concentrations; this effect counteracts
the tendency of the long-range Newtonian potential to accumulate all matter
in one location; while this is only an isolated phenomenon which is observed
here as a consequence of the Manev correction, we believe it to be evidence
that truly interesting effects may occur in the more relevant three-dimensional
case. Numerical experiments to this end are planned.
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ABSTRACT. Let I’ be a commutative field of characteristic not 2. In
this paper, we give some results on the classification of F-quadratic
forms of height 3 and degree < 2.

RESUME. Soit F' un corps commutatif de caractéristique différente de
2. Dans ce papier, on donne certains résultats sur la classification des
F-formes quadratiques de hauteur 3 et de degré < 2.
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Keywords and Phrases: Quadratic form, Generic splitting of a qua-
dratic form, height and degree of a quadratic form

1. INTRODUCTION

A une F-forme quadratique ¢ de dimension > 3, on associe la quadrique
projective X, d’équation ¢ = 0. On désigne par F(y) le corps des fonctions
de X,. Lorsque ¢ est anisotrope de dimension 2 (resp. ¢ est isotrope de
dimension 2 ou dim ¢ < 1), on pose F(p) = F(1/— det(p)) (resp. F(p) = F).

D’apres [19], on associe a une forme quadratique ¢ ¢ 0 une suite de formes
quadratiques et d’extensions de F', appelée la tour de déploiement générique
de @, de la maniére suivante: @y = @q, (la partie anisotrope de @), Fyp = F et
pour n > 1, on définit par récurrence F,, = Fj,_1(on—1) et ©n = ((Pn-1)F, )an-
La hauteur de ¢, noté h = h(p), est le plus petit entier tel que dim g, < 1.
Pour j € {0,---,h}, on note i;(¢) I'indice de Witt de ¢p,. Clairement, on
a0 <ig(p) < -+ < ip(p). La suite {ig(¢), - ,in(p)} s’appelle la suite des
indices de déploiement de ¢ (splitting pattern [14]). Si dim ¢ est impaire, alors
dim ¢y, = 1 et ¢ est dite de degré 0; sinon dim ¢, = 0 et donc ¢p_1 devient
hyperbolique sur Fj_1(¢r-1), ce qui implique par un résultat de Knebusch

1Soutenu par les fonds FDS de 1'Université Catholique de Louvain, Belgique.
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[19, Theorem 5.8] et Wadsworth [32], que ¢p_1 est semblable & une forme de
Pfister p € P;F_1, qu'on appelle la forme dominante (leading form) de ¢.
L’entier d s’appelle le degré de ¢ qu’on note deg(y). La forme ¢ est dite bonne
si sa forme dominante p € PyF}_1 est définie sur F, i.e. s’il existe une F-forme
quadratique 7 telle que p = 75, _, (dans ce cas 7 est unique & isométrie pres
[20, Proposition 9.2]). Lorsque ¢ est bonne de forme dominante 7, on dit que
@ est fortement bonne (resp. faiblement bonne) si pp(,) est anisotrope (resp.
©r(r) est isotrope).

Ce procédé de déploiement générique d’une forme quadratique motive le
probleme suivant, dit “probleme de classification des formes quadratiques par
hauteur et degré”.

PROBLEME: Etant donné deuz entiers positifs h et d, quelles sont les F-formes
quadratiques ¢ telles que h(p) = h et deg(p) =d?

Jusqu’a présent, on a certaines réponses a ce probleme. En effet, la car-
actérisation d’une forme quadratique anisotrope de hauteur 1 a été faite par
Knebusch [19, Theorem 5.8] et de maniere indépendante par Wadsworth [32].
Une telle forme quadratique est une voisine de codimension 0 ou 1. Dans
[20, Lemma 10.1], Knebusch a caractérisé une forme quadratique anisotrope et
excellente de hauteur 2 et de degré d en démontrant qu’une telle forme quadra-
tique est de la forme ap @ ' pour a € F*, p € PyF et 1 = (1) L «’ € P, F
avec n > 2, et il a démontré qu'une forme quadratique anisotrope de hau-
teur 2 et de degré 1 qui n’est pas excellente est nécessairement de dimension
4 et de discriminant # 1 [20, Theorem 10.3]. Fitzgerald [8, 1.6] et Knebusch
[20, Lemmal0.1, Proposition 10.8] ont obtenu certains résultats sur les formes
quadratiques anisotropes et bonnes de hauteur et de degré 2. Dans [17], Kahn a
caractérisé de maniere complete une forme quadratique de hauteur et de degré
2 en démontrant qu'une telle forme quadratique ¢ est excellente, ou une forme
d’Albert (i.e. dimp = 6 et deyp = 1), ou ¢ € I’F de dimension 8 telle que
ind ¢(¢) = 2. Pour les formes quadratiques anisotropes de hauteur 2 et de degré
> 3, Hurrelbrink et Rehmann [15, 3.4] ont montré qu’une forme quadratique
anisotrope de hauteur 2, de degré 3 qui est bonne mais non excellente est de
dimension 16. Ce résultat a été généralisé par Hoffmann [11] qui a montré
qu'une forme quadratique anisotrope de hauteur 2, de degré d qui est bonne
mais non excellente est de dimension 2%+, Pour le moment, on n’a pas une
caractérisation compléte des formes quadratiques de hauteur 2 et de degré > 3.
Dans ce sens, Kahn a posé la conjecture suivante.

CONJECTURE 1. (Kahn [17, Conjecture 7])

(1) Une forme quadratique ¢ anisotrope qui est bonne mais non excellente, est
de hauteur 2 et de degré d > 1 si et seulement si ¢ = p R pour p € Pj_1F et
dimy = 4.

(2) Une forme quadratique ¢ anisotrope qui n’est pas bonne, est de hauteur 2
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et de degré d > 2 si et seulement si ¢ = p ® v pour v une forme d’Albert et
pE Pyg_oF.

THEOREME 1. ([17, Théoréme 2.12])
La conjecture 1(1) est vraie en degré d = 3.

Dans [18], Kahn a obtenu certains résultats sur la caractérisation des formes
quadratiques de hauteur 3 et de degré 1.

THEOREME 2. (Kahn [18, Corollary 1])

Soit p une forme quadratique anisotrope de hauteur 3 et de degré 1. Alors:
(1) La forme ¢ est de l'un des quatres types (s’excluant mutuellement):

(i) ¢ est excellente;

(ii) @ n'est pas excellente mais voisine de forme complémentaire une forme de
dimension 4 et de discriminant # 1;

(iii) © n’est ni voisine ni une forme d’Albert et dim ¢ = 6;

(iv) ¢ n'est pas voisine et dimp > 6. Dans ce cas, (Pr(y))an €st excellente.
(2) Si @ n'est pas voisine telle que dim(pp(y))an = 6, alors dimp < 16.

1.1. LES FORMES QUADRATIQUES DE HAUTEUR 3, DE DEGRE 1 ET DE DI-
MENSION > 6 (RESP. DE HAUTEUR 3, DE DEGRE 2 ET DE DIMENSION > 16).
Les formes quadratiques anisotropes de hauteur 3 et de degré 1 qui ont la
plus petite dimension sont celles de type (iii) comme dans le théoreme 2, i.e.
de dimension 6. Dans cette section, on va s’intéresser a la caractérisation
des formes quadratiques de hauteur 3, de degré 1 et de dimension > 6 (resp.
de hauteur 3, de degré 2 et de dimension > 16). Les formes quadratiques
de hauteur 3, de degré 2 et de dimension < 16 seront traitées dans la section 1.2.

Les formes quadratiques ¢ anisotropes de hauteur 3 et de degré 1 telles que
dimp > 6 (resp. de hauteur 3 et de degré 2 telles que dimp > 16), se
partagent en quatre types qui s’excluent mutuellement:

TYPE I: Les formes quadratiques excellentes. Ces formes quadratiques sont
décrites dans la proposition suivante.

PROPOSITION 1. Soit ¢ une forme quadratique anisotrope.  Alors, on a
équivalence entre:

(1) ¢ est excellente de hauteur 3 et de degré d > 1;

(2) 1l existe a € F*, des formes de Pfister T € P;F, Ay = (1) L A\, Ao telles
que deg(A1) > 1, deg(M2) > 2 et ¢ 2 ar @ (N] ® A2 L (1)).

TyPE II: Les formes quadratiques voisines mais non excellentes. Ces formes
quadratiques sont décrites dans la proposition suivante.

PROPOSITION 2. Soit ¢ une forme quadratique anisotrope qui n’est pas excel-
lente, de degré 1 ou 2. Alors, on a équivalence entre:

(1) ¢ est voisine de hauteur 3;

(2) o Sideg(p) =1: ¢ est voisine de forme complémentaire une forme quadra-
tique de dimension 4 et de discriminant # 1. En particulier, dimy = 2" — 4
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pour un certain entier n > 4.

e Sideg(p) = 2: ¢ est voisine de forme complémentaire une forme quadratique
1 telle que v est d’Albert ou bien ¢ € I’F de dimension 8 avec ind c(¢)) = 2.
En particulier, il existe un entier m > 5 qui vérifie dim ¢ = 2™ — 6 ou 2™ — 8.

TYPE III: Les formes quadratiques ¢ anisotropes mais non voisines, de dimen-
sion différente de 29°8(#)k pour tout entier k impair. Ces formes quadratiques
sont décrites dans le théoreme suivant.

THEOREME 3. Soit ¢ une forme quadratique anisotrope qui n’est pas voisine,
de degré d = 1 ou 2 telle que dim¢ # 2%k pour tout entier k impair. On
suppose que dim ¢ > 6 lorsque d = 1, et que dimy > 16 lorsque d = 2. Alors,
on a équivalence entre:

(1) ¢ est de hauteur 3;

(2) ¢ € GP, ,F pour un certain entier n > d + 2 (voir définition 3).

TYPE IV: Les formes quadratiques ¢ anisotropes mais non voisines, de dimen-
sion 29¢8(®)k pour un certain entier k impair. Pour le moment, on n’a pas une
caractérisation complete de ces formes quadratiques. D’apres la proposition 3,
on obtient que ces formes quadratiques sont celles qui sont faiblement bonnes,
et par conséquent les formes quadratiques décrites dans le théoreme 3 sont
celles qui sont fortement bonnes.

PROPOSITION 3. Soit ¢ une forme quadratique anisotrope qui n’est pas voisine,
de degré 1 ou 2 telle que dimp > 6 lorsque deg(y) = 1, et que dimp > 16
lorsque deg(yp) = 2. Supposons que ¢ soit de hauteur 3. Alors, ¢ est bonne.
De plus, on a équivalence entre:

(1) ¢ est faiblement bonne (resp. fortement bonne);

(2) Il existe un entier k impair tel que dim ¢ = 2deg(¥) f; (resp. dim p # 2deg(¥) f;
pour tout entier k impair);

(3) r(ry ~ 0 (resp. pp(r) est semblable a une forme de Pfister anisotrope) o
T est la forme dominante de .

Le théoreme suivant donne une caractérisation d’une forme quadratique ¢
anisotrope et faiblement bonne, de hauteur 3 et de degré 1 telle que dim ¢ < 16.
En particulier, on raffine le théoreéme 2(2) lorsqu’il s’agit d’une forme quadra-
tique faiblement bonne.

THEOREME 4. Soit ¢ une forme quadratique anisotrope de discriminant d signe
d # 1. Supposons que @ ne soit pas voisine et dimp > 6. Alors, on a
équivalence entre:

(1) ¢ est faiblement bonne de hauteur 3 et de dimension < 16;

(2) ¢ est faiblement bonne de hauteur 3 et dim(¢p(y))an = 6;

(8) p = (1,—d) ® £ pour & une forme quadratique de dimension 5.

1.2. LES FORMES QUADRATIQUES DE HAUTEUR 3, DE DEGRE 2 ET DE DIMEN-
SION AU PLUS 16.
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e CAS DES FORMES QUADRATIQUES DE DIMENSION 8.

La proposition suivante donne une caractérisation des formes quadratiques
anisotropes de dimension 8, de hauteur 3 et de degré 2.

ProprosITION 4. ([13], [15])
Une forme quadratique ¢ anisotrope de dimension 8 est de hauteur 3 et de
degré 2 si et seulement si ¢ € I*F et ind c(p) > 4.

e CAS DES FORMES QUADRATIQUES DE DIMENSION 10.

Pour les formes quadratiques de dimension 10, de hauteur 3 et de degré 2, on
a la caractérisation suivante.

PROPOSITION 5. ([13]) Soit ¢ une forme quadratique anisotrope de dimension
10 qui n’est pas voisine. On a équivalence entre:

(1) ¢ est de hauteur 3 et de degré 2;

(2) Il existe m = (1) L7’ € PB3F, 7 = (1) L 7/ € PyF telles que ¢ = a(n’ L
—7') pour a € F* convenable;

(3) ¢ € I’F et ind c(p) = 2.

e CAS DES FORMES QUADRATIQUES DE DIMENSION 12.
On n’a pas d’énoncé, méme conjecturale, sur la caractérisation des formes
quadratiques de dimension 12 fortement bonnes de hauteur 3 et de degré 2.
Par contre pour celles qui sont faiblement bonnes, on pose la conjecture suiv-
ante.

CONJECTURE 2. Soit ¢ une forme quadratique anisotrope de dimension 12 qui
n’est pas voisine. Alors, on a équivalence entre:

(1) ¢ est faiblement bonne, de hauteur 3 et de degré 2;

(2) Il existe 6 € I*F de dimension 8 telle que indc(8) =2 et ¢ L § € I*F.

La conjecture 2 est liée a la conjecture 3 sur le probleme d’isotropie d’une forme
quadratique sur le corps des fonctions d’une quadrique (Théoreme 5).

CONJECTURE 3. Soient m € PsF, 7 € P,F. Supposons que 6 := (1 L —T)an
soit de dimension 10. Si v est une forme quadratique telle que dp(y) soit
isotrope, alors dimy < dim .

THEOREME 5. La conjecture 8 implique la conjecture 2.

e CAS DES FORMES QUADRATIQUES DE DIMENSION 14 OU 16.

On commence par un résultat général.

PROPOSITION 6. Soit @ une forme quadratique anisotrope de dimension 14 ou
16, de hauteur 3 et de degré 2. Alors, on a les assertions suivantes:

(1) ¢ est fortement bonne.

(2) Soit T € P,F la forme dominante de ¢. On a:

(i) Si dim @ = 14, alors pp(;y est anisotrope de hauteur 2 et de degré 3.

(ii) Si dim @ = 16, alors @p(;) est anisotrope de hauteur 1 ou de hauteur 2 et
de degré 3.
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La proposition 6 permet de ramener la caractérisation des formes quadratiques
de hauteur 3, de degré 2 et de dimension 14 ou 16 a celle des formes quadra-
tiques de hauteur < 2.

Jusqu’a présent, on ne connait pas un exemple d’une forme quadratique
anisotrope de dimension 14, de hauteur 3 et de degré 2. Le théoreme 6 précise
de maniere conjecturale qu’il n’existe pas une telle forme quadratique.

THEOREME 6. Supposons que toute forme quadratique anisotrope de hauteur
2, de degré 3 qui n’est pas bonne soit de dimension 12. Alors:

(1) Il n'existe pas de forme quadratique anisotrope de hauteur 3, de degré 2 et
de dimension 14.

(2) Une forme quadratique anisotrope ¢ de dimension 16 qui n’est pas voisine
est de hauteur 3 et de degré 2 si et seulement st ¢ € GPyoF.

REMARQUE. L’hypothese qui a été faite dans le théoreme 6 est motivée par
la conjecture 1(2) en degré d = 3. [ |

REMERCIEMENTS. Ce travail a été fait a lUinstitut de mathématiques de
I’Université Catholique de Louvain, et a été révisé durant mon séjour a la Fac-
ulté Jean Perrin. Je remercie ces deux institutions pour l'aide et l’hospitalité
que j’ai eues. Je tiens a remercier B. Kahn pour ses commentaires intéressants.
Aussi, je remercie le referee pour les différentes suggestions concernant la
rédaction.

2. DEFINITIONS ET RAPPELS DE RESULTATS

Toutes les notations et définitions concernant les formes quadratiques se
trouvent dans [23] et [29].

La somme orthogonale et le produit de deux formes quadratiques ¢ et 1), sont
notés respectivement ¢ 1 9 et ¢ ® 1.

Si a € F*, on note {a) ® ¢ = ap. On dit que 9 est une sous-forme de ¢ et
on note ¥ < ¢ s’il existe une forme quadratique p telle que ¢ = ¥ 1 p ou =
désigne I'isométrie des formes quadratiques. On dit que ¢ et 1 sont semblables
s'il existe a € F* tel que ¢ = ayp. Une forme quadratique ¢ est dite isotrope
(resp. hyperbolique) si H := (1, —1) < ¢ (resp. ¢ ©H L --- 1L H). L’indice de
Witt iw (@) de @ est le plus grand entier n tel quen x H:=H L --- L H < ¢.
n fois
Deux formes quadratiques ¢ et ¥ sont dites équivalentes et on note ¢ ~ 1,
si ¢ 1 —1 est hyperbolique. La partie anisotrope de ¢ est 'unique forme
quadratique anisotrope, notée ., telle que ¢ ~ Yuu,.

Une n-forme de Pfister est une forme de type (1, —a1) ® --- ® (1, —a,), qu'on
note ({ay,--- ,an)). On note P, F (resp. GP,F) 'ensemble des n-formes de

Pfister & isométrie pres (resp. lensemble des formes quadratiques qui sont
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semblables & des n-formes de Pfister). Une forme quadratique ¢ est dite
voisine s’il existe une n-forme de Pfister 7 tel que dim¢ > 2" "1 et ar = ¢ 1 ¢
pour un certain a € F* et une certaine forme quadratique ¥ qu’on appelle la
forme complémentaire de ; dim est dite la codimension de . Les formes
quadratiques 7 et 1 sont uniques a isométrie pres.

On note I"F = (IF)™ ou IF est I'idéal fondamental de W (F) formé des
formes quadratiques de dimension paire. On utilisera fréquemment le résultat,
dit le Hauptsatz d’Arason-Pfister, qui affirme que si ¢ € I™F' anisotrope, alors
dim ¢ > 2™ [29, Chapter 4, 5.6].

L’ensemble J,(F) = {¢ € W(F) | deg(p) > n} est un idéal de W (F) qui
vérifie I"F' C J,(F) pour tout n > 0 [19, Theorem 6.4, Corollary 6.6].

L’invariant de Clifford ¢(¢) de ¢ est la classe dans le groupe de Brauer Br(F)
de F, de C(y) (algebre de Clifford de ¢) ou Cy(p) (algebre de Clifford paire
de ) suivant que dim ¢ est paire ou non. On désigne par ind ¢(yp) l'indice de
Schur de C(g) ou Cy(p) suivant que dim ¢ est paire ou non.

THEOREME 7. (1) (Théoréme de la sous-forme de Cassels-Pfister [29, Chapter
4, 5.4(ii)]) Soient » = (1) L @', ¢ deux formes quadratiques telles que ¢ soit
anisotrope et que Ypyy ~ 0. Alors pour tout a € Dp(p), on a arp < ¢. En
particulier, dim ¢ > dim .

(2) Soit T une forme de Pfister. Alors:

(2.1) (Pfister [29, Chapter 4, 1.5]) On a que T est isotrope si et seulement si
7 ~ 0. De plus, T est multiplicative, i.e. Dp(1) = Gp(7).

(2.2) (129, Chapter 4, 5.4(iv)]) Ker(W (F) — W(F(7))) = 7W(F).

DEFINITION 1. [20, Definition 7.7] Toute forme quadratique de dimension <1
est dite excellente. Une forme quadratique de dimension > 2 est dite excellente
si elle est voisine et sa forme complémentaire est excellente.

DEFINITION 2. Soit K/F une extension de corps.

(1) On dit qu'une K-forme quadratique ¢ est définie sur F s’il existe une F-
forme quadratique ¢ telle que ¢ = Vi .

(2) (120]) On dit que K/F est excellente si pour toute F-forme quadratique o,
la K-forme quadratique (@K )an est définie sur F.

(3) (117]) Soit n > 1 un entier. On dit que K/F satisfait & la descente pour
les n-formes de Pfister si pour toute K-forme quadratique ¢ € P, K — {0} qui
est définie sur F, il existe ¢ € P, F telle que ¥x = ¢.

PROPOSITION 7. (1) ([29, Chapter 2, 5.1] pour d = 1; [2] pour d = 2) Soit
7w € GP4F avec d < 2. Alors, Uextension F(w)/F est excellente.

(2) (16, 2.10]) Si K/F est une extension excellente, alors elle satisfait a la
descente pour les n-formes de Pfister quel que soit n > 1.

DEFINITION 3. Soient n > m > 1 deux entiers, ¢ une forme quadratique
anisotrope de dimension 2". On dit que ¢ appartient a GP,’lymF (resp.
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GPymF) sl existe T € GPy, F telle que ¢ L 7 € Jp(F) (resp. (¢ L T)an €
GP,F).

L’ensemble GP, I a été introduit par Hoffmann [10]. 1l est clair que
GP,mF C GPy ,,F. Dans [10, Conjecture 3.9], Hoffmann a conjecturé que
GPymF =GP, ,, F (la notation GP,, ,,,F' n’a pas été introduite dans [10]).

PROPOSITION 8. ([10, Proposition 3.6]) Soient n > m > 1 deuz entiers. Alors:
(1) Toute forme quadratique de GP, ,, F est fortement bonne.

(2) Si de plus n > m + 2 , alors toute forme quadratique de GP,, , F est de
hauteur 3 et de degré m.

Pour tout n > 0 entier, H"F' est le groupe de cohomologie galoisienne
H™(Gs,Z/2) ou Gs est le groupe de Galois d’une cloture séparable de F.
Par la théorie de Kummer, on a H°F ~ Z/2, H'F ~ F*/F*% et H?F est
isomorphe & la 2-torsion de Br(F).

D’aprés Arason [1, Satz 1.6], il existe une application " de P,F vers H"F,
définie par é"({({a1,... ,an))) = (a1) ... (an) € H"F ou - est le cup produit
de l'algebre de cohomologie H* F'.

Pour n = 0,1,2, l'application €™ se prolonge en un homomorphisme e”
de I"F/I"'F vers H"F. Les homomorphismes €’,el,e? correspondent &
e%(p) = dim ¢ (mod 2), el (p) = d+p (mod F*?) et €2(p) = c(¢p).

On a que € et e! sont des isomorphismes. L’homomorphisme e? est un iso-
morphisme d’aprés Merkur’ev [24]; é® se prolonge en un homomorphisme €3
de I3F/I*F vers H3F d’aprés Arason [1], et 3 est un isomorphisme d’apres
Merkur’ev-Suslin [26] et Rost [28]; é* se prolonge en un homomorphisme e*
de I*F/I°F vers H*F d’apres Jacob-Rost [16] et Szyjewski [30], et e* est un
isomorphisme d’aprés Rost (non publié). Récemment, Orlov, Vishik et Vo-
evodsky ont montré que " se prolonge en un isomorphisme e” de I"F/I""1F
vers H™F pour tout n [27].

3. DEMONSTRATIONS
Le long de cette section et pour une F-forme quadratique ¢, on note
Y1 = ((IDF(LP))IIW/'
Le lemme suivant est bien connu. On en aura besoin pour la suite.

LEMME 1. Soient ¢ une forme quadratique bonne, de degré d > 1 et de forme
dominante T. St p est une forme quadratique telle que ¢ ~ p & T, alors la
dimension de p est impaire.

DEMONSTRATION. Si la dimension de p était paire, on aurait p € IF. Puisque
7 € I'F, on aurait ¢ € IT'F et donc ¢ serait de degré > d + 1, ceci est
absurde. ]
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3.1. DEMONSTRATION DE LA PROPOSITION 1. La démonstration de la propo-
sition 1 se déduit de [18, Proposition 7.17] et [8, Proposition 1.2].

3.2. DEMONSTRATION DE LA PROPOSITION 2. La démonstration de la propo-
sition 2 est une conséquence du lemme 2 et de la caractérisation des formes
quadratiques de hauteur 2 et de degré < 2.

LEMME 2. Soient @ une forme quadratique voisine anisotrope et ©' sa forme
complémentaire. Alors, deg(y) = deg(p’) et h(¢) =h(¢') + 1.

DEMONSTRATION. D’apres [15], les formes quadratiques ¢ et ga’F((P) ont la
méme suite des indices de déploiement. En particulier, h(¢') = h(pfp,,) et
deg(¢') = deg(¢lp(y))- On a pp) ~ —¢p,. Dapres [9, Theorem 1], on

obtient que @i, est anisotrope. Par conséquent, p1 = ((¢) p(¢))an = =P (y)-
Ainsi, h(p) = h(p1) +1 = h(pp,) +1 = h(¢') + 1 et deg(p) = deg(p1) =
deg(@lp(,)) = deg(¥). L

3.3. UN RESULTAT SUR LES FORMES QUADRATIQUES DE HAUTEUR 3 ET DE
DEGRE 2. On aura besoin de la proposition suivante dans les démonstrations
de la proposition 3 et du théoreme 3.

PROPOSITION 9. Soit ¢ une forme quadratique anisotrope qui n’est pas voisine.
Supposons que ¢ soit de hauteur 3, de degré 2 et de dimension > 10. Soient
©1 = (PF(p))an €t T la forme dominante de . Alors:

(1) La forme @ est bonne, i.e. on peut supposer que T € PoF. En particulier,
c(p) = c(1) et indc(p) = 2.

(2) La forme @1 satisfait l'une des deux conditions suivantes:

(2.1) 1 est voisine dont la forme complémentaire est semblable a Tp(yy. En
particulier, Qp(py(r) ~ 0.

(2.2) dim @1 =8, c(p1) = c(Tr(y)) et indc(p1) = 2.

(8) Si dim ¢ > 16, alors le cas (2.2) est impossible.

DEMONSTRATION. (1) Cette assertion a été prouvée dans [18, Corollary 1(f)].

(2) D’apres (1), la forme ¢; est bonne de hauteur 2 et de forme dominante
Tr(p) € P2F(p). En utilisant la caractérisation des formes quadratiques de
hauteur et de degré 2 [17], on déduit que 'une des assertions (2.1) et (2.2) est
vérifiée.

(3) Supposons que dimg > 16 et que p; vérifie la condition (2.2). On aura
besoin du résultat suivant.

THEOREME 8. ([22])

Soient ¢ une forme quadratique de dimension > 16, K = F(p) et 1 € I’K de
dimension 8 telle que ind ¢(v) = 2. On suppose que ¢ € Im(W(F) — W(K)).
Alors 1 est définie sur F'.

Ce théoréme permet de déduire que 7 est définie sur F. D’apres [20, Theorem
7.13], la forme ¢ est voisine, ceci est absurde.
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3.4. DEMONSTRATION DE LA PROPOSITION 3. On a que ¢ est bonne (évident
pour deg(p) = 1 et c’est la proposition 9 pour deg(y) = 2). Soit 7 la forme
dominante de .

e Si deg(y) = 1, alors on obtient par le théoreme 2(iv) que @1 est excellente
de hauteur 2. Ainsi, ¢p(,)r) ~ 0.

e Si deg(y) = 2, alors on obtient par la proposition 9(3) que Yp()(r) ~ 0.

(i) D’apres [19, Theorem 5.8] et si ¢p() est anisotrope, alors @p(;) est sem-
blable a une forme de Pfister anisotrope, en particulier ¢ est de dimension une
puissance de 2.

(ii) Lorsque ¢p(;y est isotrope, on déduit que ¢pi) ~ 0, et donc
dim ¢ = 292(#)k pour un certain entier k impair (Lemme 1).

On déduit les équivalences de la proposition en combinant (i) et (ii).

3.5. DEMONSTRATION DU THEOREME 3. (1) = (2) D’apres la proposition
3, la forme ¢ est bonne et que pp(,) est semblable a une forme de Pfister
anisotrope ol 7 € PyF est la forme dominante de . Par la proposition 7, il ex-
iste une forme m € GP, F telle que ¢p(;) = mp(;). Les hypotheses du théoreme
impliquent que n > d 4 2. Puisque ¢ L —7 € Ker(W(F) — W (F(7))), on
obtient que ¢ 1L —7 ~ 7® p pour une forme p de dimension impaire (Lemme 1).
Ainsi, p = 7® p (mod J,(F')). Par conséquent, p € Py, I au sens de [10, Def-
inition 3.4(ii)]. D’apres [10, Corollary 3.7], on obtient que iw (¢p(,)) = 2471
Par conséquent, dimy; = 2" — 2%, D’apres le théoréme 2(iv) et la propo-
sition 9, on déduit que ¢ est voisine et que sa forme complémentaire est
semblable a la forme 7p(,) qui est de dimension 2¢. Par conséquent, il ex-
iste a € F(p)* tel que o1 L a(tp(y)) € GPuF(p) C I"F(p) C 12 F(p).
D’autre part, ¢ L kr ~ 7 L 7® (p L (k) € I¥2F, avec k € F*
qui vérifie p L (k) € I?F. Par conséquent, a(tr(y)) = k(Tp(y))
(mod T2 F(p)). Par le Hauptsatz d’Arason-Pfister, on obtient que
a(Tr(p)) = k(Tpp). Ainsi, o1 L k(7p)) € GP,F(p). Par conséquent,
02 = (PF(p)(p1))an = (—KT)Fp(p)(p,) st définie sur F. D’apres [18, Propo-
sition 3(iii)], on obtient que deg(y L k7) = n. Par conséquent, ¢ = —k7
(mod J, (F)).

(2) = (1) C’est une conséquence de la proposition 8(2).
3.6. DEMONSTRATION DU THEOREME 4. On aura besoin du résultat suivant.

PROPOSITION 10. (Rost)

Soient ¢ et T = {{(a,b)) deux formes quadratiques anisotropes. Alors, on a
équivalence entre:

(1) iw (pr(r)) = 2k et p(ya) ~ 0;

(2) 1l existe deuz formes quadratiques X, v telles que ¢ = ({a,b)) @\ L {{a)) R~
avec dim A = k.
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DEMONSTRATION. Le résultat a été prouvé par Rost [12, Lemma 2.6] lorsque
k = 1. Le cas général se déduit par une simple récurrence sur k. [ |

DEMONSTRATION DU THEOREME 4. Soit d = d+¢.
(3) = (1) Evident.

(2) = (3) D’aprés la proposition 3, on a ¢p /g ~ 0. Ainsi, ¢ = ((d)) ®
avec dimn > 4. Par le théoreme 2(2), on a dimn < 8. Puisque la di-
mension de 7 est impaire (Lemme 1), on a dimn = 5 ou 7. Si dimn = 5,
alors le théoreme est démontré. Supposons que dimn = 7. Soit b € F*
tel que ((b)) soit semblable & une sous-forme de 7. Alors, 7 = ({(d, b)) est
semblable & une sous-forme de . Par conséquent, pp(r) est isotrope et
iw (¢r(r)) = iw(@r(e)) = 4. Par la proposition 10, ¢ = ((d, b)) @ A L ({d)) @~
avec dimA = 2. On a bien que dim~y = 3. Ecrivons v = (k) L u avec
dimpy = 2. Soit £ = (k) L (b)) @ A\. On a ¢ = ((d)) ® (¢ L p). Clairement,
¢ est voisine de dimension 5. Ainsi, il existe une forme quadratique & de
dimension 3 telle que £ 1L ¢ € GP;F. On peut supposer que 1 € Dp(¢),
et donc & L & € P3F. Par conséquent, m := {(d)) ® (¢ L &) € P,F. On
ap lv~mouv={(d)®(—p L ). Clairement, dimrv = 10. Si v est
isotrope, alors dim(7p(p))an = dim((¢ L v)pp))an < 6 +8 < 16. Ainsi,
Tr(e) ~ 0, et donc ¢ est voisine, ceci est absurde. Si v est anisotrope,
alors v admet la propriété de déploiement maximal (maximal splitting prop-
erty; voir [13, Theorem 5.1]). Puisque ¢ L v ~ m € P4F, on obtient que
PF(x) ~ —VF(r)- Puisque dimv < dimg, la forme pp(;) est isotrope. On a
dim(vp(r))an = AiM(@p(r))an < dim(@rp))an = 6. Ainsi, vp(r) est isotrope.
D’apres [9, Corollary 3], v est voisine de w. Puisque 1 € Dp(v), on a v C .
Ainsi, dim(m L —v)4, = 16 — 10 = 6. Puisque ¢ ~ 7 L —v, on obtient que
dim ¢, = 6, ceci est absurde.

(1) = (2) Comme dans le début de la preuve de I'implication (2) = (3),
on obtient que ¢ = ((d)) ® n pour n de dimension 5 ou 7. Par le théoréeme
2(iv), la forme quadratique (7 est excellente de hauteur 2 et de degré 1. Ainsi,
dim ¢ = 2™ — 2 pour un certain entier n > 3. Puisque dim¢; < dimp — 2 <
2-7—2=12, on déduit que n = 3 et donc dim ¢; = 6.

3.7. DEMONSTRATION DU THEOREME 5. On commence par un lemme.

LEMME 3. Soient ¢ € I?F anisotrope, T € PoF —{0} telles que dim(¢p(p))an=
8 et c(p) = c(1). Alors, on a les assertions suivantes:

(1) Si op(ry est isotrope, alors il existe n € GP3F, r € F* tels que ¢ L n L
rr € I*F. Si de plus, dim g € {14,16}, alors @p () est isotrope.

(2) Supposons que pp(ry soit anisotrope de hauteur > 2, dimp = 16 et qu’il
existe § € GP3F, s € F* tels que o L. § L st € I*F. Alors, ©rs) est
anisotrope.
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DEMONSTRATION. (1) Supposons que @p(-) soit isotrope. On obtient que
iw(Pr(r)) = iw(Pr(e)). Puisque F(7)/F est excellente et que dim(¢r(4))an =
8, il existe n une forme de dimension 8 telle que Yp;) ~ —np(r). Puisque
c(n) -y = 0, on peut supposer par la proposition 7 que n € GP3F. Puisque
v L neKer(W(F)— W(F(r))), on déduit que ¢ L n ~ p® 7 pour p une
forme de dimension impaire (Lemme 1). Soit r € F* tel que p L (r) € I*F.
Ainsi,

o Lnlrrel'F (1)

Supposons, de plus, que dimy € {14,16}. On déduit par 1’équation (1) et le
Hauptsatz d’Arason-Pfister que ¢ p (), ~ 0. Si la forme pp(,) est anisotrope,
on obtient que pp,) = 7 ® v pour v une forme de dimension 4. Ainsi,
dim ¢ = 16 et ¢()p(y) = 0. Par le théoreme de réduction d’indice ([31], [25]),
on déduit que c(p) = 0, ceci est absurde. Ainsi, @p(,) est isotrope.

(2) Supposons que @g(;) soit anisotrope de hauteur > 2, dim ¢ = 16 et qu'il
existe § € GP3F,s € F*telsque ¢ L § L st € I*F. Si P (s) est isotrope, alors
ZW(SDF((S)) Z ZW(SOF(QD)) = 4. Parle Hauptsatz d’Arason-Pfister SDF(é)(T) ~ 0.
Puisque ¢p(;) est anisotrope, on déduit que ¢p;) = § ® p pour p une forme
de dimension 2. Ainsi, pp;y € GP4F(1) — {0} et donc elle est de hauteur 1,
ceci est absurde. ]

DEMONSTRATION DU THEOREME 5. Supposons que la conjecture 3 soit vraie.
Soit ¢ une forme quadratique de dimension 12 qui n’est pas voisine.

(1) = (2) Supposons que ¢ soit faiblement bonne, de hauteur 3 et de degré
2. Soit 7 € P2F la forme dominante de . On a ¢p(;) 7 0 car sinon ¢ serait
divisible par 7 et donc serait une voisine. Par la proposition 9, on a dim ¢, = 8
et c(¢) = c(7). Puisque @p(, est isotrope, on déduit par le lemme 3 I'existence
de n € GPsF, r € F* tels que

o Lnlrrel'F (2)

Par le Hauptsatz d’Arason-Pfister et DIéquation (2), on déduit que
(o1 L 77)p(p)y) ~ 0. Par conséquent o1 L (r7)p,) ~ Anp pour A € F(p)*
convenable. Puisque dimp; = 8, on obtient iw ((—r7)p) L An) > 2.
Par la multiplicativité d’'une forme de Pfister, il existe a« € F(p)* tel que
(=rT)p) L A~ an L —1")p) ([5, Theorem 4.5, [10, Lemma 3.2]).
Puisque iw ((=77)p(p) L An) > 2, on déduit que (7" L —7")p(,) est isotrope.
Par la conjecture 3, n’ L —7’ est isotrope. Soit § := —r(n’ L —7")an € I*F.
On affirme que dimd = 8, car sinon dimd = 6 ou 4. Or si dimd = 6,
alors ¢ est une forme d’Albert anisotrope et donc ind ¢(d) = 4, ceci contredit
Ihypothese ¢(§) = ¢(r). Si dimé = 4, alors en remplagant dans I’équation
(2) n par —rn, on obtient ¢ L § € GP,F, et donc ¢ est voisine, ceci est absurde.

(2) = (1) D’apres [20, Example 9.12], il existe a € ™ tel que dp( /5 ~ 0.
Puisque ¢ L § € I*F, on obtient par le Hauptsatz d’Arason-Pfister que
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Pr(ya) 0. Par conséquent, pour toute extension L/F, on obtient que
(pr)an = ({(a)) ® p pour une certaine L-forme quadratique p de dimension
< 6. Puisque ¢ € I?F, on déduit que la dimension de u est paire. Ainsi,
dim(¢r)an € {0,4,8,12}. La classification des formes quadratiques de hauteur
et de degré < 2 implique que h(p) # 1,2. Par conséquent, ¢ est de hauteur
3 et de degré 2. Soit 7 € P F telle que ¢(7) = ¢(d). Par la proposition 9, ¢
est bonne de forme dominante 7. Puisque dp(;) € GP3F(7), on obtient que
dr(r)) ~ 0. Par le Hauptsatz d’Arason-Pfister on déduit que ¢p(rys5) ~ 0.
Ainsi, pp(;) est isotrope, i.e. ¢ est faiblement bonne. [ |

~
~J

3.8. DEMONSTRATION DE LA PROPOSITION 6. D’apres la proposition 9, la
forme ¢ est bonne et ¢ est de dimension 8 ou est excellente de dimension 12,
avec ¢(p) = ¢(7) ot 7 € Py F est la forme dominante de ¢.

(1) Supposons que ¢p(r) soit isotrope.

e Supposons que ¢; soit excellente de dimension 12. Par la proposition
9, ©r(r)p) ~ 0. Ainsi, ¢ € Ker(W(F) — W(F(7))). Sidime = 14,
alors ¢ est isotrope, ceci est absurde. Si dim ¢ = 16, on déduit que ¢ est
divisible par 7 et donc ¢(¢) = 0, ceci est absurde. Ainsi, p; ne peut étre
une forme excellente de dimension 12.

e Supposons dim ¢, = 8: Par le lemme 3, il existe r € F*, n € GP3F tels
que ¢ Ln Lrr € I'F et @p(, isotrope. Ainsi, iy (©r@y) = iw (©r(e))-
Par le Hauptsatz d’Arason-Pfister, (¢ L r7)p@) ~ 0. Ainsi, ¢ L r7 ~
p ®n pour p de dimension 2. En particulier, ¢ L r7 € I*F. De nouveau
par le Hauptsatz d’Arason-Pfister, pp(;) ~ 0. Si dimp = 14 (resp.
dim ¢ = 16), on obtient que ¢ est isotrope (resp. @ est divisible par 1),
ceci est absurde car ¢ est anisotrope (resp. car c(p) # 0).

Ainsi, dans tous les cas ¢ est fortement bonne.

(2)
e Si dimp; = 12, alors @p(,)(r) ~ 0. Puisque pp(;) est anisotrope, on
déduit que @p() est de hauteur 1. Dans ce cas, dim ¢ = 16.

e Si dimy; = 8, alors d'apres [21, Théoreme 4], (¢1)p@) () €
GP3F(p)(T) — {0}. Par conséquent, ¢p(-) est de hauteur 2 et de degré
3.

3.9. DEMONSTRATION DU THEOREME 6. Soient ¢ une forme quadratique
anisotrope qui n’est pas voisine, de hauteur 3 et de degré 2 et 7 € PF sa
forme dominante. Supposons que I'hypothese suivante, appelée hypothése (H),
soit vraie:

Hypothése (H): Toute forme quadratique anisotrope qui n’est pas bonne, de
hauteur 2 et de degré 3 est de dimension 12.
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(1) Supposons que dimy = 14. Par la proposition 6, on a que @p(,) est
anisotrope de hauteur 2 et de degré 3. D’apres I'hypothese (H), pp(r) est
bonne. Ceci est absurde d’apres un résultat de Hurrelbrink et Rehmann sur la
dimension des formes quadratiques bonnes de hauteur 2 et de degré 3 [15, 3.4].
Par conséquent, il n’existe pas de forme quadratique anisotrope de hauteur 3,
de degré 2 et de dimension 14.

(2) Supposons que dim ¢ = 16. Par la proposition 9, on a que dim¢; = 8 ou
1 est excellente de dimension 12.
e Supposons que dim ¢ = 12. D’apres la démonstration de la proposition
6, on a pp(;) € GPyF (1) — {0}. D’apres la proposition 7, il existe 1 €
GP4F telle que ¢p(r) = np(r). Ainsi, ¢ L —n ~ p® 7 pour p une
forme quadratique de dimension impaire (Lemme 1). Par conséquent,
¢ L br € I'F avec b € F* qui vérifie p L (b) € I?F. D’apres [12] et
puisque dim(¢ L b7)qpn < 20, on obtient que ¢ € GPy o F.

e Supposons que dimy; = 8. Toujours par la démonstration de la
proposition 6, on a que pp(r) est de hauteur 2 et de degré 3. Soit
m € P3F(7)(p) la forme dominante de ¢p(-). D’apres I'hypothese
(H), 7 est définie sur F(7). D’apres [20, Theorem 9.6], on déduit que
¢r(r)y = 7 (mod J4(F(7))). D’aprés [18, Proposition 4], 7 est définie
sur F' par une forme de Pfister. Par conséquent, e*(¢ L —7 L 1) €
Ker(H3*F — H3F(7)). D’apres [1, Satz 5.5, il existe ¢ € F* tel que
e3(p L —m L 7)=€*(r L —cr). Par la bijectivité de €, on a

ol —m Ler e I*F (

w
=

Par le lemme 3, pp(n) est anisotrope. Par I'équation (3), on a pp(r) =

—CTp(r) (mod I*F(r)). D’aprés [10, Proposition 3.6], on obtient que

iw (@r(x)(p)) = 2. Ceci contredit la condition iw (¢p(y)) = 4.
Réciproquement si ¢ € GP,2F, alors on déduit que ¢ est de hauteur 3 et de
degré 2 (Proposition 8(2)).
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ABSTRACT. Let V be a crystalline p-adic representation of the abso-
lute Galois group of Q. The author has built the Iwasawa theory of
such a representation in Invent. Math (1994) and conjectured a reci-
procity law which has been proved by P. Colmez. In this text, we write
the initial construction with simplification and the proof of P. Colmez
in a different language. This point of view will allow us to study the
universal norms in the geometric cohomology classes associated to V'
by Bloch and Kato in a forthcoming article.

1991 Mathematics Subject Classification: 11E95 11R23
Keywords and Phrases: p-adic representation, Iwasawa theory, expo-
nential, reciprocity law

La loi explicite de réciprocité classique sur un corps local remonte & Artin-
Hasse et Iwasawa et donne une description du symbole de Hilbert. Elle a été
généralisée a des modules de Lubin-Tate, citons Wiles, Kolyvagin, Vostokov,
Briickner, Coleman, Sen, de Shalit, Fesenko. On renvoie a [3] pour un his-
torique. Le développement de ces lois s’est fait en parallele et en liaison avec le
développement de la théorie d’ITwasawa locale ; dans le cas classique, il s’agit de
I’étude du comportement des unités locales sur la Z; -extension cyclotomique
K alaide de 'application exponentielle (Iwasawa, Coates-Wiles, Coleman).
On peut envisager des généralisations de la loi de réciprocité a des
représentations cristallines quelconques. Dans [4], nous avons donné une
généralisation de cette étude des unités locales a des représentations
cristallines V' du groupe de Galois de Q, générales : les unités locales
sont remplacées par la limite projective Z1 (Q,,T) des groupes de co-
homologie galoisiennes H'(Qp(upn),T) et on construit une application
“exponentielle” Qy d'un Q, ® Z,[[G]]-module libre Z,[[G]] ®z, Dy(V)
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dans ‘H(Goo) @z, (1G]] Z20(Qp,T) ot Zy[[Goo]] est lalgebre dTwasawa de
Goo = Gal( Oo,(@p) H(Gx) une algebre de “séries formelles” avec condition
de croissance, contenant Z,[[G]] et Dp(V) le module de Fontaine associé
a V. On a alors conjecturé dans ce cadre une loi explicite de réciprocité.
On peut en donner deux formulations : la premieére (appelée Réc(V)) dit
essentiellement que pour les dualités naturelles, Qv et Q- (1) sont adjoints (ici
V*(1) est le dual de Tate de V). La deuxiéme formulation ([6]) plus proche de
la formulation traditionnelle calcule & un niveau fini (c’est-a-dire sur le corps
Qp(ppn)) T'application duale de I'exponentielle sur €y (;)(g) en termes de g
pour des twists & la Tate V (k) convenables de V. Il n’est pas difficile de voir
que les deux formulations sont équivalentes.

Cette loi vient d’étre montrée par P. Colmez ([1]) et indépendemment par
Kato, Kurihara, Tsuji. Plus récemment, D. Benois en a aussi donné une
démonstration en utilisant la théorie des (¢, I')-modules de Fontaine.

Nous reprenons dans ce texte la démonstration de Colmez de la loi explicite
de réciprocité pour une représentation cristalline (ou un tout petit peu plus
généralement pour la partie cristalline de son module filtré). La présentation
est tres légerement différente : outre que nous n’utilisons pas le langage des
distributions, nous commengons par démontrer la loi explicite de réciprocité
puis nous voyons la construction (un peu modifiée) de son application Log(h)
(DANS LE CAS OU V' EST CRISTALLINE) comme une conséquence de cette loi,
ce qui permet d’utiliser des arguments sur ’anneau Bc;js moins subtils que
les siens. Cependant, comme il a été souligné, nous ne regardons ici que la
partie cristalline du module filtré associé a V', ce qui nous permet de travailler
uniquement avec des fonctions analytiques. Dans [1], il est fait plus mais cette
généralisation trés importante est encore mal comprise (par moi en tout cas) : il
semble en effet qu’il faille abandonner I'idée de raisonner avec de bonnes vieilles
fonctions (ou distributions sur Z,). La justification de ce texte est peut-étre
qu’avant de sauter ce pas, nous voulions faire le point sur le cas cristallin, dans
le langage “usuel”. La démonstration de Colmez est alors extrémement simple
et naturelle : donnons-en les ingrédients. Si u est un générateur topologique de
1+ pZ,, il s’agit de calculer la valeur d’une fonction analytique f sur le disque
unité de C, en u¥ —1, la fonction f étant obtenue par interpolation de nombres
en h familles de points de la forme Cu? — 1 pour ¢ racine de I'unité d’ordre une
puissance de p et 0 < 7 < h ; bien str k est différent de ces j. Il y a pour cela
une formule générale qui exprime f(u* — 1) comme une limite de combinaisons
linéaires des f(Cu’ — 1). Plus précisément, on a par exemple

(=D"h—1)!  fu'-1)
k(k—1)...(k—h+1) 1ogu

h=1 k—i
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ou R, ;(f) est le polynéme de degré < p™ tel que
f=Rui(H)w(1+T)—1) modu " (1+T)" —1.

Maintenant, si I' est le groupe de Galois de Qp(pp)/Q(up) de générateur
topologique v et si u = x(7y) avec x le caractere cyclotomique, par définition
de la fonction f dont on veut calculer la valeur en u* — 1, Ry, ;(f)(u*~* — 1) est
relié & la valeur en 7, = 71’%1 d’un cocycle de I';, & valeurs dags V' : ce cocycle

Qppoo)

cris

) & l'image de ¢, dans Qp(pp») par

devient un cobord (v, — 1)c, lorsqu’on étend les scalaires & B . On relie

Roi(H)w " —1) k(Rn,i(fxu*W—l)
1—u(kF—0)p™ =X 1—u~—iyk

ainsi

Ga(uyo0)

I'application Ax ., : Byg — Bar/(X * () — 1) — Qp(ppn) (application
de Tate). On peut relier ce dernier élément & lapplication exponentielle duale
grace a une formule due a Kato.

Nous avons ensuite donné quelques conséquences de cette loi. Certaines sont
déja dans des articles antérieurs ([4], [7]). D’autres sont plus nouvelles.

Dans les §1 et 2, nous faisons quelques préliminaires et rappels : théorie
d’Iwasawa locale, lemme fondamental d’interpolation des fonctions analytiques,
résolution d’équations du type (1 — ¢)G = g. Dans le §3, nous reprenons
completement la construction de I’application exponentielle €y faite dans
[4] en tenant compte des points de H(K,,V). Nous donnons dans le §4 la
démonstration due a Colmez de la loi explicite de récipocité. Dans le §5,
se trouvent des conséquences de cette loi explicite (anciennement conjecture
Réc(V) ) et des calculs sur les valeurs spéciales de ’application logarithme que
lon peut en grande partie déja trouvés dans [4], [5] et [7]. On espere ainsi
donner un panorama complet des formules que l'on a a sa disposition. Ces for-
mules sont tres utiles dans la théorie des fonctions L p-adiques comme cela a
déja beaucoup exploité dans [5] et [4]. Dans 'appendice A, on donne quelques
formules relatives au lemme de Shapiro, aux opérations de twist et de projec-
tions puis reliant différentes manieres de voir les fonctions analytiques. Dans
I'appendice B, on démontre la formule exprimant la valeur de f(u* — 1) en
termes des valeurs aux points d’interpolation pour une fonction analytique f
d’ordre fini. Dans ’appendice C, on reprend la suite exacte de Coleman-Colmez
en modifiant 1égerement la présentation de Colmez.

ERRATA. Une erreur dans [4] m’a été signalée par J. Nekovai. La plupart
des résultats ne sont valables que lorsque H est une extension finie de Q,,
car on utilise & divers endroits ’accouplement local de dualité. Ainsi, il n’y
a en particulier pas de résultats nouveaux sur les représentations p-adiques
ordinaires sur un corps local dont le corps résiduel n’est pas fini dans [4].
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1. PRELIMINAIRES

1.1. On pose K = Q,. On fixe une cloture algébrique K de K et on note
Gr = Gal(K /L) pour toute extension algébrique L de K (supposée contenue
dans K). On pose K, = K(pyn) ol pyn est le groupe des racines p"-iemes
de T'unité. On fixe dans tout le texte un systeme e de racines de l'unité ¢,
d’ordre p™ vérifiant ¢}, | = (,. On note G, le groupe de Galois de K,,/K pour
n € NU{oo} et A = Z,[[G]]. On note x le caractere cyclotomique Gx — Z,.
On désigne par v un générateur topologique de I' = Gal(K /K1) et on pose
Y = 71’"71 pour n > 1, c’est un générateur topologique de Gal(K/K,). On
pose A = Gal(K(up)/K) = Gal(K1/K). Tous les groupes de cohomologie
galoisienne considérés sont les groupes de cohomologie continue.

1.2.  Soit H l'algebre des séries formelles en une variable convergeant sur le
disque unité {z € C,, tel que |x| < 1} ot C,, est le complété p-adique de Q,. Si
p est un réel inférieur & 1, on note || f||, = sup, =, [f(z)| = sup|, <, |f ()]
On pose p, = pfm. Il est commode d’introduire R = RU {r~pour r € R}
avec Vordre total : si r1 < rq, alors 11 < ry < r9. Pour r € R™, on note [r] le
plus grand entier inférieur ou égal & r. Si r est entier, on a donc [r~ | =7 — 1.
Si r € R, on note H, le sous-Q,-espace vectoriel de H formé des séries I telles
que la suite % est bornée sir € Ret tend vers 0 si 7 € R™. On dit que F est
tempérée d’ordre < r. Sir; < ro dans R, on a ‘H,, C H,,. Plus précisément, si
F appartient a H,., la suite % tend vers 0 lorsque n tend vers 'infini pour
tout 7 < r. On note Hy la réunion des H,. Si g € Hoo, on note o(g) (resp.
9(g)) la borne inférieure des r € R tel que g € H,.— (resp. le plus petit réel r tel
que g € H, sl existe). Pour r € RU{oc}, on note H,.(I) les éléments de Q,[[T]]
de la forme f(y —1) avec f € H,, Hy(Goo) = Zp|Gal(K (11p)/K)] @ H,(I') et
H(G ) la réunion des H,(Goo).

On munit H, de la norme C,. définie par C,.(F) = sup,, % et H,(Goo) de
la norme qui s’en déduit.
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1.3. Sig € Qu[[T]], onpose D(g) = (1+7T)+%g. Onpose ¢(g) = g((1+T)P—1)
et on note ¢ Popérateur de Q,[[T]] tel que pot)(g) = p~! Zceup fc+1)-1).
On peut aussi voir pi) comme la trace de extension Q,[[T]/¢Qp[[T])-

Il est important de rappeler qu’on dispose d’un isomorphisme canonique
d’espaces vectoriels normés entre HY=0 et H,(Gs). Si 7 € G, on pose
7.(14+T) = (1+T)X") et on prolonge cette action & A par continuité. Pour la
prolonger & H,(G ), on montre que si fy . est le polynéme d’approximation
de f modulo HZL;JO) (X" () — 1), la suite f,,.(1 +T) converge dans H,
et ne dépend pas des choix ; c’est par définition f.(1 + T). L’opérateur D
sur HY=0 correspond sur H,(Gw) & Popération de twist 7 — x(7)7 et est un
isomorphisme topologique de HY=°.

Soit D un espace vectoriel de dimension finie muni d’une norme fixée. On
définit alors naturellement ||f||, pour f € H ® D.

1.4. DEFINITION : Soit u un automorphisme de D. On dit qu'un élément
F € H®D est u-borné (resp. u~-borné) si la suite ||(1® u)~"F||,, est bornée
(resp. tend vers 0) lorsque n tend vers Uinfini.

On note (H ® D)y Pespace vectoriel des éléments u-bornés (il est contenu
dans Hoo ® D) et on pose alors Cy, (F) = sup,, (|[(1 ® w) " F||,,).

REMARQUES : 1) Prenons D = Q,, et pour v = p~"I la multiplication par
p~". Alors, si v > 0, Hp—rje = Hpe 5 sir <0, Hp-rye = 0. Ainsi, on a
Cp-r; = C, pour r > 0.

2) Supposons la suite d’opérateurs p~""u~" de D bornée. Alors, H, @ D est

contenu dans (H ® D),e. On a en effet alors
g
pnr

avec ¢, bornée. Sil'on pose ||v||, = sup|[p~™™"v"|| pour un endomorphisme v
de D lorsque cela existe (r peut étre négatif), on obtient plus précisément

Cu(F) < |lu™ |, Cr(F) -

3) Supposons la suite p™*u™ bornée. Alors, (H®D),e. est contenu dans Hse @ D.
En particulier, si s < 0, (H ® D)ye = 0. En effet, en écrivant F' = (1@ u™)(1®
u”™)F, on a

T @u)™Fll,, <cn

F o, -
Tf <l @u)™"F||,,
avec ¢, bornée et on obtient plus précisément

Cs(F) < |lull-sCu(F) -

4) Si g est un élément de (H¥=° ® D), , alors D¥(g) est aussi u°-borné et on

a Cu(DH(g)) = Culg).
5)Sir <s, ona

(H ® ID);D*Tue - (H ® ID);D*Sue .
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6) S’il existe un réel s tel que g € H ® D soit p~*u~ bornée, on note 0,(g)
(resp. O4(g)) la borne inférieure des 7 € R tel que g € H,—r,~ (resp. le plus
petit des r tels que g € H,-, s'il existe). Ainsi, 0,(g) < 7 si et seulement
si la suite |[p™u""gl|,, tend vers 0 lorsque n — oco. Si O,(g) existe, on a

Ou(g) = 0u(9).

1.5.  Soit V une représentation p-adique continue de Gx de dimension finie.
Si T est un réseau de V stable par Gk, on note Z! (K,T) la limite pro-
jective des H'(K,,T) pour les applications de corestriction (encore appelées
trace) et ZL (K,V) = Q, ®z, ZL(K,T). On note Z. (K,T) le quotient du
A-module ZL (K, T) par son sous-A-module de torsion et Z1 (K,V) = Q, @z,
Z;O (K, T). Rappelons que ce sous-A-module de torsion est la limite projective
des HY (Ko /K, TG et est isomorphe & T%*= une fois choisi un générateur
de Gx. Le lemme de Shapiro implique que Z1 (K,T) = HY(K,A®T) ([1,
I1.1], il s’agit ici de cohohomologie continue). Gréace a la suite exacte inflation-
restriction, les applications de restriction induisent I’isomorphisme canonique

Z (K, T) = H' (Ko, A @ T)"
et en tensorisant par @, I'isomorphisme canonique

ZL (K, V)2 HY (Ko, A V)T .

1.6. Si k est un entier, on note V (k) la représentation p-adique V avec la
nouvelle action de G donnée pour 7 € Gx par v — x(7)¥7v. On a alors
un opérateur de twist Tw* : ZL (K,T) — ZL (K,T(k)) induit par I'identité,
'action de Galois étant modifiée : 7(Tw¥(x)) = x(7)*Tw" (7). Pour tout
entier n > 0 et pour tout entier £ € Z, le composé des opérateurs de twists
et de la projection canonique de Z1 (K,T(k)) — H'(K,,T(k)) induisent des
applications

Tong : ZA (K, V) —HYK,,V(k))
Tt ZY (K, V) —H (K, V (k) H (G, V(k)C5=) =" HY (Koo, V()"

oll Tess est la restriction de H'(K,,V(k)) dans H' (K., V(k))'». On
démontre comme dans [4, 3.4.3] que si V est de de Rham, laction de G, sur
VGre est semi-simple et que VEx~ = @V (—5)9% (). En particulier, on en
déduit que VExn = VEE pour tout entier n et que V*(1)%xn = V*(1)9%. En
utilisant la dualité locale et le fait que G, est de dimension cohomologique 1, il
n’est pas difficile de démontrer que I'image de Z1 (K, T) dans H*(K,,, T(k)) est
d’indice borné par rapport & n des que V (k)*(1)9% est nul (voir par exemple
[4, 3.2.1]). Lorsque V*(1)¥% est non nul, 'application

Z3 (K, T)r, — H' (K, T)
n’est pas surjective, le conoyau est isomorphe & H (T, (V*(1)/T*(1))% % )".

L’'image de Z1 (K, T)r, est par contre d’indice fini borné dans I'intersection de
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HY(K,,T) et de I'image Y,, de Q, ® Z. (K, T)r,.. Un élément de H'(K,,,V)
est dans Y,, si et seulement si son image dans

H' (D, V(1) 5 )" = (VL) S5 /(= 1)) 2= (VF(L)F50n )" 22 (VF(1)95)*

est nulle, 'application H'(K,,V) — H(T,, V*(1)%%=)* provenant de la du-
alité locale. Nous dirons que z € H'(K,,V) est admissible s’il appartient &
I'image de Q, ® ZL (K, T)r,. Ce qui précéde montre que z est admissible si et
seulement si sa trace a K D'est.

1.7.  Les applications m, j se prolongent en des applications que ’on note de
la méme maniere :

Tn,k - HT(GOO) ®Qp®A Z;O(Ka V) - Hl(Kna V(k>)
Mo+ Hi(Goo) @n Z3(K, V) —H' (K, V(K))/H' (Tn, V (k)95)
= H' (Ko, V(k)"™

pour tout entier n > 0 et pour tout entier relatif k. Nous verrons souvent
HY (Ko, V(k))' comme contenu dans H' (K, V). On note *, I'action twistée
s T m = x(1)krm.

Nous allons donner un critére pour qu'une famille de points de H(K,,, V (k))
soit dans l'image de H,(Goo) ®q,0a Za (K, V) (interpolation de familles de

points).

1.8. PROPOSITION. Soit s € R et h un entier > s. Soit P, une famille
d’éléments admissibles de H' (K, V (k)) pourn € N etk =0,...h—1 telle que

(1) Trosi,n(Pagie) = Pog ; 4
(ii) les suites plr(s=)] Sreo(=1)*(])resocPak  convergent vers 0 dans
HY (Ko, V) pour tout 0 < j < h— 1.
Alors, il existe un unique élément z de Hy— (Goo) @ ZL (K, T) tel que 7, 1(2) =
Py

Démonstration. On commence par remplacer G, par I' (on a H,;- (Go) ®
ZL(K,T) = Hy (T)®Zp[Al®@ZL (K, T)). Il existe un systeme libre X1, - -+ , X4
du Ar-module Z1 (K, T) tels que pour tout entier k compris entre 0 et h — 1,
les éléments 7, ,(X;) de reseo H (K, T'(k)) = H (Koo, T(k))'" € HY (K, T)
en forment un systeme libre (modulo torsion) engendrant un Z,[G,]-module
d’indice borné ¢ par rapport a n dans le Q,-espace vectoriel des éléments ad-
missibles de H! (K, T(k))'. On écrit alors les points ress (P, ;) dans cette
base :
resoe(Pag) = 300 sk T o(Xi) = O Twbb) fn 1(Xs)
i=1 i=1

avec les bf:ﬁ)k dans Q,[G,]. On peut écrire bgi)k = RS,)k (v—1) avec y générateur

de T et Rg)k polynéme en T de degré < p™ & coefficients dans Q,[A]. La
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premiere condition signifie que par I'application naturelle de Qp,[Gpn+1] dans
Q,[Gr), V'image de bfgrl’k est bif,)k et donc que RSJ)FUC = 7(1,)16 mod (1+T)P" —1.
La deuxieme condition signifie que pour tout entier j avec 0 < j < h—1 et pour
i=1,---d, les suites p"(>~7) Zizo(fl)k(i)RS’)k(x('y)k(lJrT)fl) tendent vers
0, ce qui est la condition pour qu’il existe un unique élément de f ) € H,-
tel que fO(T) = Rs)k(x(’y)k(l +T) — 1) mod x(?")kyP" — 1. L’élément
SOy —1)X; € Hy (Goo) ® ZL (K, T) convient. L'unicité de z vient de
'unicité des f(?). O

REMARQUES : 1. Une famille d’éléments vérifiant les conditions de la propo-
sition sera dite tempérée d’ordre < s. Nous parlerons de congruences pour
évoquer les conditions (ii).

2. On peut mettre d’autres types de conditions : par exemple, si s est un
entier, une famille de points P, , pour n > 1 et k € {0,...,s — 1} telle que

(1) TTnJrl,n(PnJrl,k) = Pn,k

(ii) les suites p™ Zz;é(—a)k(sgl)resooPn,k convergent vers 0 pour tout a €
Ly,

est tempérée d’ordre < s. Pour le démontrer, on écrit (X — 1)7 pour j €

{0,...,5 — 1} dans le systeme libre formé des (X — a;)*~! pour a; s points

distincts de Z, et on en déduit une relation

7 . s—1 s—1
k(J _ k(s—1
Z(—l) (k)resooPn7k—ch7lkz_O(—al) ( i )resooPn,k.

k=0 =0

Le résultat s’en déduit.
3. La proposition dit aussi que ’application naturelle

Ho (Goo) @ ZL (KD IZY T (Ko, V(R)
n,0<k<h—1

est injective.

1.9. L’application naturelle de A-modules de Z1 (K,T) dans H'(K,A®T) se
prolonge en une application § de Hy(Goo) @p ZL (K, T) dans H' (K, Hs(Goo) ®
T). Colmez démontre qu’il s’agit en fait d’un isomorphisme. Pour cela, on re-
marque qu’il suffit de montrer que I’homomorphisme H,(Goo) @a ZL (K, T) —
HY (Koo, Hs(Goo) ® T)%> est un isomorphisme. On a en effet un diagramme
commutatif dont les lignes sont exactes :
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0=  HGu)8TO%~ =  H(Gu)®ZL(KT) —

! !
0 = H'(Goo, Hs(Goo) @ TR=) —  HY K, Hs(Go)®T) —

- Hi(Ge)®ZL(K,T) — 0

l
— H'(Ks,Hs(Goo) @ T)%> — 0

Il est facile de vérifier que la premiere fleche verticale est un isomorphisme. 11
ne reste donc plus qu’a montrer que la troisieme l'est. On a des applications
naturelles de H' (K, Hs(Go) ® T) dans H(K,,V (k)) pour tout entier n > 1
et k € Z induites par 'homomorphisme s, ; de G, -modules Hs(G) @ V —
Z,|Gy] ® V(k) — V(k) donné par f — R, (f) = Tw*(f) mod *" — 1 s
vE(Rn ik (f)) ot vy (>0, arT) = arq (cf. Dlappendice A.1) et le diagramme
suivant commute

Ho(Goo) ©0n ZL (K, T) > H'(Koo, Ho(Goo) @ T)C
Tl ]
Hn,k Hl(KOOaV(k))Fn = Hn,k Hl(KOO’V(k))Fn

L’'image d'un élément de H'(K ., Hs(G o) ® T)%> vérifie les conditions de la
proposition 1.8, ce qui permet de définir un homomorphisme ¢’ de A-modules de
HY (Koo, Hys(Goo)RT)G> dans Hy(Goo )0 ZL (K, T) tel que 7' (500’ (x)—z) = 0
et tel que (6" 0d(x) —x) = 0. Comme [], y<p<p,_1 T,k est injective, 6'0d(z) =
z. De méme, il n’est pas difficile de voir que T[n70<k<h_1 w;’k est injective, ce
qui implique § 0 §’(x) = . D’ot1 isomorphisme.

2. EQuATIONS (1 —p"®)G, = D"(g)

On fixe un ¢-module D de dimension finie, c’est-a-dire un Q,-espace vectoriel
de dimension finie muni d’un automorphisme ¢. Le Q,-espace vectoriel Hoo @D
est muni d’une action continue de G, des opérateurs ® = pQpet D = D®1.

2.1. On note A : H¥=" @ D — ®pezD/(1 — p~F9)D lapplication définie
Dr(9)(0) _ ok — (V=0 A=0

par g — (=5 mod (1 — p~"¢)D)kez. On note Do e = (HE" @ D)

'ensemble des éléments g € HY=° @ D tels que % €

tout k € Z.

Soit g € Deo,e. Alors, 'équation (1—p"®)H = D" g a une solution dans Heo @D

pour tout r € Z. Pour le démontrer, on fixe un entier h assez grand pour que

la série Y7 ®"(f) converge dans Ho, ® D des que f € H NT"Q,[[T]], on

r+k
remarque que f = D"(g) —=>gcpen w log"(14T) € T"Q,[[T]] ; comme

r+k k r+k
E 0 — (1= prtEp)ag et que (1—p"®)(ap 24ty = Z(a O 1og* (1 +
T), on en déduit P'existence d’une solution de I’équation (1 —p"®)H = D" (g).

(1 —p~*p)D pour

r+k
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Définition :  Soit g € Dy On appelle solution compatible des équations
(1 — p"®)G,. = D"(g) une famille G = (G,.) de solutions G, € Heo ® D de

léquation (1 —p"®)G, = D"g tels que D(G,.) = G,41. On pose alors D" (G) =
G, pour tout et D(G) = G.

Deux solutions compatibles des équations (1 — p"®)G, = D"(g) différent d'un
dlément H = (H,) avec Hy = 3,5 %= log' (14+T) = 3 1., Gy log” 7" (14T)

4!

—pd
avec a; € D¥=P °.

D’autre part, il existe toujours une telle solution pour g € D . : soit r vérifiant
D¥=P"" = () pour tout s < r ; pour s < r deux solutions H et H’' de ’équation
(1 —p*®)H = D*g telles que D"~*(H) = D"~*(H') sont égales. Pour exhiber
une solution compatible des équations (1 — p"®)G, = D"(g), il suffit donc
de choisir G, € Hoo ® D tel que (1 — p"®)G, = D"(g) et de prendre G) =
D*="(G,) pour k > r et G} = 'unique solution de (1 — p*®)H = DFg telle
que D""*(H) = G, pour k < r.

On obtient aussi que G est déterminé par G, pour r assez petit. De plus, si
D?=P" est nul pour tout r € Z, la donnée de Gy détermine tous les G,.. Il suffit
donc de se donner une solution G de ’équation (1 — ®)G = g.

2.2. Notons Do = HY= @ D. Pour tout entier r, définissons une appli-
cation Ly : @jezD — Hoo ® D par Lr(c) = 355, gy log’ "(1+ 7). Ona
D(Lr(c)) = Lr41(c).

Définition : Soit g € Do, r. On appelle solution compatible des équations
(1 —p"®)G, = D"(g) un couple G = (b,G) o1 b € ®jezD et ot G = (G.)rez
est une famille d’éléments de Ho, ® D tels que

1. D(GT) = GT+1
2. (1 _qu))GT - Lr(b) = Dr(g) :

Il existe toujours une solution compatible des équations (1 — p"®)G, = D"(g).
Il suffit en effet de choisir des éléments a; presque tous nuls tels que a; =
Di(g)(0) mod (1 —pi¢)D pour tout j € Z, de poser b = (a;);ez et de prendre
pour 7o assez petit une solution G,, de I’équation (1 — p™®)G,, = D" (g) —
D isre Tty log’ (1 +1T). et de poser pour tout r > 7o, Gy = D" "Gy, et
pour r < ro 'unique solution G, telle que D™~ "G, = G,,.

Considérons I'application 5 : @jezD — (BjezD) & BrezHoo @ D donnée par

. o .

(ej)jez = (1= po)ag)jez, (O G _]T), (log(1+1))"""))rez

jzr '

Deux solutions compatibles des équations (1 — p"®)G,, = D"(g) différent d’un
élément (B, (o)) avec a € Bz D.

Si G = (b, G) est une solution compatible des équations (1 — p"®)G, = D"(g),

on note D"(G) = (L, (b), G,) pour tout r € Z.
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2.3. Si T est un élément de G, on pose
B L+ T)X(0) -1
1,(7) = (1~ g)log WAL
Comme ((14T)X(") —1)/T appartient & Ly +TZp[[T]), I, € Qp ®Zy[[T]] par
le lemme de Dwork. C’est de plus un élément de Q, ® Z,[[T]]¥= et 'on peut
donc considérer pour tout entier r € Z I'élément D" (I1;) € Q, ® Z,[[T]]¥=°.

Définition : On définit D, ; comme 'extension de G o-modules de oDY=r' (i+
1) par Do ¢ = HZ" ® D donnée par le cocycle
e ((a) — 30 DHILa)
icZ
Paction de Goo sur D?=P' (i + 1) = D*=PF' étant donnée par le caractére y**L.
Si a € D?=P'(i + 1), on note U(a) 'élément de Dy, , tel que (7 — 1)(U(a)) =
D11, )a.
On a donc une suite exacte de Go-modules
0 — Doo,f = Doo,g — @D‘/’:Pi(l‘ +1)—0.
Remarquons aussi que si l’on tensorise par 'anneau total des fractions K(G)
de H(G), on obtient un isomorphisme K(Goo) @ Doo, f = K(Goo) ® Doo,g- On
prolonge I'application U par linéarité sur @D‘P:pl (i4+1). La formule Do 7 =
x(7)T 0D et le fait que ’'on a muni ici D¥=F" de P’action de G, donnée par x*+?
impliquent que I’expression écrite est bien un cocycle. L’équation Doy = ppoD
implique que pour a € D¥=F",
) 14+ 7)) — 1
(1 —®) (D" log (Jr)—
T

Ainsi, moralement pour a € D¥=P" ' on a U(a) = (1 — ®)(alogT) et pour
a € D¥=P' U(a) = (1—®)((D"*logT)a). On notera symboliquement U (a) =
(D logT)a et (1 — ®)U(a) = U(a). Remarquons que si on veut évaluer
logT en T = (, — 1, il est nécessaire de faire un choix du logarithme : nous
prendrons lorsque cela sera nécessaire l'extension de log telle que logp = 0. Si
g € Doo 4, 0n n0te \;(g) sa projection sur D= (i + 1) ; donc

9= 3 UN(9) € Doy

a) =D I1)a .

Définition : Soit g € Du, 4. On appelle solution compatible des équations de
(1 —p"®)G, = D"(g) une solution compatible des équations (1 — p"®)H,. =
D"(g =32 U(Xi9))) € Do,
Ainsi, on se donne b € ®jezD et H, € Hoo @ D tels que

1. D(H,) = Hy 41

2. (1-p'@)H, — ) G ﬁjrﬂ log’ "(1+T)=D"(g ~ Z U(Xi(9)))-

jzr
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Si G est une telle solution, on pose D"(G) = (A\(g), L (b), H,).

3. APPLICATION EXPONENTIELLE

3.1. Nous utiliserons comme Colmez les anneaux Apax €t Bmax [t‘l] a la place
de Beis- La norme définie sur Biax par ||2]|max < 1 si et seulement si z € Apax
vérifie la propriété

P12 hmase: Y Tmax < (2] lmax < 112 lmas- [yl max

L’importance de la norme || ||max vient en particulier de son lien avec les || ||,
définies sur H. Pour 'énoncer, introduisons [e] le relevement de Teichmiiller de

€ = (Cn) dans Apax et B = 0 "(le]) = [(Cmtn)m]-
3.1.1. LEMME. Si F est un élément de H, alors F(3, —1) = @~ "(F([¢] — 1))

vérifie
1F o, < IF(Bn = Dllmax < plIFllp,, -

Ainsi, si F' est p~%p™ -borné, la suite |[p™“(1 ® @) " F (B, — 1)||max tend vers
0 lorsque n — oo.

Démonstration. Nous ne donnons qu’une esquisse de la démonstration. Colmez

([1, corollaire V.5.5]) démontre que dans BSE= muni de la norme [ [|max, les
k

éléments e,, , = E@’;kl) (& n fixé) forment un systéme libre de Banach, c’est-
g

a-dire que la série Zk>0 apen, i converge dans Byax pour a € K si et seulement
si sup |ak| < oo et on a alors

1D aren illmax = sup |ax|
k>0
(il démontre plus que cela, mais nous ne nous servirons que de cela). Si F' € H,
on a d’autre part
ok
[|1Ellp, = sup |ax|p), = sup |ag|p~ 7D .
En utilisant le fait que
k k k
— - 1< ] < ;
pp—1) prp—1)" " prp—1)
on en déduit que F (3, — 1) existe dans Bpax €t que
[E o, < [F(Bn = Dllmax < pIF|lp,

ce qui termine la démonstration. Remarquons qu’en utilisant le fait que
[|FG|l, = ||F|l5l|G|lp, on peut en déduire I'inégalité pour x = F(8, — 1) et
y=G(B—1)

p72||z||maX||y||maX < 2yl lmax < Pl|2]|max ||yl max

ce qui est bien str moins fort que ce que démontre Colmez, mais suffisant. O
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Soit Dy(V) = (Beris @ V)95 = (Biax @ V)95 et Dgr(V) = (Bar ® V)95, On
note ey, la base canonique du ¢-module filtré Q,[k] égal & Q, avec pa = pFa
; on a donc un isomorphisme canonique entre D, (V) et D,(V (k)) donné par
d+ d® e_k. On plonge D,(V(k)) dans Bpax ® D,(V) par d — t=F @ (dey,),
ce qui donne lidentification D,(V(k)) = Dp(V) ® e_p — Bmax ® Dp(V) :
d®e_ — t % ®d. Remarquons que cette identification est compatible avec
la filtration et avec 'homomorphisme de Frobenius, mais non avec l'action de
Galois : ainsi, on obtient bien que Fil®(Bpyax @ D, (V (k)))9=" est V (k).

Nous utiliserons la propriété suivante du ¢-module filtré D,(V) : si
Fil=" D, (V) = D,(V), les applications 1 — p®¢ sont des isomorphismes de
D, (V) pour s > h.

Bloch et Kato définissent une application expy = expy , : Dp(V) © K, ®
Dur(V) — HY(K,,V). Plus précisément, nous noterons :

expy . = expy g, o Kn ® Dgr(V) — Hel(Kn, V),
exXpy, ; = eXPy g, f Dy(V)® K, @ Dgr(V) — Hel(Kn7 V)
€Xpy , = XDy K, ¢ :Dp(v)wzfl ©Dy(V) & Ky, @ Dar(V) — Hgl (Kn, V)

la dermiere de ces exponentielles dépendant du choix d’un logarithme (nous
prendrons ici log, p = 0). Rappelons les définitions des applications exp, pour
x € {e, f,g} sur la partie “cristalline” qui nous intéresse. Fixons un scindage
continu Ful de

1 — ¢ : Fil’(Bmax @ Dp(V)) — Buax @ D,(V) .

Deux tels scindages different d’un homomorphisme continu de Bpax @ D, (V)
dans V. Ainsi, i b € Buax®D,(V), (1—¢)Eul(b) = b et Bul(b) € Fil®(Byax®
D, (V). )
Soit L une extension algébrique de K contenue dans K.

3.1.2. Soit a € L& D,(V). Alors P = expy.(a) € H'(L,V) est la classe du
cocycle

TE€GL— (1—=1)(c— Eul((1 - ¢)c))
olt ¢ € Binax®D, (V) vérifie c—a € Fil’(Bar®@D,(V)). SiC = c—Eul((1-¢)c),
on a donc (1 —p)C' =0, NC =0et C=a mod Fil’(Bar @ D,(V)).

3.1.3. Soit (b,a) € D,(V) @ L ® Dy(V). Alors P = expy ;(b,a) € H'(L,V)
est la classe du cocycle

TE€GL— (1—1)(c— Eul((1—@)c—0))
ol ¢ € Bay ® D, (V) vérifie ¢ — a € Fil’(Bqr ® D,(V)). De nouveau, si C' =
c— Bul((1—¢)c—b), il vérifie (1 —¢)C =bet C =a mod Fil’(Bgr @D, (V)).
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3.1.4. Soit (d,b,a) € Dy(V)?=P @ D,(V) ® L @ D,(V). Alors P =
expy,(d,b,a) € H'(L,V) est la classe du cocycle

T€GL— (1=1)(c— Eul((1-¢)c—10))
ol ¢ € By @ D, (V) vérifie

1. ¢ —a € Fil®(Bar @ D,(V)),

2. Nc=d
(remarquons que N((1—¢)c—b) = (1—p~Lp)Ne=0et Eul((1—p)c—b) est
donc définie) et C = ¢ — Ful((1 — p)c — b) vérifie (1 — ¢)C = b, NC = d et
C =a mod Fil’(Bgr ® D,(V)).

REMARQUE :  ep(a) = c—Eul((1—¢p)c) est bien définie & valeurs dans B£5! ®

max
V/V. Lorsque L est contenue dans K, on peut en fait choisir ¢ dans Bg;ﬂg‘) ®

D, (V) : en effet la nullité de H' (K, Fil° Biax) (voir [1, IV], voir aussi le §4.1)
implique la surjectivité de I’application BSKe (Bar/Bjg)“%>= et donc en
tensorisant par V celle de Bake @ V — (Bar/BjR)%%= @ V; nous allons
le faire explicitement au paragraphe suivant. On en déduit que la restriction
resSeo(P) de P & K est la classe du cocycle 7 +— —(7 — 1) Eul((1 — ¢)c), ou ¢

est un élément de BSEF ® D, (V) congru & a mod Fil’(Bqr ® D,(V)).
3.2, On pose

Doco(V) =(HL" © D, (V))*=°

Dec 1 (V) =HLT® @ Dy(V)

Dooyg(v) :Dooyg(Dp(V))
Soit h un entier > 1 et k un entier tel que h+k —1 > 0.

3.2.1. Soient g € Dy (V) et G une solution compatible des équations
(1-p"®)G, = D"(g). Posons pour n > 1

=M @) =(~ 1"+ k= Dl (1@ @) (D @) (G — 1) @ e)
=(-D)"** a4+ k-1 V1@ o) DTHG) (G - ) @ ey, ;
c’est un élément de K,, ® D,(V(k)). Posons pour n > 1
PG = expy .o (E1(@) € H (K, V(E)) -

3.2.2. Soient g € Dy (V) et G une solution compatible des équations
(1-p"®)G. =D"(g) : G = (b,(Gr)rez) avec b € BjezD et Gr € Hoo ® D.
Posons pour n > 1

(=DM h+ k= 1Dlp (1@ ) (D F(G)((n — 1) ® e—r)
(D) + k= 1)p"* V(1@ o) "D F(G)(Cn — 1) @ e

—(h) /7~
=M(G)
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c’est un élément de D, (V' (k)) & K, ® D,(V (k)). Posons
PU@) = expy 1,4 (E/4(C)) € H} (K V()

Comme log ¢, = 0, les contributions des b; dans L_(b) pour ¢ > —k sont nulles
et on a donc

=@ =
()" 4 k= 1) (b @ e, (1@ @) "Gop((n — 1) @ es) -

3.2.3. Enfin, soit ¢ € De y¢(V). On fixe une solution compatible ¥, des
équations (1 — p" )G, = D"(I1;), c’est-a-dire une famille de (" = pr (U,) de
solutions de I’équation (1 — prcp)\Il(TT) = D"II; pour tout entier r € Z vérifiant
D(EY) = v On vérifie alors que pour 7 € Gal(Koo/K,) non trivial
et i # 0, I'expression (x %(7) — 1)"1D*(V,)(¢, — 1) est un élément de K, ne
dépendant pas du choix de 7. On le note /(=9 (¢,, — 1). On pose [V (¢, — 1) =
log(¢, — 1) (ou I on a choisi log, p = 0).

SiaeD,(V) P*™'on pose
= )(U(a)) = (D" (h 4+ k= 1)(a,0,log(¢n — 1)a) ® e—g .

SiaeDy(V )#=F" avec k # i + 1, on pose

0 (0(@) =(=1)" (bt k= 10,0657 (G~ Da@ e

DM (W) (G —
(xFH(r) = 1)

On pose P (h)(U( ) = ex (:(h) (U(a)). On note (h)(U( )) la restriction

nk PV (k),g\=n k . nk

de P} (U(a)) & H' (Koo, V (K)).

Si maintenant g = h + > ,., U(a;) est un élément de Ducg(V) et si G =

F+Ziez U(a;) est une solution compatible des équations (1—p"®)G = D" (g),

on étend les définitions de :(}?,1 et de Pflhk) par linéarité. On a donc Péhk) (G) =

P H) + Y00 PM (U (a:)).

3.3. THEOREME. Soit V une représentation de de Rham et soit h un entier
> 1 tel que Fil™" Dar (V) = Dar (V). Soient g € Doo (V) et G une solution
compatible des équations (1 — p"®)G, = D" (g). Soit u un entier > —h tel que
g soit p~"@~-bornée. Si g n'est pas dans D (V), on suppose de plus que
D"(g)(0) € (1 — pho)D,(V). La famille (P,,(Lflk)(éwnZl,szthl est tempérée
d’ordre < (u+h)~ et définit un élément Qv,n(g) de Hiyrn)- (Goo) ®ZL (K, T)

ne dépendant que de g. Ainsi, on a

Tk (Qva(g) = PL(9)
pour n > 1 et pour k € {1 —h,---,+oo}.

=(—1)"""Y(h + &k — 1)1(0,0, a@g_k),
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On a
0(Qv,n(9)) < h+o0u(9)

et lorsque V est cristalline,

0(Qv,n(9)) = h+o0,(g) -

Ainsi, si 7o est un entier tel que la suite d’opérateurs p"™p~" de D,(V)
est bornée et si g appartient de plus a HZ’,ZO ®@ D,(V), Qv,n(g) appartient
& Hrorsih)-(Goo) @ ZL(T). En effet, g est alors p~ (")~ -borné. Remar-
quons que ry peut étre négatif, mais on a nécessairement rg + h > 0 et donc
ro + s > —h. Par exemple, si V = Q,(r), on peut prendre h =r et ro = —r.
La relation entre les ordres de tempérance signifie : Qv (g) est un o(log®) si et
seulement si g est p~ (="~ -bornée et Ny (g) est un O(log®) si et seulement
si g est p~ =M y-bornée.

REMARQUES : 1) Cet homomorphisme est (—1)"~! fois le Qy 5, de [4]. Cela
permet d’éliminer certains signes : par exemple, il n’est pas difficile de déduire
du théoreme la relation suivante entre Qy 1 et Qyp, -

Qv s = 0,Qv

avec

o logy , loex(7'y T (28T )
log x(v) log x(v) log x(v)

(attention au changement de signe par rapport a [4]). On pose pour tout entier

r

(3.3.1) Que=(]] &) 'n
r<j<h

pour h > r et tel que Fil™" D, (V) = D, (V). Cest un élément de K(Guo) ®
ZL (K, T) avec K(Go) anneau des factions total de H(Gs) (il suffit en fait
d’inverser les £;). De méme, avec des identifications convenables, on a

Qv ().t (9) = Tw’ (Qvn(D?(9))) -

2) La lettre © évoque pour certains une période : isomorphisme de périodes
entre Hoo ® D, (V) et H(Goo) ® ZL (K, V). On peut le voir aussi comme une
maniere de mettre ensemble toutes les exponentielles de Bloch-Kato relatives a
V et a ses twists cyclotomiques, d’olt la notation Expy, v de [2]. Il est d’ailleurs
amusant de remarquer que dans [2], c’est le point de vue “matrice de périodes”
de cet homomorphisme qui est utilisé.

3) Ici, on n’a pas supposé V cristalline mais si V' ne l’est pas, la dimension de
K, @ D, (V) est de dimension sur K, strictement inférieure & la dimension de
V et donc le rang de A ®D,, (V) est strictement inférieure a celui de Z1 (K, T).
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Nous ne démontrons dans les paragraphes qui suivent que I'inégalité
0(Qv,n(g)) < h+0,(9) ;

I’égalité dans le cas ou V est cristalline sera une conséquence de la loi de
réciprocité (cf. 4.2.4).

h

4) Si D,(V)¥=P = # 0, V contient alors Q,(h). Dans ce cas, si
D"(g)(0) ¢ (1 — p"p)D,(V), on peut définir Qyp(g) a valeurs dans
(X(’Y)ihx - 1)71H(u+h)* (Goo) ® Zéo(T) par

Qunlg) = (x() ™" = D7 Qa((x(7)"x = 1)g) -

Remarquons qu’alors Qv 541(g) est défini directement par le théoreme, ce qui
est cohérent avec la relation Qv p4+1(9) = hQva(g) : Qv p+1(g) n'a plus de
poles. Donnons maintenant les formules qui s’en déduisent pour n =0 :

3.3.1. PROPOSITION. Sous les hypothéses du théoréme 3.3, on a

7o,k(Qv,n(g)) = eXPV(k),f(E(()}f;Z (@)

avec

E0(G) =(-)" (4 k- 1)1 x
(1 —p" o™ by ®@ ek, (1 - p" o™ )DH(G)(0) ® e_y)
En particulier, si 1 — p~*¢ est un isomorphisme sur D,(V), on a

7o.k(Qv,n(g)) = eXpV(k),e(E((J},L]z (@)
avec
E0UG) =(—1)" N (A k — 1)1 x
1=p" ™)1 —pFe) ' D(g)(0) ®ey .

La proposition se déduit de I’équation fonctionnelle reliant G et g et de ce que
¥(g) = 0 (voir (4.3.2)).

Avant de commencer la démonstration du théoreme, expliquons comment on
peut traiter le cas oit g € Dy 4(D,(V)). 1l s’agit de définir I'image de U(a)

pour a € Dp(V)‘P:pi. Pour cela, plutot que de vérifier les congruences, ce que
nous n’avons pas su faire, on définit directement Qy,,(U(a)) puis on vérifie que

T e (v (U(a)) est bien expy ) 4(E4% (0 (a))).

Pour cela, on commence par énoncer le lemme suivant :

LEMME. Soit T un élément de Goo non de torsion. Soit u € H(Gs) ®
ZL(K,T) tel que moo(u) = 0. Alors, il existe v, € H(Goo) @ ZL (K, T) tel que
(r— v, = u.

On peut exprimer le lemme sous la forme suivante en le twistant : sim ;(u) =0,
il existe v, tel que (x(7)?7 — 1)v, = u. Remarquons qu’on a alors pour tout
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entier k la formule (x(7)'~% — 1)m, k(v;) = mnk(u) pour 7 laissant fixe K,
c’est-a-dire que pour tout entier k # j, m, (vs) = ank(u)

Enfin, remarquons que l'on a unicité de v, si 'on ne regarde que son image
dans H(Gs) ® ZL (K, T) et que si u est tempérée d’ordre < r, il en est de
méme de v,. v
Appliquons ce lemme & z, = Qv (D '11,a) pour a € D,(V)?=P". Par twist,
on peut se ramener au cas ou i = —1.

Comme 7, o(2) = expy . ((—1)" 71 (h — 1)! G+ (¢ — 1)a) pour n > 1 avec G, =

x(m) _
log (HT)%, on a

i((T) -1

G—1
1l existe donc ¥ € Hoo(Goo) @ Zoo (K, T) tel que (7 — 1)y = z et on vérifie
facilement que y ne dépend pas de 7. On pose alors Qv (U(a)) = y. On a
donc

0,0(2r) = Tric, /i (expy,((=1)" 7' (h — 1)!log a))=0.

Quan(U(a)) = (= 1)"'Qun(Tl;(a)
et en général pour a € Dp(V)<P:Pi
Qo (U(@) = (((7) 7 — 1)1y (DL (a)

On définit ainsi un prolongement de Qv 5 & Doo,o(Dp(V)). La formule

expy () (L (U())) = Tk (Qvp(U(a)))

est claire pour k # i+ 1. Pour k = i + 1, nous la montrerons plus tard en
utilisant la loi de réciprocité.

3.4. DEMONSTRATION DU THEOREME.

3.4.1. Tl s’agit de montrer que les points P, »(G) vérifient les conditions de la
proposition 1.8. La propriété que

Trn-l—l,n(P(ljr)Lk(a)) = P’r(zhk)(G)

n

dans H'(K,,V(k)) se déduit de la condition t(g) = 0. Pour montrer

que les points P, (G) sont admissibles, il suffit de le faire pour Py (G) =
Trr, /i (Pi(G)). Prenons k = 0 pour simplifier (on s’y raméne en rem-
placant V par V(k)). Ce point est admissible si et seulement son accouplement
local avec un élément v de V*(1)¢x = gYT, V*(1)¢x) c H'(K,V*(1)) est nul
(§1.6). Pour le calculer, nous utilisons les formules de Kato qui sont rappelées
en 4.1.3. On en déduit que si v est vu comme élément de Fil® D, (V*(1))#=! C
D, (V*(1)), cet accouplement est de la forme [(1—pp~1)(u),v] = [u, (1—p)v] =
0.

Démontrons les congruences vérifiées par les Pr(lhk) . Comme me ’a fait remarqué
Colmez, il y a une démonstration beaucoup plﬁs simple au niveau des calculs
que celle faite dans [4]. Nous allons commencer par celle-1a. Cependant, nous
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avons besoin pour la démonstration de la loi de réciprocité du calcul explicite

du cocycle fait dans [4]. Aussi, ferons-nous ensuite ce calcul.

Notons [e] le relevement de Teichmiiller de € = ((,) dans Apax et G, =

© " "([e]) = [(Cmtn)m]. I s’agit donc d’un relevement de la racine de l'unité

(n dans Bpax puisque 'image de (§,, dans K C BdR/B;{R est (.

Prenons g € Dy, (V). On se donne une solution compatible G de 1’équation(1—
Q)G = g, c’est-a-dire des éléments G, de Hoo @ D, (V) vérifiant D(G,) = G141
t (1 - p"®)G, = D"(g). On pose D"(G) = D7(G) = G,. Le point P\ (G)

est la classe du cocycle

(*1>h+k_1(h+ k— 1)!pn(k—1)eB((1 ® @)_ntk(Cn . 1) ® e,k) .

Pour démontrer les congruences, il suffit de montrer que pour s’ > h + u et
pour 7 € Gk__, la limite de la suite

j
P == (1 1)kth1 J +h*1 _(h) e
D N (A ERIGT
k=1—h
tend vers 0 lorsque n — co. (rappelons que Eglh,)c(G) € D,(V(k)) est identifié &

Esl}?])v(G)tikek S Bmax ® Dp(V)) Notons

J .
_ _7+h—1 —(h) =, _
2, (O 1<kz+h—1>:’(1’])€(G)t k
h

k=1—
On a
J n(k 1)
Yh=(j+h-1) Z 1®¢) "Gk (G — 1)t7F
k=1—h ‘7

. htil pfnk .
= (+h =107 37 S (1@ ) DN G ) (G — D

k=0

en changeant k en j — k. B
Soit H € Hoo ® Dp(V). Posons H(Z) = H(Gnexp(Z) — 1) : comme f, =
Cnexp(t/p"), on a H(B, — 1) H(t/p"). Si Tj,_1(H) est le développement de
Taylor d’ordre h—1de H en 0, on ver1ﬁe facilement que

A(t/p") ~ Ta(H)(t/p") € "B © Dy(V) = Fil" Bag © D (V)

et que

T
)

. 1 i
T (B)(t/") = 3 D ()G = 1)
1=0
On en déduit que
h—1 ;
3 %Di(H)(gn _ 1)ptm_ — H(B, —1) € Fil"(Bqr) @ D, (V) ,
i=0

DOCUMENTA MATHEMATICA 4 (1999) 219-273



238 BERNADETTE PERRIN-RIOU

et en remplagant h par h + j, que

htj—1 ;
> DG~ V2t — H(5, = )i € Fil' (Ban) £ Dy(V))
=0

Remarquons que la condition sur & implique que Fil” Bgg ® D, (V) est contenu
dans Fil°(Bar@D,(V)). En appliquant cela & H = (10¢)~"G_; et en utilisant
le fait que ep est nul sur Fil° (Bar ® D), on obtient que

es(V)) =ep((j+h—1)p" V" V(1 @) "G (B, — )t 77)
=(+h—1)p U Vep(@ (G _j(e— 1)t

Par définition de ep et de Eul et comme ®~"(G_;(e — 1))t~7 appartient &
(Bmax ® D, (V))9%= on a

(1= Vep(¥)) == +h ="V (r = ) Eul(@ (D7 (9)([] = 1))t77) .

Il s’agit donc de montrer par continuité de Eul et stabilité de Apn.x par Gi
que pour s' — h > u, la suite p"& =M®="(D~7(g)([e] — 1)) tend vers 0 lorsque
n — oo. On applique pour cela le lemme 3.1.1 & D77(g) qui est p~“p~-bornée

167 @D (g) (€] = 1)) lmax = 2"+ p" (1 © ) "D (g)] .

tend vers 0 lorsque n — oo.
Il n’est pas difficile de voir que la méme démonstration s’applique a g €
Do, 1 (V).

3.4.2. Comme annoncé, nous allons maintenant reprendre la démonstration
en calculant explicitement un cocycle représentant Pr(lhk) pour g € Do (V). On

se donne donc une solution compatible G, c’est-a-dire b = (by) € ®rezDp(V)
et des éléments G, de Hoo ® D, (V) vérifiant D(G,) = Gr41 et (1 —p"®)G, =
D" (g) + Ly (b) avec L.(b) = ;5. ﬁ log" "(14T). 1l est commode de noter

formellement L(b) = Y, % log"(1 + T) et L(b), = D"(L(b)) = L,(b). On pose

G = (b,G) avec G = (G,) et D"(G) = (L,(b), D"(G)) = (L,(b), G,). Posons

—

>

S8 =1 b = DL (<1 DG — 1
= h+k—1 1
SPG) =) k=1 ST (<) DTG ([ - e
i=0 ’
h—1
=(-D)"Yh+k-1) Z (fl)iﬁDi(G)([e] -1t
i=—k
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et
S s (@) =(p®) (S (@)
SM) L (G) =(p®) " (SM(@))

Ainsi, S (@) = ST (D=R(G))t*.
Lorsque h = 1, les formules se simplifient et deviennent

81 is(G) =(p®) " (Go([d - 1))
') is(@) =(p®) " (! (—1)i—k%Di—k(G)([e] 1)k

w 1
(=1) (k —u)!

M- 1~

=(p®)~" (k! D™(G)(le] = 1)t™) .

0

IS
Il

Notons b(") la suite b ot 'on a remplacé le r-iéme terme par 0. On définit par
N h h r

les mémes formules thlzﬂis (L(b)) et thlzﬂis (L(b™))).

3.4.3. LEMME. Supposons comme dans le théoréme que Fil™" D4r(V) =

Dar(V) et que h+k —1 > 0. Alors,

(i) Péhk) (Q) est la classe du cocycle

(G) = Bul(S,} crisl + L)) 5

n,k,cris

7€ Gk, — (T — 1)(8(h)

n,k,cris

(i) TGSOO(P(hk) (@) est la classe du cocycle

_. D"(g)(0)t"

™€ G = ~(r = DEU(SY) i) - p L)

n,k,cris

Si D"(g)(0) € (1 — pho)D,(V), resoo(P(hk) (@)) est la classe du cocycle

77"7

T€Gx. (1~ DEu(S) ...(9)) -

Démonstration. Soit H € Hoo @ D,(V). Posons H(Z) = H(Bnexp(—Z) — 1)
: en utilisant la formule ¢, = G, exp(—t/p™), on a H({, —1) = H(t/p™). La
méme démonstration que précédemment donne que
h=l_qyi 4
16 -1 - Y S0 6, - 1) € B 9 D,w)
i=0

En appliquant cette formule & D™%(G) et & h 4+ k — 1 > 0, on en déduit que

=h(G) =S

n, n,k,cris

(G) € Fil"(Bar) ® D, (V) C Fil®(Bar @ D, (V (k)))
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De plus, szh,z wris(G) est invariant par Gg__. En utilisant la formule
(1 —p"®)D"(G) = D"(g) + Lr(b), on a

h h h
(1= ®)8, % eris(G) = 81 ris(@) S s (LD)) -
En revenant a la définition de exp; et en remarquant que

ST (L) = (1) (g k= D)(pp) "bogtF = ST

n,k,cris

(LOEM)

on obtient que ress (Pr(lhk) (G)) est la classe du cocycle

7€ Gk, — —(1—1)Eul(S") . (g+LOP))) .

n,k,cris

Calculons maintenant Silfli,cms(lf(b(_k))- On a

S i (L(b))

n,k,cris
h+k—1 i
_ (71)h+k71(h+k7 1)| Z (71) ( Z by t’u.fi+k)ti7k
— 7! it (u—i+k)!
h+k—1 i
= ()" k-1 Y ) > b
P 1! S (u—1i+k)!
= (D" A k=1 Y albut”
u>—k
avec
hoo_ (=1)°
Yk = Z-<uz+k Mu—i+ k)l

0<i<h+k—1

Lorque u < h—1,0n a

(ut k)= > M_(l_l)wc:{o si—k<u<h-1

N2 — 4 1 S —
o<izain iNu—i+k)! 1 siu=—k
Ainsi,
SU) (L) = (h+ k= D=1 byt 37 al bt)
u>h
et
8™ s LOW)) = (1) b k= 1S ol bt

u>h
et O‘Z,k = ((hT)' On en déduit que

(LOM)) € thBTSX= @D, (V) € Fil°(Bumax ® D,(V)) .

max

S(h)

n,k,cris
Plus précisément, pour u > h ou pour b, € (1 — p"p)D,(V), b,t* appartient
a(l—ep) FilO(B+GK°° ®@ D,(V)), car 1 — p“p est alors un isomorphisme de

max
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D,(V), et on en déduit que (7 — l)Eul(S(h)

n,k,cris

(L(B™)) =0 pour 7 € Gk__ et
resoo(Pﬁk) (G)) est simplement la classe du cocycle

—n(h+1) " (bh)th )

(h)
TE€Gr = —(T = DEUl(S, } 0ris(9) + P Nk

et si by, € (1 — php)D,(V), c’est la classe du cocycle

T€GK, — —(T— 1)Eul(8£7£16Tis(g)) )
Sans condition sur by, remarquons que b, + D"(g)(0) € (1 — p"p)D,(V) et
pour les mémes raisons,

(T = DEul(p™" (bn)t")

= (7 — D) Eul(p"bpt") = —p""(r — 1) Bul(D"(g)(0)t") .
On en déduit le lemme. (]
3.4.4. COROLLAIRE. La restriction de Pé,k)(a) a H' (K, V (k)) ne dépend que
de g, on la note P(hk) (9).

n7

3.4.5. Plagons-nous sous les hypotheses du théoréme en supposant que
D"(g)(0) € (1 — p"p)D,(V). Montrons que pour s’ > h + u, la suite

o)y G+h—1Y o
n(s'—(j+h—1 1 kth—1 _ s |
g ; ( ) (k +h — 1) n,k,cms(g)

k h

j+h—1 .
n(s' —j— I h=1 "
= pn(s’=i=ht1) E (1)’“( P >S7(z,lz—h+1,cris(g>
k=0

tend vers 0. Notons

(h) _
Zj =
j+h—1 . k
+h—-1 il ik i—k+h—
> (T T R D ) - D
k=0 i=0 ’
On a done (p®)~"(Z{") = S2_, (=11 ()8 (). Onaen

changeant ¢ en k — i

zM =
j+h—1 , B & | | |
= (_1)k (] +Z 1)klz(_1)z (kii>!D_z+h_1(g)([€] o 1)t_l+h_1)
k= X
o
= (=1)vi j1n 1 DT (g)([] — 1)1
=0
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avec

(1= X)) x1
Donc, seul vy, est non nul, il vaut (—1)'¢! et on obtient finalement

P~ (p®) (2 =p~"I (p®) " ((j + h — 1)ID I (g)([e] — 1)t )
=(p®) " ((j + h — VDI (g)([e] — 1))t~

Il s’agit donc de montrer que p™(s'~1=A+D&="(D~7(g)([e]—1)) tend vers 0 pour
s’ > h+ u. On applique pour cela le lemme 3.1.1 & D77 (g) € HZ ™ @ D, (V)
qui est p~“¢~-bornée pour obtenir que

1" P& (D (g)([d — )l = 9|0 (1 © ) "D (g)]

tend vers 0 lorsque n — oo. Cela termine la démonstration du théoreme 3.3.

3.4.6. Revenons sur le cas ou D"(g)(0) € (1 —p
fait que D,,(V)“”:pfh # 0 avec Fil ™" D, (V) = D
est non nul.

On voit alors apparaitre dans le cocycle définissant le point Pflhk) (G) un terme

de la forme Cz’j;f”. Ce terme est signe de l'existence d’un pole dans Qv p(g). Il

<p)D (V). Rappelons que le
V)

» implique que V(—h)%x

disparait si I'on remplace g par § = (x(7) "y —1)g (on a alors D"(3)(0) = 0),
d’ou la définition
Qnlg) = (x(1) ™" = 1) 7' Qu(9) -

Il disparait aussi lorsqu’on remplace par h par h 4+ 1 et cela s’explique par la
formule :

Qvni1(g) = LhQv,n(g)

et le fait que x( ) — 1 divise I;,. Que peut-on dire du résidu, c¢’est-a-dire de
7o —n((x(y)™" )QVh( ) 7 D’apres la deuxieéme formule, il s’agit de

h

7o,—n(Qvnt1(g)) = Po(,hjll) =17k, /x5, (ﬁé,hjzl))
= TréSeo expv(_h)7f(bh ®@en, (1 —p "l H)DMG)(0) @ ep) .
Le cocycle associé (restreint & Ko.) est

T (T — 1)Eul(Dh(g)([e] — 1)th) .
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On peut supposer que b, = D"(g)(0) car

D"(g)(le] - Dt" =
(1= @)(D"(G)([d] = Dt*) + D"(9)(0)t" mod (1 - @)(t" @ Dy(V)) .

Le premier terme disparait lorsqu’on applique (7 — 1)Eul pour 7 € Gg__, on
obtient donc

(r— 1)Eul(Dh(g)(0)th) .

Dans ce cas, Ful(D"(g)(0)t") appartient en fait & QZT D, (V(=h)) = QZTth(X)
D, (V)es, ou Q;}T est le complété de I'extension maximale non ramifiée de Q,,
c’est-a-dire que comme il est bien connu, on n’a pas besoin de passer dans ce
cas & Beys. Par exemple, prenons V = Q,(h) et D"(g)(0) = 1, on est donc en
train de construire un élément de H'(K oo, Q)% par la recette

T (1 — 1) Eul(t") .

Il s’agit en fait de résoudre I’équation (1 — ¢)Q = 1, ce qui se résoud dans (@;”.
On a dans ce cas un isomorphisme

H}/G(K, Q) = H/le(Ka Qp) = Hl(KOOa@p)GOO = Homg,, (G%’w,(@p)

Cette situation ne se produit pas si V&%~ = 0. On ne le voit non plus pas trés
bien si V(—i)¥% # 0 pour un i < h & cause des relations du type

Qv ns1(g) = LhQv,n(g)

qui font disparaitre le pole. Cependant cela doit apparaitre en théorie globale
avec une bonne normalisation des “facteurs I'”.

4. LOIS DE RECIPROCITE

Yo . 7 7 7 n—1
On désigne toujours par v un générateur fixé de I' et on pose v, = ~?
4.1. L’APPLICATION EXPONENTIELLE DUALE. Ce paragraphe repose sur les

théoremes de Tate dont on rappelle ici I’énoncé : on note K, le complété de
K.

4.1.1. THEOREME. (Tate)
1. HY(Kw,C,) =0, H (Koo, Cp) = Koo ;
2. Pour n > 1, il existe un unique isomorphisme Tk, : Km/(vn -1)— K,
induisant pm—l,nTTKm/Kn sur Ko, ;
3. H'(Koo/Kn, Koo(i)) = 0 pour i # 0 ; HY (Ko /Kn,,Ke) = K, et
HY (Ko /Ky,, Km) = K, ou cette derniére application est donnée par

Hl(rnvkm) = IA{OO/('Yn*U - K,

¢ = )TKn (cy)

PN
log x(7n

Cy,
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Avec cette normalisation, on a Tk,, = p" " Trk, /K © Tk, pour n > m > 1.
On a le diagramme commutatif pour m <n

Hl(Km/Kn,Km) - KOO/('an -1) — K,
res | T 1
HY Ko/Km,Koo) — Koo/(7?" —=1) — Ky
ou la deuxieme fleche verticale est donnée par ¢ — E’i;m_l ¥ e et la
troisieme par 'inclusion. Remarquons aussi que si z € K,,, avec m > n > 1,

ona Tk, (x) = I%TTKW/KTL (2).

4.1.2. Construisons une famille d’applications A, : BfIf‘” — K, pourn >0
et keZ.

On rappelle que Fil’ Bgr/ Fil'™ Byg = Cp(i) en tant que Gg-modules. La
nullité de H'(K,C,) implique que Fil’ Bfé(”/FﬂHl pr‘f“’ = K.o(i). On
déduit alors de la nullité des H™(Goo, Koo(i)) pour i # 0 que v, — 1 est

. . 11 G . G 10 G
inversible sur Fil' Bi>= de méme que sur By / Fil’ B> et donc que

GKoo Groo ~pt Greo GKoo
BdIi( /(’7n_1)BdI§( :B;_R " /(%‘”B:{R *
GKey |1
=By "~ /Fil' Bar¥= /(yn — 1)
=Koo/(Yn — 1)K .

En composant avec Tk, , on obtient une application Ay, : Bfff‘” — K,,. Les
applications Agp, : Bfgw/(x(’yn)*k'yn - 1)Bfé(°° — K, sont obtenues par

twist :

G -k G Xo,n
By "L BOE [y, — 1) " K,

On a ainsi A, (b) = Ao.n(t7FD).
LEMME. Les applications Ay, vérifient :

1. Mgn(T2) = X(T)kAkyn(SC) ;
2. Trg, /K, Mk (2) = D™ " A (2) pour m > n.
3. Soit G € Hy. Alors, pourm>n etk >0

1 Trg, /i, (D*(G)(Gn — 1))

/\k,n(G(ﬂm - 1)) =

Démonstration. Démontrons la troisieme assertion. Remarquons d’abord qu’il
est facile de calculer Ay, sur un élément de K,,((t)). En effet, si a € K,, et
m > n,ona \gn(at’) =0sii#ket #TTK"L/K” () si i = k. Le premier
cas vient de ce que x(7,)" *v, — 1 est un isomorphisme sur Koo, le deuxieme
de ce que Mg p(at’) = Ao n(a) =Tk, ().

DOCUMENTA MATHEMATICA 4 (1999) 219-273



THEORIE D’ IWASAWA ET LOI DE RECIPROCITE 245

Si on utilise le fait que By, = Gnet/P™, on obtient que

= DG —1) B

G(Bm —1) . v’
=0 7! pm™
et donc que
D*(G)(¢m —1) t*
M (G (B — 1)) Ak’n(%#)
_ e L/ 16, (DM(G) (G = 1))
- klpmk

O
Remarquons (ce qui a été utilisé dans la démonstration) que si f =
>oiai ()Y € Kn((t)), onaAgn(f) = ax(f) et que 'on peut définir une applica-
tion T, de Koo ((t)) dans K,,((t)) par Tn(f) = p~™ >, Ak (f)tF. Un résultat
important de Colmez est que T, se prolonge en une application continue de
BSEe dans K, ((t)). Nous n’en avons pas besoin pour la démonstration de la

loi de réciprocité pour ’application Qv j, que nous avons construite ici. Ce pro-
longement semble par contre fondamental dans I’extension qu’en donne Colmez.

4.1.3. Rappelons le théoreme de Kato relatif a I'application exponentielle
duale. Si W est une représentation p-adique de de Rham de Gg, et L une
extension algébrique de Q,, on note expj,. (1),L,/u* I’application duale de
I'application exponentielle expy .1y 1, avec u € {e, f} et e* = g, f* = f.
On pose

AW,z = exDiyery 1 g 0 H (L, W) = L@ Fil’ Dar (W) .
En notant par < .,. >w,r le cup produit :
HY(L,W) x H'(L,W*(1)) — H(L,Q,(1)) = Q,
et [.,.]p,p(w) la dualité naturelle

Trr/op
—

L® DdR(W) X L ® DdR(W*(l)) — L QP )

on a donc par exemple la formule

< @, exXpyye(1),L,e(b) >w,L= [exPiy- (1) 1,/4(2), OlD, (W) = [Aw;L(2), b, (W) -
On fera attention que
< eXpW,L,e(a’)a Y >w,L= *[aveXP;V,L,/g(y)]Dp(W) = —[a, )‘W*(l),L(y)]Dp(W) .

PROPOSITION. Leapplication Ay i, : HY(Kn,V(k) — K, ®
Fil’ Dgr(V (k)) peut se calculer de la maniére suivante : soit T +— c; un
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cocycle de Gg, a wvaleurs dans BGKOC ® Dgr(V) ayant méme image que
r € HY(K,,V(k)) dans Hl(Kn,BdR ®@ V) ; alors,

C
Av k)., (2) = )“’“’"(W) '

Démonstration. L’existence de ¢ vient de ce que Hl(Koo, B4r®V) =0, ce qui
implique que Iapplication inflation suivante est un isomorphisme :

HY(Goo, (Bar @ V)5 ) = H'(Goo, BSX= @ Dar(V)) = H'(K,Bir ® V) .
Kato démontre que si x est représenté par un cocycle 7 — d, les deux cocycles
de Gk, & valeurs dans Bqr ® V donnés par 7 — Ay g, (¢)log x(7) et par
7 — d, ont méme image dans H'(K,,Bqr ® V). Colmez remarque alors
qu’on peut remplacer d par le cocycle 7 +— ¢, ayant méme image que d dans
HY(K,, Bar ® V). On en déduit que Ay g, (z)log x(7n) = ¢y, mod v, — 1 et
donc que

vk, (%) 10g x(7n) = Aon(Av, K, () 1og x(n)) = Aoyn(cy,) -

Pour passer a V(k), il suffit de faire un twist convenable. O

REMARQUES : 1) L’image de H'(G,, V=) dans K,, ® Fil° Dyr(V) par
Av est égale & VOK = Fil’ Dgr(V)#=!. Notons S\V(k),Kn le composé de
AV (k),K, avec la projection modulo V(k)Cx.

2) On a le diagramme commutatif

HY(K,V)
l
HY(K, Bar ® Dar(V)) X HO(K,Bar ® Dar(V)) = K @ Dar(V)
=~ ! |

H'(Goo, BO5 @ Dyn (V) VX B95> @ Dyp(V)/(y — 1) — K ® Dan(V)
ot log x est vu comme élément de H'(K,Q,) = H'(Goo, Qp) = Hom(Goo, Q).

4.2. Lol DE RECIPROCITE (ENONCES).

4.2.1. THEOREME. (Colmez) Soit h un entier tel que Fil™"Dgr(V) =
Dar(V). Soit g € Ds(V), G une solution compatible des équations
(1 —p"®)G, = D"(g). Alors, pour tout entier k < —h et pour tout entier
n>1,ona

v )16 Tk (Qvn(9))) =
prk— 1)(1 ©) " DH(G)(Cn — 1)
(—k — h)!

®e_r mod V(k)Fx
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Remarquons que sous les hypotheses du théoreme, V (k)% = 0 sauf peut-étre
pour k = —h.
Rappelons que l'on a par définition méme de Qy ;,(g) les formules pour k > 1—h,

108y (1) (Tn kQvn(9)) = (=11 (h 4+ k — 1) x
x p"* D1 @) ™D HG) (¢ — 1) ®e_p mod Fil®D,(V(k)) .
Pour uniformiser les formules, posons (cf. [5]) I'*(k) = (k—1)!'si k > 0 et

(—=1)¥/(—k!) si k < 0. On a encore 'équation fonctionnelle : T*(k+1) = kI'*(k)
pour tout k € Z sauf pour kK = 0. On obtient alors que

(4.2.1)

p" VA @) " DTG (G = 1) _ [ logy () (T kQvin(9)) sih+k—1>0
I*(=k = (h—1)) Avk) K, (T k(Rvin(g))) st h+k —1 <0

On peut aussi remarquer que

h—1
r*(=k) = [[(-k = i)T*(~k — (h — 1))
i=1
a condition que k ¢ {—h+1,---—1}. Le produit H?;ll(—k — i) est un produit

. h—1 N —
de h — 1 termes et c’est aussi la valeur de [~} ¢; sur le caractere y*. On a
donc aussi

VAR ) "D G (G — 1) _ Jlogy (k) (v (9)) sitk=>0
F*(—k/’) )‘V(k),Kn (ﬂ'n,k(QV,l(g))) sik<-—h

en posant Qy,; = (H?;ll £;)" Qv . On a en effet alors

h—1

T,k (2v1(9)) = (H(_Z — k) 1 (Qvn)

i=1

On a bien stur perdu un certain nombre de termes.

4.2.2. 1l est commode de transformer le théoreme 4.2.1 et de le mettre sous
la forme de la conjecture Réc(V') de [4]. Cela permettra ensuite d’obtenir de
nouvelles formules que nous donnerons dans le §5.2. Nous supposons dans la
fin du §4.2 que V' est une représentation cristalline.

Rappelons que l'on a un accouplement naturel sesquilinéaire par rapport a
I'involution ¢ induite par 7+ 77!

Z (K, V) % Zoo (K, V(1)) — Q@ A
donnée par

<,y >y=lim Z <7 ' 0(®), Tno(y) >vik, T
n 1€G,
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oll <, >y, est I'accouplement de Kummer H(K,,V) x H(K,,V*(1)) —
Qp. 1l vérifie pour tout entier 4

Tw (< z,y >v) =< Tw'(z), Tw " (y) >v@
On a d’autre part ’accouplement naturel
D,(V) x Dyp(V*(1)) = Qp

On prolonge respectivement ces deux accouplements par extension des scalaires

A K(Go) :
< >V K(Goo) @4 ZE (K, V) x K(Goo) @a ZL (K, V(1)) — K(Goo)
et
[+ b, 1) K(Goo) @A Dp(V) X K(Goo) @4 Dp(VF (1)) = K(Goo)

On note de la méme maniére Paccouplement qui s’en déduit sur HY 0 ®
D,(V) x H%™" ® D,(V). Notons encore ¢ I'involution de H%" correspon-
dant & linvolution ¢ précédemment définie sur H(G ). Enfin, notons o_;
I'élément de G agissant sur les racines de I'unité par ¢ — ¢~!. On a donc
o1(1+T)=01+T)""

4.2.3. THEOREME. (Réc(V)) Supposons que V est wune représentation
cristalline. On a pour tout entier h

<Qn(g1),0-1Qv-)1-n(g2) >v .(1+T) = (*Uh[glvl(gz)]Dp(v) .
Autrement dit, Uinverse de Qy,;, est au signe prés l'adjoint de Qy«(1),1-p-

Ainsi, au lieu de commencer a construire v & partir des exponentielles de
. . N R . , .

Bloch-Kato, on aurait pu construire €27,. (1) 1—h & partir de I’exponentielle duale,

ou son inverse, ou I’adjoint de son inverse. Remarquons que l'application Qy

dépend du choix de e. Appliquer o_; revient & changer € en ¢~ *.

Nous donnerons au §5 les formules sur 'application inverse Ly ; de Qv se

déduisant de ce théoréme.

Démonstration. Montrons comment le théoreme 4.2.3 se déduit du théoreme
4.2.1. On s’appuie sur les formules données dans l'appendice A.2. On
vérifie facilement que cela ne dépend pas de h, on prend alors h tel que
Fil™" D, (V) = D, (V). Soit h* tel que Fil™* D,(V*(1)) = D,(V*(1)). On
a alors Fil" D,(V) = 0. Prenons k tel que —k > 1—h et k < —h*. On
pose x = Qy,u(g1) et y = Qy«(1),n+(g2). On note encore abusivement 7, ; la
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projection H(Gx) ® ZL (K, T*(1)) — HY(K,,V*(1)(k)). On a alors

S,k (< Quin(91), Qve1),1-n(92) >v)
= sn k(< Qvin(g1), ( H gj)flﬁv*u),h* (g2) >v)

—h<j<h*
=sun(< ([ =) 'my>v)
—h<j<h*
_ (k)
ey T, =k () Tk (Y) >V (=), K,

car my —k(l_;x) = (j + k)mp,—k(x) ;
(—k — h*)!
= 7mT7’Ku/K([IOgV(7k),K" Tn,—k(2), Av (i), 16, (Tnk(Y)) D, (v (= 8)))

(remarquons que 7, —k(z) € HL(Kn,V(—k)) sous les hypotheses faites sur
k : Fil°Dgr(V(—k)) = 0 ; le signe — provient de 4.1.3). Exprimons le
dernier terme A l'aide de g1 et go. Avec (1 — p*®)D*(G1) = DF(g1) et
(1-p *®)D7*(G2) = D™*(g2), on a
(—=k — h*)!
(Ck+h—1)
= (=1)"Fp " Tri, i ([DM(G1) (G = 1), D7(G2) (Gr = Vo, v (- y)

en utilisant les formules (4.2.1) et

< 7Tn,fk(z)a 7rn,k(y) >V(—k),Kn

[pu, v, (vi—ky) =P [t VD, (v (—k)) -
Ce qui vaut pour n > 1,
(D" Fp YT [IDMG)(C 1), DH(G2) (¢~ Dlp,v) -
<€Np"'_ﬂpn—1
On remarque que pour n > 1
Z [D*(G1)(¢” = 1), D7 *(g2)(¢ = D]p,(v) =0
CEHpn —fpn—1

car ¥(g2) = 0 et idem en renversant les roles de G5 et G;1. Donc,

> [DMG)(EC 1), D7F(G)(¢ — Db, vy

CEMpn —Hpn—1

= Y. [P =1), D7 g)(C = Db,

CEMpn —Hpn—1

+pp! > [D*(G1)(¢ = 1), D7(G2)(¢ = Dlp,v)

CEMpn—1—Myn—2
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En recommencant, on en déduit que

> [DMG)(EC-1), D7H(G2)(¢ - Db, vy

CENPT"_NPTL*I
= Z [D*(g1)(¢ = 1), D™"(g2)(¢ — Db, (v)
CEppn —pp
+ Y [DHG)C 1), D7H(G2) (¢~ Db,
CENP {1}
Enfin

)

> IDMG)(C - 1), D7H(G)(¢ — Dlp,v)

<eﬂp_{1}

=Y [D*(G1)(¢ = 1), D7H(G2)(¢ = b, vy — [D*(G1)(0), D7*(G2) (0)p, (v,

CEpp

=Y [D*(g1)(¢ = 1), D*(g2)(¢ = Db, (v

CEpp
+[D*(G1)(0), D™M(G2)(0)]p, (v) — [D*(G1)(0), D*(G2)(0)]p, (v,
= > [DM(g)(¢ = 1), D*(g2)(¢ = Db, (v)

CEMp
D’ou I'égalité pour n > 1
Pt Y IDFG)(C—1),D7H(G2) (¢ — Db, vy
CEMpn —Hpn—1

=p™" > DHg)(¢ 1), D7M(g2)(¢ ~ Db, ) -

CEppn

Comme D% oo_y = (—1)*¢_1 D¥, on obtient finalement que pour n > 1,

S,k (< Quin(91), Qv+ (1),1-1(92) >v)
=(=1)"p™ > [D¥g1)(¢ = 1), D7 (o 192)(¢"! = DI, v

Celu'p"
= (=1)"sn1([d1,0-135]D, (1))
L’égalité ayant lieu pour tout k inférieur a h et a —h*, on en déduit que
< Qvnlgr), Qve),1-n(g2) >v=(—1)"[d1,0-185]p,(v) »
ou ce qui revient au méme que

< Qvnlg), Qveyi-nlg2) >v .1+ T) = (=1)"[g1,0-195]p,(v) -
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4.2.4. Avant de passer & la démonstration de la loi de réciprocité, montrons
comment elle permet de transformer l'inégalité

0(Qv,n(9)) < h+0,(9)

pour g € Do #(V) en égalité. On a de méme
0(Qy-(1),n+(97)) < h" +04(9%)
pour g* € Dy r(V*(1)) avec h* comme précédemment. Choisissons ¢g* de
maniere & ce que 0,(g) + 0,(9%) = 0,([9,0-19"|p,(v)). Les inégalités déja
montrées et le théoreme 4.2.3 impliquent alors que
0(Q,n(9)) +0(Qvn-(97)) < 04(9) +h +0,(g") + h*
< o(Qvin(g)) +0(Qva-(97))

a cause du terme ([]_;, ;- ¢;)71. On en déduit I'égalité
0(Qv,n(9)) = h+ou(g) -

4.3. Lol DE RECIPROCITE (DEMONSTRATION). Soient g un élément de
Deo.e(V) et G une solution compatible des équations (1 — p"®)G, = D"(g).
On suppose que g est p~“p~-bornée, ce qui assure que Qv ,(g) appartient a
Hhtu)- (Goo)®ZL (K, T). Au cours de la construction de Qy,,(G), nous avons
construit explicitement (lemme 3.4.3) un cocycle Z,, - de Gk, & valeurs dans
V représentant m, x(Qv(G)) pourn >0et k+h—1>0: pour 7 € Gg,,,

Zn,k,T = (X(T)kT - 1)(€n,k)

avec en ) = Cpk — Eul((1 — @)en k) et cpp = Sff,zﬁcns(G). Une remarque

fondamentale de P. Colmez est qu’on peut retrouver G a partir d’un tel cocycle

4.3.1. PROPOSITION. Soit g un élément p~tp~-borné de HY ™" ® D et et
G une solution des équations (1 — p"®)G, = DT( ). Alors, la suite
™ Zu+h Y(=1) ("Jr?*l)em] ht1 converge dans (Bmax @ D,(V))2=P" et on

a pour tout entier n > 0 et tout entier k tel que k 4+ u > 0,

u+h—1
Aun( Jim p™ 3 (1) <u i ? - 1> Cmj—ht1) =
7=0
(uth-1)'1®e) "D"G) (G —1)

(k + u)! prk

Remarquons que pour k + u < 0, le membre de gauche est nul.

Démonstration. La limite de p™ Zu+h e 1)j(“Jr?*l)Sggithcris(g) est

nulle (3.4.5, cest d’ailleurs un argument essentiel dans lexistence de
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Ihomomorphisme Q) et donc par continuité de FEul, il s’agit d’étudier

la limite de -

ut+h—

m (u+h—1 h

Y (TS (@)
j=0

Nous avons calculé dans le §3.4.5 (avec g a la place de G, mais le calcul est

bien sur identique)

u+h—1
fu+h-—1
Z (71)J < . )Sfr}z,)j—h—i-l,cris(G) =

=0 J
= (u4h—1)lp™@= DO D=(G)([e] — 1)t
On utilise alors le lemme suivant :
LEMME. Sig est p~ "¢~ -bornée, alors, p"™“®~"D~%(G)([e] — 1)) a une limite
dans (BSE= @ D, (V))®=r".

Démonstration. On s’appuie sur le fait que si F' € Hoo, F(Gm — 1) existe dans
B et que l'on a
(4.3.1) IE B = Dllmax ~ [|Fllp,, »
(le symbole ~ signifiant que ||F||,,, < ||F(Bm —1)|lmax < p||F||p..)- Rappelons
que D7%(g) = (1 — p~“®)D~*(G) et que (D *(g)) = 0. Posons u, =
prBm D (G) (] — 1) = (1 @ 9) "D (G) (B — 1). Oma
U — Um—1 =p™" @ (1 = p~ @) (D™(G))([e] — 1)
=p™" " (D" (g)([e] = 1)) -
On a grace a 3.1.1
[t — Um-1]lmax ~ [P (X ® ©)"" fl|p,,
Comme g est par hypothese p~“p~-borné, il en est de méme de D~*(g) (voir

1.3, 1.4) ; U — Um41 tend donc vers 0 dans By, ® D,(V) et la suite (uy,)

max
converge dans B, @ D,(V). 1l est clair que sa limite est fixe par Gk,

max

puisque ce groupe de Galois laise fixe les 3,,. Comme p~"® (U t1) = Um, elle
appartient & (Buke @ D, (V))*=r" O
On déduit de ce qui précede que
u+h—1
fu+h—-1
)\k n lim p™ -1 J( .
oy S ("
=
=(u+h—Dn( im p™*@~"D7(G)([e] — 1))
= (b= D!l w08~ D (@) ([e] ~ 1))

eh=1 1 Tr 0710 9) DG 1)
(k + u)' m—oo pMm—n p’m(k+u)

)Sm,j—h-i-l,cris(G)) -
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pour k +u > 0. Comme ¥((1 — p*®)(D*(G))) =0, on a
(432) Y DHOCO+T) 1) =g @@ DHG+ TP ~1).
CEHp
On en déduit que
Trrc, 50, (L@ )" (DF(G)(Gm — 1)) =
pHDI= (1@ o) DH(G)) (G — 1)

d’on,
1 Trg, k0" (1® ) "DMG)(Gn —1)  (1®¢) "DF(G)(¢a — 1)
pmT pm(k-‘ru) - pkn :
On en déduit la proposition. O

4.3.2. Posons pour simplifier h = h+u. Notons Amazw =t " Amnax. On a des
applications

HY(Goo, Hj,— (Goo)@(ARKE, @ Dy(V)))
— H' (Koo, Hj, (Goo) © (Afakz, @ Dy(V)))

et

B:H; (Geo) ® Z2(K,T) — H' (K, H; - (Goo) @ V)
— H' (Koo, Mj— (Goo) @ (Afaszz, @ Dy(V)))

LEMME. Il eziste un élément 2’ de H'(Goo, Hj— (Goo) @ (Aglf;?f’v ®@V)) tel que

a(z) = B(Qv,n(g)).

La démonstration utilise les résultats du type de ceux de Tate et de Sen. On
renvoie & [1, chap. IV,§1-3 et lemme VI1.3.2].

Choisissons un cocycle Z’ représentant z’. Pour j + h — 1 > 0, 'image de
Qvn(g) dans HY (K, (Bmax ® V(5))?~!) est nulle, il en est donc de méme de
celle de 2’ et on a donc m, ;(ZL) = (1 — 1) *j dp; = (x(7)/ 7 — 1)d, ;

LEMME. Awvec les notations précédentes, la suite
mqurh Y(=1)7 (“+?_1)dm7j_h+1 a une limite dans (B4Le @D, (V))®=P" et
pour tout entier n > 0 et tout entier k tel que k+u >0, on a

u+h—1
Ak Jim p™ > =1y (u +§L - 1) dim,j—h+1) =
=0
(ut+h—1DI1®¢)"D*G)(G —1)
&+ ) o '
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Démonstration. 1l suffit de montrer que la limite de
u+h—1
m Sfu+h-—1
p Z (1)]< . )(dm,thrl — €m,j—h+1)

— J

7=0
est nulle. Or si Z est le cocycle représentant Qy,1,(g) tel que

7Tm,k(Z)‘r = (7_ - 1)(€m,k) )

ona Z — 7. = (1 —1)(B) avec B € H;_ © (A5kz, ® D,(V)) et donc
€m,j—h+1 — Am,j—h+1 = Sm,j—h+1(B). Il s’agit donc de montrer que

t

-1 ~
. m (h—1
lim p Z(I)J< . )methrl(B) =0,
m— 00 — i
7=0
ce qui se déduit du fait que B appartient a H;_ ® Amax,o @ Dp(V). O

4.3.3. Prenons donc un cocycle 7' comme dans le paragraphe précédent et
posons Z = Z!. Avec les notations précédentes, on a pour i +h — 1> 0,

Tmi(Z)7 = (T = 1) % dms = (X(7)'T = D) s
avec dp, ; € (ASKe, @D, (V))*=L et 7 € Gk,,. D'oty, pour i+ h—1> 0,

Tmi(Z )y = (X(Ym) Y — )i
et pour k # i
1
A n(mmi(Z))
ke T 2)n)

Commengons par faire le cas ot m > n = 1. Dans I'appendice A, est fait
le calcul explicite de 7y, i(Z’). Si Ru,(Z) est le polynéme d’interpolation de
Tw'Z modulo v, — 1 vu comme élément de Z,[G,,] ® M, on a

)\_kal(ﬂm7i(Z/)'YWL) =< X >k7i (Rm,l(Z))
Gk

avec M = (Amag ® D,(V))®=1 Dot

)\—k,n(dm,i) =

L B
lim A_pq( (1)]( , >p dm.j—n—1)

m—00

71 ~ . ~

. (h=1\p" < x >FIHU (R w1 (2))

=) 1 § —1) _ o )
k’l(minéojzo( ) ( i ) <X > ()i Pk 1 )

On applique alors la proposition de lappendice B & Tw="+1Z (avec k remplacé
par k+h —1, h par h et < x > (y) par < x > (v)~!) et on obtient que pour
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k n’appartenant pas a {1 —h,--- ,u}

t

71 ~

. i(h—1 m

im A () (1)J< j )p dim,j—h—1)
i=0

(1) (h—1)! Ai(< x>k (2))
(k+h—1)---(k—u) log<x>(v)

Lorsque n est quelconque (avec toujours m > n), on décompose mp, i(Z'),

sous la forme d'une somme de termes de la forme m,, (2’ )g],zyvj €
Q,[Gal(K,,/K,)]y? pour j compris entre 0 et p"~' — 1, ce qui re-
vient a remplacer le groupe I' par le groupe I';,, on utilise le fait que
Agn(T2) =< x >7F (7)A_gn(z) pour 7 € T, (cela n’est pas vrai pour 7
avec j = 0,---,p" 1 — 1) et on procede ensuite de la méme maniere. On
obtient alors de nouveau que pour k n’appartenant pas a {1 —h,--- ,u}

-1 ~
. i(h—1 m
n}gnoo Akyn(2(1)3< ) )p dm,j—n—1)
7=0

l

J

1) (h—1)! A k(< x >F (2))
(kth=1)---(k—u) log<x>(7)

Le premier membre vaut pour —k + u > 0,

%Wﬂ ® @) "DHG) (G 1) -
D’ou,

(h—1)!

m?nk(l ®p) DTG (G — 1) =

(—1)f (h—1)! Ain(< x> (2))
(k+h—=1)--(k—u) log x(7) '

Grace au lemme de Kato

A wa(< x>k (2)
p"log x(v)

= Av(),n(mnk(2)) -

D’ou,
AV (&), K, /g(Tnk(2)) =

k&
_1\h ~ 1) (k—-u
(-1) (kf_hk:i)! =) -0n(1 & )" DH(G) (G — 1)

pour k—u <0et k#1—h,..., u, c’est-a-dire K < 1—h. En posant k=k—u
(on a toujours h = h+wu), on trouve que le coefficient dans le membre de droite
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est

p"* (1@ @) "D HG) (G — 1)
(—k — h)!

AV (&), K, (T ke (2)) =

Ce qui termine la démonstration du théoreme 4.2.1.

5. QUELQUES CONSEQUENCES

On suppose dans ce paragraphe V cristalline. Nous trouvons commode
d’identifier ici Z,[[Goo]] avec Zp[[T]]¥=° et H(Goo) avec HY O par I'application
induite par 7 — (1 + T)X(") pour 7 € G4. On a donc canoniquement
Do (V) = H(Go) © D,(V).

Pour tout entier 7, on note Ly, I'inverse de Qy . Il est donc a valeurs dans
K(Goo) @ Dp(V).

5.1. DETERMINANT ET INVERSE DE Qy. Si Fil7"D,(V) = D,(V),
on mnote d,(Qy) lidéal suivant de Q, ® K(Gs) : c’est limage par
I'application déterminant det Qv du Q, ® A-module detg, oA (A ® Dy(V)) ®

Die 1,2 (detg,en 25 (K, V)TV o ZL(K,V) = Q, @ lim H*(K,,T) =

(V*(1)%%)*. Ainsi, si B est une base du Q,-espace vectoriel D, (V) et B’
un systéme libre de Z1 (K,T) engendrant un A-module Z de Z1 (K,T), si
detp Qv n(B) est le déterminant de Qy,;, dans les systeémes libres B et B’ si
Fz1_(k,r)/B est une série caractéristique du module Z! (K, T)/Z et F. - (1)G Koo

une série caractéristique de T*(1)%%=, on a
on(Qv) = Fzi (k1) /8(Fpe ()0 )" et Qyn(B)A .
On pose ensuite

— dimg,, Fil/ D, (V
sv) = [ =™ Vsu(v)

j>—h

qui est indépendant de h & condition que Fil™"D,(V) = D,(V). Tl est
démontré dans [4] que §(V') est contenu dans Q, ® A et que (Réc(V)) implique
que 6(V) = Q, ® A. On obtient ainsi le théoréme.
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5.1.1. THEOREME. (8(V)) Si V est une représentation cristalline, alors

S() =Q, DA .

Soit i > 1 tel que Fil™" D, (V) = D, (V). On déduit de §(V) que

— dimg,, Fi D,(V), -, _
Lu(z)e J] ;™ (Fp )6 )T H(Goo) @ Dy(V)
j>—h

En particulier, si Frac(A) est Panneau total des fractions de A,

La(z)e T 2™ ™ P Frac(AYH(Ga) © Dy(V) -
j>—h

Soit h* > 1 tel que Fil"” D, (V) = 0 (remarquons que cela est équivalent & dire
que Fil™" D,(V*(1)) = D,(V*(1))). Dans le cas ou V contient Q,(h), (resp.
ot V*(1) contient Q,(h*)), on augmente h (resp. h*) de 1. En utilisant le fait
que V*(1)%% est de la forme @;c;V*(1)(—5)9% (j) avec J un sous-ensemble
de | — h*,...h[, on en déduit qu’il existe des entiers a; pour —h < j < h* tels
que Lv([T_p<jcn- ﬂfjjac) € H(Gs) @ D, (V). On a en fait la proposition plus
précise suivante.

5.1.2. PROPOSITION. Siz € H(Gx) ® ZL (K, T), alors

Lop(x)= J] ‘-iLn(@)

—h<j<h*
appartient ¢ H(Goo) @ Dy(V).

Remarquons que 2’ = [[_, ;- {—jz vérifie automatiquement la condition
que 7, x(2') € H (K, V(k)) pour tout k > 1 — h.

Démonstration. Soit g = Lvn([1_j<jcp- (Y1) € H(Goo) @ Dy(V) avec a; >
1. On désire montrer que si a; > 2, il est possible de diviser g par {_; dans
H(Goo) @ Dy(V), c'est-a-dire que g s’annule sur tout caractere du type x ~7n
avec ) d’ordre fini. Soit g2 € H(Gs) ® D, (V*(1)) quelconque, on a alors en
remarquant que Qy-)y1-n = ([1_joj<p- 1) Q- (1),

(—1)"g,0-168lp,0v) =< Qn(9), ([ 1)7'Qv-qyn-(92) >v
(5.1.1) . eI -
=< J] ¢ e 9-@ug2)>ve [ € H(Gx) .

—h<j<h* —h<j<h*

Ainsi, si a; > 2, le dernier terme est nul sur tout caracteére ny ™/ ; comme go
est quelconque, cela implique qu’il en est de méme de g qui est donc divisible
par {_;. O
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5.1.3. PROPOSITION. Soit J un ensemble fini d’entiers contenu dans {—h +
1,...,h* = 1} et J¢ le complémentaire de J dans {—h +1,...,h* —1}. On
suppose que v € H(Goo) @ ZL (K, T) vérifie m, 1 (x) € H(K,, V(k)) pour tout
entier n > 0 et pour tout k € J. Alors, gh"" 7 = HjeJC 0_;Ly(x) appartient &
H(Goo)®Dy(V). Autrement dit, [ [ ;¢ ;. {—j.x appartient a l'image de H(Goo)®

D, (V) par Qv,. De plus, ow(gg*h*"]) =o(z)+h*—¢J — 1.

Démonstration. Onprend g = Lva([]_j<;<p- £—j2). Ona alors comme précé-
demment

(5.1.2) (—1)"[g,0-195]p,(v) =< T, Q- (1)1 (g2) >v
Soit k € J. 1l s’agit de montrer que ¢_j divise g. Comme h* —k —1 > 0,
Tn,—k(Qv+(1),n+(g2)) appartient a H}(Kn,V(k:)*(l)), on en déduit que pour
tout g2 € H(Go) ® Dp(V), x *n([g,0-195]p,(v)) = 0 pour tout caractere
d’ordre fini (cf. Appendice A.2, rappelons que l'orthogonal de H}(Kn, V(k))
est égal a H}(Kn7 V(k)*(1)) pour la dualité locale). Donc g est divisible par
£_k.
La formule sur I'ordre de tempérence se déduit de ce que

0 (gp" )+ h=o(@) +h+h" —1-t],
(cf. 3.3). O

Prenons par exemple comme dans [1] J = {—r+1,---,0} avec r = o(z). On
a donc alors

o (g ) = ht 1
Ainsi, ggvh*“’ est p*(h**l)gp’—bornée. On peut alors appliquer le lemme 4.3.2 :
si 'on choisit un cocycle Z(y) représentant y = [ | C_jz avec Tp k(Z(y)r) =
(x(7)¥7 — 1)d,, 1 (y) pour k > —h, la limite de

h*—1
. h*+h—2
pn -1 ]+h1< ' )dm Y
3 e (G0

jeJe

existe et vaut

lim p™™ =Ne=™(D= ™ =D(@) ([ — 1))=Y =
lim &~™(D~" =D(GQ)([¢] — 1)t~ D)y

m—00

On remarque alors que 'on peut d’abord choisir un cocycle Z(x) représentant
x avec Ty x(Z(z),) = (x(7)kT — 1)d, k(x) pour k > —h et que l'on peut alors
prendre

dni(y) = (] 7 = F)dnr(x)

jege
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pour j € {—h+1,---,h* =1} ; en particulier, d,, 1 (y) est nul pour k € J¢. Un
calcul élémentaire montre que

h*—1
1 (B h—2
(h+ h* —2)! > (- 1<j+h—1>d"’j(y)

j=—h+1
1 0 i 71
— o X o (U Y

fj=—r+1
Faisons-le ! Le premier terme vaut
0 —r h*—1
1 - h*+h—2
_— —1)ith=t k—j k—j)dn;(x) .
(h—i—h*—Q)!_Z (=1) j4+h—1 H( ])H( J)dn,j(x)
j=—r+l k=—h+1 k=1

On a pour j compris entre —r + 1 et 0

(—1)i+h=1 hr b -2\ o =
(h+h*2)!(j+hl)k_l__Ll(k_j)kl:[l(k_J)
1 (h+j— D! (h* —1— )

iD= -1 G+l ()

(1)1 1 (=D r—1
=(=1 (r—14+)(=4)!  (r—1) (j+7’1)'

La limite de la suite (Tpfnl)! Z?Z_Tﬂ(fl)j”’l( "1 )dn j(x) lorque n — oo

j+r—1
est ce que Colmez appelle Logg )(z) modulo un isomorphisme entre (Bg;(;o

D, (V))®=! et H(Gw) ® D,(V) (voir appendice C). Ainsi,

gm0V D (@)~ D) = Log(a)

= (-1

pour Qv (g) = Hje{—h-l—l,...,—r}u{l,w,h*—l} ¢_;.x. Remarquons que I'on peut
préciser dans quel cran de la filtration il est. A priori, on obtient un élément
de (Fil-" -V BEE= & D, (V).
5.2. UN FORMULAIRE. Nous allons essayer de donner un formulaire complet.
On a les formules
ﬁV,r = €T£V7T+l

Ly ) rek(Tw"(2)) = D™ (Ly,,) .
Nous avons ici abandonné 'idée de ne pas identifier D,,(V (k)) avec D, (V) !
Nous réserverons la notation h pour un entier tel que Fil™" D, (V) = D, (V).

On fait agir ¢ sur K, ® D, (V) par 1 ® ¢. Soient p =< x >*» 1, ot k, est un
entier et 7, un caractére d’ordre fini et de conducteur p/) . On note logy(, et
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eXpy ()« 1e logarithme et les exponentielles associés a la représentation twistée
V(p) et m, Papplication composée

) Wk,i()np)

Z (K, V H' (Kf(y,), V(K) = H' (Kf,),V(k)") = H' (K, V(p))

Enfin, on pose

I*(p) =T*(k — h+ 1)

Po(s) = {pf"kpcpfﬂ s? 7 est non trivial N
(1 —pFetlo=1)(1 —p~Fe) sin est le caractere trivial
bo = li(p) = loge” ()
x(7)
G(p) = G(np)

La proposition suivante est une simple traduction de résultats déja démontrés:

5.2.1. PROPOSITION. Soit x € H(Gs) ® ZL (K, V) appartenant a limage de
H(Goo) @ Dp(V). Soit p un caractére géométrique de Goo.
1. Sik,>1—h,
logy () (T ()
P(ep)(p (Lvn(2) = Glp™ ) =
(0o) (P (Lvin(@))) = G(p™7) T (o™ 1)
2. Sik,<1—h,

Av(p), (T (2))

P
*(pxh=1)

»(9) (™ (Lyn())) = G(p™)

On ne suppose maintenant plus que z est dans 'image de H(G) @ D, (V). 11
ne Pest en particulier pas si 7, 1 (z) n’appartient pas a Hg1 pour tout n > 0 et
k > 1 — h. On trouvera la démonstration des formules suivantes dans [7].
5.2.2. PROPOSITION. Soit z € H(Gw) ® ZL (K, V).
1. Si Fil* D, (V) = Fil® D,(V(p)) = 0 et si D,(V(p))¥=* ' =0,
logy () (mp())
I (px"=1)

2. Si Fil®D,(V(p)) # 0 et D,(V(p))¥=*"" =0, alors

Po(@)p™ (0 Lvp(2)) = G(p™1)

Av (p), (mp())

Py(p)p~ (Lvn(@) = G(p™") T (o)

Si de plus mp(z) € H}(K,V(p)), on a

logy () Tp(2)
I (px=1)

Py()p™ (€% Lya(x)) = G(p7") mod Fil" D, (V(p))
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3. Si DID(V(p))WZZf1 # 0, alors

(0™ Ly pyn(@), —(1 = p" o™ (07 Ly (pyn(2)) =
(=g s )

Si de plus 7,(z) € H{(K,V(p)), on a

(1 =pr o™ (€ Lyn(2))
_ 10gf,1(77p($)) - (1~ P_k”@) logf,z(ﬂp(w))
I (px"~1)
ou logy, et logy, désignent les composantes de l'application réciproque
de exp; (voir 3.1).

mod (1 —p~" ) Fil’ D, (V (p))

5.3. CONJECTURE DE TAMAGAWA LOCALE. On renvoie & [4] et & [6] pour les
conséquences sur les conjectures de Tamagawa locales. La loi de réciprocité
implique que ces conjectures sont invariantes par twist. En particulier, on peut
pour la démontrer twister V' de maniere & ce que FilD,(V) = 0 (un des
nombres de Tamagawa est alors juste un cardinal d’un groupe de torsion).

APPENDICE A. FORMULES DIVERSES
A.1. LEMME DE SHAPIRO.

A.1.1. Soit G un groupe profini et H un sous-groupe fermé distingué de G.
Soit M un H-module. On définit Ind M comme l’ensemble des applications
localement constantes f de G dans M vérifiant f(hx) = hf(z) pour h € H. Le
groupe G opere sur Ind M par g(f)(z) = f(xg). L’application « : Ind M — M
donnée par a(f) = f(1) est un homomorphisme de H-modules. On a en effet

a(h(f)) = (hf)(1) = f(h) = hf(1) .
On en déduit une application de Z'(G,Ind M) dans Z'(H,M) puis de
HY(G,Ind M) dans H'(H, M) qui est en fait un isomorphisme.
Le cas qui nous intéresse ici est celui ou M est déja muni d’une action de G-
modules et ot G/H est abélien et méme cyclique. On a alors un isomorphisme
de G-modules

Z|G/H)® M = M[G/H] — Ind M
I'image de ZTGG/H ar7 est Papplication f : = +— za,-1 avec un abus sur
az—1 : il ne dépend que de l'image de ! dans G/H ; f € Ind M car
f(hx) = hxapz)—1 = hxa,— = hf(x)) ; Iapplication réciproque est donnée
par f > a =3 o g7 (f(F)77" (on vérifie que la définition ne dépend pas
du choix des représentants 7 des éléments 7 de G/H, puisque pour h € H,
(h7)"Y(f(h7)) = 77 A h(f(F)) = 771(f(F)), le composé des deux appli-
cations est dune part f — g avec g(z) = wa,1 = zz 1f(z) = f(x),
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d’autre part a = 3 avec f = 3 gy T HTaza) 7Tl = 3 g panT =
a. Laction de G sur Z[|G/H] @ M est action diagonale (si ¢ € G,
Vimage de gf est g7 GNENT = Socam P FE)T =

ZTGG/Hg%_l(f(%))gT_l = g(ZTGG/H%_l(f(%))T_l). En composant avec
I’application Ind M — M, on obtient un homomorphisme de Z-modules
VIC;/H t ZIG/H] ® M — M donnée par } g/ ga;7 — arg , qui in-
duit un isomorphisme de G/H-modules H'(G,Z[G/H] ® M) = H'(H, M),

laction sur le premier étant donnée par action de G/H sur Z[G/H] par

e G/H G/H
multiplication. On a I/Id/ (9 rea/n a,.7) = yld/ (>Xreq/m9lar).gr) =
G/H
vid " (Crecyn 9(ag-1-) 7) = gag-1.
Notons Vf/H I’application ZTEG/H ar.7 — ag—1. On a donc Z/IGd/H(gf) =
G/H

gvg' " (f) pour f € Z[G/H]®@ M et g € G.

A.1.2. Reprenons la situation du texte. Si M est un Go.-module avec action
continue de Goo, on identifie M et M (k) en tant que Z,-modules, on note 7x,m
Paction sur M (k) : 7% m = x(7)*7m. On note v = v™ pour alléger les
notations.

On considere d’abord l'isomorphisme de Goo-modules ¢ : H(Goo) @ M —
H(G o) ® M (k) induit par 7@ m + x(7)¥7 @ m [vérifions que c’est compatible
avec 'action diagonale de G : t(9(7 @ m)) = 1(97 ® gm) = x(9)*x(7)k g7 ®
gm = x(T)kgT @ g m = g *1, (x(T)*T @ m) = g *1. t.(T ® m)]. On peut aussi
éerire 1, = Tw® ® id. Soit R, la projection de H(Gw) sur Q,[G,]. On pose
alors

Spk = Vig 0 Ry otg :V?doRnoka ;

c’est une application de H(Guoo) ® M — M (k). Remarquons que R, o Tw® a
a voir avec le “polynome d’interpolation”. Ainsi, on peut écrire avec d’autres
notations R, x(f) = Rp o Tw*(f) et Tw ™ R, 1(f) = f mod x(y) """ —1
ou Ry, 1 (f) = Twkf mod +*" — 1.

Vérifions pour se rassurer que sy, j est bien un homomorphisme de Gk, -modules
: on a en effet pour f € H(Gx) et me M

snk(9(f ©m)) = Vig(x(9)" Ru(9Tw* () © g(m))
= x(9)"vy (Ru(Tw"(f)) ® g(m)
= V2 (Ra(Twh(£)) © g 4 m)
Utilisons maintenant le fait que g € Gk,,, ce qui implique que vy = v}, et donc
snk(9(f ©m)) = vig(Ra(Tw" (f)) ® g %4 m)
= g%k Vig(Ra(Tw" (f)) @ m)
= g *k Snk(f ®m)
On désire maintenant décrire 'application

Tkt HY(G oo, H(Goo) @ M) — HY (Koo /Ky, M(K)) .
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induite par sp 1 : H(Goo) ® M — M(k). Rappelons que I'on a des isomor-
phismes

HY (Goo, H(Goo) ® M) = H(Goo) ® M/(7n — 1)
et
HY (Koo /K, M(k)) = M(E)/(x() 7 — 1)

obtenu en fixant un générateur v de Goo; 7o = 7*" est alors un générateur
de Gal(Ks/Ky) : si Z est un cocycle de Goo (resp. de Gal(Ko/K,)), on lui
associe Z, € H(Goo) ® M (resp. Z.,).

Soit donc Z € H(Goo) ® M et Z le cocycle déterminé par Zy = Z. On a alors
Twh(Zy) = Twb (X207 Z) = Y1 x()*Twb (v Z). Le cocycle m, 4 (Z)
associé dans Z' (Koo /K, M(k)) est déterminé par sa valeur en 4*" qui est

p"—1
Tk (Z)yn = via( Z X('Y)ZkRn('YZkaZ)
=0
p"—1
= X(V)Zkfyzy'yi (Rn(kaZ))
1=0
p"—1
= > A sk vy (Ru(Tw" 2))
=0
= (R, (Tw*2))
avec
p"—1 p"—1
Vk ( Z a'yl ®’Yl) = Z ,yl *k a'y*'b
=0 =0

Si maintenant Ag est un homomorphisme de M dans N vérifiant A\;(7m) =
X*(T)As(m), on a pour f € Zy[Gn] @ M, Xs 0 57 (f) = As(x"*7*(f)), d'o

As(Tn 1 (Z)yn) = )‘S(X_k_s(Rn(kaZ))) = )‘S(X_k_s(Rn,k(Z)))

Si on écrit Z = f(y — 1) avec f € H ® (Z,[A] ® M), si u = x(7), Rux(f)
est le polynome en T de degré < p" tel que R, x(f) = f(u*(1 +T) — 1)
mod (1 + T)P" — 1 et la formule devient

Xs(Tn i (Z)4n) = As(Rp i (f) (w575 — 1)) .

A.2. FORMULAIRE D’EVALUATION. Rappelons que l'on a un isomorphisme
canonique de Go-modules entre A et Z,[[T]]¥=° qui se prolonge en un iso-
morphisme entre H(Gs) et HL=0. 1l est induit par 7 — (1 + T)X(") pour
T € Go. D’ou lisomorphisme canonique Do ;(V) = H(Goo) ® Dy(V). Si
g€ HE @D, (V), on posera g = §.(1 + T).
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A.2.1. Sin est un caractere d’ordre fini de conducteur p™ avec n > 0, on
note e, = ZTeGal(Kn/K) n(T)T. Soit p = nx* un caractére continu de Goo a
valeurs dans Cj, avec n un caractere d’ordre fini de Gal(K,,/K) de conducteur
p" (c’est-a-dire ne se factorisant pas par K,,_1). On peut évaluer les éléments
de H(Gs) sur un tel caractere. On a

eng(Gn —1) = Gn)n"(9)

avec

G =enC)= Y

reGal(K,/K)
la somme de Gauss associée a . On a d’autre part
D¥(g) = Tw*(9).1+T) .
On en déduit que
(A.2.1) Gmp~'(9) = enDM(@) (G — 1) -

A.2.2. On a une application Ry, i : H(Goo) — Qp[Gr], composé du twist Tw"
et de la projection sur Q,[G,]. Siz € H(Gx) ® ZL (K, T) et y € H(Gx) ®
Z1 (K, T*(1)), image twistée de < x,y >y dans Z,[Gy] est donnée par

Rn,k(< z,Yy >V) = Rn(< Tw_k(x),ka(y) >V(k)

= Z < T_l-ﬂ-n,—k(x)aﬂ-n,k(y) >V(7k),Kn T.
T7€G,

En prenant le coefficient de Id € G,,, on obtient que

Sn,k(< €T,y >V) =< 7Tn,fk(z); 7rn,k(y) >V(—k),Kn .

Enfin,
p_1(< T,y >V) = n_l(Rn,fk(< T,y >V))
= Z <7 Tk (@), Tk (Y) >V, 1 (T)
TEGH
=< Z 7771(7—)7_71-7(71,]6(1');Wn,fk(y) >V(k),Kn
TEG,
D’ou

(A.2.2) p_1(< T,y >y) = (ﬁGn)_1 < enTn,k (), €170,k (Y) >v k), Kn

A.2.3. Passons aux formules concernant le produit de convolution. On a g; *
g2 = G1G2.(1+T). On a D¥(g; x g2) = D¥(g1) * D*(go). D’autre part, on note ¢
I'involution de HY=° correspondant & 'involution ¢ de H (G ) changeant T en
771, On a alors D*(g*) = D™%(g)* et D*(g, * g5) = D*(g1) * D~%(g2)*. Enfin,
010 DH(g) = (—1)*DH(o-19).
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Le polynéme d’interpolation de g * go modulo (1 + T)P" — 1 est

p"—
1 1 _ .
Ru(gixga)= Y. — Y q(¢ =D -na+T).
PN 4
J=0,(4,p)=1 CEppn

D’ou,
~ AL ki~ ~L 1 k —k v —1
sua§138) = sn0(TuH(G139) = = 3 DHgn)(C — DD Hea) (7~ )
Celu'p"

Enfin

)

en(D™ (g1 % g5)) = G(m)p~ " (91)p(32) -

APPENDICE B. INTERPOLATION

Soit u un générateur topologique de 1 4 pZ,. Un élément f € H;- est connu
par ses polynomes d’interpolation modulo les u_ipn(l + T)*" — 1 pour i €
{0,...h—1) et on peut calculer f(u* —1) pour tout entier & comme une limite
de combinaisons linéaires des R,, ;(f)(u? — 1) pour i € {0,...h—1) ([4, lemme
1.3.4]. Nous allons ici démontrer la formule exacte.

Pour tout entier 4, on désigne par R, ;(f) est le polynome de degré < p™ tel
que

fF=Rui(f)w (14+T)—1) modu P (1+T)P" —1.
En particulier, on a f(u! — 1) = R,, ;(f)(0).

LEMME. Si f € Hy,—, alors pour tout entier k > h (resp. pour tout élément k
de Z, —{0,---h—1}), on a

(h —1)!

v | S PN

flu* =1)
h—1 _ . ub—i

— 7}1_{20 Z(_l)i (h . 1) Rnﬂ‘(f]){:(i - 1)_
=0

La formule peut encore s’écrire pour f € Hy-(Goo) et k € Z, — {0,---h — 1},

(h —1)!
(k—1).. . (k—h+1)

h—1 7
1=0

Ici, < x > est la projection de x sur 1+ pZ,. La formule s’étend par continuité
a tout élément de Z, — {0,--- ,h — 1}.

(=1 <x>F(f)
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Ce lemme ou ses variantes est a la base de tous les calculs de valeurs de fonctions
obtenues par interpolation p-adique. Lorsque f € A ou H;-, le lemme dit
simplement que

fu® —1) = lim R, o(f)(u*—1).

n—oo

Démonstration. Nous avons choisi une démonstration “élémentaire”. Il suffit
de démontrer la formule pour k > h et de conclure par continuité.
Si g est une fonction sur les entiers positifs, on définit (cf [8])

i) = 21 (3ot =)

r=0
On a alors la formule d’inversion

o) =3-0.0)(7)

En particulier, si les 05(g) sont nuls pour s > h, on a

o) = }gug)(’j) .

et toute valeur de g sur un entier positif s’exprime uniquement en fonction de

g(0), g(1), ..., g(h — 1). Plus précisément,
h—1
(h—1
=S (1) gl
g(k) ;( ) ( . )ch,k, g(i)
avec

K= 1—i) "SR (k=i
Ch’k’i(l)m > (-1 ( s )

s=0

On remarque alors que on a l'identité (que 'on peut montrer par récurrence)

S (D)= ("))

pour 0 < u < v. On obtient alors

ey Kl(h=1=0)! (k—i—-1
(h=DW k- \h—1—1
k!
(k—m)(h— Dk —14)
Ainsi, si g est une fonction sur les entiers telle que §;(g) = 0 pour tout entier
s > h, on a pour tout entier k > h

Chki = (—1)

- (D!

h—1

-1 (h—1)! B i(h—1\ g(7)
(=1)" k(k—l)---(k—h+1)g(k)Z(l)< i )E

=0
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Revenons au lemme & démontrer et posons g, (i) = Ry,;(f)(u*~% —1). Le
fait que f € Hjp- implique que pour tout entier s > h, la suite d5(g,) =
i o(=1)%(5)gn(s — i) tend vers 0 avec n. On en déduit que pour tout entier
k > h, la limite de g, (k) — Z};:_(} 6s(gn)(§) est nulle. Il ne reste plus qu’a
utiliser le calcul précédent et & remarquer que g,(k) = f(u* — 1) pour tout
entier n > 0 pour conclure. O

LEMME. Si f € Hp- et P est un polynome de degré < t, on a

h—1

lim p" ™M) 2 (—1) (h ; 1) P(k —i)Rn(f)(k—i)=0.

n—oo 4
=0

Démonstration. Soit g une fonction sur les entiers vérifiant §,.(¢g) = 0 pour r >
. . t—1

h—1 et P un polynome de degré < t avect > 1;onaen P(z) =3, ds(P)(%)

(ces deux polynomes de degré < ¢t — 1 coincident en = 0,--- ,¢ — 1 et sont

donc égaux), ainsi, d5(P) =0 pour s >t). On a

h—1
on-1(Pg) = _ 6;(P)on—1-;(g)

- <
Il
- o

3;(P)on-1-5(9) -

<
I
o

Prenons pour P le polynome @ = P(k — z) et remplagons g par g, =
i — Rin(f)(u*~* —1). Rappelons que p"8,(g,) — 0 pour r > h et que
P 6p—1-j(gn) — 0 lorsque n — oo pour 0 < j < h — 1. On déduit alors du
calcul précédent que

h—1
Jm () P R )
=0

= nlingop”téhfl(an)

t—1
= 1Lm p"t Z5j(P)5h—1—j(g) =0
Sit < h, on a encore
h—1
6h—1(Pg) = Z&](P)(Sh—l—](g)
=0
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et

h—1
Jm 0 (M) P R - )
=0

h—1
= lim p"hZ(S )on—1—;(g)
. h71 .
= lim pr(h=9) Z 3;(P)p™ép—1-;(g) =0
O
ProrosITION. Si f € Hy,—, alors pour tout entier k > h, on a
D)"h-1)!  fuF-1)
k(k—1)...(k—h+1) logu B
h—1 i
Tim Z Pt (1) ) Rt -

Nous avonc utilisé cette proposition pour des éléments de f € Hj,- (Go,). Elle
se traduit alors par la formule

DM R
k(kf 1) (k—=h+1)logx(vy)
p" h—1 i
nh—{go Z w( i >Xk (Rn,i(f))

+ 7 = Yo ¢T7 avec pplc; € Zy pour 1o

(B.0.3)

Démonstration. On écrit =z
indépendant de j. On a alors

p" 1 nGHD () —
1 — ylk=p" + (k—i)log Z &b iy’
h—1
=) p"Iplep™ (k—i) +Zp"““ M=IpT e (k — i)
j=0 j=h

Comme n(j+1—h)—j > 1—h pour j > h, on en déduit du lemme précédent
que si (i) = 7= + ymogw aue

h—1
Jn Y (T RORWE - =0,

7

Il ne reste plus qu’a appliquer le premier lemme. O
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APPENDICE C. SUITE EXACTE DE COLEMAN-COLMEZ
C.1. Rappelons la définition suivante :

Définition :  Soit D un espace vectoriel normé de dimension finie muni d’un
automorphisme u. Si € € {£}, on dit qu’un élément F' € H ® D est u-borné si
la suite ||(1 @ u)~"F||,, est bornée pour € = + et tend vers 0 pour € = —.

On note (H ® D), I'ensemble des éléments u-bornés et on pose alors ||F||, =
Cu(F) = sup,([[(1 @ u) ™" Fl]5,).

C.2. Fixons un Q,-espace vectoriel D de dimension finie muni d’un automor-
phisme ¢. Colmez démontre le théoréme suivant (nous avons déja utilisé et
démontré le A):

C.2.1. THEOREME. (Colmez) A) Soit F un élément de H ® D tel que
(1-®)F e (H®D),- -

Alors la suite @ (F([e] — 1)) = (1® @) "F(Bn — 1) converge dans Bar ® D
vers un élément ap de (B, )9%~ @ D)?=1.

B) Réciproquement, soit o un élément de (B, )95~ @ D)®=1. I existe une
série I, € H® D telle que (1 — ®)F, € (H® D), et telle que a = ar, .

C) L’application o — F, est une bijection entre (B}, )¢5~ @ D)®=! et les

éléments de H ® D tels que (1 — ®)F € (K=" ® D),-.
On en déduit une application

Co : (B O~ © D)™ — (V=0 D) -

max

donnée par a — (1 — ®)F, .

C.3. COROLLAIRE. On a la suite exacte de Go-modules

0 — Brsot" PP " ((Bf) <= @ D)*=! — (K= @ D),
— @D/ (1 — pFe)(k) — 0

et on a ||Cp(a)lly = ||a|max-

C.4. REMARQUES. 1. Un cas particulier est celui o D = D,(Q,(1)). On
obtient alors la suite exacte de Coleman :
0 — Zyt — (B, ) 6%=)9=P = A@D,(Q,(1)) — Z,(1) — 0

max

2. L’idée fondamentale de Colmez est de montrer la convergence des éléments
du type (1® @) "F(B, — 1) vers un élément de ((B,, )%~ @ D)®=! et de

max

construire 'application réciproque de F' — ap, c’est-a-dire de construire une
série tempérée & partir d'un élément de (B, )%%=~ @ D)®=!. Pour cela, il a
besoin d’opérateurs de trace sur (B, )%~ que nous allons introduire dans

le paragraphe C.6. Ces opérateurs nous permettront aussi de compléter le
théoréme en reliant « avec les valeurs de F,.
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C.5. QUELQUES PROPRIETES DE (B . )X« . Enoncons sans le démontrer la
¢

max

proposition cruxiale suivant [1, lemme VIII.3.3] :

C.5.1. PROPOSITION. (Colmez) Si n > 1, tout élément o de B, N K,[[t]]

max
s’écrit de maniére unique sous la forme o = F(8, — 1) oo F € K[[T]] a un

rayon de convergence > pn. On a de plus ||F||,, < ||F(6n—1)|lmax < p||F||p.-
Ainsi, si F = Y 72 apT*, la suite vy (ag) + (;)—1)% en k tend vers +o0o. On

définit un opérateur oy, sur K. [[t] par

o0
a= Z o (a)tk
k=0
et on pose 8, = 0,tF. L’opérateur 8 n’est pas continu pour la topologie de
Bgr et ne se prolonge pas a (B;'R)GKOO.

C.5.2. LEMME. Les opérateurs or et D sont reliés par

~ k —
5u(r (5, - 1) - =1

Démonstration. Comme 3, = (, exp(t/p"), et que é laisse fixe K, on a

GelF (B~ 1)) =25 = (F (G exp(T/p") — 1)r=o
i 7 (F (o explT) — D)o
_DHE(G (LA T) ~ D)rmg
- pnkkl
DR 1)

pnk k!
O

C.6. LE PROJECTEUR T, DE (BjR)%%= SUR K,[[t]]. L'inclusion de K,[[t]]
dans (BJy)¢*>= admet une section naturelle définie par Colmez et dont les
propriétés sont résumées dans la proposition suivante. On note Trg, sk,
Papplication de K,,[[t]] induite par la trace sur K, et par l'identité sur ¢.

C.6.1. PROPOSITION. Pourn > 1, il existe une unique application Q,-linéaire
continue T,, de (Bjg)®%~ dans K,[[t]] vérifiant
1
T (x) = p—mTTKm/Kn (z)

pour x € Kp,[[t]] et m > n. Elle vérifie les propriétés suivantes :
1.

0 pour m >n

Tn(ﬁm) = {

A powrm<n
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2. limy,— 00 p" T (a) = @ pour a € (B;R)GKOO ;
3. |[p" T () lmax < [|atl[max pour @ € Bjyo )95 ;
4. 8i a € (Bh,)%s= avee Bl = N0"(Bia), ¢"p"Tup~"(a) est
indépendant de n > 1.

Ainsi, on a T),—1 0 ¢ = pp o Ty, p"T,, est 'identité sur K,[[t]] et fournit une
section de K,[[t]] — (Big)9%=. Si a € ¢((Bjg)¢%=), par exemple si a €
(Biouns) 9%, on pose

To(a) = e(pTi (¢~ (@)

C.6.2. LEMME. Soit o un élément de ((Bl,, )95~ @ D)®=1. Il existe une
unique série F, € H ® D telle que

De plus, (1 —®)F, € (HY=°® D),,-.

Démonstration. Soit a € ((Bf,. )%=~ ® D)®=1. On vérifie facilement que
((Bifax) 5= @ D)*=! = ((Biy)“ = @ D)*=1. Soit & = pTi((¢~" @ 1)a).
C’est un élément de ((BY )%= N K1[[t]]) ® D). Grace & la proposition C.5.1,

il existe une unique série F,, € Q,[[T]] ® D de rayon de convergence > pfp%l
tel que 6 = F, (81 —1). On a alors

To(a) = (p®@1)6 = (p @ 1) Fa(f1 — 1) = Fu([e] = 1) .
Montrons que Fy, € H ® D. Comme
P @ DTa((¢" @ D)) = ple @ DT1((¢~ " @ 1)a) = To(a) ,
Fo(Bn—1) = p"Tu((¢7" ® Da) € (Bake NEu[it]) @ Dy(V) .

En appliquant de nouveau la proposition C.5.1, on en déduit que le rayon de
convergence de F,, est > p, pour tout n et donc que F, € H ® D. On vérifie
que la limite de F,, (3, — 1) est . Utilisons maintenant U'invariance de « par
® pour montrer que ¥((1 — ®)F,) = 0. Par définition, il est équivalent de
montrer que

> Fa(C1+T)—1) =p(l @ @)Fa((1+T)P —1)
CELp
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ou encore de montrer ’égalité obtenue en remplagant 7" par un quelconque
Bpnt+1 — 1 pourn >1. On a

Z Fo(CBn+1 — 1) =Trie, (1)) (1) (Fa(Batr1 — 1)
CELp

=Tk, 1]/ K 18] (0" T (07" ©@ 1))
=p" T ((p7" ! @ 1)) = p" M (07" @ p)a)

en utilisant le fait que ¢ ® p(a) = «
=p(1 @ @)p"Tn((p™" @ 1)a) = p(1 @ ) Fo(fBn — 1)

Montrons enfin que f = (1 — ®)F, est ¢~ -borné. On montre facilement que
(1 @) " f(Bn = 1) = p"Tn(® ") = p" T, o1 (@7 Va) .
Comme ®(a) = a, cela vaut aussi
p"Tn(c) *pn_lTnfl(O‘) )
ce qui tend vers 0 dans Biax @ D. En utilisant en fait que ||[(1 ® @) ™" f(5, —
)|max ~ [|[(1 @ ¢)~"™ fl| ., on en déduit que f est p~-borné. O

C.6.3. Démontrons le théoreme C.2.1. Soit F € H ® D tel que (1 — ®)F €
(HY=0 @ D),-. Soit ap = limy—oo @™ (F([e] — 1)) ; calculons Ty, (ap). Par
continuité de T}, on a

Ty(ar) = mlgnoo T(1@¢) " F(Bm — 1))

En voyant (1 ® ¢)"™F(Bm — 1) dans K,,[[t]] grace & la formule §,, =
Cmexp(t/p™), on a pour m >n > 1,

1
P"Tn((1® @) ™ F (B — 1)) :pm—nTTKmutn/Knth((1 @) " F(Bm — 1))
1
= > (1®@) "F((fn — 1)
Celu'zﬂnfn

Le fait que ¥((1 — ®)F) = 0 implique que ¥(F) = (1 ® ¢)F et donc que
1Re™F=¢™"(1® ¢ ™)F). On en déduit que

P'T(1 @ @) " F(Bn —1)) = 1@ ¢ ") F(Bn — 1) .

D’ou
p"Tn(ar) =(1®@¢) "F(B, —1) .

La formule pour 0, (T}, (ar)) se déduit du lemme C.5.2.

Si a € (B, )¢5~ @ D)®=! et F, construit comme dans le lemme C.6.2, on

a vu dans la démonstration que

(1@ ™MFo(Bn—1)=p"Th(® ") = p"Th(a) .
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On en déduit que o — F,, +— ap, est identité sur ((BF, )%~ @ D)®=! et

max
que F — ap — F,, est I'identité a condition de se restreindre aux F' tels que
H(1—)F =0.
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1 INTRODUCTION

Recently Dolbeault, Esteban, and Séré [4, 3, 2] have found a minimax principle
for Dirac operators with Coulomb potentials. Independently, Griesemer and
Siedentop [5] have found a minimax principle characterizing the eigenvalues of
self-adjoint operators in their spectral gaps, which is flexible enough to adapt
to various situations. In particular it can also be applied to Dirac operators.

Such a minimax principle is of particular interest for applications, e.g., in solid
state physics and relativistic quantum chemistry where differential operators
having gaps in their spectra naturally arise. Apart from the computational
point of view (see, e.g., Kutzelnigg [7]) it can serve as a tool to obtain non-
asymptotic eigenvalue estimates, e.g., comparing the number of eigenvalues of

1 This work has been partially supported by the European Union through the TMR
network FMRX-CT 96-0001.
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the Dirac operator in the gap with the number of negative eigenvalues of a
corresponding Schrédinger operator (see [5]).

Comparing [3, 2] and [5] shows, that although the hypotheses for the validity of
the minimax principle overlap, the methods of proof are quite different. On the
other hand, with these different hypotheses different classes of operators can
be treated: Dolbeault, Esteban, and Séré’s result allows for Dirac operators
with singular potentials of Coulomb type. Griesemer and Siedentop’s result
allows for a flexible formulation of the minimax principle adaptable to various
situations, e.g., an earlier minimax principle for the first positive eigenvalue of
the Dirac operator considered by Talman [9] and Datta and Deviah [1] can be
proved.

This difference in hypotheses indicates that the optimal assumption for the
abstract minimax principle is yet to be found. The present paper is a step in
this direction.

In Section 2 we prove the abstract minimax principle under assumptions al-
ternative to those in [5]. In Section 3 we show that these hypotheses allow for
Dirac operators with Coulomb potentials. Applications to other self-adjoint
operators with eigenvalues in spectral gaps like perturbed periodic Schrodinger
operators are also conceivable.

2 THE MINIMAX PRINCIPLE

In this section we formulate and prove the abstract minimax principle. Suppose
A and Ay are self-adjoint operators in a Hilbert space $) and assume that their
form domains are equal

Q(4) = Q(4) = Q. (1)

Let ©(A) and ©(Ap) denote the domains of A and Ao respectively and let
Pr(A) be the spectral projection of A corresponding to the interval I C R.
Define

Ay = Po,00)(A0); A =1-Ay4,

2)
P+:P(O,oo)(A)7 P*:17P+' (

We set 1 :=ALH and Q4 := ALQ. Then H = H4 & H_ and, by assumption
(1), Q4+ C Q. The minimax values in which we are interested are given by

M(A) =  inf LAY, 3
(A) o we;&%m(w ¥) (3)
dime)=njy =1

and have been introduced in [5]. These minimax values are to be compared
with the standard (Courant) minimax values

n(B):= inf su , B
pnlB) = nf - sup (6 BY)
dim(@M)=n ||y||=1
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for the eigenvalues of a self-adjoint operator B which is bounded from below.
The value p,(B) is the n-th eigenvalue of B counting from below (see, e.g.,
Reed and Simon [8]).

THEOREM 1. Suppose A and Aq are self-adjoint operators in §) with the same
form domain Q and define Ay, Py, Qi, M(A) and p,(-) as above. If
(¢, AY) <0 for all ) € Q_ and if

(1 40| + 1)/2A4 P_(JAg] + 1)7V/2] < 1 (4)
then Ap(A) = pn (Al PL9) for all n < dim $H.

We remark that |Ag| + 1 can be replaced by |Ag| in (4), if we assume that 0 is
in the resolvent set of Ag. This will be obvious from the proof.

Proof. We prove the theorem in two steps. Although these are partly contained
in [5] we do not omit the similar parts in order to be self-contained: First, we
show that it suffices to prove that Ay : P1Q — . is a bijection. Secondly,
we verify this property using assumption (4) and the negativity of (¢, AY) on
Q.

Step 1. If AL PyQ =9, then we have

An(A) = inf A 5
(4) 9”+C1/I\1+P+Qwemstlile)an,(w ¥) (5)
dim(@)=n - jly=1

using the defining Equation (3). Since for each M, C A;P;Q with
dim(M;) = n, we can find a subspace M C PO with dim(9M) = n such
that My = AL and since Ay M & Q_ D M, we get from (5)

An(A) = inf ,A
(A4) o, o b g we;ﬁggi(w ¥)
dim(@)=n "y )=1

> inf AvY) = p, (Al P, .
Z 529% (Y, AY) = pn (Al Py $)
dim(M)=n |]|=1

To prove the converse inequality we proceed as in [5]: pick € > 0 and let
M = Po,u,+6(A)Q. Then dim(9M) > n and hence dim(A(9) > n by the
remark above. Therefore

An < sup (Y, AY) = sup (¥, Ay),
YEAL MBO YEM+O
llll=1 llpll=1

where AL 9N & Q_ = M+ Q_ was used. To estimate this from above we
first decompose 1 € M + Q_ as ¥ = 1 + P2, where ¢; € M and s €
ML N (M +Q_), and then 1y as Yg = 13 +1_ where 13 € MM and _ € Q_.
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Since Atz € M and Y3 +1p_ € M+ we have (Arps, ) = —(Asbs,13). Using
thiS, (A’l/)g, 1/}3> > 07 and (1/}*7 A’l/)*) < 0 we find

(V, A) = (Y1, Apr) + (2, Ata)
= (Y1, A1) — (3, Apz) + (-, Ap-) < (1, Ahr) < (i + €) (0, 9)

which implies A, < .

Step 2. Surjectivity: Since AP, C Qg it suffices that Ay P,Q, = Q,
which is equivalent to (|Ao|+1)"/2A L Py (|Ao| +1)" Y26, = H,. Now A Py =
1— A P_on $H; so that

(4ol + 1)M2A4 Py (Aol +1) 7% = 1 (JAo| + 1)Y/2A 4 P_(|Aq| + 1)7V/2

on $. By assumption (4) the latter is an isomorphism from $4 to 9.
Injectivity: Suppose Ay : Py9Q — £ would not be one-to-one. Then there
would exist a non-zero ¥ € §_ N PN such that

0> (1, Ap) = (Pptb, APL1b) > 0.

3 APPLICATION TO THE DIRAC OPERATOR

The hypothesis (4) of Theorem 1 contains the a priori unknown operator P_,
i.e., it is not straightforward to check. In this section we will show how to
verify it for given operators nevertheless. To be specific we restrict ourselves to
the Dirac operator D, with a screened Coulomb potential, i.e., D := (1/i)V -
a+mp —vyp in 9 := L2R3)*, where p(z) = y(z)/|r| with measurable y
and y(R3) C [0,1]. By Hardy’s inequality we have that D, is an operator
perturbation of Dy for v € (—1/2,1/2). We will assume this restriction on =y
henceforth. In particular, perturbation theory for |Dg| = (—A +m?)'/? implies
by Hardy’s and Kato’s inequality

Yye,/2) D(Dy) =H'(R*)@C*' =D, (6)

Vaepo/m QD)) =HZR)@C =0 (7)
for the operator and form domain of D,, respectively. To make connections
with Section 2 we pick Ag := Dy and A := D,. The notation (2) is used
correspondingly here.

By 7o we denote the real solution of 27§ — 372 + 47 = 1. Note that 0.305 <
Yo < 0.306 holds.

THEOREM 2. For v € [0,%o)

inf sup v, D 8
P, wem@gi( v¥) (8)
dm =0 yp)=1

is equal to the n-th positive eigenvalue — counting multiplicity — of the Dirac
operator D, or equals the mass m.
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Our strategy is to roll the proof back to a verification of the hypotheses of
Theorem 1. The main step is the verification of (4) which we break up into
several steps:

LEMMA 1. Forall f € $
AyP_f= —Ay [T (Do —iz)to(Dy —iz) tdaf
= _2A 0 D2 271D D. — 2 D2 271d (9)
At foT (D5 +2%)7H(DowDsy = 2%¢) (D5 + )71 dzf.
Proof. Since for v € [0,2/), zero is in the resolvent set of D.,, we have that
1 oo

1 o 1,1 [ _
Pp=g 4o 700(1)77@2) 1dz§j:;/0 D, (D3 +2%)"'dz  (10)

(Kato [6], Chapter VI.5, Lemma 5.6); Ay is obtained from (10) by setting
~ = 0. Therefore, by (10), and the second resolvent identity

Po=A_— 21 (Do —iz) "' (D. —iz) " \dz
™ — 00

from which we may conclude that the first part of (9) holds.
We can simplify

/OO (Do — iz)flgo(Dv —iz)"tdzf

/OOO (Do — i2) " p(Dy — i)™ + (Do +i2) " o(Dyy +i2) "] dzf

*®[Do+iz Dy+iz Doy—iz Dy—iz
2 2972 2 2 2972 5| dzf
o [Dig+z"D3+=z D+ 22" D5+ 2

2 /oo [(D§ +2%) 7" (DowDy — 2%¢) (D5 + 2%) '] dzf
0

which implies that the second part of (9) holds. O
LEMMA 2. For v € Ry we have (1/2 —)?p? < |D,|* < (1 + 27)%|Dol|?.

Proof. For all ¢ € D(Do) we have |[Dy[| = [| Do|| =[]l = (1/2=7)[¢]l,
where we first use the triangle inequality and then Hardy’s inequality. This
implies the first stated operator inequality. The second one follows from

1Dyl < Dol + Mol < (1 4 29) | Dot -

LEMMA 3. For ally € (0,1) and f € § we have

I1D0f"72 [ (D8 +22) 7 (DueD, — ) (D3 + )\ Dol 21
0

V14 2y

<Al ()
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Proof. Using the fact that

2] = sup [(g.h)], heH
lgll=1

and setting f’ := |Do|~/?f we see that the norm on the left hand side of (11)
can be approximated by finding an upper bound for

(g, |Do"? / (D2 + %) (DowD, — 220)(D2 + 22~ dzf")], gl = 1.
(12)

First, consider the term

(0. 10l | T D2 1 2) (oD, ) (D2 + )] da )

< | [ 1o+ A glas] | [T en, 024 2]
0 0
13

Note that

/°° dz 7/"0 22dz 7 (14)
o (14222 Jy (14222 4

Thus, the first factor yields

o o Dol? T
Do(D2 + 221 Do|*2gl12d :/ Dol T . (15
| 1Dos 4 = el g i = [0, ez = T 19

In a similar manner we show for v € (0,1/2)

| hep 2+ 22 (16)
= /Ooo(f/’ (D?Y 4 22)*1D7<,02D.Y(D3 + 2271 dy (17)
(1/2%7)2 /Ooo(f'v (D3 + %) Dy [1(D2 + 2%) ' f)d= (18)
_ T , n_ m1+2y), ., o m(14+29)
T 1_29)2 (f 1Dy f) < m(f Dol f7) < m(f,f)(m)

where we have used the first inequality of Lemma 2 to go from (17) to (18) and
the second inequality of that Lemma in (19).
Thus we have for the product

V14 2y

ﬁ”f”-

(0o 1Dol [ (D + 22)  DoeD (D2 + ) dof)] < G
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Likewise, we estimate the second term in (12)

(9. 1Dl 72 [ (D +22) 7122002 + 22 el Do 2|
0
R+ 2 D0 o 02 )7
< | [ 1@+ A gipas] | [T e+ AR
0 0

By scaling and (14) we get for the first factor

| alDal 208 + 22 gl = 7. @
0
The second factor yields using Lemma 2 twice

[ ez 7 s = (7 (02 )08+ ) )
0

0

1 e ) o
<Smop [ D RDR ) )
S E— / ﬂ ! /
74(1/2_7)2(‘73 ,D'yf)ﬁﬂ(l _27)2(]‘; ,Dof").

Thus we get

e _ m4/1 Jr 2~y
(01002 [ (D5 + 2 20l DE + ) ) < T (22)
0
i.e., the same upper bound as for the first term. By (11),
lations above, we have the upper bound

(12), and the calcu-

H|D0|1/2/ [(D§ + 2%) " (DowD~y — 2%9) (D2 + %)™ dz| Do| /2 ||

0

\/1 +2
HfH

for v € [0,1/2) which we claimed. O

From Lemmata 1 and 3 we have the immediate
COROLLARY 1. For all v € (0,1)
_ V142
I1D0] 20 P-|Dol 2] < 4=

We remark that an argument similar to the proofs of Lemmata 1 and 3 shows
that ||A+P-|| = O(y) as v — 0 which implies that Ay Py $H = $H4 and H, N
P_$ = {0} for small enough positive ~.

We turn now to the proof of Theorem 2.
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Proof. First, we reiterate our remark (7) that for v € [0,2/7) the form domain
of Q := Q(D,) = H'/?(R%) ® C*. In particular, it is independent of v. This
also means that Py and A4 leave £ invariant. Moreover, A_D,A_ is certainly
non-positive. Finally, Corollary 1 implies that (4) holds true for v € [0, 7o)
which completes the proof. o

Finally, we remark, that the construction of this Section is easily generalized
to other types of potentials, as long as one can prove an analogue of Lemma 3.

Acknowledgment. This work has been partially supported by the European
Union through its Training, Research, and Mobility program, grant FMRX-
CT 96-0001.
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ABSTRACT. We introduce the notions of symbolic matrix system and
A-graph system that are presentations of subshifts. They are general-
ized notions of symbolic matrix and A-graph for sofic subshifts to general
subshifts. We then formulate strong shift equivalence and shift equiva-
lence between symbolic matrix systems and show that two subshifts are
topologically conjugate if and only if the associated canonical symbolic
matrix systems are strong shift equivalent. We construct several kinds of
shift equivalence invariants for symbolic matrix systems. They are the di-
mension groups, the Bowen-Franks groups and the nonzero spectrum that
are generalizations of the corresponding notions for nonnegative matrices.
The K-groups for symbolic matrix systems are introduced. They are also
shift equivalence invariants and stronger than the Bowen-Franks groups
but weaker than the dimension triples. These kinds of shift equivalence
invariants naturally induce topological conjugacy invariants for subshifts.
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1.INTRODUCTION

The classification of symbolic dynamical systems has been a very important
and one of central problems in the theory of topological dynamical systems
and the ergodic theory. The classification problem has been first examined for
a class of symbolic dynamical systems called subshifts of finite type or topo-
logical Markov shifts. Each dynamical system of the class is determined by a
single square matrix with entries in nonnegative integers. Hence the behav-
ior of such a dynamical system depends on the underlying matrix. In [Wi],
R. F. Williams introduced the notions of strong shift equivalence and shift
equivalence between nonnegative matrices and showed that two topological
Markov shifts are topologically conjugate if and only if the associated matri-
ces are strong shift equivalent. He also showed that strong shift equivalence
implies shift equivalence. Although the converse implication had been a long
standing problem, Kim-Roush [KimR2] has recently solved negatively for even
irreducible matrices. There is a class of subshifts called sofic subshifts that are
generalized class of Markov shifts and that are determined by square matrices
with entries in alphabet (see [Kit], [Kr3], [LM], [We], etc.). A square matrix
with entries in alphabet is simply called a symbolic matrix. It is an equivalent
object to a labeled graph called a A-graph. M. Nasu in [N], [N2] generalized the
notion of strong shift equivalence to symbolic matrices. He showed that two
sofic subshifts are topologically conjugate if and only if their canonical sym-
bolic matrices are strong shift equivalent ([N], [N2], see also [HN]). M. Boyle
and W. Krieger in [BK] introduced the notion of shift equivalence for symbolic
matrices and studied topologically conjugacy for sofic subshifts.

In this paper, we first introduce the notions of symbolic matrix system and
A-graph system. They are generalized notions of symbolic matrix and A-graph
for sofic subshifts. We will show that they are presentations of subshifts.
A symbolic matrix system consists of two sequences of rectangular matrices
(Myig1,D1141),1 € N. The matrices M; ;41 have entries in symbols and the
matrices I; ;11 have entries in {0,1}. They satisfy the following commutation
relations

I i Migaq42 = MyggpiDizniqa, leN.

A X-graph system is an inductive sequence of Bratteli diagrams, that come from
the theory of operator algebras, with labeled edges by symbols. We will know
that the symbolic matrix systems and the A-graph systems are the same objects
and give rise to subshifts. There is a canonical method to construct a sym-
bolic matrix system from an arbitrary subshift (Theorem 3.7). The obtained
symbolic matrix system is said to be canonical for the subshift. If a subshift is
sofic, the canonical symbolic matrix system corresponds to the symbolic matrix
of its left Krieger cover graph.

As a generalization of the notion of strong shift equivalence for nonnegative
matrices and symbolic matrices, we will introduce the notion of strong shift
equivalence for our symbolic matrix systems. We will prove

DOCUMENTA MATHEMATICA 4 (1999) 285-340



PRESENTATIONS OF SUBSHIFTS 287

THEOREM A (Theorem 4.2 and Theorem 4.15). Two subshifts are topologically
conjugate if and only if their canonical symbolic matriz systems are strong shift
equivalent.

Hence classification problem for subshifts are completely reduced to the classi-
fication of symbolic matrix systems up to strong shift equivalence in our sense.
In the proof of the only if part of Theorem A, we provide the notion of bi-
partite A-graph system. We then essentially use Nasu’s factorization theorem
for topological conjugacy between subshifts into bipartite codes and symbolic
conjugacies.

We will next define shift equivalence between two symbolic matrix systems.
That is a generalization of the corresponding notion for symbolic matrices
defined by Boyle-Krieger in [BK]. We will see that strong shift equivalence
implies shift equivalence even in our setting (Theorem 6.2). Similarly to the
case of topological Markov shifts, we can prove that shift equivalence between
two canonical symbolic matrix systems gives rise to an eventual conjugacy for
the associated subshifts, that is, a topological conjugacy for their corresponding
higher power shifts (Proposition 6.3). This result was motivated by a question
raised by W. Krieger at a workshop at Kyushu University, Japan, March 1998.
For nonnegative matrices, there are two crucial shift equivalence invariants con-
sisting of abelian groups. One is the dimension groups defined by W. Krieger in
[Kr], [Kr2] and the other one is the Bowen-Franks groups in [BF]. They induce
topological conjugacy invariants for the associated topological Markov shifts.
We will generalize the two shift equivalence invariants to our symbolic matrix
systems. For a symbolic matrix system (M, I), let M ;+1 be the nonnegative
rectangular matrix obtained from M; ;1 by setting all the symbols equal to
1 for each | € N. Then the resulting pair (M, I) still satisfies the following
relations.

L i Miga042 = Mypi 21,42, leN

We call (M, I) the nonnegative matrix system for (M, I). We say (M, I) to be
canonical when (M, I) is canonical. More generally, for a sequence M; ;41,1 € N
of rectangular matrices with entries in nonnegative integers and a sequence
I 141,10 € N of rectangular matrices with entries in {0, 1}, the pair (M, 1) is
called a nonnegative matrix system if they satisfy the relations above. For a sin-
gle nxn nonnegative square matrix A, if we set M; ;41 = Aand I ;41 = I, : the
n X n identity matrix for all [ € N, the pair (M, I) is a nonnegative matrix sys-
tem. We will similarly formulate strong shift equivalence and shift equivalence
between nonnegative matrix systems. These equivalences are generalizations
of the corresponding equivalences for single nonnegative square matrices.
We will define the following three kinds of objects for a nonnegative matrix
system (M, I).
(1) The dimension triple: (A(]\/j,[), AiM,I)’ 5(]\/111)).
(ii) The K-groups: Ko(M,I), Ki(M,I).
(iii) The Bowen-Franks groups: BF°(M,I), BF(M,I).
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The dimension triple (A(M,I),AEFM ])75(]M,I)) consist of an ordered abelian

+
(M, I)

on it. The K-groups K;(M,I),i = 0,1 consist of a pair of abelian groups.
The Bowen-Franks groups BF¢(M,I),i = 0,1 also consist of a pair of abelian
groups. Let m(l) be the row size of the matrix I; ;41 for each [ € N. Let Z:

group A(yz,ry with positive cone A and an ordered automorphism J(,y, 1)

be the abelian group defined by the inductive limit Z; = lim{I{,,, : 0
l

ZmH+DY The sequence Mf, ;1 € N of the transposes of M 11 naturally
yields an endomorphism on Zj« that is denoted by A(p7 ). The dimension
group and the K-groups are defined as follows:

A(M,I) = h_Hl{)\(MJ) . Z[t — Z[t}
and
Ko(M, I) = Z]t/(’t'd— )\(MJ))ZI’L, Kl(M, I) = Ker(id— )‘(M,I)) in Z[t.

The positive cone A{MJ) of Ay is Im{ A,y : Z;Q — Z}S} where Z;Q
is the natural positive cone of Zy: and the automorphism &,y on Ay )
is induced one from A(57 7). Set the projective limit of the abelian group as
Zr = lim{I} 41 : YALGED N Zm(l)}. The sequence M ;41,! € N acts on Zg as

l
an endomorphism that we denote by M. The identity on Z; is denoted by I.
The Bowen-Franks groups for (M, I) are defined by

BF°(M,I)=7Z;/(I - M)Zr, BFY(M,I)=Ker(I — M) in Z;.

The above notions of dimension triple and Bowen-Franks group of degree zero
for a nonnegative matrix system are generalizations of the corresponding no-
tions for a single nonnegative square matrix. We will prove that the following
Universal Coefficient Theorem holds (Theorem 9.6). It says that there exists a
short exact sequence

0 — Extl(Ko(M,I),Z) - BFO(M,T) - Homy (K1 (M, I),Z) — 0
that splits unnaturally. We also see that
BF*(M,I) = Homg(Ko(M,I),7).
The three kinds of objects above are proved to be invariant under shift equiv-
alence in nonnegative matrix systems. Hence they are naturally induce topo-
logical conjugacy invariants for subshifts by taking their canonical nonnegative
matrix systems.

We will describe relationships among the equivalences and the invariants for
the matrix systems as in the following way :
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THEOREM B. For two symbolic matriz systems (M, I),(M’,I") and their non-
negative matriz systems (M, T),(M',I'), consider the following situations:
(S1) (M, I) = (M’ I) : strong shift equivalence,
(N1) (M,I) = (M',I) : strong shift equivalence,
(52) (M, I) ~ (M’ I) : shift equivalence,
(N2) (M,I) ~ (M',I) : shift equivalence,
(3) (A(M,I),A?'M’I),(;(M,I)) o (A(M,J,),A?‘M,J/),(S(M/J/)) : isomorphic di-
mension triples,
(4) (A, 0,1y) = (A, 17y, O, 1vy) = isomorphic dimension pairs,
(5) Ku(M,I) = K. (M',I) : isomorphic K-groups,
(6) BF*(M,I)= BF*(M',I) : isomorphic Bowen-Franks groups.
Then we have the following implications:
(S1) = (52)
U 3
(N1) = (N2) = (3) = (4) = (b)) = (6).

It is well-known that the set of all nonzero eigenvalues of a nonnegative matrix
A is also a shift equivalence invariant. The set for A is called the nonzero spec-
trum of A and plays an important réle for studying dynamical properties of the
associated topological Markov shift (cf.[LM], [Kit]). We introduce eigenvalues
and eigenvectors of a nonnegative matrix system and then generalize the notion
of the nonzero spectrum of a single nonnegative matrix to a nonnegative matrix
system (M, T). We denote by Sp* (M, I) the set of all nonzero eigenvalues of
(M, I). A nonnegative matrix system (M, I) in general is an infinite sequence of
pairs of matrices M; 41,1141, € N for which sizes of matrices are increasing.
Hence it seems to be natural to deal with eigenvalues having a certain bound-
edness condition on the corresponding eigenvectors. We denote by Sp; (M, I)
the set of all nonzero eigenvalues of (M, I) with the boundedness condition on
the corresponding eigenvectors. We will prove, in Section 10, that the both of
the nonzero spectrums Sp* (M, I) and Sp; (M,I) are not empty and invari-
ant under shift equivalence of (M, I). In particular, if (M, I) is the canonical
nonnegative matrix system for a subshift, the set Sp, (M, I) is bounded by the
topological entropy of the subshift. We then define the nonzero spectrum and
the nonzero bounded spectrum for subshifts by the corresponding sets for the
canonical nonnegative matrix systems (Theorem 10.14).

In the final section, we present an example of the canonical symbolic matrix sys-
tem for a certain nonsofic subshift, called the context free shift in [LM;Example
1.2.9]. Tts K-groups and Bowen-Franks groups are calculated. We see that the
types of the invariants can not appear in those of sofic shifts. The maximum of
the absolute values of the bounded spectrums of the canonical nonnegative ma-

trix system for the subshift is 14 v/1 + v/3. The value is the maximum in the
bounded spectrum and coincides with the topological entropy of the subshift.

The author has recently constructed the C*-algebra O, associated with subshift
A ([Ma]). The C*-algebra O has a canonical action of the one dimensional
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torus group, called gauge action and written as «. The fixed point algebra
Fa of Op under « is an AF-algebra which is stably isomorphic to the crossed
product Op X, T ([Ma2]). Let (M,I) be the canonical nonnegative matrix
system for the subshift A. The invariants mentioned above are described in
terms of the K-theory for the C*-algebras as in the following way:

(A(MJ%AEFM,I)"s(MJ)) = (Ko(Fa), Ko(Fa)+, o),
Ki(M,I)= K;(Oy), i=0,1,
BF{(M,I) = Ext™t(0,), i=0,1

where & denotes the dual action of a and Ext'(0y) = Ext(O4), Ext’(0)) =
Ext(Op ® Cy(R)). The normalized nonnegative eigenvectors of (M, I) exactly
correspond to the KMS-states for a on the C*-algebra O,. Hence the set of
all bounded spectrums with nonnegative eigenvectors are the set of all inverse
temperatures for the admitted KMS states.

Acknowledgements: The author would like to thank Wolfgang Krieger for his
valuable advices and suggestions, in particular for his question on Proposi-
tion 6.3. The author also would like to thank Toshihiro Hamachi and Yasuo
Watatani for pointing out an error and an inaccuracy in an earlier version of
this paper. Finally, the author wishes to express his gratitude to Joachim Cuntz
and referees for advices and suggestions in the presentation of this paper.

2. SYMBOLIC MATRIX SYSTEMS AND A-GRAPH SYSTEMS

We fix a finite set ¥ and call it the alphabet. Each element of X is called a
symbol. We always write the empty symbol () in ¥ as 0. We denote by &y the
set of all finite formal sums of elements of 3. A square matrix with entries in
Gy is called a symbolic matrix over 3.

DEFINITION. Let (M 41,11141),1 € N be a pair of sequences of rectangular
matrices such that the following four conditions for each | € N are satisfied:

(1) My 41 is an m(l) x m(l + 1) rectangular matrix with entries in Gx.
(2) Irj41 is an m(l) x m(l + 1) rectangular matrix with entries in {0,1}
satisfying the following two conditions:
-a) For i, there exists j such that I; ;11 (7, 5) # 0.
(2-b) For j, there uniquely exists ¢ such that I; ;41 (7,7) # 0.
(3) m(l) <m(l+1).
(4) Iipa Mt 42 = Myis1 41,42

(2

The pair (M,I) is called a symbolic matriz system over ¥. For i =
1,....m(l),j=1,...,m(l+1), we denote by M 14+1(i,7), I114+1(%, j) the (4, 7)-
components of M, 11, I; ;41 respectively. A symbolic matrix system (M, I) is
said to be essential if it satisfies the following further conditions:

(5-1) For i, there exists j such that M ;41(4,75) # 0.

(5-ii) For j, there exists ¢ such that M, ;41(4,75) # 0.
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We henceforth study essential symbolic matrix systems and call them symbolic
matrix systems for simplicity.

The following notion of specified equivalence between symbolic matrices has
been introduced by M. Nasu in [N1], [N2].

For two symbolic matrices A over alphabet ¥ and A’ over alphabet ¥’ and
bijection ¢ from a subset of ¥ onto a subset of ¥/, we call A and A’ are
specified equivalence under specification ¢ if A’ can be obtained from A by

replacing every symbol a appearing in A by ¢(a). We write it as A 2 A'. We
call ¢ a specification from X to X'.

Two symbolic matrix systems (M, I) over 3 and (M’,I') over ¥’ are said to
be isomorphic if there exists a specification ¢ from ¥ to ¥’ and an m(l) x m(1)-
square permutation matrix P, for each [ € N such that

[
PMyiq~ Mf,l+1Pl+1, Pl = Iz/,l+1Pl+1 for leN.

The notion of symbolic matrix system is a generalized notion of symbolic ma-
trix. We say a symbolic matrix system (M, ) to be sofic if there exists a
number L € N such that

Miiv1 =Mrp 41, Ligv1 =141

for all [ > L. Hence in this case, we see m(L) = m(l) for all [ > L.

A symbolic matrix corresponds to a labeled graph, called a A-graph, that is
a presentation of a sofic subshift. We will next consider a generalization of
A-graphs corresponding to symbolic matrix systems.

We first explain the notion of Bratteli diagram that appears in the theory
of operator algebras (see [Bra], [Ef], [El]). A Bratteli diagram consists of a
vertex set V' and an edge set E satisfying the following conditions. We have a
decomposition of V' as a disjoint union V' = V3 UV,oU- - - where each Vj is finite
and nonempty. Similarly E decomposes as a disjoint union £ = Ey oUFE3 3U- - -
where each Ej ;4 is finite and nonempty. Moreover we have maps s,7: £ — V
such that s(E;;4+1) C Vi, 7(Ei41) C Vi41. They are called a source map and
a range map respectively. A Bratteli diagram (V, E) is said to be essential if
it satisfies the condition that s~!(v) is nonempty for all v € V and r~1(v) is
nonempty for all v € VN\V;. For u € V,v € V41, put

Eij41(u,v) = {e € Ey41]s(e) = u,r(e) = v}.

We next introduce the notion of labeled Bratteli diagram. A labeled Bratteli
diagram over alphabet % consists of a Bratteli diagram (V, E) and a map A
from E to X.

DEFINITION. A A-graph system over alphabet X consists of a labeled Bratteli
diagram (V, E, \) over ¥ and a surjective map ¢ from V\V; to V satisfying
the following two conditions:

(1) t(V41) =V, for I € N.
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(2) For u € Vj,w € V4o, there exists a bijective correspondence between
the edge sets

Erira(u,o(w))  and U Brselw)

vEV41,L(v)=u
that is compatible with the labeling .

We denote by (V, E, A, ) the A-graph system.
The following two conditions are implied from the above condition (2).

(2-1) For e € Ej41,+2, there exists ¢’ € Ej ;41 such that
u(s(e)) = s(e’), u(r(e)) =r(e) and M) = A).
(2-ii) For f € Ejiq1, v € Vipo with «(v) = r(f), there exists e € Ejy1 42
such that
us(e)) =s(f), r(e)=v and Ae)=A(f).
A A-graph system (V, E, )\ ¢) is said to be essential if the Bratteli diagram
(V, E) is essential. We always treat an essential A-graph system and call it a A-
graph system for simplicity. We remark that by the condition (1) in Definition
of A-graph system the cardinality of the set Vi is greater than or equal to
that of the set V.
Two A-graph systems (V) E, \,¢) over alphabet ¥ and (V', E', N, //) over al-
phabet ¥’ are said to be isomorphic if there exist bijections &y : V. — V',
&g : E — E’ and a specification ¢ : ¥ — X’ such that
(1) @{/(W) = VEI and éE(El,H-l) = EllﬁlJrl forl € N,
(2) Pv(s(e)) =s(Pr(e)) and Py(r(e)) =r(Pg(e)) foreecE,
(3) J(Py(v) =Py (L(v)) forvelV,
(4) X (Pr(e)) = ¢(A(e)) foree€E.

PROPOSITION 2.1. There ezists a bijective correspondence between the set of all
isomorphism classes of symbolic matriz systems and the set of all isomorphism
classes of A-graph systems.

Proof. 1. From symbolic matrix systems to A-graph systems: Let (M, ) be
a symbolic matrix system over X. We are always assuming that it is essential.
For each | € N, let V; = {1,...,m(])} be the set of all rows of the matrix
M +1 and Ej ;11 the disjoint union of elements appearing in the components
of My +1. For each e € Ej ;41 we put s(e) = i and r(e) = j if e appears
in My 41(4,7). The map ¢ : VNVi — V is defined as «(j) = i for j € Vi3
if I11+1(i,j) = 1. The map A : E — X is defined by A(e) = e. Then it is
straightforward to see that (V, E, A, ¢) is a Ad-graph system.

2. From A-graph systems to symbolic matrix systems : Let (V, E,¢, A) be a
A-graph system over ¥. We denote by m(l) the cardinality of the vertex set
Vi. We identify V; with the set {1,...,m(l)}. We define m(l) x m(l + 1)
matrices as follows: For i € V},j € Vi1, set I;;11(2,5) = 1 if 1(j) = i otherwise
Iii41(i,5) = 0. For e, € Epi41,k =1,...,n with s(ex) = i,r(er) = j, we put
Mis1(i ) = Mer)+- - -+ Aey). It is straightforward to see that the relations
I aMig1,42 = My41di41,042 for I € N hold.
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3. PRESENTATIONS OF SUBSHIFTS

As in the preceding section, symbolic matrix systems may be identified with \-
graph systems. We will in this section construct subshifts, a class of topological
dynamical systems, from A-graph systems. We will further show that any
subshift comes from a A-graph system. This is a generalized observation of the
correspondences between the sofic subshits and the symbolic matrices. Hence
studies of subshifts are completely reduced to the studies of A\-graph systems
and hence symbolic matrix systems.

We will review on subshifts. Let ¥ be an alphabet. Let 3%, N be the infinite
product spaces [[;~ _%;, [[;2, ¥; where ¥; = X, endowed with the product
topology respectively. The transformation ¢ on X% N given by (o(z;)) =
(i41),% € Z,N is called the (full) shift. Let A be a shift invariant closed subset
of ¥% i.e. o(A) = A. The topological dynamical system (A, o) is called a
subshift. We denote o|s by o and write the subshift as A for short. We denote
by X (C [1:2; i) the set of all right-infinite sequences that appear in A. The
dynamical system (Xu, o) is called the right one-sided subshift for A. We will
give examples of subshifts as follows (cf.[LM], [Kit]):

Let A be an n X n matrix with entries in nonnegative integers. Put V4 =
{1,...,n}: the vertex set. Write A(4,j) edges from ¢ € V4 to j € V4. Hence
we have a directed graph from A. We denote it by G4. Let E 4 be the set of all
edges of the graph G 4. Let sa,74 be the map from F4 to V4 that assigns the
source and the range of the edge. Let A4 be the set of all biinfinite sequences
(e;)icz of e; € E4 with ra(e;) = sa(e;y1),i € Z. Then A4 becomes a subshift,
called the topological Markov shift defined by A.

Let A be an n X n symbolic matrix over ¥. Each entry A(,7),i,7 = 1,...,n
consists of elements of Gy. Similarly to the construction above, we have a
directed graph G 4 from the matrix 4 with labeled edges by the symbols in 3.
We denote by A(e) = a € X the label « of edge e. Let A4 be the set of all
biinfinite sequences A(e;);ez of labels of the sequence of edges e; € E4 with
ra(e;) = saleir1),t € Z. Then A 4 becomes a subshift, called the sofic subshift
defined by A. The labeled graph G4 is called a A-graph for A.

There are many nonsofic subshifts as seen in [LM]. We will see an example of
nonsofic subshift in the final section.

A finite sequence p = (p1, ..., pti) of elements p; € X is called a block or a word.
We denote by |u| the length & of p. A block p = (1, ..., ug) is said to occur or
appear in x = (z;) € X% if &, = 1, .o, Tmik_1 = g for some m € Z.

We will first construct subshifts from symbolic matrix systems.

Let (M, I) be a symbolic matrix system over ¥ and (V, E, A, ¢) its corresponding
A-graph system. For k < [, let P;; be the set of all paths from V} to V;, that
is,

PkJ:{(ek, €41y, 61_1)|€i S Ei7i+1,7‘(€i) = S(€i+1) for i = k, /{,’—l—l, ceey 1—2}.
We define the maps s : P,; — Vi and r: P,; — V| by

S(@k, €k+15-- - el—l) = S(@k), T(@k, €k+1y-- > el—l) = T(@l_l).

DOCUMENTA MATHEMATICA 4 (1999) 285-340



294 KENGO MATSUMOTO

The labeling A : Py ; — Yk =3 x ... x ¥ is defined by
—_———

I—k times

ek, ers1s---re1-1) = Mex)A(ers1) - Aler—1).

Set

LkJ = {)\(w) S Elikl’w S Pk,l}-
Put L; = L1,;4+1 and endow it with discrete topology. The map m; : Li41 — Iy
is defined by

m(an, ... 1) = (a1,...,qp).
We set

X, =lim{m : Lyyy — L}

the projective limit in the category of compact Hausdorff spaces. That is
X(M,I) = {()\(61), )\(62), .. ) S EN|€i S Ei,i-l—l;r(ei) = s(ei+1) for ¢ € N}

the set of all right infinite sequences consisting of labels along infinite paths.
The topology on X(a4 ) is defined from open sets of the form

Ulpr o) = 11, 00,...) € Xyl = pg fori =1, k}

for (p1,..., k) € Li.
LEMMA 3.1. If (a1, aa,...) € X(m 1), we have (a2, as,...) € X1

Proof. The assertion is direct from the condition (2-i) of Definition of A-graph
system.

LEMMA 3.2. Forl > k, if (ag,...,u—1) € Li,, we have (o, ...,0q—1) €
Lit,141-
Proof. For (o, ...,ou—1) € Ly, take f; € E; 41 such as a; = A(f;) for i =
kk+1,...,0 —1 and r(f;) = s(fiy1) for i = k,k+1,...,01 —2. We find
V41 € Vigr with ¢(vi41) = r(fi—1). By the condition (2-ii) of Definition of A
graph system, there exists e; € Fj ;41 such that «(s(e;)) = s(fi—1), r(e1) = vi1
and A(e;) = A(fi—1). Put vy = s(e;) € V. We continue theses procedures so
that we get e; € E; j41 for i = k+ 1,k +2,...,1 satisfying t(s(e;)) = s(fi—1),
r(e;) = s(e;41) and A(e;) = A(fi—1) for i = k+ 1,k +2,...,1. Hence o; =
/\(6i+1) and (Ozk, ey 04171) € Lk+1,l+1'
As in [LM; Definition 1.3.1], a set £ of words of alphabet ¥ is called a language
if it satisfies the following conditions:

(a) Every subword of a word w in £ belongs to £.

(b) For a word w in £, there are nonempty words u,v in £ such that uwv

belongs to £.

Let £(M, I) be the set of all words appearing in X ). That is
LM, I) = Ug<; L.

Then we have
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PROPOSITION 3.3. £(M, 1) is a language.

Proof. £(M,I) clearly satisfies the condition (a) above. For a word
w € Lg;, we know w € Liy1541 by Lemma 3.2 We write w =
(Aer+1)s AMekt2), - .-, A(er)) for e; € E;ip1 with r(e;) = s(eiy1), ¢ = k +
1,...,1 — 1. Since both the sets r~!(s(ex+1)) and s~!(s(e;)) are not empty,
we may find words u,v € £(M,I) such that vwv € £(M,I). Thus £(M,I)
satisfies the condition (b).

By [LM;Proposition 1.3.4], we see

THEOREM 3.4. There exists a subshift A over alphabet ¥ whose language is
L(M,I). Namely the set of all admissible words of the subshift A is £(M,I).

We denote by A(aq, 1) the subshift A in the theorem above and call it the subshift
associated with symbolic matrixz system (M, I).

It is also possible to construct the subshift A7) by using projective limit
method as in the folloing way.

LEMMA 3.5. For (a1, az,...) € Xm,1), there exists a symbol g € X such that
(040,041,(12, .. ) S X(M,I)-

Proof. Put wy, = (a1,a2,...,a5-1) € L1 . By Lemma 3.2 and Proposition
3.3, there exists a symbol 8, € X such that Bywy € L p41. Hence we may
find yx € X(aq,1) such that Srwryr € X(aq,1)- As the alphabet ¥ is a finite
set, there exists a symbol oy € ¥ and a subsequence of (Ok)ren such that
Bk, = ao forn =1,2,... and k1 < ky < ---. Put x, = aowk, Yx,,n € N.
They converge to an element

T = (ao,al,ag,...) S X(M,I)-

By Lemma 3.1, the following map
S: (041,042,(13,...) € X(M,I) — (042,043,...) S X(M,I)
is well-defined, continuous and surjective. We set
A=1m{S: Xomn = Xoun}
the projective limit in the category of compact Hausdorff spaces. Thus A is
identified with the set of all biinfinite sequences arising from the sequences in
X(M,I)' That is

A={(..,00,01,00,01,2,...)[(Cn,Qny1,...) € X\, 1) for all n € Z}.

The map S induces a homeomorphism on it. We denote it by o that satisfies
o((a)iez) = (cit1)iez. Therefore we have a subshift (A, o) from symbolic
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matrix system (M, I). It is nothing but the subshift (A1), o) defined in the
preceding discussion.

We will next construct symbolic matrix systems from subshifts.

For a subshift (A, o) over ¥ and a number k € N, let A* be the set of all words
of length k in ¥% occurring in some z € A. Put A* = U A* where A° denotes
the empty word 0. Set

A(z) = {p € A|uz € X} for xe€Xa, leN

We define a nested sequence of equivalence relations in the space Xj. Two
points x,y € X, are said to be [-past equivalent if A'(x) = Al(y). We write
this equivalence as x ~; y. We denote by ; = X5/ ~; the quotient space by
I-past equivalence classes of X, ([Ma3]).

LEMMA 3.6. For x,y € Xz and p € A¥,

(i) if © ~; y, we have © ~p, y for m < 1.
(il) if x ~; y and px € Xy, we have py € X and px ~j—j py forl > k.

Hence we have the following sequence of surjections in a natural way:
QlHQQH...HQlHQlJ’»lH...

We easily see that (A, o) is a sofic subshift if and only if Q; = Q;4; for some
leN.

For a fixed | € N, let F!,i = 1,2,...,m(l) be the set of all [-past equivalence
classes of X5. Hence X is a disjoint union of the subsets F},i = 1,2,...,m(l).
We define two rectangular m(l) x m(l + 1) matrices I{}H_l, M{}H_l with entries
in {0,1} and entries in &y respectively as in the following way. For i =
1,2,...,m(l),j = 1,2,...,m(l + 1), the (i,j)-component I/ (i, 5) of I}y,
is one if Fil contains F;H otherwise zero. Let ai,...,a, be the set of all
symbols in ¥ for which ayz € F! for some z € F;H. We then define the (i, 5)-
component of the matrix M7, (i, ) as M} 1 (i,j) = a1+ -+an: the formal
sum of aj,...,a,. We call I{}H_l the inclusion matrices for A and ./\/lf}l_|r1 the
symbolic representation matrices for A respectively.

We next construct a labeled graph from subshift A for each | € N. The vertices
of the graph consist of the sets F},i = 1,...,m(l) and F;H,j =1,....,m(l+1)
which we denote by V; and V41 respectively. We write an arrow with label a,
denoted by A\ (a), from the vertex F! to F]Hl if ax € F! for some x € F]Hl.
We denote by Ej ;41 the set of all arrows from V; to Vi41. Since for each j =
1,...,m(l+1) there uniquely exists i = 1,...,m(l) such that I; ;41 (,5) = 1, we
have a natural map L{\ from Vi4; to V;. Set VA = U, Vi and EA = U B
We then see
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THEOREM 3.7. For a subshift (A,0), the pair (M™,I*) is a symbolic ma-
triz system for which its A-graph is (VA EAAA M), Moreover the subshift
A 1y associated with (MA TN coincides with the original subshift A.

Proof. For each [ € N, it is straightforward to check that the relation
A A A A
Il,l+1Ml+1,l+2 = Ml,l+11l+1,l+2

holds. Tt then follows that the pair (M*, I*) is a symbolic matrix system
whose associated A-graph system is (VA EA XA /A). Tt is also easy to see that
the subshift associated with (M*, I*) coincides with the original subshift A
because their forbidden words coincide.

Therefore we have a symbolic matrix system (M*, I*) and a A-graph system
(VA EA XA A) from subshift (A, o). We call them the canonical symbolic
matrix system for A and the canonical M-graph system for A respectively.

It is now clear that sofic symbolic matrix systems exactly correspond to sofic
subshifts.

For a symbolic matrix system (M,I), let A(rq 1) be the associated subshift
constructed from (M, I). Then its canonical symbolic matrix system (M*, I*)
does not necessarily coincide with the original symbolic matrix system (M, I).
We indeed see the following proposition. Its proof is direct.

PROPOSITION 3.8. For a subshift A, we have

(i) the representation matrices Mﬁl+1 are left resolving, i.e. the incoming
edges to each vertex carry different labels.

(ii) the labeled Bratteli diagram (VA, B, \M) is predecessor-separated, i.e.
distinct vertices at each level have distinct predecessor sets of labels.

a b 1 0
b 0:| and Il,l+1 = |:0 1:| . The
symbolic matrix system gives rise to the even shift that is denoted by Y. Its

canonical symbolic matrix system is given by the following matrices:

yiaa‘i’bb yill()
M”{b 0 0}’ 1172{001}

For example set, for each I € N, M, ;41 = {

and

a a b 1
M =10 b 0, I =10 for [>2.
b 0 0 0

o = O
= o O

We indeed have

ProrosITION 3.9. If A is a sofic subshift, its canonical \-graph system is
eventually realized as the left Krieger cover graph for A. Hence the canonical
symbolic matrixz system for A is eventually realized as the symbolic representa-
tion matrix for the left Krieger cover graph.
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4. STRONG SHIFT EQUIVALENCE.

In this section, we will define two kinds of strong shift equivalences between two
symbolic matrix systems. One is called the properly strong shift equivalence
that exactly reflects a bipartite decomposition of the associated A-graph sys-
tems. The other one is called the strong shift equivalence that is weaker than
the former strong shift equivalence. They coincide at least between canonical
symbolic matrix systems and between sofic symbolic matrix systems. The latter
is easier defined and treated than the former. We will see, in the next section,
that the latter strong shift equivalence directly leads to the shift equivalence
between symbolic matrix systems. The main result in this section is that topo-
logical conjugacy between two subshifts are completely characterized by strong
shift equivalence between their canonical symbolic matrix systems. We first
define properly strong shift equivalence in 1-step between two symbolic matrix
systems as a generalization of strong shift equivalence in 1-step between two
nonnegative matrices defined by R. Williams in [Wi] and between two symbolic
matrices defined by M. Nasu in [N](see also [BK]).
For alphabets C, D, put C'- D = {cd|c € C,d € D}. For x =}, ¢c; € &¢ and
Y=, dr € &p, define zy = Zj,k cjdi € Sc.p.
Let (M, I) and (M’,I') be symbolic matrix systems over alphabets 3, %’ re-
spectively, where My 11, I;1+1 are m(l) x m(l + 1) matrices and Mj 1, I} ;44
are m/(1) x m/(l + 1) matrices.
DEFINITION. Two symbolic matrix systems (M, I) and (M’,I") are said to
be properly strong shift equivalent in 1-step if there exist alphabets C, D and
specifications

p:X—C-D, ¢p: % —D-C

and increasing sequences n(l),n’(l) on | € N such that for each I € N, there
exist an n(l) x n’(I + 1) matrix P; over C, an n/(l) x n(l + 1) matrix Q; over
D, an n(l) x n(l + 1) matrix X; over {0,1} and an n/(l) x n’(I 4+ 1) matrix X]
over {0, 1} satisfying the following equations:

¢
(4.1) M4 £ p, Qort1, M 141 =~ QuPorsa,
(4.2) I = X9y Xop4a, I 1 = X X4
and
(4.3) XiPry1 = PiX' 141, X1Q141 = QXi1-

We write this situation as

(M, I) ~ (M,T).
1-p

T

It follows by (4.1) that n(20) = m(l) and n/(2]) = m(l) for [ € N.
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Two symbolic matrix systems (M, I') and (M’, I') are said to be properly strong
shift equivalent in N-step if there exists a sequence of symbolic matrix systems
(M@ 16y i =1,2,...,N — 1 such that

(M,I) =~ (M(l)’](l)) ~ (M(Q),I(Q))

1—pr 1—pr

PO~ (M(N—l)’](N—l)) ~ (M I
-p

14 1—pr 1—pr
We denote this situation by
(M, I) ~ (M.TI)

N —pr
and simply call it a properly strong shift equivalence.

PROPOSITION 4.1. Properly strong shift equivalence is an equivalence relation
on symbolic matriz systems.

Proof. Tt is clear that properly strong shift equivalence is symmetric and tran-
sitive. It suffices to show that (M, I) N (M, I). Put C = £, D = {0,1}.

pr
Define p:a€e¥ —a-1€¢C-Danddp:a€ X —1-a€ D-C. Let Ey be the
k x k identity matrix. Set

Por = Paut1 = M1, Qu=Enq, Qau+1 = Enayr),
Xor=En@ys  Xow1 =luv, Xoy=TIigr, Xy = Engrn)-

It is straightforward to see that they give a properly strong shift equivalence
in 1-step between (M, I) and (M, I).

We will prove the following theorem.

THEOREM 4.2. Two subshifts A and A" are topologically conjugate if and only if
their canonical symbolic matriz systems (M™, I) and (M™ | IN) are properly
strong shift equivalent.

We will first show the only if part of the theorem above. In our proof, we will
use Nasu’s factorization theorem for topological conjugacy between subshifts
into bipartite codes ([N]).

We now introduce the notion of bipartite symbolic matrix system.
DEFINITION. A symbolic matrix system (M, I) over alphabet ¥ is said to
be bipartite if there exist disjoint subsets C, D C ¥ and increasing sequences
n(l),n'(1) onl € N with m(l) = n(l) +n’(I) such that for each [ € N, there exist
an n(l) x n’(I 4+ 1) matrix Py 41 over C, an n'(I) x n(l + 1) matrix Q; ;41 over
D, an n(l) x n(l 4+ 1) matrix X; ;41 over {0,1} and an n/(l) x n'(l + 1) matrix
X 141 over {0, 1} satisfying the following equations:

_ 0 Priv | X 0
M= [Ql,l+1 0 , L1 = 0 Xl/,l+1 )

We thus see
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LEMMA 4.3. For a bipartite symbolic matrix system (M, I) as above, set
Pr="Prit1, =09+, Xi=Xu+1, X1=X'114

and
cD DC
Mz = PauQarta, Mt = QauParta,

cD _ DC  _ x !
Ity = XaXorta, Ii% = X Xo-

Then the both pairs (MEP 1¢P) and (MPC | IPC) are symbolic matriz systems
over alphabets C' - D and D - C respectively and they are properly strong shift
equivalent in 1-step.

Proof. The relations Ij ;-1 Miy1,142 = Mii+1141,42 and

It 214112141, 2142 Moi+2,2143 Mo 3 2114

=Moo 2111 Moy 214212142 214312143 2144

shows that the both pairs (MSP 1¢P) and (MPC, IPC) are symbolic matrix
systems and they are properly strong shift equivalent in 1-step because we see

A A
Xi—10Pris1 = Pr—1a X 1415 X12119Qu+1 = Q-1 X141

DEFINITION. A A-graph system (V, E, \,¢) over alphabet ¥ is said to be bipar-
tite if there exist disjoint subsets C, D C ¥ such that ¥ = C'U D and disjoint
subsets Vlc, VlD C V, for each | € N such that Vlc U VlD =V, and

(1) for each e € Ey 141

ste) eViP, r(e) e V¥, ifandonlyif A(e) € C,
s(e) €Vi©, r(e) € VP, ifandonlyif A(e)€ D.

(2)
(V2 =vP, uvgy) =ve.

PROPOSITION 4.4. A symbolic matrixz system is bipartite if and only if its
corresponding A-graph system is bipartite.

Proof. 1t is clear that a bipartite symbolic matrix system gives rise to a bipartite
A-graph system. Conversely, suppose that a A-graph system (V, E, A, ¢) is bipar-
tite. Let n(l) and n/(l) be the cardinalities of the sets V;” and V¢ respectively.
We may identify V;? and V;¢ with the sets {1,...,n(l)} and {1,...,7/(])}
respectively. For i € VP, j € V)¢, put Puip1(i,5) = Aer) + -+ + Aep)
where e, € Ej 41,k = 1,...,p are the set of all edges in Ej ;41 satisfy-
ing s(ex) = i,7(ex) = j. Similarly we define for i € V,©,j € Vlfl, put
Qui+1(4,5) = A(f1) + -+ + A(fy) where fy € Eji41,k = 1,...,q are the set
of all edges in Ey 41 satisfying s(fx) = i,7(fx) = j. Fori e VP, j e VP,
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put X;i4+1(4,7) = 1 if o(§) = % and X;;41(¢,5) = 0 otherwise. Similarly for
i e VeV, put X/,,,(i,5) = 1if (j) =i and X/, (i,j) = 0 other-
wise. Then by these matrices, we know that the corresponding symbolic matrix
system (M, I) for (V, E, A, 1) is bipartite.

M. Nasu introduced the notion of bipartite subshift in [N] and [N2]. A subshift
A over alphabet X is said to be bipartite if there exist disjoint subsets C, D C X
such that any (x;);ez € A is either

z; € Cand x;41 € DforallieZ or z;€ D and 2,41 € C for alli € Z.
Let A® be the 2-higher power shift for A. Put

Acp = {(cidi)iez € AP|c; € C,d; € D},
Ape = {(dici)icz. € AP|c; € C,d; € D}.

They are subshifts over alphabets C' - D and D - C respectively. Hence A is
partitioned into the two subshifts Acp and Apc.

PROPOSITION 4.5. A subshift A is bipartite if and only if its canonical symbolic
matrixz system (MA,IA) is bipartite.

Proof. 1t is clear that a bipartite canonical symbolic matrix system gives rise
to a bipartite subshift from the preceding proposition. Suppose that A is bi-
partite with respect to alphabets C, D. It suffices to show that its canonical
A-graph system (V) E, A, ¢) is bipartite. As in the construction of the canonical
A-graph system, the vertex set V; is the set of all [-past equivalence classes
{Fl}iz1,..m@- Put

V. ={F!z, € D for all (z1,zs,...,) € F'},
VP ={FY2, € C for all (z1,z2,...,) € F!}

so that we have a disjoint union Vlc U VlD = V;. It is easy to see that this
decomposition of V;,l € N yields a bipartite decomposition of the A-graph
system (V, E, )\ ¢).

Let A be a bipartite subshift over ¥ with respect to alphabets C,D. As
in Lemma 4.3, we have two symbolic matrix systems (M®P 1¢P) and
(MPC IPCY over alphabets C- D and D - C from the bipartite canonical sym-
bolic matrix system (M?, I*) for A respectively. They are naturally identified
with the canonical symbolic matrix systems for the subshifts Acp and Apc
respectively.

We thus see by Lemma 4.3.

COROLLARY 4.6. For a bipartite subshift A with respect to alphabets C, D, we
have

(MCD,ICD) ~ (MDC,IDC)

1—pr
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a properly strong shift equivalence in 1-step.

The following notion of bipartite conjugacy has been introduced by Nasu in [N],
[N2]. The conjugacy from Acp onto Apc that maps (¢;d;)icz to (dicit1)icz
is called the forward bipartite conjugacy. The conjugacy from Acp onto Apc
that maps (¢;d;)icz to (di—1¢i)iecz is called the backward bipartite conjugacy.
A topological conjugacy between subshifts is called a symbolic conjugacy if it
is a 1-block map given by a bijection between the underlying alphabets of the
subshifts. M. Nasu proved the following factorization theorem.

LEMMA 4.7(M.Nasu [N]). Any topological conjugacy 1 between subshifts is
factorized into a composition of the form

Y = KnCnkn—1Cn-1-"-K1C1Ko

where Ko, . . ., kn are symbolic conjugacies and (1,...,(, are either forward or
backward bipartite conjugacies.

Thanks to the Nasu’s result above, we reach the following theorem

THEOREM 4.8. For two subshifts A, N, let (M, I),(M',I") be their canonical
symbolic matriz systems for A, N’ respectively. If A and A’ are topologically
conjugate, the symbolic matrix systems (M, I), (M’ I') are properly strong shift
equivalent.

We will prove the converse implication of the theorem above. We will indeed
prove the following proposition.

ProprosITION 4.9. If two symbolic matrix systems are properly strong shift
equivalent in 1-step, their associated subshifts are topologically conjugate.

To prove the proposition, we provide a notation and a lemma.

Set the m(l) x m(l + k) matrices:

Lavk =L - Dpr2 - Didk—1,04k
Mtk = Mg - Mgz Migk—1,4%

for each [,k € N.

LEMMA 4.10. Assume that two symbolic matriz systems (M, I) over ¥ and
(M’ I") over X are properly strong shift equivalent in 1-step. Let ¢ : ¥ — C-D
and ¢ : ¥ — D-C be specifications that give a properly strong shift equivalence
in 1-step between them. For any word xixo € (A(M,I))Q of length two in the
associated subshift Aaq.1), put (x;) = cidi,i = 1,2 where ¢; € C,d; € D.
Then there uniquely exists a symbol yo € X' such that ¢(yo) = dica.

Proof. Note that by definition the specification ¢ is not necessarily defined
on all the elements of 3'. It suffices to show the existence of yy. Since
r129 € (Aaq,r))*, for any fixed [ > 3, we find j = 1,2,...,m(l +2) and k =
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1,2,...,m(l) such that z1z2 appears in M; ;1o(k, ). Takei =1,2,...,m(l—2)
with I;_o (i, k) = 1. Hence z122 appears in [j_o ;M 142(4,j). As we know the
equality:

©
Lo i Myjso = L1011 Xo1—1P2i—192Par+19Q21+2X 2143,

the word ¢(x122) = c1dicads appears in a component of the right hand sym-
bolic matrix above. Thus the word dycs appears in a component of Qg;Pa41.

By the equality M; 41 i Q91 P2y 41, we can find a symbol yq in the correspond-
ing component of the matrix M;,,, so that ¢(yo) = dica.

Proof of Proposition 4.9. Suppose that (M, I) and (M’ I') are properly strong
shift equivalent in 1-step. We use the same notation as in Definition of properly
strong shift equivalence. Set A = A(xq,) and A" = Ay ). By the preceding
lemma, we have a 2-block map @ from A? to X’ defined by @(x122) = yo where
d(yo) = dice and p(x;) = ¢id;,i = 1,2, Let P be the sliding block code
induced by @ so that @, is a map from A to ¥'%. We also write as @ the map
from A* to the set of all words of ¥’ defined by

b(x122 -+ ) = P(x122)P(2223) - - P(Tp—120).

We will prove that @.,(A) C A’. To prove this, it suffices to show that for any
word w in A, @(w) is an admissible word in A’. For w = wyws - - - w,, € A™ and
any fixed I >n+1, we find j =1,2,..., m({+n) and k = 1,2,...,m(l) such
that w appears in My 14, (k,j). Takei =1,2,...,m(l—n) with I;_, ;(i,k) = 1.
Hence w appears in Ij_, (M i1,(i,7). Put p(w;) = ¢;idiyi = 1,2,...,n. By
the equality

%)
L1 My en = Xoi—2Poi—192Pai+192+2 - - - Paiton—321+2n—2X2142n-1,

the word dicadacs - -dy—_1¢, appears in a component of QoPo11Q9410 -
Pairon—3. Hence the word ¢~ 1(dica)p~(dacs) - ¢~ H(dn_1cn) appears in a
component of Mj, ;- Mj oM, 5, ;- Thus we see that @(w) is
an admissible word in A’ and that the sliding block code @, maps A to A’.
Similarly, we can construct a sliding block code ¥, from A’ to A that is an
inverse of @.,. Thus two subshifts A’ and A are topologically conjugate.

Therefore we conclude the following theorem

THEOREM 4.11. If two symbolic matriz systems are properly strong shift equiv-
alent, their associated subshifts are topologically conjugate.

By Theorem 4.8 and Theorem 4.11, we conclude Theorem 4.2.

REMARK. If there exist the matrices P;, Q; for all sufficiently large number [
in Definition of properly strong shift equivalence in 1-step, we may show that
the associated subshifts are topologically conjugate because of the proof of
Proposition 4.9.
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Properly strong shift equivalence exactly corresponds to a finite sequence of
bipartite decompositions of symbolic matrix systems and A-graph systems.
The definition of properly strong shift equivalence for symbolic matrix sys-
tems however needs rather complicated formulations than that of strong shift
equivalence for nonnegative matrices. We will next introduce the notion of
strong shift equivalence between two symbolic matrix systems that is simpler
and weaker condition than properly strong shift equivalence. It is also a gen-
eralization of the notion of strong shift equivalence between nonnegative ma-
trices defined by Williams in [Wi] and between symbolic matrices defined by
Nasu in [N]. Let (M, I), (M’, I) be two symbolic matrix systems over alphabet
3, ¥ respectively. Let m(l),m/(l) be the sequences for which M 41, ;141
are m(l) x m(l + 1) matrices and M}, ,y, I}, are m/(l) x m/(l + 1) matrices
respectively.

DEFINITION. Two symbolic matrix systems (M, I),(M’,I) are said to be
strong shift equivalent in 1-step if there exist alphabets C, D and specifications

p: % —C-D, ¢:¥ —-D-C

such that for each [ € N, there exist an m(l — 1) x m/(l) matrix H; over C and
an m/ (I — 1) x m(l) matrix K; over D satisfying the following equations:

» ! / ¢
LMy = HiK 4, Iy Mo = KiHiga

and
A !
Hily oy = L1 Hi41, Kiliiv1 =11 1 Kiy1.

We write this situation as

(M,I) = (M,T).

—S

Two symbolic matrix systems (M, I) and (M’,I’) are said to be strong shift
equivalent in N-step if there exist symbolic matrix systems (M(i),l(i)),i =
1,2,..., N — 1 such that

(M, I) ~ (MWD 1Dy =~ (M3P 132)

1—st 1—st
1§st o 1§st (M(N_1)7 I(N_l)) 1§st (MI, II)

We denote this situation by

(MI) =~ (MT)

—st

and simply call it a strong shift equivalence.

Similarly to the case of properly strong shift equivalence, we see that strong
shift equivalence on symbolic matrix systems is an equivalence relation.
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PROPOSITION 4.12. Properly strong shift equivalence in 1-step implies strong
shift equivalence in 1-step.

Proof. Let Py, Q;, X; and X| be the matrices in Definition of properly strong
shift equivalence in 1-step between (M, I) and (M’,I"). We set

Hi = Xo1—1Pai—1, K= X5_19Q2-1.
They give rise to a strong shift equivalence in 1-step between (M,I) and
(M, T).
Conversely we have

PROPOSITION 4.13. Suppose that both (M, I) and (M',I') are canonical. If
they are strong shift equivalent in 1-step, they are properly strong shift equiv-
alent in 1-step. Hence strong shift equivalence on canonical symbolic matriz
systems is completely the same as properly strong shift equivalence.

Proof. Let A, A’ be the associated subshifts for (M, I), (M’ I') respectively.

Suppose that (M, ) &, (M, I'"). We use the same notation as in Definition
—S

of strong shift equivalence. Set
ALP = {( . .,Cfl,dfl,c'o,do,cl,dl, .. )|
there exists (x;)icz € A; p(x;) = ¢;d; for all i € Z},
Ay ={(.. ,d_1,co,do,c1,dy,ca, .. )]
there exists (v;)icz € A; ¢(y;) = dic; for all i € Z}

where ¢o, dy locate at the position of the 0-th coordinate in the sequences. Put
A=A, U A’d)

that becomes a subshift over C'U D because of strong shift equivalence between
(M, I) and (M’ I'). Tt is clear that A, is a bipartite subshift with respect

to the alphabets C, D. Hence the 2-higher power shift ASQ) is decomposed as
Ag2) = Aff U A((f). As there exist symbolic conjugacies:

£ A@ 12D
A= AS, A=A,
the canonical symbolic matrix systems for the subshifts A and A’ are properly
strong shift equivalence in 1-step by the previous discussions.

By a similar argument to the proof of Proposition 4.9, we obtain

PROPOSITION 4.14. If two symbolic matriz systems ( not necessarily canonical
) are strong shift equivalent in 1-step, their associated subshifts are topologically
conjugate.

Thus we conclude

THEOREM 4.15. If two symbolic matriz systems (not necessarily canonical) are
strong shift equivalent, their associated subshifts are topologically conjugate.
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5. HIGHER A\-GRAPH SYSTEMS

In studies of symbolic dynamics, the operation of taking higher block presen-
tation plays important réles (cf.[Kit], [LM]). In topological Markov shifts, the
operation of taking 2-higher block presentation is a typical example of giving
strong shift equivalence in 1-step. The N-higher block presentation of an edge
shift corresponds to the edge shift of the N-higher edge graph. We in this
section introduce higher A-graph systems and correspondingly higher symbolic
matrix systems. It follows that the subshift associated with the N-higher \-
graph system is the N-higher block presentation of the subshift associated with
the original A-graph system. We see that a symbolic matrix system is properly
strong shift equivalent in N-step to its N-higher symbolic matrix system. We
treat a left resolving A-graph system, that is, the incoming edges to each vertex
carry different labels. General case and also general state splitting procedure
of A-graph systems will be treated in a forthcoming paper.

For a left resolving A-graph system (V, E, \,¢) over alphabet ¥ and a natural
number N € N, we will define a A-graph system (V[N],E[N],)\[N],L[N]) over
YN = ¥... % as follows:

—_—

N-times

‘/l[N] = {(61762, .. .,€N71) S El7l+1 X El+1,l+2 X oo X El+N72,l+N—1
r(e;) = s(ejr1) fori=1,2,..., N — 2},
N N N
El[,lJ]rl = {((e1,--yen—1),(fi s 1)) € VIV x Vl[+1]|
eip1 = fifori=1,2,...,N —2}.

The maps
N N N N
stV :El[yl]1 — Vl[ ], 7N :El[ﬁl]1 — Vl[ 1]

are defined by

S[N]((€1, cooen—1), (fi,o o, fv—1)) = (e, ... en—1),

T[N]((el, e ,eN_l), (fl, .. .,fN_l)) = (fl, .. -afN—l)-

N

Set VIN = UleNVl[N] and EWN = UZGNEI[,H]-I' Hence (VIN, BIVT IV 1INl is a

Bratteli diagram. A labeling AV on (VIM EIN) is defined by

)\[N] ((61, ey eN_l), (fl, ey fN—l)) = )\(61))\(62) - )\(eN_l))\(fN_l) S E[N]

for ((e1,...,en—1),(f1,...,fn-1)) € EWN. A sequence of surjections [V :

Vlﬂ} — Vl[N],l € N is defined as follows. For (e1,...,eny—1) € Vl[ﬁ], since the
A-graph system (V, E, X, ) is left resolving, there uniquely exist €} € Ejyi—1,1+;
fori=1,2,..., N — 2 such that

t(s(ed)) = s(ef), ur(ed)) =r(e),  Ales) = A(ef).
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As we know (ef,...,ely_y) € VZ[N], by setting «M(ey,...,ey_1) =

(€], enN_1). We get a A-graph system (VNI EINTAINT G INTY gyer B3IV,

DEFINITION. We call the A-graph system (VNI EINI XN INTY the N-higher

A-graph system for (V, E, A, i). For a symbolic matrix system (M, I), the N-

higher symbolic matrix system (M[N I IV ]) is defined to be the symbolic matrix

system associated with the N-higher A-graph system for the A-graph system of

(M, I).

It is routine to show the following proposition.

PROPOSITION 5.1. A(M[N]J[N]) = (A(Mﬁj))[N]

As seen in the case of nonnegative matrices, we see

PROPOSITION 5.2. (M, T) & (MBI TR 2 g properly strong shift equivalence
Tor

1 1-step.

Proof. Let (V,E, 1) and (VP ERI AR ,2]) be the associated A-graph sys-
tems for (M, TI), (MP] 1) over alphabets ¥ and X[ respectively. We will
construct a bipartite A-graph system (‘7, E\, t) that gives rise to a properly
strong shift equivalence in 1-step between the A-graph systems. We set for
leN

Varo1 = B UV, Voo =Vig1 U B

and

By 10={(f,u) € Eryr1 x Vigr|lu=r(f)} U{(v,e) € Vi X Ep 1o = s(e)},
Eoore1={(v,€) € Vig1 x Ep1aq2lv = s(e)} U{(f,u) € Erip1 x VigaJu = r(f)}.

The source maps 82;-1,21 : Foy—1,20 — Va1 and 8212141 @ Eoyoi41 — Vo are
defined as follows:

So—1,2(fru) = f € Ep g1, So1-1,21(v,e) =v €V,
21,2141 (v, €) = v € Vig1, So1,2041(fu) = f € Epgq1.

The range maps f2;1,21 : Eo—1,20 — Var and Poy 0111 @ Eor 2141 — Voryr are
defined as follows:

For—1,21(f,u) = u € Vigq, Tor—1,21(v,€) = e € Ep 41,

Paroi+1(v,€) =€ € Eppng4a,  Taraa(fiu) =u € Vigr.
The maps i9;,21—1 : Vai — Vai—1 and 941,21 : Vai4+1 — Vo are defined as follows:

igr21-1(u) = t(u) for w € Vig1, lo—1(f) = f for f € Epq,

5214_1721(6) = L(e) for e € EH_LH_Q, 5214_1,21 (’U) =y forv é ‘/2.:,_1
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where ¢(e) € Ej 41 is naturally defined for e € Ej11,42. Put Dy = {Dy]a €
X}, Cs = {Csla € X} and 3> = Ds; U Cs. The labeling X is defined as a map
from E to the alphabet 3 as follows: For (f,u), (v,e) in Ey_19 = {(f,u) €
Epjp1 x Vigrlu=r(f)}U{(v,e) € Vi x Ejj41]v = s(e)}, we set

A(f,u) = Cay) A(v,e) = D e)-

For (v,e), (f,u) in Exgip1 = {(v€) € Vi1 x Eipriq2lv = s(e)} U{(f,u) €
Ei 41 X Vigrlu=7r(f)}, we set

Av,€) = Daeys Afyu) = Crip)-

Then it is routine to check that (V, E, 5\, t) is a bipartite A-graph system over
alphabet 3 Through the specifications ¢ : ¥ — Dy -Cx, and ¢ : 22 — Cy- Dy,
defined by

p(la) =Dy -Co  and  ¢(a, B) = Dy - Cg,

we know that the symbolic matrix system for (V, E\ t) gives rise to a properly
strong shift equivalence in 1-step between (M, I) and (M2, 112)),

Since (MWN+1 TINF1]Y is isomorphic to (MINNH1 (TINHR]) | we have

COROLLARY 5.3. For any symbolic matriz system (M, I), we have

(ML)~ (M)

—st

a properly strong shift equivalence in N -step.

6. SHIFT EQUIVALENCE

By the discussions of Section 4, the topological conjugacy classes of subshifts are
completely characterized by the strong shift equivalence classes of the associ-
ated canonical symbolic matrix systems. However, even for topological Markov
shifts, there is no general algorithm known for deciding whether two nonnega-
tive matrices are strong shift equivalent. R. F. Williams introduced the notion
of shift equivalence between two nonnegative matrices that is weaker but easier
to treat than the notion of strong shift equivalence ([Wi]). The formulation
of shift equivalence between nonnegative matrices is described by certain alge-
braic relations between the matrices that determine a crucial invariant called
the dimension group ([Kr|, [Kr2]). The notion of shift equivalence has been
generalized to symbolic matrices by Boyle-Krieger and studied as a topological
conjugacy invariant for sofic subshifts in [BK].

We in this section introduce the notion of shift equivalence between two sym-
bolic matrix systems as a generalization of Williams’s notion for nonnegative
matrices and Boyle-Krieger’s notion for symbolic matrices. Let (M, I), (M’ I’)
be two symbolic matrix systems over alphabets X, ¥’ respectively. For N € N,
we put (X)V =%... %, ()N =X'... % : the N-times products.
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DEFINITION. For N € N, two symbolic matrix systems (M, I), (M’, I") are said
to be shift equivalent of lag N if there exist alphabets C, D and specifications

p1:%-Cny — Cn-Y/, 0y:% Dy — Dy X

and
Y1 (2)Y — Cn - Dy, Y1 (BN — Dy -Cn

such that for each I € N, there exist an m(l) x m/(l + N) matrix H; over Cy
and an m/(l) x m(l + N) matrix K; over Dy satisfying the following equations:

P1 / 12 P2
M Hipr = KMy n v MK = KMy NN+,
Y1 , , )2
Ly NMigN1+on = HiKignN, Il,l+NMl+N,l+2N ~ KiHivn
and
A A
i Higr = Rl Ny N I K = Ky N N1 -

We denote this situation by

(M,I) ~ (M. I) or (H,K):(MI) ~ (M,I)

lagN lagN

and simply call it a shift equivalence.

Similarly to the case of nonnegative matrices and symbolic matrices, we can
see the following lemma.

LEMMA 6.1.
(i) M, I) oy (M, I") implies (M, 1) o (M, T") for all L > N.
(ii) (M, ) ~ (M I and (M',T) ~ (M"”,I")  implies
lagN lagN’
(M, I) (M I"). Hence shift equivalence is an equivalence

lagN+N'
relation on symbolic matrix systems.

Proof. (i) Suppose that (M, I) and (M’,I’) are shift equivalent of lag N. It
suffices to show that they are shift equivalent of lag N + 1. We use the same
notation as above. Set the alphabets

Cni1=Chn, Dyy1 =Dy -X%.
Put the specification ¢} = ¢1 : £-Cn41 — Cn41-Y. Through the specification
2, we have a natural specification ¢} : X' Dyy1 — Dy - 2. Similarly,
through the specifications 1, ¥s, ¢1, we have natural specifications

1 (BN = Onga - Dvgrs 45 (BN = Dy - O
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Put the matrices

! ! !
Hy =Ml niine Ki=KiMignieng

Then it is straightforward to see that they give a shift equivalence of lag N + 1
between (M, I) and (M’ I").
(i) Assume that

(M) : (M I) o~ (MTT), (HL KD s (MO T~ (MO T,

lagN agN’
Then it is routine to check that

U ! . I ~ 1 I// .
(M, KK) (M) (ML)
Similarly to the case of matrices, we have

THEOREM 6.2. Strong shift equivalence in N-step implies shift equivalence of
lag N.

Proof. Suppose that (M, I) = (M, I') a strong shift equivalence in N-step.
There exist symbolic matrix systems (./\/l(i), I(i)) fori=1,..., N —1 such that

(M, I) = (MO, 1O) ~ (MO D) ~ (M, 1?)) ~

1—st 1-st 1-st
MO IVED) = (MO0 0 = (a1 1)

Let Hl(i), ICl(i) be rectangular symbolic matrices that give a strong shift equiva-
lence between (M=1 1G=D) and (M@ 1)) where Hl(i) isan mO=D(1—1) x
m® (1) matrix over alphabet C(i) and ICl(i) is an m@ (1 — 1) x mO=Y (1) matrix
over alphabet D(i) for each € Nand ¢ =1,..., N. Set the alphabets

Cny=C(1)---C(N), Dy =D(1)---D(N).
Put the matrices
(N)

1 2 1 2 N
P = Hl(+)2Hl(+)3 e 'Hl+N+1’ Q= ’Cz(+)zlcl(+)3 o "Cz(+1)v+1

an m(l) x m/(I + N) matrix over C, an m/(l) x m(l + N) matrix over Dy
respectively. We then have the following natural specifications

p1:%-Cn — Cn-Y/, 0y:% Dy — Dy X

and
Y1 ()N — Cn - Dy, Yo (XN — Dy -Cy
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that yield a shift equivalence of lag N between (M, T) and (M’,I").

For a subshift (A, o) over ¥, its n-higher power shift (A, o) is defined to
be the subshift (A, o™) over (X)™ (cf.[LM]). Two subshifts is called eventually
conjugate if their n-higher power shifts are conjugate for all large enough n
([Wi], [KimR]). Williams and Kim-Roush showed that two square nonnegative
matrices are shift equivalent if and only if the associated topological Markov
shifts are eventually conjugate. Boyle-Krieger generalized their result to sym-
bolic matrices and sofic subshifts ([BK]). W. Krieger kindly asked the author
whether or not these results can be generalized to general subshifts. The author
sincerely thanks him for his question.

PROPOSITION 6.3. If symbolic matriz systems (M, I) and (M',I') are shift
equivalent, their associated subshifts A aq,ry and A ag 11y are eventually conju-
gate.

To show the proposition, we provide a lemma that is proved by a straightfor-
ward calculation.

LEMMA 6.4. For a symbolic matrixz system (M, ), let A the associated subshift.
We set for n,l € N,

Iﬁl-i—l = Inl,nl+11nl+1,nl+2 T Inl-l—n—l,nl—i—na
MZH—I = Mnl,nl—i—anl-i-l,nl-i-Q T Mnl-l—n—l,nl—i—n-

Then (M™,I™) becomes a symbolic matriz system whose associated subshift is

the n-higher power shift A of A.

Proof of Proposition 6.3. Put A = Aaq, 1y, A = Ay, 1y over 3, X' respectively.
Assume that

(H,K): (M, I) ~ (M, T).

lagN

For a number K € N, put n = K + N. We will see that A(™) ~ A Let

1—s
Cn, Dy be alphabets as in Definition of shift equivalence. Set C' = Cn, D =
Dy - (£)X. There are natural specifications

(E)HHC'D, (E/)"_)D.C

by using the specifications in the shift equivalence between A and A’. Put the
matrices
! ! !
P = Hnl*nlnlfK,nlfKJrlInl7K+1,nl7K+2 St dnl—1,nl
Q1 = Kni—nMpi—kni—k+1Mni—k+1ni-K+2 "+ Muni—1,n1.-

They are an m(nl — n) x m/(nl) matrix over C' and an m’(nl — n) x m(nl)
matrix over D respectively. We see that they yield a strong shift equivalence

DOCUMENTA MATHEMATICA 4 (1999) 285-340



312 KENGO MATSUMOTO

in 1-step between (M™, I") and (M'™, I'") so that their associated subshifts
are topologically conjugate by Theorem 4.15.

We will comment on the notion of properly shift equivalence between symbolic
matrix systems. The following is the definition of properly shift equivalence
that is a slightly stronger than shift equivalence and weaker than properly
strong shift equivalence.

Let (M, I) and (M’,I') be symbolic matrix systems over alphabets 3, %’ re-
spectively. Hence M 11, I; 141 are m(l) x m(l 4+ 1) matrices and M;ﬁlH, Il/,l+1
are m/(l) x m/(I + 1) matrices.

DEFINITION. (M, ) and (M’ I') are said to be properly shift equivalent of lag
N if there exist alphabets C, Dy and specifications

p1:%-COny — Cn - Y/, po:Y Dy — Dy - X,

1 :(2)Y — Cn - Dy, o1 (3)Y = Dy Cy
and increasing sequences n(l),n’(l) on I € N such that for each I € N, there
exist an n(k) x n'(k + 2N — 1) matrix Py over Cy, an n’(k) x n(k + 2N — 1)
matrix Qp over Dy for k = 21,2l + 2N — 1, an n(l) x n(l + 1) matrix X; over
{0,1} and an n/(I) x n’(I + 1) matrix X over {0,1} satisfying the following

equations:
(6.1)

P1 , , )2
MipNTiyNi+an-1 = PuQaivan—1, MuiiNIiynion—1 = QuParyan-1,

/ p1 ’ ’
Ml7l+17)2(l+l)X2l+2N+1 ~PuXoppon 1ML NI+ N+,
/ p2
M1+ Qo) Xaron+1 = QuXorroN -1 MiyN i+ N+1,

! I /
Iy = X9y Xog g1, I = XX

and
XiPis1 = PiX 15281, X19Q141 = QXiyon—1.

We denote this situation by
(MI) ~ (M T,

pr
It follows that by (6.1), n(2l) = m(l) and n’(2]) = m/(l) for [ € N.

For N = 1, if we understand that the matrices I;41,;4+1 and Il’+1,l+1 are the
m(l+1) x m(l+1) identity matrix and the m/(I4+1) x m/(l+ 1) identity matrix
respectively, the properly shift equivalence of lag 1 is exactly the same as the
properly strong shift equivalence in 1-step.

This definition is also a generalization of Boyle-Krieger ’s shift equivalence
between symbolic matrices ([BK] see also [N2]).
The following proposition is routine.

DOCUMENTA MATHEMATICA 4 (1999) 285-340



PRESENTATIONS OF SUBSHIFTS 313

PROPOSITION 6.5.

(i) M, I) N (M, I') implies (M, T) e (M’ I'). That is, properly
—pr ag

shift equivalence implies shift equivalence.
(il) (M, ) o (M I') implies (M, ) N (M, I'). That is, properly
—pr —pr

strong shift equivalence implies properly shift equivalence.

We thus summarize as in the following way:

(Mal) prr (MI’I/) = (Mal) NN (MI’I/))

(8 (8
(M) & (ML I) = (M)~ (M)

We may define strong shift equivalence and shift equivalence between subshifts
as their corresponding properties for their canonical symbolic matrix systems.
Hence we can say that two subshifts are topologically conjugate if and only
if they are strong shift equivalence. The strong shift equivalence for subshifts
imply the shift equivalence.

7. NONNEGATIVE MATRIX SYSTEMS

In this section, we will introduce the notion of nonnegative matrix system
that is also a generalization of nonnegative matrices. We will then generalize
strong shift equivalence and shift equivalence between nonnegative matrices to
between nonnegative matrix systems. Let (A;;11,l1141),! € N be a pair of
sequences of rectangular matrices such that the following four conditions for
each [ € N are satisfied:
(1) A4 is an m(l) x m(l + 1) rectangular matrix with entries in nonneg-
ative integers.
(2) Irj41 is an m(l) x m(l + 1) rectangular matrix with entries in {0,1}
satisfying the following two conditions:
-a) For i, there exists j such that I; ;11 (7, 5) # 0.
(2-b) For j, there uniquely exists ¢ such that I; ;+1(4,5) # 0.
(3) m(l) <m(l+1).
(4) Iis1Ais1,042 = A Dis1,42-
The pair (A, 1) is called a nonnegative matriz system. For t = 1,...,m(l),j =
1,....,m(l 4+ 1), we denote by A;;41(i,7), I11+1(4,7) the (i,7)-components of
Ari+1, Iij41 respectively. A nonnegative matrix system (A, T) is said to be
essential if it satisfies the following further conditions
(5-1) For i, there exists j such that A;;41(¢,7) # 0.
(5-ii) For j, there exists ¢ such that A;;41(¢,7) # 0.
We henceforth study essential nonnegative matrix systems and call them non-
negative matrix systems for simplicity.
The property “sofic ”for nonnegative matrix systems are similarly defined to
the cases of symbolic matrix systems. The following is basic.

2
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LEMMA 7.1. For a symbolic matriz system (M, I), let M 41 be the m(l) x
m(l+1) rectangular matriz obtained from My 11 by setting all the symbols equal
to 1. Then the resulting pair (M, I) becomes a nonnegative matriz system.

We write the matrices above as supp(M; +1) = M 41 and call M; ;41 the
support of My ;11. The pair (M, ) is called the nonnegative matrix system
associated with (M, I). Conversely we see

PROPOSITION 7.2. For a nonnegative matriz system (A, I) and a symbolic ma-
trix M 2 over alphabet ¥ such that supp(Mi,2) = A1 2, there exists a sequence
My i1,1 € N of symbolic matrices over ¥ such that the pair (M, I) is a sym-
bolic matriz system and supp(Mii41) = A 41 for alll € N.

Proof. We will prove the assertion by induction. Assume that a symbolic
matrix My 41 is determined. For j = 1,...,m(k + 2), take a unique in-
dex 7/ = 1,...,m(k + 1) such that Iy41 k+2(j',j) = 1. For ¢ = 1,...,m(k),
suppose that My x+1(4,5/) = a1 + -+ + an. Let Iy,...,1, be the set of
all numbers [ = 1,...,m(k + 1) satisfying Iy p+1(¢,!) = 1. Hence we have
n=3"_1 Art1k+2(lr, j). Put & = Api1p42(lr, j). Now we define

Mg pya(li, j) = o1+ + gy,
Mk+1,k+2(l2aj) =041t O g,
Moy kr2(03,§) = gy veat1+ -+ Qg 1ot

Mk+1,k+2(lp;j) = Qg oty 41 T Qe

Since for any I = 1,...,m(k + 1), there uniquely exists ¢ = 1,...,m(k) such
that I k4+1(4,1) = 1 we may define My 41 p+2(l,j) foralll =1,...,m(k+1) by
the above way. The matrices satisfy Iy x+1 Mpt1,6+2 = Mpkp+1lk+1,k+2 and
supp(Mpt1,k42) (1, J) = Air1,k42(L 7).

For nonnegative matrix systems we will formulate strong shift equivalence as
follows.

DEFINITION. Two nonnegative matrix systems (4, 1), (A’,I’) are said to be
strong shift equivalent in 1-step if for each [ € N, there exist an m(l— 1) x m/(1)
matrix H; with entries in nonnegative integers and an m/(I — 1) x m(l) matrix
K with entries in nonnegative integers satisfying the following equations:

! !
L1, A0 = HIK 44, Iy A4 = KiHi

and
! A
Hil vy = Li—1,0Higa, Kilii41 = Iy 1 K41

We write this situation as

(4.1) ~ (4,1).

—st
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Two nonnegative matrix systems (A, I) and (A’,I’) are said to be strong shift
equivalent in N-step if there exist nonnegative matrix systems (A(i),I (i)),i =
1,2,..., N — 1 such that

(AI) ~ (AD 1MW) ~ (AP 1?)

1—st 1—st

N e A (N=1) (N=1)y N
—st 1—st (A ’I ) 1—st (A ’I )
We denote this situation by

~ v
(AaI) NN’t (AaI)

and simply call it a strong shift equivalence.

This formulation is also a generalization of Williams’s strong shift equivalence
between nonnegative matrices ([Wi]). Similarly to symbolic matrix systems,
strong shift equivalence is an equivalence relation on nonnegative matrix sys-
tems.

We directly have

PROPOSITION 7.3. If two symbolic matriz systems are strong shift equivalence
(in N-step), then the associated nonnegative matriz systems are strong shift
equivalent (in N-step).

We will describe the matrix relations appearing in the formulation of strong
shift equivalence between nonnegative matrix systems in terms of certain single
homomorphisms between inductive limits of abelian groups. For a nonnegative

matrix system (A, I), the transpose Ilt,l+1 of the matrix I; ;41 naturally induces

an ordered homomorphism from Z™® to Z™(+1)  where the positive cone ZT(Z)

of the group Z™® is defined by
27 = {(n,na, .y nmy) € Z7Olng > 0,6 = 1,2...m(1)}.
We put the inductive limits:
Zpe = Wg{I} 1y : 20 — 2D
z =lim{If,,, - 27—z
The condition (2-a) for the matrix I; ;41 says the following lemma.
LEMMA 7.4. For each | € N, the homomorphism Ilt,l+1 sz zm+D) g
injective. Hence the canonical homomorphism v : Z™WY — Zye is injective.
By the relation: Ij ;41 Ai41,42 = Ai 411141142, the sequence of the transposed

matrices Af,l_ﬂ,l € N of the matrices A;;4+1,! € N yields an endomorphism of

the ordered group Zr:. We write it as A4 1).

DEFINITION. For nonnegative matrix systems (A,I),(A’,I') and L € N, a
homomorphism ¢ from the group Zj;¢ to the group Zj.+ is said to be finite
homomorphism of lag L if it satisfies the condition

Ezm0y czm ) foralll € N

where Z™®) and Z™' 1 are naturally imbedded into Z;+ and Zj.+ respectively.
We then have
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PROPOSITION 7.5. Two nonnegative matric systems (A,I) and (A, I') are
strong shift equivalence in 1-step if and only if there exist order preserving
finite homomorphisms of lag 1: £ : Zye — Zype and 1 : Zypre — Zpe such that

no&=XAan, §on=Auar1)-

Proof. Suppose that (A,I) and (A’,I') are strong shift equivalent in 1-step.
Let H;, K; be sequences of matrices that give rise to a strong shift equivalence
between them. Then by the condition I} | Hf = Hf, I} | ;, the family H{,l €
N yields a homomorphism from Zj: to Z;,: which we denote by . Similarly
we define a homomorphism 7 from Zj/« to Z: induced by the family Kj,1 € N.
It is easy to see that the homomorphisms &, 7 are order preserving and finite
homomorphisms of lag 1. By the condition A}, I} ,, = K},  Hf, we see
no& = A,n- Similarly, we have { on = A4/ 7).

The converse implication is also easy by using Lemma 7.4. We in fact see that
the matrices H;, K; are given by the transposed matrices of the restrictions of
the homomorphisms ¢ to Z™® (< Z;:) and 7 to Zm,(l)(c—> Z i) respectively.
They satisfy the required conditions of strong shift equivalence between (A, I)
and (A’ I").

We will next formulate shift equivalence between two nonnegative matrix sys-
tems. For a nonnegative matrix system (A, I), we set the m(l) x m(l + k)
matrices:

Tgvk = Iivr - Divg42 - Dieke—1,04k5

Ak = A1 - Arpri42 - Alvr—1,04k
for each [,k € N.
DEFINITION. Two nonnegative matrix systems (4, 1), (A’,I’) are said to be
shift equivalent of lag N if for each | € N, there exist an m(l) x m'(l + N)
matrix H; with entries in nonnegative integers and an m/(l) x m(l 4+ N) matrix
K with entries in nonnegative integers satisfying the following equations:

li li
AririHier = HHA Ny N A1 K = KA NN+,
A A
HiKii N =114NA4N 112N, KiHiyn =1 1 nAl LN iaN
and
A A
DLyl = Hilljy n e Nt L1 Kiv1 = Kilig N4 N+

We write this situation as

i . -~ Y
(AD) o (AT or (HK): (AD) ~ (ALT)

and simply call it a shift equivalence.

This formulation is a generalization of Williams’s shift equivalence between
square matrices with entries in nonnegative integers ([Wi] see also [BK]).
Similarly to the case of shift equivalence for nonnegative matrices and symbolic
matrix systems, we have.
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LEMMA 7.6.
(i) (A, 1) o (A", 1) implies (A, I) o (A, I') for all L> N.
ag ag
i) (A1) ~ (AT AT ~ (A" I 4 es (A, 1 ~
(i) (A4,1) o (A, T") and (A", 1) o (A", 1" implies (A, 1) g NN

(A", I'). Hence shift equivalence is an equivalence relation on nonneg-
ative matriz systems.

Similarly to Theorem 6.2, we have

PROPOSITION 7.7. For nonnegative matrix systems, strong shift equivalence in
N-step implies shift equivalence of lag N .

As in the case of strong shift equivalence, we may describe the matrix relations
appearing in the formulation of shift equivalence in terms of single homomor-
phisms between inductive limits of abelian groups.

PROPOSITION 7.8. Two nonnegative matriz systems (A, I) and (A'T") are shift
equivalent of lag N if and only if there exist order preserving finite homomor-
phisms of lag N: & : Zye — Zpe and n : Zypre — Zye such that

Ay 0§ =80 ), A,y °on=mn0°Aar)
and
77052)\&1]), 5077:)\&,7[,).

Let (M, I),(M’,I') be symbolic matrix systems and (M, I), (M’ ,I') be their
supports respectively. The following proposition is direct.

PRrROPOSITION 7.9.
(i) M, I) = (M’ I') implies (M, T) A (M, I").

n—st n—st
(i) (M, I) ~ (M T') implies (M,I) ~ (M',I').
lagN lagN

8. DIMENSION GROUPS

In this section, we will introduce the notions of dimension group and dimension
triple for nonnegative matrix systems that is shown to be a shift equivalence
invariant. It is a generalization of the notions of dimension group and dimension
triple for nonnegative matrices defined by W. Krieger in [Kr|, [Kr2]. The
Krieger’s idea to define dimension groups for nonnegative matrices is based on
the K-theory for C*-algebras (cf.[Ef]). The author considered the dimension
groups for subshifts by using Ky-groups for certain C*-algebras associated with
subshifts as in [Ma2],[Ma3]. It is a generalization of the original idea of Krieger.
We will in this section formulate the dimension groups and the dimension triples
for nonnegative matrix systems.

Let (A, I) be a nonnegative matrix system. Recall that Zj: denotes the ordered
group of the inductive limit of the sequence of the ordered abelian groups
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7™ 1 € N through the transposed matrices Ilt,l_H,l € N. As seen in the
previous discussion, the sequence of the transposed matrices Af,l 41 naturally

induces an order preserving endomorphism on the ordered group Z;¢ that is
denoted by A(a 7). We set Z« (k) = Zj+ and Z, (k) = Z}, for k € N. We define
an abelian group and its positive cone by the following inductive limits:

A(AJ) = hiI;l{)\(Aﬁ]) : Z]t(k) — Zp(k + 1)},
k

A?_A,I) = hTH”)l{/\(A,]) . Z}t (k}) — Z-}; (k + 1)}

We call the ordered group (A(AJ),A?'A,I)) the dimension group for (A,I).
Since the map 64,5y : Zs+ (k) — Zge (k+1) defined by 64, 1) ([X, k]) = ([X, k+1])
for X € Zj+ yields an automorphism on A4 r) that preserves the positive cone
AE”A - We also denote it by d(4 ) and call it the dimension automorphism.
We call the triple (A(AJ),A?AJ),&AJ)) the dimension triple for (A,I) and
the pair (Aa,r),0(a,1)) the dimension pair for (A,I).

PROPOSITION 8.1. If two nonnegative matrixz systems are shift equivalent, their
dimension triples are isomorphic.

Proof. Suppose that two nonnegative matrix systems (A,I) and (A’,I’) are
shift equivalent of lag N. By Proposition 7.8, there exist order preserving
finite homomorphisms & : Zyt — Zjpe and 5 : Zpe — Zye of lag N such that

Ay 0§ =80 ), A, °on=mn0°XAar)

and

noé&= Ao Eon= A1)
Define the maps &¢ : Zp(k) — Zpi(k) and &, : Zpe(k) — Zp(k) as
Pe([X,k]) = ([€(X),k]) and & ([Y,k]) = ([n(Y), k]) for X € Zy:, Y € Zyp.
It is easy to see that they induce homomorphisms from A4 1) to A(a/ ) and
Acar,ry to A,y respectively. We still denote them by &¢ and &, respec-

tively. Since the homomorphisms £, n are order preserving, the maps ¢, P,
also preserve order structures of the dimension groups. It then follows that

5(14,])0@77:@7705(14/1/)7 5(14/,]/)0@5:@505(147[)

and
-N -N
45770455:5(147[), 45504577:5(14/7[,).

Therefore we see that the both maps ®; and @, are isomorphisms and the
corresponding dimension triples are isomorphic.

In particular we have (cf.[BK])
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ProprOSITION 8.2. Two sofic nonnegative matriz systems are shift equivalent
if and only if their dimension triples are isomorphic. Thus the dimension
triple are complete invariants for shift equivalence of sofic nonnegative matriz
systems.

Proof. The only if part is from the preceding proposition. By a similar discus-
sion to [Kr],[Kr2], we obtain the if part of the assertion.

We will define the dimension triples for symbolic matrix systems as the dimen-
sion triples for their supports. Namely let (M, I) be a symbolic matrix system
and (M, I) its support. Then the dimension triple (A, 1), AZFM,I)’(S(MJ)) is
defined to be the dimension triple (A, 1y, A?’MJ), d(am,ny)- We may also de-
fine dimension triples for subshifts as the dimension triple for their canonical
symbolic matrix systems. Let A be a subshift and (M, I) its canonical sym-
bolic matrix system for A. Then the future dimension triple (Ax, AL, d,) for
subshift A is defined to be the dimension triple (A, 1), AEFMJ), dm,n))- The
past dimension triple for A is defined as the future dimension triple for the
transposed subshift AT for A.

Thus we have

ProproSITION 8.3. The future dimension triples for subshifts are shift equiva-
lence wnwvariants and in particular topological conjugacy invariants.

The notion of dimension pair (Aa,da) for subshifts has been also seen in [Le].

9. K-GROUPS AND BOWEN-FRANKS GROUPS

The Bowen-Franks groups for nonnegative matrices and hence for topological
Markov shifts have been introduced by R. Bowen and J. Franks in [BF]. For an
n X n nonnegative square matrix A, its Bowen-Franks group BF(A) is defined
by the group Z"/(1— A)Z™. This group has discovered in a study of suspension
flows of topological Markov shifts by Bowen and Franks (cf. [PS]). They showed
that the groups are not only invariants under shift equivalence but also almost
complete invariants under flow equivalence between nonnegative matrices.

We will in this section introduce and study the notion of Bowen-Franks groups
for nonnegative matrix systems as a generalization of the original Bowen-Franks
groups for nonnegative matrices. Our Bowen-Franks groups for a nonnegative
matrix system consist of a pair of abelian groups. One corresponds to a gener-
alization of the original Bowen-Franks group, called the Bowen-Franks group of
degree zero, and the other one corresponds to its suspension, called the Bowen-
Franks group of degree one. For matrices, the latter group is the torsion-free
part of the original Bowen-Franks group. But in general nonnegative matrix
systems the group of degree one is not necessarily the torsion-free part of the
group of degree zero (see Section 10).

Before going to definition of the Bowen-Franks groups for nonnegative ma-
trix systems, we introduce two abelian groups for nonnegative matrix systems,
called K-groups, that will be proved to be invariant under shift equivalence.

DOCUMENTA MATHEMATICA 4 (1999) 285-340



320 KENGO MATSUMOTO
Let (A, I) be a nonnegative matrix system. For [ € N, we set the abelian groups

K§(A, 1) =z /(1 — Al )Z2m©,
K{(AT) = Ker(llt,l-f-l - A?,H—l) in 2.

LEMMA 9.1. The map If ., : 7m0 — 7Y paturally induces homomor-
phisms between the following groups:

il KLAT) — KXY(A, D) for x=0,1.
The proof is straightforward by using the relations
L1 Ais1,042 = Airi i i42

We now define the K-groups for nonnegative matrix system (A, I).
DEFINITION. The K-groups for (A,I) are defined as the following inductive
limits of the abelian groups:

Ko(A,I) = h_m{lf) : K(ZJ(AaI) - Ké+1(AaI)}a
l

Ky(AT) = lim{il : KL(A,T) — K171 (A, D).
l

For a symbolic matrix system (M, ), its K-groups Ko(M,I), K1(M,I) are
defined to be the K-groups for the associated nonnegative matrix systems. It
is easy to see that the groups K. (A, I) are also represented as in the following
way

PROPOSITION 9.2.

(i) Ko(A,I)=2Zy/(id — Aa,n)Zre,
(11) Kl(A,I) = Ker(zd — A(A,])) m Z[t.

We will see that the groups K, (A, T) are invariant under shift equivalence.

LEMMA 9.3.

(i) Ko(A,I) = Aa,n/(id —da,n)Awi,n,
(11) K1 (A, I) = Ker(id — 5(147[)) m A(AJ).

Proof. As the automorphism 64 1y is given by A4, 1) = {Af,lﬂ} on Aca,p, the
assertions are easily proved.

Since the dimension triple (A4, 1), AE”A n d(a,r)) is invariant under shift equiv-
alence of nonnegative matrix systems, we thus have
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PROPOSITION 9.4. The groups K;(A,I),i = 0,1 are invariant under shift
equivalence of nonnegative matriz systems.

Set the abelian group

Zp = Um{I} 4 : 2™ — ZmD}
!

the projective limit of the system: [; ;41 : 7+ s 7)1 e N. The sequence
Api+1,!1 € N naturally acts on Z; as an endomorphism that we denote by A.
The identity on Zj is denoted by I. We now define the Bowen-Franks groups
for (A4, 1) as follows:

DEFINITION. For a nonnegative matrix system (4, I),

BFY(A,I)=7Z;/(I — A)Zy, BFY(A,I) =Ker(I — A) in Z;.

We call BF°(A,I) the Bowen-Franks group for (A, I) of degree zero and
BF*'(A,I) the Bowen-Franks group for (A, I) of degree one. We see

THEOREM 9.5. The Bowen-Franks groups BF'(A,I),i = 0,1 are invariant
under shift equivalence of nonnegative matriz systems.

Proof. (i) Suppose that two nonnegative matrix systems (4, ) and (A’,I’) are
shift equivalent of lag N. Let H;, K; be sequences of nonnegative matrices

such that (H,K) : (4,1) W (A, I'). For (zi)ien € Z1, put Pr((zi)ien) =

(K;(zn4i)ien). Tt is easy to see that the Pk gives rise to a homomorphism
from Z[ to Z[/. As we see the equality: Kl @) (IN+i,N+i+1 — AN+i,N+i+1) =
(I} iy1 — Afiy1) © Kit1, the homomorphism induces a homomorphism from
Zi)(I — A)Z; to Zp/(I' — A")Zy. We denote it by @x. We similarly have
a homomorphism @ from Zp/(I' = ANZyp to Zi /(I — A)Z;. Since we have
G o P = AN on Z; and P o by = AN on Zp, the homomorphisms ® g
and @ are inverses each other.

(ii) Tt is direct to see that the homomorphisms @ and @ induce isomorphisms
between Ker(I — A) in Z; and Ker(I' — A’) in Zj..

We will prove the following Universal Coefficient Theorem. It says that the
Bowen-Franks groups are determined by the K-groups.

THEOREM 9.6.

(i) There exists a short exact sequence
0 — Exth(Ko(A, 1),2) > BF°(A, I) - Homy (K1 (A, I),Z) — 0
that splits unnaturally.

(i)
BFY(A,I) = Homgz(Ko(A,I),7Z).
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In the theorem above, Exty, is the derived functor of the Hom-functor in homo-
logical algebra. The formulations above come from the Universal Coefficient
Theorem for K-theory of the C*-algebra Op associated with subshift A ([Mad4]).
General framework of the Universal Coefficient Theorem for K-theory of C*-
algebras have been proved in [Bro], [RS]. If an abelian group G is finitely
generated, it is well known that

Homyz(G,Z) = The torsion-free part of G,
Ext;(G,7Z) = The torsion part of G.

We provide some lemmas to prove Theorem 9.6.
LEMMA 9.7. Extl(Z,Z) = 0.

Proof. Tt suffices to show that an extension
0—2Z—G-">Zp—0

of abelian groups splits. For each | € N, let ¢; be the canonical inclusion of
7™ into Zy.. We will choose homomorphisms ¢; : Z™® — G such that

t
PO YL =1t w101 141 =@

as follows: Let el,i = 1,...,m(l) be the standard basis of Z™®. We first
take homomorphisms ¢; : Z™") — G such that po ¢ = ¢ for | € N. Put
@1 = ¢1. Since we see p((¢2 0 I 5 — ¢1)(ej)) = 0, we may regard the element
¢2 0 I 5(e;) — ¢1(e}) as an integer m}. For each i = 1,...,m(1), take r; =
1,...,m(2) such that I 5(i,7;) = 1. We set

{ pa(e3) —mj ifj=mr

2
es) =
e2(e5) pa(e3) otherwise.

Then it is easy to see that

po 2 =1l2, @201 5= 1.

By continuing these procedures, we can find a sequence of homomorphisms
1,1 € N that have the desired property. They give rise to a homomorphism
@ : Zj+ — G such that po ¢ =id.
LEMMA 9.8.

(i) Exty((id — \a.n)Z5t,Z) = 0.

(i) Exty(Ker(id — A1) in Zye, Z) = 0.
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Proof. Regard (id — A\(4,1))Zs+ and Ker(id — A(4,1)) in Zj: as subgroups of Zy:.
Consider the following short exact sequences:

9.1
o 0 —(id — A\a,1))Zy+ —— Lyt — Zye /(id — \a,1))Zy+ — O,
(9.2)
0 —Ker(id — A1) = Zpe " =S (id — Aap))Zpt — 0
of abelian groups. They yield the following exact sequences respectively:
- —EBxty(Ze, Z) — Exty((id — Ma,1))Z1+, Z)
— Bxt}(Zre/(id — Ma,1))Zre, Z) — -
and
- —Exty(Z, Z) — Exty(Ker(id — A\a.1)), Z)
— Ext3((id — A\a,1))Zre, Z) — -+
As Ext? = 0, we have
Exty,((id — Ma,1))Zre, Z) = Exty(Ker(id — A(a.n)), Z) = 0

by the preceding lemma.

LEMMA 9.9.
(i)
Exty(Zg:/(id — X\(a.1))Z1, Z)
= Homgz ((id — X(a,1)) %y, Z) /" Homz (Zy:, 7).
(ii)

Homgz (Ker(id — Aa,1), Z)
= HomZ(th y Z)/(’Ld — )\(AJ))*HOInz((’L'd — )\(AJ))Z]t s Z)

Proof. The short exact sequences (9.1) and (9.2) make the following sequences
exact:

(9.3)
0 —>H0mz(Z]t/(’id - )\(AJ))Z]’: N Z)
%, Homg,(Zye, Z) - Homg((id — A a.p))Zre, Z.)
— Exty(Z /(id — Na,1)Z1e, Z) — Exty(Zpe, Z) — -+ -
(9.4)

id—A *
0 —Homy((id — Aa,1))Zr+, Z) (=2 n)

HomZ (Z]t 5 Z)

9%, Homg,(Ker(id — M), Z) — Extl((id — A\ap))Zye, Z) — .

DOCUMENTA MATHEMATICA 4 (1999) 285-340



324 KENGO MATSUMOTO

Hence we get the desired isomorphisms.

Proof of Theorem 9.6. (i) By Proposition 9.2 and the previous lemmas, we
have

Homz(K1(A,I),Z) 2Homgz(Z:, Z)/(id — Aa, 1)) " Homgz ((id — Aa,1)) L5, Z),
Exty(Ko(A, I),Z) 2Homy((id — \(a,1))Zr:, Z) /" Homy(Z: , Z).
The exact sequence (9.4) says the map
(id — Aca,n)™ : Homz((id — Xa,1))Zr+, Z) — Homgz(Zy+, Z)
is injective. Hence we know that the group
Homz((id — Aa,1))Zr+, Z) /" Homgz(Zy+, Z)
is isomorphic to the group
(id — Aa,r))"Homgz (id — X a,1))Z1e, Z) [ (id — A(a,1y) " " Homg (Zye, 7).

The map
(id — )\(AJ))*L* : Homg(Zyt,Z) — Homgy(Zy:, 7)

is naturally regarded as the endomorphism
I— A . Z[ — Z[

through a natural identification between Homyz(Z¢,7Z) and Z;. As there exists
an short exact sequence

0 —>(’L'd — )\(AJ))*HOInz;(’L'd — )\(AJ))ZIt,Z)/(’L'd — )\(AJ))*L*HOInz(ZIt,Z)
HHOmz(Z]t y Z)/(’Ld — /\(A,]))*L*Homz((id — /\(A,]))Z[t y Z)
—Homy(Z;+,7)/(id — )\(Aﬁ]))*HOmZ((Z‘d — )\(AJ))ZIt,Z)

—0,

we obtain a short exact sequence:
0 — ExtL(Ko(A,1),Z) = Z; /(I — A)Z; - Homg (K1 (A, 1),7Z) — 0.

The short exact sequence above splits unnaturally, since the group EXt%(G WARE
algebraically compact and the group Homy (H, Z) is torsion-free for any abelian
groups G, H (cf. [KKS]).

(i) By the exact sequence (9.3), we see

Homz(Ko(A, I), Z) gHOmz(Z]t/(Z‘d — )\(AJ))Z]t y ), Z)
~Ker ¢* : Homgz(Zy:,Z) — Homg((id — Aa,1)) 21+, Z)
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By a natural identification between Homy(Z¢,Z) and Z;, we obtain Ker .* :
Homgz(Zy:,Z) — Homgz((id — X(a,1))Zs+,Z) is regarded as Ker(I — A) in Zj.
Thus we end the proof of the theorem.

REMARK. Lemma 9.8 (ii) means Exty(K;(A,I),Z) = 0. Hence the following
short exact sequence clearly holds by Theorem 9.6 (ii):

0 — Exth(K1(A, 1), Z) > BF*(A, I) -5 Homz(Ko(A, I),Z) — 0.
EXAMPLE. Let M be an n X n nonnegative matrix . Put for each [ € N
A1 = M, I;1+1 = the n x n identity matrix.

Then (A, I) is a nonnegative matrix system. The K-groups are

Ko(AI)=2"/(1—M"Z",  Ki((A,I)=Ker(l1—M") in Z".
The Bowen-Franks groups are

BFY(A,I)=2"/(1 - M)Z", BFY((A,I) = Ker(1 — M) in Z".
Hence we have

Ko(A,I) = BF°(A,I) = BF(M) : the original Bowen-Franks group for M,
Ki(A,I)= BF'(A,I) = the torsion-free part of BF(M)
We will next define K-groups and Bowen-Franks groups for subshifts.

DEFINITION. For a subshift A, let (A4, Ix) be the canonical nonnegative matrix
system associated with A. We define

K;(A) = K;(Aa,In),i=0,1 : the K-groups for A
BF'(A) = BF'(Ax,Ip),i=0,1 : the Bowen-Franks groups for A

We thus have

THEOREM 9.10. The K-groups K;(A) and the Bowen-Franks groups BF*(A)
for subshift A are abelian groups that are invariant under shift equivalence of
subshifts. In particular, they are topological conjugacy invariants of subshifts.

PROPOSITION 9.11. Let A be a sofic subshift. We denote by m(A) the cardi-
nality of the vertices of the left Krieger cover graph for A and Ay its adjacency
matriz. Then we have

BFO(A) =Z™WM /(1 — Ap)Z™™ . BFY(A) = Ker(1 — Ayp) in Z™W,
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Proof. As we see
Ko(A) =72"W™ /(1 — ANZ™N | K (A) = Ker(1 — Ay) in 2™

the assertion is clear.

In the final section, we will see an example of a nonsofic subshift A for which
BF*(A) is no longer the torsion-free part of the group BF°(A).

REMARK. In [Ma], the author introduced the C*-algebra O, associated with
subshift A as a generalization of the construction of the Cuntz-Krieger algebra
O 4 associated with the topological Markov shift A4 determined by a matrix
A with entries in {0,1}. Cuntz-Krieger proved in [CK] that the Ext-group
Ext(O4) of the C*-algebra O4 is Z™/(1 — A)Z™ : the Bowen-Franks group of
the matrix A. The author in [Mad4] generalized the notion of the Bowen-Franks
group to the subshifts as:

BF(A) := Ext(Oy).

From the view point of the K-theory for C*-algebras, the invariants
K;, BF",i = 0,1 introduced in this section appear as

Ko(A) = Ko(On),  Ki(A) = K1(Oy)

and
BF°(A) = Ext(Oy), BF'(A) = Ext(Oy ® Cy(R)).

The formulations in Theorem 9.6 come from the Universal Coefficients Theorem
for C*-algebras ([Bro], [RS] ).

As the K-groups and the Ext-groups for C*-algebras are stably isomorphic
invariant and the stable isomorphism class of the C*-algebra Op with gauge
action is invariant under topological conjugacy class of subshifts ([Ma5]), we
know that the dimension triple, the K-groups and the Bowen-Franks groups
for subshifts are topological conjugacy invariants without using discussions of
this paper under some mild conditions for subshifts.

The Bowen-Franks group for nonnegative matrix was first invented for use
as an invariant of flow equivalence of the associated topological Markov shift
rather than topological conjugacy ([BF],[Fr],[PS]). We can prove that the K-
groups K, (A) and hence the Bowen-Franks groups BF*(A) for subshift are also
invariant under flow equivalence of subshift by using a result of Parry-Sullivan
[PS]. The proof, that we do not give in this paper, will appear in a forthcoming
paper (cf.[Mad4],[Ma5]).

We will finally present another candidate of Bowen-Franks groups for subshifts.
For a topological Markov shift A 4 determined by an n xXn matrix A with entries
in {0,1}, the group BF (A 4) is isomorphic to the Ky-group for the subshift A 4
determined by the transpose of the matrix A. The subshift A 4: is the transpose
AL of Ay as a subshift. From this point of view, it seems to be one way to
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define the Bowen-Franks group for canonical symbolic matrix systems as the
K-groups for their transpose.

Let (M, I) be a canonical symbolic matrix system and A, 1) the associated
subshift. We define the transpose (MT IT) of (M, I) as the canonical symbolic
matrix system for the transpose A(TM, n of the subshift A(x, ). We will define
another pair of Bowen-Franks groups as in the following way.

DEFINITION. For a canonical symbolic matrix system (M, I'), we define

BFj (M, I) = K;(MT,IT),  i=0,1

where K;(MT, IT) is defined as the K;-groups for the nonnegative matrix
system associated with (M7T,IT). We call them the Bowen-Franks groups
from K for (M,I). For a subshift A, let (M,I) be its canonical symbolic
matrix system. We will then define Bowen-Franks groups (from K) for subshift
as follows:

BF};(A) = BF- (M, I), i=0,1.

We thus have

PROPOSITION 9.12. The Bowen-Franks groups BFi-(A),i = 0,1 from K for
subshift A are topological conjugacy invariants of subshifts.

Proof. Suppose that two subshifts A, A’ are topologically conjugate. We
denote by (M, I),(M’, I') their canonical symbolic matrix systems respec-
tively. Hence their transposed subshifts AT, A’ T are topologically conjugate
so that their canonical symbolic matrix systems (M7T,IT), (M’ T,I’T) are
strong shift equivalent and hence shift equivalent. As their corresponding non-
negative matrix systems (M7, I7), (M ’T,I’ T) are shift equivalent, we have
K;(MT 1Ty = K;(M'", T'") for i = 0, 1.

PROPOSITION 9.13. For a topological Markov shift Aa determined by an n xn
square matriz A with entries in {0,1}, we have

BFR(Aa) =7"/(1 — A)Z™ = BF(M4), BFj(Aa) =Ker(1 — A) in Z".

Hence the group BF}(A) is the torsion-free part of the group BF%(A).

We will finally present the calculation formulae for the Bowen-Franks groups
from K. For a subshift A, let X, be the set of all left-infinite sequences ap-
pearing in A. That is

0
Xy ={(nz-2,2-1,20) € [] Bil(2)icz € A}.

We will define [-future equivalence in the space X, in a symmetric way to the
previous [l-past equivalence. Namely, for z € X, and [ € N, put

A ) ={peN|zpe X))
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Two points z,w € X are said to be I-future equivalent if A=!(z) = A~} (w).
We write this equivalence as x ~_; y. For a fixed [ € N, let Pil,i =1,2,...,n()
be the set of all [-future equivalence classes of X, . We define two rectangu-
lar n(l) x n(l + 1) matrices Jj 41, By+1 with entries in {0,1} and entries in
nonnegative integers similarly to the matrix I; ;11, A;;+1. Namely, we define

Jl7l+1 for A = Il1l+1 for AT, Bl,l+1 for A = Al1l+1 for AT.

By [Ma2;Theorem 4.9], we have

THEOREM 9.14.
() BER(A) = {1 : 20/ = B )20
(ii) BFL(A) = HTH;{Jil_,_l : Ker(Jlt’l_H - Bf,l-kl) in Z”(l)}_

We similarly obtain by Lemma 9.2,

THEOREM 9.15. The past dimension pair (Apr,dp7r) for subshift A determines
the Bowen-Franks group BFi-(A),i = 0,1 from K for A,

10. SPECTRUM

It is well-known that the set of all nonzero eigenvalues of a nonnegative matrix
M is a shift equivalence invariant. The set of M is called the nonzero spectrum
of M and plays an important role for studying dynamical properties of the as-
sociated topological Markov shift (cf.[LM],[Ki]). In this section, we introduce
the notion of spectrum of nonnegative matrix system (A, I'). It is an eigenvalue
of (A, I) in the sense stated bellow. We denote by Sp(A, I) the set of all eigen-
values of (4, I). As the sequence of the sizes of matrices A; ;41,1 41,] € N are
increasing, it seems to be natural to deal with eigenvalues of (A, I) with a cer-
tain boundedness condition defined bellow on the corresponding eigenvectors.
We denote by Spy(A, I) the set of all eigenvalues of (A, I) with the bounded-
ness condition on the corresponding eigenvectors. We will prove that the both
of the sets of nonzero spectrum of Sp(A,I) and Spy(A,I) are invariant under
shift equivalence of (A, T).

We fix a nonnegative matrix system (A4, I) throughout this section.
DEFINITION. A sequence {v!'};en of vectors v! = (v}, ..., vﬁn(l)) ceC™® ]eN
is called an I-compatible vector if it satisfies the conditions:

(10.1) ot = I 0ttt forall [eN.

An I-compatible vector {v'};cy is said to be nonzero if v' is a nonzero vector
for some [. If v! > 0 (resp. v} >0 ) foralli =1,...,m(l) and [ € N, {v'};ey is
said to be nonnegative (resp. positive). If there exists a number M such that
221(1[) [vl| < M for all | € N, {v'},en is said to be bounded. We remark that,
for an I-compatible vector {v'};en, vV # 0 for some N implies v' # 0 for all
I>N.
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DEFINITION. For a complex number (3, a nonzero I-compatible vector {v'} is
called an eigenvector of (A, I) for eigenvalue ( if it satisfies the conditions:

(10.2) Al7l+1vl+1 = B forall [€N.

An eigenvalue 3 is said to be bounded if it is an eigenvalue for a bounded
eigenvector.

REMARK. If a sequence v' of vectors satisfies the above conditions (10.1),(10.2)
for | = N,N + 1,...for some N, we may extendedly define vectors v for
Il =1,...,N —1 for which {v'};ey satisfy the conditions (10.1),(10.2) for all
I € N by using the condition (10.1).

DEFINITION. Let Sp* (A, I) be the set of all nonzero eigenvalues of (A4, I) and
Spy (A, I) the set of all nonzero bounded eigenvalues of (A, I). We call them
the nonzero spectrum of (A,I) and the nonzero bounded spectrum of (A, T)
respectively.

We will prove

THEOREM 10.1. If two nonnegative matriz systems are shift equivalent, their
nonzero spectrum coincide.

Proof. Suppose that two nonnegative matrix systems (A,I) and (A’,I’) are

shift equivalent of lag N. Let H;, K; be sequences of nonnegative matrices

such that (H, K) : (4,1) e (A, I"). We will show Sp*(A,I) C Sp*(A’,I').
ag

For 3 € Sp* (A, I) with nonzero eigenvector v!, we set u! = Kjv'™ for [ € N.
It is direct to see that

’lLl = Il/7l+1ul+1, Ag,l+1ul+1 = 6’&[.
I

Now if the vectors u' are zero for all [ > [y for some Iy, by the equality
HlKlJrN’UlJrQN = Il1l+NAl+N1l+2NUl+2N, it follows that

I+2N I+N 1
0= ANl Nipanv' 2N = A yo'™ = gl

Thus v! = 0 for all [ > Iy and hence for all [ € N, a contradiction. Therefore 3
is a nonzero eigenvalue of (A, I').

We will next show that the nonzero bounded spectrum of (A, I) is also invariant
under shift equivalence. We must provide some lemmas.

LEMMA 10.2. Put N = max; Zz(ll) Ap141(i,5) for 1 € N. We have N} =
Nf4+1. That is, the value N, does not depend on the choice of | € N.

Proof. We note that Z;l(ll) I14+1(i,7) = 1 for each j. It follows that

m(l+1) m(l) m(l+1)
S A k) =Y Y L) A k)
=1 =1 j=1

m(l) m(l+1)

:Z Z Ap11(3, p)ig1,142(p, k).

i=1 p=1
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Hence for k = 1,...,m(l 4+ 2), there uniquely exists pr, = 1,...,m(l + 1) such

that
m(l+1) m(l)

Z Ari1,420, k ZAI 141 (%, Pr.).-

This implies the inequality N4 < N4. For p = 1,...,m(l + 1), take k, =
1,...,m(l+2) with I4142(p, kp) = 1. It follows that

m(l) m(l)
Z Apa(i,p) = Z A1 (@, p) i1, 142(p, kp)
; im1

m(l) m(l+1)
:Z Z A1 (8, @) iy i42(q, kp)
i=1 g¢=1
m(l) m(l+1)
=Y > Lugali ) A k)
i=1 j=1
m(l+1)

= Z Ar1,42(, kp).
=1

This implies the inequality N 114 < Ni{"l.

Set Na = max; Zﬁ(ll) Api41(7, j) that is independent of the choice of [ € N.

m(l

For an I-compatible vector {v'}ien, we put ||| = S0 [vl].

LEMMA 10.3. The sequence {|v!||}ien is increasing. If {v'}1en is nonnegative,
{|Iv!]|}1en is constant and hence {v'}ien is bounded.

Proof. We know S 7 L0414, §)05 T = it and

m(l) m(l+1) m(l+1)
o] < Z Z |I.141 (4, §)v l+1| < Z |v§+1| = [lo"*Y].
i=1 j=1 j=1

If {v'},en is nonnegative, both of the inequalities above go to equalities.
For a bounded I-compatible vector v = {v'};en, we put

[vo]ls = sup [|']].

PROPOSITION 10.4. Sp;(A,I) C {z € C||z| < Na}.
Proof. For 3 € Sp(A, I) with a bounded eigenvector {v'};en, we have

m(l+1) m(l)

m(l)
BY i< > mjaxZAl w1 (3, ) -
i=1

j=1 i=1
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Hence we obtain the inequality
Bllv'| < Nallo'*H.
As {v'} is bounded, the limit lim; .. [|[v!|| = ||v||; exists so that we have a

desired assertion.

We denote by B the set of all bounded I-compatible vectors. It is a complex
Banach space with norm || -[|;. A nonnegative I-compatible vector v = {v!};en
is called a state for I if ||v||y = 1. Let &  be the set of all states for I. Tt is a
convex subset of B;.
LEMMA 10.5. For v = {v'}en € By, put
= sup Z IlyN(z',j)|v§V| for i=1,....m(l), leN.
Nzl

We then have
(i) [o]; < oo.
(ii) The vectors defined by |v|' = (|v]}, v}y, ..., |v m(l)> forl € N give rise
to a nonnegative I-compatible vector.
Proof. (i) By the inequality Z] 1 1 N ()| < Zm(N [N = [loV], we
get [v]; < [|v]]s.
(i1) As we easily see
m(N) m(N+1)

Z Iz,N(i,k)|v,iV| < Z Il,N+1(i,j)|v]N“|,

the sequence of sums Z N, (i, 7)|v)N| is increasing on N so that we have

m(N)

ol = lim_ ZIZN )| CAlE

Hence the following equalities hold

m(l+1) m(l+1) m(N)
S Ll =Y ]\}gnoo( Z Lasr (i, ) Diea, v (J: K)o |)
Jj=1 j=1 =
m(N) m(l+1
- ngnoo Z Z Da41 (4, §) D1 v (4, k)oY |

= hm ZIlNzk|vk|f|v|l

so that the vectors {|v|'};en yield an I-compatible vector.

The I-compatible vector |v| for v € By is called the total variation of v. A
bounded I-compatible vector v € B is said to be real if all elements Uf of the
vectors vt, ] € N are real numbers. Thus we obtain
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COROLLARY 10.6. For a real bounded I-compatible vector v € By, there exist
nonnegative bounded I-compatible vectors v, v™ € B such that

v=ovt—v7, o] = vt + v~
This decomposition is called the Jordan decomposition of v.

Proof. As |v|! > |v!| for each i,l, by putting
1 1
T () R (R

we get the desired assertions.

COROLLARY 10.7. For a bounded I-compatible vector v € By, there exist states
v; € &1 and nonnegative real numbers c; € R such that

v = €101 — Cav2 + i(C3v3 — Cqv4).

ProrosiTION 10.8. For a bounded I-compatible vector v € B, we put
m(l+1)
(Lv)t Z A0, j)v for i=1,....m(), leN

Then L4 gives rise to a bounded linear operator on the Banach space B that
ILav]l
ol

satisfies || L || = Na, where the norm of L is given by || Lal| = sup,
To prove the proposition above, we note the following lemma.

LEMMA 10.9. For an arbitrary fized | € N and nonnegative real numbers c;
fori=1,...,m(l), there exists a nonnegative I-compatible vector v € B such
that vt = ¢; fori=1,...,m(l).

Proof. Put v! = ¢l for i = 1,...,m(l). For k < [, we put v* = Iy v'. For
=1 ml+1)
such that v} ZT(ZH) 11 hecause for each j there uniquely exists i satisfying

I j41(i,5) =land I l+1( j) = 0 for other ¢. Hence we may get a nonnegative
I-compatible vector v by 1nduction such that v} = ¢;,i = 1,...,m(l).

Proof of Proposition 10.8. We first show that L v is a bounded I-compatible
vector. By the relation I; ;11414142 = Api41li+1,042, it is direct to see
that Lav is an I-compatible vector. We have ||(Lav)!|| < Nal[v!*!| so that
ILav||1 < Nallv|l1- Hence L v is bounded and ||L4|| < Na. Fix I € N. Take
io such that max; Y ;) m(l1-1) Aj_1(hyi) = Zm(l D Ai—14(h,ip). By the previ-
ous lemma, there ex1sts a nonnegative I-compatible vector v € B such that
vl.o =1 and v} # 0 for i # ig. It then follows that

2

k =141, we can choose nonnegatlve real numbers v

m(l—1)

[(Lav)= = Y Ai1u(hyio) = Na.
h=1

Thus we get ||(Lav)|l1 = Na. As ||v||; = ||[v!|| = 1, we conclude ||L || > N4 so
that ||LA|| = Ny.

Therefore we have
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COROLLARY 10.10. For a complex number (3, it belongs to Spy(A,I) if and
only if it satisfies Lav = [v for some v € By. That is, the bounded spectrum
of (A,I) are nothing but the eigenvalues of the bounded positive operator L4
on the Banach space By.

Corresponding to Theorem 10.1, we have

THEOREM 10.11. If two nonnegative matriz systems are shift equivalent, their
nonzero bounded spectrum coincide.

Proof. Suppose that two nonnegative matrix systems (A,I) and (A’,I') are

shift equivalent of lag N. Let H;, K; be sequences of nonnegative matrices

such that (H,K) : (A, 1) e (A’, I"). Following the proof of Theorem 10.1,
ag

it suffices to show that for a bounded vector v € By, the vectors defined by
u! = Kjw'tV |1 € N give rise to a bounded vector. As the equalities Il/,l-',-lKlJrl =
K114 v+ N+1 hold, the boundedness of the vector {u'}1en is shown by a similar

manner to the proof of the boundedness of the vector L v as in the proof of
Proposition 10.8. Hence we know Sp, (A, I) = Sp; (A", T").

We will next see that the set Sp; (A4, I) is not empty. We will consider another
topology on B;. The topology is defined from the subbases of open sets of the
form:

U(v,iye) = {u € Br|lv! —ul| < e} for veBri=1,....,m(l),e>0,l €N,

We call it the weak topology on B;. It is straightforward to see that the state
space & is compact in the topology. Let o(L4) be the set of all spectrum of
L4 as a bounded linear operator on the Banach space 28;. General theory of
bounded linear operators tells us that the set o(L 4) is not empty. Let r4 be the
spectral radius of the operator L4 on By, that is, r4 = sup{|r|: r € o(L4)}.

PROPOSITION 10.12. There exists a state v € & such that L v = rav. Hence
we have ra € Spy (A, I).

Our proof is completely similar to the proof of [MWY;Lemma 4.1]. We will
give a proof for the sake of completeness.

Proof. Let Ra(z) be the resolvent of L4 that is defined by Ra(z)v = (2 —
L) 'v for z € C with |z| > r4 and v € B;. For z € C with [2]| > ra, we see
Ra(z)v =317 zrr L5 (v) and

m(l+k)
(LA < 30 Avi Dl
j=1
As |v§+k| < |v|§+k, it follows that |(Ra(2)v)}| < (Ra(|z|)|v])} and hence

(10.3) [Ra(z)vlls < [|Ra(|z)[o]]1-
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Since {RA(2)}|z>r, can not be uniformly bounded in the set £(%B;) of all
bounded linear operators on B, by the inequality (10.3) we may find vy € &1
so that ||Ra(t)vol|1 is unbounded for ¢ | r4. Put

Ra(ra + v

n

— n for n=1,2,....
[Ra(ra+ %)UOH

Unp =

As L4 is a positive operator on B, the operator R4(t) is also positive so that
the vectors v,,n = 1,2,... are states. Hence there exists a limit point v, of
the sequence {v,} in & in the weak topology of &;. The following identity

1 Vo
(ra—La)v,=—v+ ———F—
Tt [Ra(ra + 5)wol
implies r 400 = LAvoo. As (A, T) is essential, the vector L 4v can not be zero.
Hence we have r4 > 0 and ra € Sp; (A, ).

The author would like to thank Yasuo Watatani for pointing out an inaccuracy
of a proof of the proposition above given in an earlier version of this paper.

We finally show that the spectrum are majorizied by topological entropy of
the associated subshift. It is well-known that topological entropy hyop(A) for
subshift A is given by

1
heop(A) = lim —log|A"|

where |A¥| denotes the cardinality of the set of all admissible words of length
k in the subshift A (cf.[LM],[Ki]).

We say a symbolic matrix system (M, I) to be left resolving if a symbol ap-
pearing in M (%, j) can not appear in M(i, j) for other i’ # i, equivalently, its
A-graph system is left resolving. As in Proposition 3.8, a canonical symbolic
matrix system is left resolving.

PROPOSITION 10.13. Let (M, I) be a left resolving symbolic matriz system and
(M, I) its associated nonnegative matrixz system. For any § € Sppy(M,I), we
have the inequalities:

log|8] < logray < htop(Am,1))

where ryr is the spectral radius of the operator Ly on Br and A(MJ) is the
associated subshift with (M, I).

Proof. The inequality log |3| < logrys is clear. By the previous lemma, take
v € & such that Lyv = rpyv. We have for k£ € N,

m(k+1

)
E 1 C okl
MY = E Ml,k+1(%])“j+-
j=1
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As SV b = 1 it follows that

m(1) m(k+1)
rh < (m;?LX Z My k41(4,5)) Z ot = ||ILY, -
i—1 =1

We may find jo such that ||L%[| = 37" My xi1(i,jo).  Since (M, I) is

3
left resolving, the number 22(11) M j+1(i, jo) is majorized by the cardinality

ﬂ|A’(€M 1)| of the set of all admissible words of length & in the subshift Ay, ).
Thus we obtain the inequalities

T?VI < HLIFMH < ﬁ|A](€M,1)|-
As ||LE||* — ras for k — oo, we have desired inequalities.

For subshift (A,o), let (M,I) be its canonical nonnegative matrix system.
We define the nonzero spectrum Sp*(A) and the nonzero bounded spectrum
Sp; (A) of A by the nonzero spectrum and the nonzero bounded spectrum of
(M, I) respectively. We have thus proved

THEOREM 10.14. Both the sets Sp*(A) and Sp; (A) are not empty and topo-
logical conjugacy invariants of subshifts. In particular, Sp; (A) is bounded by
the topological entropy of the subshift (A, o).

11. EXAMPLE

We will give an example of the canonical symbolic matrix system, the K-groups
and the Bowen-Franks groups for a certain nonsofic subshift, that is called the
context free shift in [LM]. Let ¥ be the set of symbols {a,b,c}. The nonsofic
subshift is defined to be the subshift Z over ¥ whose forbidden words are

Fz = {ab"c"alm # k}

where the word ab™cFa means a b---b ¢---ca (cf.[LM]). In [Ma6], the C*-
— ——

m times k times

algebra Oy associated with the subshift Z has been studied so that its K-groups
has been calculated. By using discussions of the computation of the K-groups,
we may write the canonical symbolic matrix system for Z. Let Xz be the
corresponding one-sided subshift for Z. Define sequences of subsets of Xz in
the following way.

Py = {cFp®|k > 0y U {bFcmby € Xz[k > 0,m > 1,y € Xz}
and for n,j =0,1,...,
Bj ={cay € Xzly € Xz},
Qn =Ujsn Ej
F; :{bmcm+jay € Xzlm > 1,y € Xz},
R, ={b"cFay € Xzm > 1,k>0,m+j#kfor j=0,1,...,n}.
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LEMMA 11.1([Ma6;Lemma 4.3]). For each | € N, the space Xz is decomposed

into the disjoint union:
Xz=PF Ué;lo E]‘ UQ_1 Ué_:%) Fj UR;_1.
This decomposition of Xz into 21 + 3-components corresponds to the l-past

equivalence classes of X .
The canonical symbolic matrix systems M 11,1141 for Z are m(l)(= 21 +
3) x m(l + 1)(= 2l + 5) matrices that are written as follows:

Mg =
b+ c c c c c c ¢
a a
b b
c
b b
c
b b
c
b b
c c c
L b b b b
"1 -
1
1
1
1
1
1
1
141 )
1
1
1 1
L 1 1_
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along the following ordered basis
Po,Eo, Fo, Ex, Fyy .o By 1, 1, Quor, Ry g

where in the matrices above, blanks denote zeros. The transposed matrices of
its nonnegative matrix systems are written as:

2 1
1 1 1
1 1 1
1 1
1 1
1 1
1 1
1
1 1
Afl 1= )
e ) .
1 1
1
1 1
1
1 1
_1 1_
o _
1
1
1
1
1
1
1
1
Izt,l+1: 1
1
1
1
1
(- 1_

Hence we have
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ProrosITION 11.2.

Ko(2) =17, Ki(Z)=0 and BF"(Z)=0, BFY(2) =1Z.
Since the subshift Z is conjugate to its transpose Z7 and by the formula for
the Bowen-Franks groups from K for subshifts, we obtain

ProrosiTION 11.3.
BFY(Z) =7, BFj(Z) = 0.

Hence these types of the Bowen-Franks groups can not be realized in sofic sub-
shifts because BF'(Z) (resp. BF}-(Z)) is not the torsion-free part of BF°(2)
(resp. BF?(Z)). We finally see

PROPOSITION 11.4([MAG:THEOREM 6.9]). The spectral radius of the operator

L is 14++/1++/3=2.65289--- that is the topological entropy for the subshift
Z. Hence the mazimum value of Spy (A, I) is 1++/1+ V3.

In [KMW], the K-groups and the dimension groups for $-shifts have been cal-
culated. The K-groups and the Bowen-Franks groups for the Dyck shifts are
also calculated in [Ma7].
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ABSTRACT. In this paper we find asymptotic upper and lower bounds
for the spectrum of random operators of the form

S*S = (iai ®Yi(n))*(iai ® Yi(n)),
i=1 i=1

where aqp,...,a, are elements of an exact C*-algebra and
Yl("), .., Y™ are complex Gaussian random n x n matrices, with
independent entries. Our result can be considered as a generalization
of results of Geman (1981) and Silverstein (1985) on the asymptotic
behavior of the largest and smallest eigenvalue of a random matrix of
Wishart type. The result is used to give new proofs of:

(1) Every stably finite exact unital C*-algebra A has a tracial state.

(2) If A is an exact unital C*-algebra, then every state on Ky(A) is
given by a tracial state on A.

The new proofs do not rely on quasitraces or on AW *-algebra tech-
niques.

1991 Mathematics Subject Classification: Primary 46L05; Secondary
46150, 46135, 46180, 60F15.

INTRODUCTION

Following the terminology in [HT], we let GRM(m,n,0?) denote the
class of m x n random matrices B = (bij)i<i<m, 1<j<n, for which
(Re(bij), Im(bij)) | e j<j<n form a set of 2mn independent Gaussian

random variables, all with mean 0 and variance %02. In other words, the

1Department of Mathematics and Computer Science, SDU, Odense University, Denmark.
2MaPhySto - Centre for Mathematical Physics and Stochastics, funded by a grant from
The Danish National Research Foundation.
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entries of B are mn independent complex random variables with distribution
measure on C given by
L exp(— L) dRe(z) dim(z).

The theory of exact C*-algebras has been developed by Kirchberg (see [Kil],
[Ki2], [Ki3], [Was] and references given there). A C*-algebra A is exact, if for
all pairs (B, J), of a C*-algebra B and a closed two-sided ideal J in B, the
sequence

0— AT — A®B— A® (B/J) — 0
is exact. Here, for any C*-algebras C and D, C ®uin D means the completion
of the algebraic tensor product C ® D in the minimal (=spatial) tensor norm.
Sub-algebras and quotients of exact C*-algebras are again exact (cf. e.g. [Was,
2.5.2 and Corollary 9.3]), and the class of exact C*-algebras contains most of
the C'*-algebras of current interest, such as all nuclear C*-algebras, and the
non-nuclear reduced group C*-algebras C;(IF,,), associated with the free group
F,, on n generators (2 < n < 00).
For any element T of a unital C*-algebra, we let sp(T') denote the spectrum of
T. The main result of this paper is

0.1 MAIN THEOREM. Let H and K be Hilbert spaces, and let ai,...,a, be
elements of B(H, K), such that {aja; | 1 < 1,5 < r} is contained in an exact
C*-subalgebra A of B(H). Let (2, F, P) be a fixed probability space, and let,

for each n in N, Yl("), ..., Y™ be independent Gaussian random matrices on
Q in the class GRM(n,n, ). Put

Sn:Zai(X)Y;(n), (HEN),
i=1

and let ¢, d be positive real numbers. We then have
(1) If || >0 afai]| < cand || Y, aial|] < d, then for almost all w in £,

lim sup max [sp(S}; (w)Sn(w))] < (Ve + \/8)2

n—oo

(i) If Y0  afa; = my, | Doi—; aiaf]] < d, and d < ¢, then for almost all
w in €,
1innii£fmin [sp(S5 (W) Sn(w))] = (Ve — \/8)2 O
The Main Theorem can be considered as a generalization of the results of
Geman (cf. [Gem]) and Silverstein (cf. [Si]), on the asymptotic behavior of the
largest and smallest eigenvalues of a random matrix of Wishart type (see also
[BY], [YBK] and [HT)).
The Main Theorem has the following two immediate consequences:
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0.2 COROLLARY. Let ay,...,a, be elements of an exact C*-algebra A, and
for each n in N, let Yl(l), e ,YT(n) be independent elements of GRM(n, n, %)
Then . . .
limsupHZai(gYi(n)(w)H < HZaz‘ai §+H2aia;‘ 57
e = i=1 i=1
for almost all w in €. O
0.3 COROLLARY. Let ay,...,a, and S,, n € N, be as in the Main Theorem,

and assume that Y, afa; = clppy and || Y., atas| < d, for some positive
real numbers ¢, d, such that d < c. Then for almost all w in 2,

0 ¢ sp(Sy(w)Sy(w)), eventually as n — oco. O

In a subsequent paper [Th] by the second named author, it is proved, that if
ai,...,a, and S,, n € N, are as in the Main Theorem, and if furthermore
Yoi_jara; = clpy and Yo aial = dlpx), for some positive real numbers
¢, d, then

lim max [sp(S;Sn)] = (\/E + \/Q)Q, almost surely,

n—oo

and if ¢ > d, then

nlin;o min [sp(S;S,)] = (Ve — \/8)2, almost surely.
Hence the asymptotic upper and lower bounds in the Main Theorem cannot,
in general, be improved.
Exactness is essential both for the Main Theorem and for the corollaries. An
example of violation of the upper bound in the Main Theorem is given in
Section 4. The example is based on the non-exact full C*-algebra C*(F,)
associated with the free group on r generators, for r» > 6.
In [Haal, the first named author proved that bounded quasitraces on exact
C*-algebras are traces. Together with results of Handelman (cf. [Han]) and
Blackadar and Rgrdam (cf. [BR]), this result implies

(1) Every stably-finite exact unital C*-algebra has a tracial state.

(2) If Ais an exact unital C*-algebra, then every state on Ky(A) is given by
a tracial state on A.

The proof in [Haa] of the above mentioned quasitrace result, relies heavily
on ultra product techniques for AW *-algebras, but the starting point of the
proof in [Haa] is the following fairly simple observation: Let aq,...,a, be r
elements in a (not necessarily exact) C*-algebra A, such that Y. _; afa; =14
and || Y"1, a;af|| < 1. Let further x4, ... ,z, be a semi-circular system (in the
sense of Voiculescu; cf. [Vo2]) in some C*-probability space (B,1). Then the
operator s = Y ._, a; ® x; in A® C*(x1,...,x,,15), satisfies 0 ¢ sp(s*s) but
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0 € sp(ss*), and this implies that u = s(s*s) % is a non-unitary isometry in
the C*-algebra A ® C*(x1,..., 2y, 15).

Corollary 0.3 can be viewed as a random matrix version of the result that
0 ¢ sp(s*s). The corresponding random matrix version of the result that
0 € sp(ss*), holds too, i.e., if ay,... ,a, and Sy, n € N, are as in Corollary 0.3,
then with probability 1, 0 € sp(S,S}:), eventually as n — oo (cf. [Th]). In
view of Voiculescu’s random matrix model for a semi-circular system (cf. [Vol,
Theorem 2.2]), it would have been more natural to substitute Yl(n), .. ,YT(n)
from GRM(n,n, %), with a set of independent, selfadjoint Gaussian random
matrices. However, we found it more tractable to work with the non-selfadjoint
random matrices Yl("), N A0

In the last section (Section 9), we use Corollary 0.3 to give a new proof of the
statements (1) and (2) above. The new proof does not rely on quasitraces or
AW*-algebra techniques. The main step in the new proof of (1) and (2) is to
prove, that Corollary 0.3 implies the following

0.4 PROPOSITION. Let p,q be projections in an exact C*-algebra A, and as-
sume that there exists an € in )0, 1], such that

7(q) < (1 —e)7(p),

for all lower semi-continuous (possibly unbounded) traces 7: Ay — [0, 00].
Then for some n in N, there exists a partial isometry u in M,,(A) = A® M, (C),
such that

u'u=q® 1y, (c) and uu® < p® 1y, (c)- O

In the rest of this introduction, we shall briefly discuss the main steps of the
proof of the Main Theorem. Observe first, that by a simple scaling argument,
it is enough to treat the case d = 1. This normalization will be used throughout
the paper. The proof of the Main Theorem relies on the following

0.5 KEY ESTIMATES. Let ay,... ,a, be elements of B(H, K), let ¢ be a positive

constant, and put S,, = 22:1 a; ® Yi(n), n € N, as in the Main Theorem. We
then have

(a) If | 307  afasl| < cand || Y7 azaf| <1, then for 0 < ¢ < min{Z, %},

E[exp(tS;Sn)] < exp (Ve +1)% + (e + 1)L ) 10m). (0.1)

(b) > afa; = (), S aal = 15(x) and ¢ > 1, then for 0 <t < -,

E[exp(—155S,)] <exp(— (Ve —1)%+ (c+ 12 )1gpmy.  (0.2)

O
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We emphasize that the key estimates (0.1) and (0.2) hold without the exact-
ness assumption of the Main Theorem. Once these estimates are proved, a
fairly simple application of the Borel-Cantelli Lemma yields, that if H is finite
dimensional, and Apax and Ay denote largest and smallest eigenvalues, then
one has

lim sup Amax (S5 Sn) < (Ve + 1)2, almost surely,

n—oo

in the situation of (a) above, and

1171ng Amin (S5 Sp) > (\/E — 1)2, almost surely,

in the situation of (b) above. (This is completely parallel to the proof of the
complex version of the Geman-Silverstein result, given in [HT, Section 7]). To
pass from the case dim(H) < oo to the case dim(H) = 400, we need the
assumption that the C*-algebra C*({afa; | 1 < i,j < r}) is exact, as well as
the following characterization of exact C*-algebras, due to Kirchberg (cf. [Ki2]
and [Was, Section 7]):

A unital C*-subalgebra A of B(H) is exact if and only if the inclusion map
t: A — B(H) has an approximate factorization

P

A5 M, (C) 22 B(H),

through a net of full matrix algebras M,, (C), A € A. Here, ¢y, are unital
completely positive maps, and

liin a0 ox(z) — || =0, for all z in A.

Finally, we use a dilation argument to pass from the condition >_;_; a;af = 1x
of (b) above, to the less restrictive one: || Y7 a;af|| < 1, which is assumed
in (ii) of the Main Theorem (when d = 1). The proof of the fact that the key
estimates (0.1) and (0.2) imply the Main Theorem, is given in Section 4 for the
upper bound, and in Section 8 for the lower bound. Sections 1-3 and 5-7 are
used to prove the key estimates (0.1) respectively (0.2).

In Section 1, we associate to any permutation 7 in the symmetric group Sp, a
permutation 7 in S, for which #% = 7t o7 = id and 7#(j) # j for all j, namely
the permutation given by

w(2j-1) = 207'(j), (G eft2,....p})
7%(2.7) = 27T(j) -1, (] € {1’2a"' 7p})'

Moreover, following [Vol], we let ~; denote the equivalence relation on
{1,2,...,2p}, generated by the expression:

j~aw(d)+ 1, (addition formed mod. 2p),

and we let d(7) denote the number of equivalence classes for ~z. We can write
d(7t) = k(%) + (%), where k() (resp. (7)) denotes the number of equivalence
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classes for ~z, consisting entirely of even numbers (resp. odd numbers) in
{1,2,...,2p}. With this notation we prove, that for any random matrix B
from GRM(m,n, 1),

EoTr,[(B*B)P] = Y m*®n!®). (0.3)
TeSy

Consider next the quantity o(#) = 2(p + 1 — d(#)). It turns out, that o(#) is
always a non-negative integer, and that o(#) = 0 if and only if # is non-crossing
(cf. Definition 1.14). In Section 2 we show, that if aj,...,a, are elements
of B(H,K) and S = Y _,a; ® Yi("), where Yl("), Y™ are independent
elements of GRM(n, n, %), then

E[(S*S)p] _ ( Z n*?O’(ﬁ') . Z a;a’iwu) .. ~a;‘paiw(p)) (%) ]-Mn((C)- (04)

TES, 1<iy .. ip<r

In [HT, Section 6], we found explicit formulas for the quantities E o
Tr,[exp(tB*B)] and E o Tr,[B*Bexp(tB*B)|, where B is an element of
GRM(m,n,1). In Section 3, a careful comparison of the terms in (0.3)
and (0.4), combined with these explicit formulas, allows us to prove, that if
| >iq ajail| < cand || Y7 aaf| <1, then for 0 <t < min{g, ¥},

[Elexp(es"S)]| < expl(c-+ 1°5) [~ expta) dule). (03)

where p. is the free (analog of the) Poisson distribution with parameter ¢ (cf.
[VDN] and [HT, Section 6]). The measure p. is also called the Marchenko-
Pastur distribution (cf. [OP]), and it is given by

(x —a)(b—x)

.= 1—¢,06
e = max{l —¢,0}dp + S

' 1[a,b] (ZL') dﬂf,
where a = (y/c — 1)%, b = (y/c + 1)? and &y is the Dirac measure at 0. Since
supp(e) C [0, b], the first key estimate, (0.1), follows immediately from (0.5).

To prove the second key estimate, (0.2), we show in Sections 5-6, that under
the condition

Z aja; = clpey), and Z aza; = 1),
i=1 i=1

one has, for any ¢ in N, the formula:

E[P;(S*S)} = |: Z n720(ﬁ) ( Z a’; a’ip(l) a .a:q a’ip(q)):| ® 1Mn((c)'

pesiT 1<in,... ig<r

(0.6)
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Here F§(x), Pf(z), Ps(x),..., is the sequence of monic polynomials obtained
from 1,2,2%,..., by the Gram-Schmidt orthogonalization process, w.r.t. the
inner product

)= [ fadne (fge LR,
0
Moreover, sz" denotes the set of permutations p in S, for which

L#p(1) #2#p(2) # -~ # a # pla).

For fixed t in R, we expand in Section 7 the exponential function z — exp(tz),
in terms of the polynomials Pg(z), ¢ € No:

exp(t) = Y 15(t)Py(x), (z € [0, o0]). (0.7)
q=0

We show that the coefficients 1¢(t) are non-negative for all ¢ in [0, oo, and that
for any ¢ in Ny,

g (=1)]

IN

foooexp(_tx) dpe() c 50
(e iy ) 40 €emd o8

By combining (0.6), (0.7) and (0.8) with the proof of (0.5), we obtain that for
c>land 0<t<

[E[exp(=5™S)]|| < exp((c + 1)2%)/000 exp(—tx) dpe(x),

and since supp(u.) C [a, 00[ = [(v/c—1)2, 0o, when ¢ > 1, we obtain the second
key estimate (0.2).

The rest of the paper is organized in the following way:

1 A Combinatorial Expression for EoTr,[(B*B)?], for a Gaussian

Random Matrix B in GRM(m,n,1) . . . . ... ... .. ... ... 348
2 A Combinatorial Expression for the Moments of S*S . . . ... .. 360
3 An upper bound for E[exp(tS*S)],t>0. ... ... ... ..... 370
4 Asymptotic Upper Bound on the Spectrum of S} .S,, in the Exact

Case . . .. 379
5 A New Combinatorial Expression for E[(S*S)P] . .. ... ... .. 390
6  The Sequence of Orthogonal Polynomials for the Measure p. . . . . 405
7 An Upper Bound for E[exp(—tS*S)], t>0 .. ... ........ 415
8  Asymptotic Lower Bound on the Spectrum of S} S,, in the Exact

Case . . .. 428
9  Comparison of Projections in Exact C*-algebras and states on

the Ko-group . . . . . . . .. L 435
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1 A COMBINATORIAL EXPRESSION FOR E o Tr,[(B*B)P|, FOR A GAUSSIAN
RANDOM MATRIX B IN GRM(m,n,1)

For ¢ in R and o2 in ]0, 0o[, we let N (&, 0%) denote the Gaussian (or normal)
distribution with mean ¢ and variance o2. In [HT], we introduced the following
class of Gaussian random matrices

1.1 DEFINITION. (CF. [HT]) Let (Q,F, P) be a classical probability space, let
m,n be positive integers, and let

B = (b(i, j))1i<m: Q& — Miyn(C),

1Z5<n

be a complex, random m x n matrix defined on 2. We say then that B is a
(standard) Gaussian random m xn matrix with entries of variance o2, if the real
valued random variables Re(b(i, 7)), Im(b(4,7)), 1 <i<m, 1 < j <mn, form
a family of 2mn independent, identically distributed random variables, with
distribution N (0, "—;) We denote by GRM(m,n,c?) the set of such random
matrices defined on Q. Note that o2 equals the second absolute moment of the
entries of an element from GRM(m,n,o?). a

In the following we shall omit mentioning the underlying probability space
(Q,F,P), and it will be understood that all considered random matri-
ces/variables are defined on this probability space. As a matter of notation,
by 1, we denote the unit of M, (C), and by tr,, we denote the trace on M, (C)
satisfying that tr,(1,) = 1. Moreover, we put Tr, = n - tr,.

Let B be an element of GRM(m,n,c?). Then for any p in N, (B*B)? is a
positive definite n x n random matrix, and Tr,((B*B)?) is a positive valued,
integrable, random variable. The main aim of this section is to derive a com-
binatorial expression for the moments E o Tr,,((B*B)?) of B*B w.r.t. EoTr,,
where E denotes expectation w.r.t. P.

1.2 LEMMA. Let m,n,r,p be positive integers, let Bi, Bs,..., B, be inde-
pendent elements of GRM(m,n,0?), and for each s in {1,2,...,r}, let
b(u,v,8), 1 <u < m, 1 <wv < n, denote the entries of B;. Then for any
01, 315925 925 - -« 5 0py Jp i1 {1,2,..., 7}, we have that

E o Tr, (B; Bj, B, Bj, - - -B;‘ijp)

= Z E(b(UQ,Ul,il)b(Ug,Ug,jl) o 'b(u2p7u2p71;ip)b(u2p7u17jp))a

1<ug,uq,... ,uzp<m
1<uy,us,... ;u2p—1<n
(1.1)
and moreover E o Tr,(B; Bj, Bj,Bj, -+~ B} Bj,) = 0, unless there exists a

permutation m in the symmetric group Sy, such that jn = i) for all h in
{1,2,...,p}.
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Proof. Let f(u,v), 1 <u <m, 1 <wv < n, denote the usual m X n matrix
units, and let g(u,v), 1 <u <n, 1 <wv < m, denote the usual n X m matrix
units. We have then that

E 0 Trn(B;:BJlBZ*zBJZ e B?Z;ij)

= Y B0 (ur,v1,01)b(uz, 3, 1) - b (uap-1,v2p-1, ip) DUz, Vap, )

1<v1,u2,v3,U4,... ,V2p—1,U2p <M
1<uy,v2,u3,v4,... ,u2p—1,V2p <N

- Trp (g(ur,v1) f(u2,v2) - - g(uzp—1,vap—1) f (u2p, v2p))

= Z E(b(UQaulail)b(u25u37jl) o .b(u2p7u2p71;ip)b(u2p7u17jp))'

1<u2,uq,... ;u2zp<m

1<u1,us,... ,u2p—1<n
Note here, that for any ug, w4, ... ,ugp in {1,2,... ,m} and uy, us,... ,uzp—1
in {1,2,...,n}, we have because of the independence assumptions,

E(b(UQa Uy, il)b(u% us, .71) U b(u2p; U2p—1, ip)b(u2p; ulajp))

T1E( 1 Waam D I buzn ),

=1 h:ip =l h:jp=l

where 2h + 1 is calculated mod. 2p.

Note here, that for any [ in {1,2,...,r}, any w in {1,2,...,m} and any v in
{1,2,...,n}, the distribution of b(u,v,l) is invariant under multiplication by
complex numbers of norm 1. Hence, for any s, ¢ in Ny, E[b(u, v,1)%-b(u, v, Z)t] =
0, unless s = t¢. Using this, and the independence assumptions, it follows

that for any [ in {1,2,...,7}, any ug,u4,... ,uzp in {1,2,... ,m} and any
U1, U3, ... ,Uzp—1 in {1,2,...,n}, a necessary condition for the mean
E( 1T bluan uen—.0)- ] b(u2h,uzh+1,1))
h:ip=l h:jp=l

to be distinct from zero is that

card({h € {1,2,...,p} | in =1}) =card({h € {1,2,...,p} | jn =1}). (1.2)
It follows that E o Tr, (B;, Bj, By, Bj, - - Bf Bj,) = 0, unless (1.2) holds for all
lin {1,2,...,r}, and in this case, it is not hard to construct a permutation =

from S, with the property described in the lemma. O

1.3 DEFINITION. Let p be a positive integer, and let 7 be an element of 5,. We
associate to m a family A(w, m,n), m,n € N, of complex numbers, as follows:
Let B1, Bs, ... , B, be independent elements of GRM(m,n, 1), and then define

A(Tf‘, m, n) =Eo Trn(BIBW(l)BSBﬂ'(2) s B;Bﬂ.(p)) 0
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1.4 REMARK. Let m,n,r,p be positive integers, and let By, Bs,...,B, be
arbitrary elements of GRM(m,n,0?). Moreover, let i1, j1,... ,ip,jp be ar-
bitrary elements of {1,2,...,r}. We shall need the fact that the quan-
tity E o Tr,(B; By, ---B;‘ijp) is bounded numerically by some constant
K(m,n,p,0?) depending only on m,n,p,o? and not on r or the distribu-
tional relations between Bi, Bs,...,B,. For this, adapt the notation from
Lemma 1.2, and note then that by (1.1) from that lemma,

|E o Tr, (B}, By, -+~ By, B;,)|
< Z ‘E(b(u%ulail)b(u%u&jl)"'b(UQP’u2p—1’ip)b(u2p’u1’jp)) ‘ :

1<ug,uq,... ,uzp<m
1<ui,ug,... , uzp—1<n

Then let M (2p,0?) denote the 2p’th absolute moment of the entries of an
element from GRM(m, n, 0?). A standard computation yields that M (2p, 0?) =
o?P . pl, but we shall not need this explicit formula. It follows now by the
generalized Holder inequality, that for any ug, ua,... ,us in {1,2,... ,m} and
UL, U3, .. ,Uzp—1 in {1,2,...,n},
‘E(b(UQ, Uy, il)b(UQ; usz, .71) e b(u2p; u?pflv ip)b(UZp; Ulv.jp)) |

< ||b(u2,Ul,Z'1)H2p"b(uz,u37j1)||2p e ||b(u2p7u2p71;ip)||2p||b(u2p7ulajp)”gp

= (M(2p,0%) %)™ = M(2p,0?).
Thus it follows that we may use K (m,n,p,c?) = mPn? M (2p, 0?). O

1.5 PROPOSITION. Let B be an element of GRM(m,n, 1), and let p be a pos-
itive integer. We then have

Eo Tr,[(B*B)"] = Y A(r,m,n).
TSy

Proof. Let (B;)ien be a sequence of independent elements of GRM(m,n,1).
Note then that for any s in N, the matrix %(Bl +- -+ B;) is again an element

of GRM(m,n, 1), and therefore
« P
Eo Tr, [(B*B)’] = EoTr, [((57%(31 4o B)) (5B 4+ BS))) ]
=P 3 EoTr, [B;lle---B;;ij].
1§i17j17»>>7ipvjp§5
(1.3)
For 7 in S, we define

M(TI',S) = {(’il,jl,... ,ip,jp) S {1,2,... ’5}2;0‘]'1 :iﬂ.(l),... ,jp:iﬂ.(p)}.
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It follows then from Lemma 1.2, that in (1.3), we only have to sum over those

2p-tuples (i1, j1, ... ,ip, jp) that belong to M(m,s) for some 7 in Sy, and con-
sequently
EoTr, [(B*B)?] = s7P > Eo Tr, [B;; Bj, -+ BE;BJ‘J :

(11,51, ip,Jp) EUnes, M(m,s)

Note though, that the sets M(m,s), m € Sp, are not disjoint. However, if we
put

D(s) = {(i1,41,- - +ip,Jp) € {1,2,...,s}*P | i1, d2,... i, are distinct },
then the sets M (m,s) N D(s), m € S, are disjoint. Thus we have
E o Tr, [(B*B)?]
=gsP Z Z EoTr, {B;le ~~prij}
TESp (11,415 sip,Jp) EM (m,5)ND(s)
+s 3 Eo T, B} By, B}, Bj,|.
(41,315 +ipp) € (Ures, M (m,s) )\ D(s)
(1.4)

Note here, that if (i1,j1,... ,%p,Jp) € M(m,s) N D(s), then B;,,B;,,... ,B
are independent elements of GRM(m,n, 1), and hence

p

E o Tr, [B;le e B;‘ijp} = A(m, m,n).
Thus, the first term on the right hand side of (1.4) equals

s7P Z card(M (mw, s) N D(s)) - A(m,m,n).

TES)

Here card(M(m,s) ND(s)) =s(s—1)---(s—p+1), so

s7P . card(M(m,s) ND(s)) — 1 as s — 0.
Hence, the first term on the right hand side of (1.4) tends to Zwesp
as s — 00, and since the left hand side of (1.4) does not depend on s, it remains
thus to show that the second term on the right hand side of (1.4) tends to 0
as s — oo. This follows by noting that according to Remark 1.4, for any
(t1,91,- -+ »ip, Jp) In {1,2,... ,5}2P, the quantity |E o Tr, [B;‘lle .. 'B;‘ijp“
is bounded by some constant K (m,n,p) depending only on m,n,p; not on s.
And moreover,

s Pcard((Ures, M(m,5)) \ D(s)) < > s Pcard(M(m,s)\ D(s))

A(m,m,n)

TSy
= Z [s"Pcard(M (m,s)) — s~ Pcard(M (m, s) N D(s))]
TeSy
= Z [1— s Pcard(M(m,s) N D(s))] — 0,
TeSy
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as s — oo. This concludes the proof of the proposition. O

It follows from Proposition 1.5, that in order to obtain a combinatorial expres-
sion for the moments E o Tr, ((B*B)P) for a matrix B from GRM(m,n,1), we
need to derive a combinatorial expression for the quantities

A(Tf‘, m, n) =Eo TI‘n(BTBﬂ.(l)B;Bﬂ.(Q) ce B;Bﬂ,(p)),

where m € S, and By, ... , B, are independent elements of GRM(m, n, 1).

As it turns out, it shall be useful to have the relations between the factors in
the product By B(1)B5Br(2) - - - B, Br(p) determined in terms of a permutation
7 in So,, rather than in terms of the permutation 7 from S,,.

1.6 DEFINITION. Let p be a positive integer, and let 7 be a permutation in .S,.
Then the permutation 7 in Sy, is determined by the equations:

7(2i — 1) = 2771 (4), (i€{1,2,...,p}),
#(20) = 2m(i) — 1, (ie{l,2,...,p}). O

1.7 REMARK. (a) Let p, m and 7 be as in Definition 1.6. Note then that
72 = 7o @ = id, the identity mapping on {1,2,...,2p}, and that # maps
odd numbers to even numbers, i.e., that #(j) — j = 1 (mod. 2), for all j in
{1,2,...,2p}. In particular, # has no fixed points. It is easy to check that
{# | m € S,} is exactly the set of permutations 7 in Ss,, for which 42 = id and
v(j)—Jj =1 (mod. 2), for all j in {1,2,...,2p}. Moreover, the mapping 7 — &
is injective.

(b) If Bi,Bs,...,B, are independent elements of GRM(m,n,1) ,
then we may write the product By Br1)B3Br(2) - ByBr) in the form
CTCQCL;:C;; . 'C;pflcgp, where 021;1 = Bi and Cgi = Bﬂ-(i) for all ¢
in {1,2,...,p}. Then # is constructed exactly so that for any j,j' in
{1,2,...,2p}, we have

Cj:C’j/@j:j’orﬁ(j):j’. O
1.8 DEFINITION. We associate to 7 an equivalence relation ~4 on Zsg,. This

is the equivalence relation (introduced by Voiculescu in [Vol, Proof of Theo-
rem 2.2]), generated by the expression:

where addition is formed mod. 2p. a

1.9 REMARK. For a permutation 7 in S, the ~s-equivalence classes are pre-
cisely the orbits in {1,2,...,2p} for the cyclic subgroup of Sy, generated by
the permutation j — #(j) 4+ 1 (addition formed mod. 2p). Since this subgroup
is finite, the equivalence class [j]# of an element j in {1,2,...,2p} has the
following form:
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Let ¢ be the number of elements in [j]z. Then

[J]fr = {jOajl; .. 7jq—1}a
where jO = jajl = ﬁ(]o) + 15j2 = 7}(]1) + 15' .. ,jq,1 = 7Ar(jqu) + 17j0 =
7(jg—1) + 1, (addition formed mod. 2p). O

It follows immediately from the definition of 7 and Remark 1.9 that each ~j-
equivalence class consists entirely of even numbers or entirely of odd numbers.
This is used in the following definition:

1.10 DEFINITION. Let p be a positive integer, let 7 be a permutation in .S,
and consider the corresponding permutation 7 in Sa,. By k() and I(71), we
denote then the number of ~;-equivalence classes consisting of even numbers,
respectively the number of ~;-equivalence classes consisting of odd numbers:

k(i) = card({[j]s | 7 € {2,4,...,2p}}),
I(7t) = card({[s]x | j € {1,3,...,2p — 1} }).
Moreover, we define the quantities d(#) and o(7) by the equations:
d(#) = k() + U(7) = card ({[j]= | 7 € {1.2,...,2p}}),
o(#) = 4(p+1-d(a). =
Regarding the definition of o(#), it will be shown later (cf. Theorem 1.13), that

o() is always a non-negative integer. The quantity d(7) was introduced by
Voiculescu in [Vol, Proof of Theorem 2.2].

1.11 THEOREM. For any positive integers m,n and any m in S, we have that
A(m,m,n) = mFEpl®,

Proof. Consider independent elements By, Bs, ... , B, of GRM(m,n,1), and
for each j in {1,2,...,p}, let b(u,v,5), 1 < u < m, 1 < v < n, denote the
entries of B;. It follows then by (1.1) in Lemma 1.2, that

A(m,m,n)

= E (¢] TI‘n(BTBﬂ.(l)B;Bﬂ.(g) ©e B;Bﬂ.(p))

= Z E(b(UQ, u1, 1)b(ug, uz, w(1)) - - - b(uzp, uzp—1, p)b(ugp, u1, W(p)))

1<u1,us,...,;u2p—1<n
1<uz,us,...,uzp<m

(1.5)

Arguing as in the proof of Lemma 1.2, it follows that the term in the above
sum corresponding to ui,us, ... , U, is zero, unless the corresponding matrix
entries are pairwise conjugate to each other, i.e., unless we have that

b(UQi, U2i+1, ﬂ'(’L)) = b(u%(i), Ugﬂ(i),l, W(l)), (’L S {1, 2, e ,p}) (16)
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Note also, that if (1.6) is satisfied, then the corresponding term in (1.5) equals
1, and consequently

A(m,m,n)
= card({(ul,uQ, cee oy Ugp) ‘ 1<ugi—1 <n, 1 <ugy; <m, and (1.6) holds}).

To calculate this cardinality, we note first that (1.6) is equivalent to the condi-
tion

U2i = Ux(s) and  ugi11 = U7 (i)—1> (ie{l,2,...,p}), (1.7)

where addition and subtraction are formed mod. 2p. Replacing now i by 71 (i)
in the first equation in (1.7), we get the equivalent condition:

U2 = Ugr—1()  and  Ugi+1 = Uor(s)—1 (i€{1,2,...,p}).

Recall then that by definition of #, #(2i —1) = 27~1(4), and using this formula
with i replaced by (i), we get that also 2r(i) — 1 = #(#(27 () — 1)) = #(2i).
Thus (1.6) is equivalent to the condition

U2 = Uz(2i—1), and U4l = Uz(24)s (ie{l,2,...,p}),

i.e., the condition

Uj :Uﬁ-(jfl), (j S {1,2, ,2])})

Replacing finally j by #(j) + 1, we conclude that (1.6) is equivalent to the
condition

Uj; = Ufr(j)+1a (j € {1’25 cee ,2]?}),

where #(j) + 1 is calculated mod. 2p. Having realized this, it follows immedi-
ately from Remark 1.9 and the definitions of k(#) and [(7), that the right hand
side of (1) equals m*(™n!(") and hence we have the desired formula. O

1.12 COROLLARY. Let m,n be positive integers and let B be an element of
GRM(m,n,1). Then for any positive integer p, we have that

EoTr,[(B*B)?] = Z mEE) L)
TeS)

Proof. This follows immediately by combining Proposition 1.5 and Theo-
rem 1.11. O

1.13 THEOREM. Let p be a positive integer, and let m be a permutation in \S,.
Then
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Proof. (i) This is clear from Definition 1.10.

(ii) Since d(7t) = k(7) + I(7) is the number of equivalence classes for ~z, (ii)
follows from [Vol, Proof of Theorem 2.2].

(iii) The proof of (iii) requires more work. For elements p of N and k, of Ny,
we define

d(p, k,1) = card{m € Sp | k(7) =k and I(7) = }).

By (i) and (ii), 0(p,k,]) = O unless k¥ > 1,1 > 1 and k+1 < p+ 1. By
Corollary 1.12; we have for an element B of GRM(m,n, 1), that

EoTr,[(B*B)?] = Z 5(p, k, lymFn'.
k,leN
k+HI<p+1
On the other hand, by the recursion formula for the moments E o
Tr,[(B*B)?], (p € N), found in [HT, Theorem 8.2], it follows that for p in
N, the moment E o Tr,, [(B*B)p} can be expressed as a polynomial in m and n
of the form:
EoTr,[(B*B)?] = Z & (p, k, ym*n!,
k,leN
k+HI<p+1
for suitable coeffecients ¢'(p,k,1). By the remarks following the proof of
[HT, Theorem 8.2], ounly terms of homogeneous degree p + 1 — 2j, j €
{0,1,2,..., [172;1]}, appear in this polynomial, i.e.,

8 (p,k,l) =0, when k+1=p (mod.2).

If polynomials of two variables coincide on N2, then they are equal. Therefore,
o(p, k,1) =& (p, k,1) for all k,1, which proves that

card{m € Sp | k(7)) =k and I(7) =1}) =0, if k+1=p (mod. 2).

Hence, o(7) is an integer for all m in Sy, and by (ii), o(#) > 0. This proves
(iii). O
In the rest of this section, we shall introduce a method of “reductions of per-
mutations”, which will be needed to determine the asymptotic lower bound of
the spectrum of S5, (cf. Sections 5-8).

Let p be a positive integer, let m be a permutation in S,, and consider the
corresponding permutation 7 in Ssp, introduced in Definition 1.6. Since #% = id
and 7 has no fixed points, the orbits under the action of & form a partition of
{1,2,...,2p} into p sets, each with two elements.

1.14 DEFINITION. Let p be a positive integer, and let m be a permutation in
Sp. Following the standard definition of crossings in partitions of {1,2,...,2p}
into sets of cardinality 2 (see e.g. [Sp]), we say that (a,b, ¢, d) is a crossing for
7, if a,b,¢c,d € {1,2,...,2p} such that

a<b<c<d, and #(a) = ¢, #(b) = d. (1.8)
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If 7 has no such crossings, we say that 7 is a non-crossing permutation, and
we let S)¢ denote the set of permutations 7 in .S, for which 7 is non-crossing.
O

1.15 DEFINITION. Let p be a positive integer, let 7 be a permutation in .S,
and let e be an element of {1,2,...,2p — 1}. We say then that (e,e + 1) is a
pair of neighbors for 7, if #(e) = e + 1. Note, that a pair of neighbors for 7 is
either of the form

(2k —1,2k), where ke {1,...,p},
or of the form
(2k,2k +1), where ke {l,...,p—1}.
In the first case k = w(k), and in the second case w(k) = k + 1. O

1.16 DEFINITION. Let p be a positive integer, let 7 be a permutation in .S}, and
consider the permutation 7 in Sg, introduced in Definition 1.6. We say then
that 7 is érreducible if & has no pair of neighbors (in the sense of Definition 1.15),

e, if #(j) # j+1forall jin {1,2,...,2p —1}. We denote by S}'" the set of
permutations 7 in S}, for which 7 is irreducible. Note that

TeST = 1£n() £247(2) 4 £p# ().

IfresS,\ S]ig”, we say that 7 is reducible. Note, that we do not require that
#(2p) # 1 in order for # to be irreducible. Thus, irreducibility of 7 is not
invariant under cyclic permutations of {1,2,...,2p}. O

1.17 LEMMA. Let p be a positive integer, and let m be a permutation in S)°.
Then 7 has a pair of neighbors, i.e., 7 is reducible in the sense of Definition 1.16.
In other words, we have the inclusion S;¢ C S, \ S, or equivalently S;" C

S, \ Sne.

Proof. We prove the inclusion: S]ig" C S, \ S,¢. So let  from S]ig" be given,
and consider the set M = {j € {1,2,...,2p} | #(§) > j}. Note that M =# 0,
since clearly 1 € M. Define now

o = min{#(j) —j | j € M}.

Since 7 has no fixed points and no pairs of neighbors (since 7 € Slifr), we must,
have a@ > 2. Choose j in {1,2,...,2p} such that #(j) — j = . Since a > 2,
#(§) # j + 1, or equivalently (since #2 = id), #(j + 1) # j. Combining this
with the definition of «, and the fact that 7 has no fixed points, it follows that

AG+1)¢{ji+1,...,i+ay={47+1,...,7()},

i.e., either #(j+1) < jor w(j+1) > #(4). In the first case (ﬁ'(]—l—l) 5,3+, 7))
is a crossing for 7, and in the second case (j,j + 1,7(j), 7(j + 1)) is a crossing
for 7. In all cases, m € Sy, \ Sp¢, as desired. O
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1.18 DEFINITION. Let p be a positive integer, greater than or equal to 2, let 7
be a permutation in S, and assume that the permutation 7 in Sy, has a pair of
neighbors (e, e+1). Let ¢ be the order preserving bijection of {1,2,...,2p—2}
onto {1,2,...,2p}\ {e,e+ 1}, i.e.,

, i fl<i<e—1,
o(i) =1 . . . (1.9)
i+2, ife<i<2p-—2.

By m we denote then the unique permutation in S,_1, satisfying that

fo=¢ Lofoe.

We say that 7o is obtained from @ by cancellation of the pair (e,e+1). O

A few words are appropriate about the introduction of my in the defini-
tion above. Note first of all that ¢! o # o ¢ is a well-defined permu-
tation of {1,2,...,2p — 2}, since #2 = id and @(e) = e + 1, so that
7({1,2,...,2p} \ {e,e + 1}) = {1,2,...,2p} \ {e,e + 1}. To see that this
permutation is actually of the form 7y for some (necessarily uniquely deter-
mined) permutation 7 in S,_1, it suffices, by Remark 1.7(a), to check that
(7t o op)? =id, and that oL o R 0o p(j) —j = 1 (mod. 2), for all j in
{1,2,...,2p — 2}. But these properties follow from the corresponding proper-
ties of 7, and the fact that p(j) = j (mod. 2), for all j.

1.19 REMARK. Let p be a positive integer, greater than or equal to 2, let 7 be
a permutation in S,, and assume that the permutation 7 in Sg, has a pair of
neighbors (e, e+ 1). Let mg be the permutation in S,—1 obtained from 7 as in
Definition 1.18.

(a) If (e,e +1) = (2k — 1,2k) for some k in {1,...,p}, then 7o = "L o op,
where ¢: {1,...,p—1} = {1,...,p} \ {k} is the bijection given by

V(i) =4". : . (1.10)
J+1, ifk<j<p-1

(b) If (e,e+1) = (2k,2k+1) for some k in {1,... ,p—1}, then mg = x " Lomor),
where x: {1,...,p—1} = {1,... ,p} \ {k + 1} is the bijection given by

, Js if1<j<k,
x(7) =", : ) (1.11)
JH+1, ifk+1<j<p—1,

and where 1 is given by (1.10). O

1.20 LEMMA. Let p be a positive integer, greater than or equal to 2, and let
7 be a permutation in S, \ Si. Let (e, e+ 1) be a pair of neighbors for & and
let my be the permutation in S,_1, for which 7y is the permutation obtained
from 7 by cancellation of (e,e 4+ 1). Then 7 is non-crossing if and only if 7 is
non-crossing.

DOCUMENTA MATHEMATICA 4 (1999) 341-450



358 U. HAAGERUP AND S. THORBJ@RNSEN

Proof. Let ¢: {1,2,...,2p—2} — {1,2,... ,2p} \ {e,e + 1} be the bijection
introduced in (1.9). We show that 7y has a crossing if and only if 7 does.
Assume first that 7 has a crossing (a, b, ¢, d). Then since ¢ is (strictly) mono-
tone and since (by definition of my) 7(p(a)) = ¢(c), T (p(b)) = w(d), it follows
that (p(a),@(b), p(c), ¢(d)) is a crossing for 7.

Assume conversely that 7 has a crossing (a’,b’, ¢/, d’). Then clearly

{0, d}n{e,e+1} =0,

so that the numbers ¢ =1(a’), o1 ('), o~ (¢"), o~ (d’) are well-defined. It fol-
lows then, as above, that (¢~ 1(a’), =2 (V'), = 1(c'), o~ 1(d")) is a crossing for
Q- O

1.21 LEMMA. Let m,n be positive integers, and let B be an element of
GRM(m,n,1). Then

E(B*B) = ml,, and E(BB*) = nly,. (1.12)

Proof. Let (bij)1<i<m be the entries of B. Then
1<j<n

1, if (i,5) = (s,t),

. (1.13)
0, otherwise.

E(Ebst) = {

Since (B*B);; = > o bsibs; and (BB*);; = Y.1_, bisbjs, for all i,j, (1.12)

s=1

follows readily from (1.13). O

1.22 PROPOSITION. Let p be a positive integer, greater than or equal to 2,
and let © be a permutation in S, \ S)’*. Let (e,e + 1) be a pair of neighbors
for # and let my be the permutation in Sp_1, for which 7y is the permutation
obtained from # by cancellation of (e,e+1). Then with k(-),1(-),d(-) and o()
as introduced in Definition 1.10, we have that

(i) Ife is odd, then k(7o) = k(7t) — 1 and (7o) = I(7).

(ii) If e is even, then k(7o) = k(7) and l(7o) = (%) — 1.

In both cases, d(7g) = d(#) — 1 and o(7g) = o(7).

Proof. Let m,n be positive integers, and let By, ... , By, be independent random
matrices from GRM(m,n,1). By Theorem 1.11, we have then that

E o Tr, [B; Br(1) -+ By Br(py| = m*®nl®). (1.14)

(i) Assume that e is odd, i.e., that (e,e + 1) = (2¢ — 1,2q) for some ¢ in
{1,2,...,p}. Then 7(q) = ¢, and hence the set of random matrices

(Bika Bw(l)a cee aB;]kfla Bﬂ'(qfl)a B:;Jrla B7r(q+1)a e 7B;a Bﬂ"(p))
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is independent from the set (B}, Br(y)). Therefore,

m(q)
E o Trn [Bi Brry - By Brp)]
=B o Trn [B] Br(1) -~ By_1Br(g-)E(B] Ba()) Bis1 - By Brp)]
=m - EoTn Bl Br1) - By Be(g-1) Byia -+ By By ]
(1.15)

where the last equality follows from Lemma 1.21. Note that only the random
matrices Bi,... ,Bq—1,Bg+1,... , By occur in the last expression in (1.15). De-
fine now for ¢ in {1,2,... ,p — 1},

’ Biy1, ifg<i<p—-1

Then by Remark 1.19(a), it follows that the last expression in (1.15) is equal
to
m-EoTr,[(B)) By 1y (Bp_1) Bry (o1 s

which, by Theorem 1.11, is equal to m-mFFo)pl(#o) - Altogether, we have shown

that
mE@ L&) — mk(fro)nl(fro),

and since this holds for all positive integers m, n, it follows that k(7) = k(#g)+1
and (%) = I(#p). This proves (i).
(ii) Assume that e is even, i.e., that (e,e + 1) = (2¢,2¢ + 1), for some ¢ in
{1,2,...,p—1}. Then 7(q) = ¢+ 1, and arguing now as in the proof of (i), we
find that
mk(ﬁ)nl(ﬁ) =Eo TI‘n [BTBTI'(l) ce B;Bﬂ.(p)}
= B o Trn[BiBr(r) -+ ByE(Br(g) Bi1) Brig41) -~ By Br(p)]
=n-BoTry[BiBray - By Brgrn) - By Briy |,
(1.16)

where the last equality follows from Lemma 1.21. Defining, this time, for each
iin {1,2,...,p—1},

’ Biyi, ifg+1<i<p—-1,
we get by application of Remark 1.19(b), that the last expression in (1.16) is

equal to
n-EoTr,[(By) By 1y (Bpo1) Bryp-1))»

which, by Theorem 1.11, equals n - m*(®)pk(®) = Arguing then as in the proof
of (i), it follows that k(%) = k(7o) and I(7) = (7o) + 1. This proves (ii).

The last statements of Proposition 1.22 follow immediately from (i), (ii) and
Definition 1.10. |
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1.23 PROPOSITION. Let p be a positive integer, and let m be a permutation in
Sp. By finitely many (or possibly none) successive cancellations of pairs, 7t can
be reduced to either

(i) é1, where ey is the trivial permutation in Sq,

or

(ii) p, where p is a permutation in S)* for some q in {2,... ,p}.

Case (i) appears if and only if m € S)°.

Proof. Tt is clear, that by finitely many (or possibly none) successive cancel-
lations of pairs, 7 can be reduced to a permutation p, where either p € S; or
pE S;" for some ¢ in {2,3,...,p}. By Lemma 1.20, 7 is non-crossing if and
only if p is. Since S; = S7° = {e1}, and S)" N SP¢ =0 for all ¢ in {2,3,... ,p},
by Lemma 1.17, it follows thus, that either case (i) or case (ii) occurs, and that
case (i) occurs if and only if # is non-crossing. O

The following corollary is a special case of [Sh, Lemma 2.3]. For the convenience
of the reader, we include a proof based on Propositions 1.22 and 1.23.

1.24 COROLLARY. Let p be a positive integer and let w be a permutation in
Sp. Then 7 is non-crossing if and only if k(7) + (%) = p + 1, or, equivalently,
if and only if o(7) = 0.

Proof. Assume first that 7 is non-crossing. It follows then from Proposi-
tion 1.23, that by successive cancellations of pairs, 7 may be reduced to é;,
where e is the unique permutation in Sj. Since o(+) is invariant under can-
cellations of pairs, (cf. Lemma 1.22), it follows that o(#) = o(é1), and it is
straightforward to check that o(é1) = 0.

Assume next that 7 has a crossing. Then, by Proposition 1.23, there exist
q in {2,...,p} and a permutation p in sz”, such that 7# may be reduced to
p by finitely many (or possibly none) successive cancellations of pairs. By
Proposition 1.22, o(#) = o(p), and hence it suffices to show that o(p) > 0, i.e.,
that d(p) < g 4+ 1. Note for this, that since p is irreducible, p(j) # j + 1, for
all j in {1,2,...,2¢ — 1}. Since p? = id, this is equivalent to the condition
that p(j) # j — 1, for all j in {2,3,...,2q}, and by Remark 1.9, this implies
that card([j];) > 2, for all j in {2,3,...,2q}. Letting r denote the number of
~s-equivalence classes, that are distinct from [1];, we have thus the inequality

2r + card([1];) < 2gq.
Since r = d(p)—1, and since card([1];) > 1, this implies that 2(d(p)—1)+1 < 2g,
and hence that d(p) < g, as desired. O
2 A COMBINATORIAL EXPRESSION FOR THE MOMENTS OF S*S

Let H and K be Hilbert spaces, let r be a positive integer, and let ay,... ,a,
be elements of B(H, ). Moreover, let n be a fixed positive integer, and let
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Y1,..., Y. be independent elements of GRM(n, n, %) We then define

S:iai@)Y;.
=1

Note that S is a random variable taking values in B(H, K) ® M, (C). The aim
of this section is to derive combinatorial expressions for the moments

(idgn) @ (E o tr))[(S7)P] and (g ® E)[(S*S)*], (p €N),

where idg(3) denotes the identity mapping on B(H). Moreover, we shall obtain
another combinatorial expression, which is an upper estimate for the norm of
(idgx) ® E)[(S*S)P]. For the sake of short notation, in the following we shall
just write E o tr, and E instead of idg(1) ® (E o tr,,) and idg) @ E.

We start with the following generalization of Proposition 1.5.

2.1 PROPOSITION. Let H, K be Hilbert spaces, let r be a positive integer, and
let ai,...,a, be elements of B(H,K). Moreover, let m,n be fixed positive
integers, and let By, ..., B, be independent elements of GRM(m,n,1). Then
with T =Y""_, a; ® B;, we have for any positive integer p, that

*\p] k(7) (7 *
Eo Trn[(T T) ] - E m ( )n ) E azlaln(l) Ty, Gy
wESy 1<y, ip <7

Proof. Let (B(1,h))nen,---,(B(r,h))ren be sequences of elements from
GRM(m,n, 1), such that (the entries of) the random matrices B(i,h), 1 <
1 <r, h € N, are jointly independent. Then for i in N, we define

Th = Zai ® B(’L,h)
i=1

Note then, that for each s in N,

YDt S S e B = e (Y B
h=1 h=1i=1 h=1
where the random matrices s=2 Y25 B(1,h),... 573 Y o _, B(r,h) are in-
dependent elements of GRM(m,n,1). It follows thus, that the moments of
s Th)* > o5~ Th wor.t. EoTr, are equal to those of T*T'. Thus for any
p,s in N, we have

Bo T (T°TY] = Eo T, [S"’((iTh)* yon)’
h=1 h=1

_ <P, * * LT

—s ) Eo Te [T, T T, Ty - Ty, Ty, |
1<hi,he,... ,hp<s
1<91,92;..-,9p<s

(2.1)
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Consider here an arbitrary 2p-tuple (h1,g1,... ,hp, gp) in {1,2,...,s}?P. Re-
calling then the definition of T}, we find that

EoTr, {T,fl T Ti Ty, - T, Tgp}

= Y (a},a5,---a} a,) - E[Trn(B(i1, h1)* B(j1, g1) - - Blip, hp) " Bljp, 9p))]
1<in,nsyip<r
1<j1,...,gp<r

Since B(i, h) is independent of B(j, g) unless i = j and h = g, it follows here
from Lemma 1.2 in Section 1, that

E o Try [B(i1, h1)"B(j1,91) - - Blip, hp)* B(jp, 9p)] #

0
| B . | 22)
=3It €Sy (J1,91) = (in(), Prr))s - 5 (Upr 9p) = (in(p) Pr(p))-

In particular it follows that in (2.1), we only have to sum over
(h1,91,--- ,hp,gp) in Ures, M (7, s), where, as in the proof of Proposition 1.5
in Section 1,

M(m,s) = {(hl,gl,... Jhp,gp) €{1,2,... ’5}2;0 ‘ 91 =Nr),-- 5 9p = h,r(p)},

for any m in S,. Following still the proof of Proposition 1.5 in Section 1, we
define,

D(s) = {(h1,91,-- ,hp, gp) € {1,2,...,s}*" | h1,... , hy are distinct },
and then the sets M(m,s) ND(s), 7 € Sp, are disjoint and

E o Tr,, [(T*T)"]

=57y > E o Tro [Ty, Ty, - Tii. Ty, ]
7€Sp (hi1,91,... ,hp,gp) EM (m,8)ND(s)
+577 > E o Tro [Ty, Ty, - Tit Ty, .
(h1,91,- s hprgp) €(Unes, M(m,s))\D(s)

(2.3)

As was noted in the proof of Proposition 1.5, we have here that
s P.card(M(m,s)ND(s)) — 1, as s — 00, (7w € S,), (2.4)

and that

s7P - card((Ugres, M(m,s)) \ D(s)) — 0, as s — oc. (2.5)
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Moreover, for any hi,g1,... ,hp, gp in N, we have that
|E o Trn [T Ty, - - - Ty Ty, |
< Z Ha;ah T a:pajpll : ’E[Trn(B(ila h1)*B(j1,gl) T B(i;m hp)*B(jpagp))} ’

1<i, o yip ST
1<g1, 0 dp <
< K(m;nvpal)' Z ||a;<1a]'1 "'afpaij,

1<iy, . ip<r
1551, jp <

where K (m, n,p, 1) is the constant introduced in Remark 1.4 in Section 1. Since
this constant does not depend on s, it follows thus, by (2.5), that the second
term on the right hand side of (2.3) tends to 0 as s — oo.

Regarding the first term on the right hand side of (2.3), for any = in S, and
any 2p—tuple (h1,91,...,hp,gp) in M(w,s) N D(s), we have that

E o Tr, [Ty, Ty, -+ - Ty, Ty,] = E o Trn [T}, Ty,
= Y (ahayala)

1<i1, e ip<r
1551 0. sjp<r

: E[Trn(B(Zlv hl)*B(jlv hﬂ'(l)) e B(ipv hp)*B(jpa hfr(p)))] .
Recalling here the statement (2.2) and that hq,... , h, are distinct, it follows

that the term in the above sum corresponding to (i1, j1, - - - ,ip, jp) is 0, unless
J1 ='ix(1)s--- »Jp = in(p)- Thus we have that

*
(1) "'ThpThﬂp)]

* *
E o Tr, [Ty, Ty, - - - T, Ty, ]
— * . PR * .
= E (ail Qi 1y a;, al,r(p))

1<iy, . ip<r

E[Trn(B(i1, h1)*Blir1ys hr1)) - Blip, hp) Blin(p), Br(p))]-

Note here, that since hq,. .. , h, are distinct, B(i1, h1),... , B(ip, hp) are inde-
pendent for any choice of i1,...,4, in {1,2,...,7}, and consequently

E[Tr, (B(i1, h1)* B(ir(1), hr(1)) - Blip, hp)* Blin(p), ha(p)))] = Alm,m,n),

for any 41,...,4, in {1,2,...,r}. Thus, we may conclude that

E o Tr, [Ty Ty, - 'T;{pTgp] = A(m,m,n) - Z a;, Qi) ' a;‘paiw(m,
1<i1 o ip<r
and this holds for any (hi,¢1,... ,hp, gp) in M(m, s)ND(s). Therefore the first
term on the right hand side of (2.3) equals

Z s7P . card(M(m, s) N D(s)) - A(m,m,n) - Z i\ @iy A @i s

TES) 1<iy,...,ip<r
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and by (2.4), this tends to

X
E A(m,m,n) - E ahazﬂ(l) ag Qi

TESp 1<iy, .. ,ip<T

as 8 — 0o. Since the left hand side of (2.3) does not depend on s, we get thus
by letting s — oo in (2.3), that

E o Tr,[(T*T)P Z A(m,m,n) Z ai @i - a;‘paiﬂ(p).
TESy 1<iy,...,ip<r
Combining finally with Theorem 1.11, we obtain the desired formula. 0

2.2 COROLLARY. Let H, K be Hilbert spaces, let v be a positive integer, and
let ay,...,a,. be elements of B(H,K). Moreover, let n be a fixed positive
integer, and let Y1,...,Y, be independent elements of GRM(n,n, %) Then
with S = >""_, a; ® Y;, we have for any positive integer p, that

E o tr,[(S*S)? Z n—20() . Z ahazﬂ(l) afpaiﬂ(p), (2.6)

TESp 1<iy, .. ,ip<T
where o(#) is the quantity introduced in Definition 1.10 in Section 1.

Proof. With B; = /n-Y;, i € {1,2,...,r}, we have that By,..., B, are
independent elements of GRM(n,n,1). It follows thus from Proposition 2.1,
that for any p in N,

p xg k() +1(7) *
n? - EoTr,[(S*S g n G Qi o A Qi

TESp 1<iy, .. ,ip<r

and consequently

E o tr,[(S*S)? Z P~ 1Hk(R)+HI(7) Z a“az,,(l) a;‘paiﬂ(p).

TESp 1<iy, .. ,ip<T
Formula (2.6) now follows by noting that,
p+1—k(7)—Ur)=p+1—d(7) =20(7),

for any 7 in Sp,. O

Our next objective is to derive a matrix version of formula (2.6). In other
words, we shall obtain a combinatorial expression for E[(S*S)P].

2.3 LEMMA. Let n,r be positive integers and let Yi,...,Y, be independent
elements of GRM(n, n,0?). Then for any (non-random) unitary n x n matrices
U1, ... ,Ur, the random matrices uiYruj,... ,u,Y,uy: are again independent
elements of GRM(n, n, o?).
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Proof. Note first that for each 7 in {1,2,...,r}, the entries of u;Y;u} are all
measurable w.r.t. the o—algebra generated by the entries of Y;. It follows there-
fore immediately that u1Yiuj,... ,u,Y,u) are independent random matrices.
We note next, that it follows easily from Definition 1.1, that the joint distribu-
tion of the entries of an element from GRM(n,n, 0?) has the following density
w.r.t. Lebesgue measure on M, (C) ~ R20%,

2

vy (52)" exp (= & -Tra(y'y)),  (y € Mo(C)). (2.7)
(Here the identification of M, (C) with R2"" is given by
y — (Re(yjr), Im(yjk))1<jk<n-)
Now let u be a unitary n x n matrix, and consider then the linear mapping
Adu: y — uyu*: M, (C) — M, (C).

Under the identification of M, (C) with R2"* | the Euclidean structure on R2"”
is given by the inner product:

(y,2) = Re(Trn(27y)),  (y,2 € Mn(C)).

Thus Adu: R2"" — R2"” is a linear isometry, and hence the Jacobi determi-
nant of this mapping equals 1. Combining this fact with (2.7) and the usual
transformation theorem for Lebesgue measure, it follows that for any Y in
GRM(n,n,o?), the joint distribution of the entries of uYu* equals that of the
entries of Y. O

2.4 LEMMA. Let B be a C*—algebra with unit 1, let n be a positive integer,
and consider the tensor product B @ M,(C). If v € B® M,(C), such that
(1®u)z(l ® w)* = x for any unitary n X n matrix u, then x € B®1,,.

Proof. Assume that x € B® M, (C), and that (1 ® u)z(1 ® u)* = x for any
unitary n X n matrix u. Since M, (C) is the linear span of its unitaries, it
follows that

re{yeBaM,(C)|yT' =Ty forallTin1® M,(C)} =B®1,,

where the last equality follows by standard matrix considerations; thinking of
B ® M, (C) as the set of n x n matrices with entries from B. O

2.5 PROPOSITION. Let S be as in Corollary 2.2. Then for any positive integer
p, we have that:

E[(S*S)?] = ( Z n-20(®) Z aj i, - --a;‘paiﬂp)) ®1,.

TES, 1<in, . ip<r
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Proof. Let u be an arbitrary unitary n X n matrix, and define: S,, = 2:21 a; ®
(uY;u*). Note then that SS, = (1x ® u)S*S(1x ® u)*, where 13 denotes the
unit of B(H). It follows now by Lemma 2.3, that
E[(575)"] = E[(555u)"]
=E[Qlxy @u)(S*S)PAyx @ u)"] = 1y @ u)E[(S*S)P](1n @ u)*.

Since this holds for any unitary u, it follows from Lemma 2.4, that E[(S*S)P] €
B(H) ®1,, and consequently

E[(S*S)?] = (trn(E[(S*S)p])) ®1, = (E otrn[(S*S)p]) ® 1.

The proposition now follows by application of Corollary 2.2. g

In the next section, we shall obtain combinatorial expressions that are upper
estimates for the moments E[(S*S)P]. Tt follows from Proposition 2.5, that in
order to obtain such combinatorial estimates, we should concentrate on deriving
combinatorial estimates for the quantities

* *
| Z a5, @i, a5 i |,
1<it, ... ip<r
where m € S),, and aq,... ,a, are arbitrary bounded operators from a Hilbert

space H to a Hilbert space K.

2.6 DEFINITION. Let p be a positive integer, let m be a permutation in .S}, and
consider the permutation 7 in Sa,. We then put

k() = card({j € {1,3,... ,2p— 1} | #(j) > j}),
A(#) =card({j € {1,3,... ,2p—1} | #(j) <j}) + L. O
We note, that since 7 has no fixed points, it follows that
KT+ X7)=p+1, (peN, mebS,). (2.8)
Recalling that by definition of 7, #(2h — 1) = 27~ 1(h) for all hin {1,2,...,p},
it follows furthermore that
k(#) = card({h € {1,2,...,p} | 27} (h) > 2n — 1})
:C,ard({he {1,2,...,p} | 7 (h Zh}) (2.9)
=card({h € {1,2,... ,p} | h > w(Rh)}),
where the last equality follows by replacing h by 7~ !(h). Similarly we have
that
A@)=p+1—k(7)
=card({h € {1,2,...,p} | 7 " (h) < h}) +1 (2.10)
=card({h € {1,2,... ,p} | h<m(h)}) + L.
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We note also, that since #(j) = j + 1 mod. 2 and 7 (7(j)) = j for all j, we have
that

k(7)) = card(#[{j € {1,3,...,2p— 1} | #(j) > j}])

; o (2.11)
= card({j €{2,4,...,2p} ‘ w(j) < j}),
and similarly
A7) = card({j € {2,4,... ,2p} | #(j) > j}) + 1. (2.12)
In connection with products of the form af a;_,, -+ aj ai,, , note that x(#)

denotes the number of h’s in {1,2,...,p} for which the factor aj, appears
before the factor a;, in this product. Similarly A(7) — 1 denotes the number of
h’sin {1,2,...,p} for which the factor a;, appears before the factor aj, .

2.7 PROPOSITION. Let H, K be Hilbert spaces, let r be a positive integer, and
let ay,...,a, be elements of B(H,K). Let further ¢ and d be positive real
numbers, such that

T T

* *

H g a;a;|| <c and H g a;a;
i=1 i=1

Then for any positive integer p and any permutation 7 in Sy, we have that

<d. (2.13)

* P k(7)) gA(7)—1
H E ag, Qi a; Qi H < "\ .

1<i1, e ip<r

Proof. Let V be an infinite dimensional Hilbert space, and choose r isometries
81,...,8r in B(V), with orthogonal ranges, i.e.,

S;-‘Sj :51'7]'15(\/)7 (’L,] S {1,2, ,T}). (214)

Consider then the Hilbert space V =V ® ---® V (p factors), and for each ¢ in

{1,2,...,7} and h in {1,2,... ,p}, define the operator s(i, h) in B(V) by the
equation

5(i,h) =1y ® - @ 1) @ 8 @ 1) ® - @ 1p). (2.15)

1
h’th position

t(i,h){s(’:’h)’ if h <7 (h), (e{l,2,....r}, he {1,2,....,p}),

(2.16)
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and
Ap =) a;i®@t@,h), (he{l,2,...,p}). (2.17)
1=1

We consider Ay, as an element of B(H ® V, K ® V) in the usual way. We claim
then that

ATAW(l)A;ATr(2) e A;Aﬂ'(p) = ( Z a’:l aiw(l) T azpa’iw(p)) & 16(\})
1<iy,...,ip<r

(2.18)
To prove (2.18), observe first that
AAn) -+ ApAn(p)
= Z (ai, a5, a;,a5, -~ - a; aj,) @ (i1, j1, 42, j2, - - - ip, Jp), (2.19)
1<i1,i2,... ,ip<T
1<j1.42,...,Jp<r
where
H(ilajla <o 7ipajp)
= (i, 1)"t(j1, w(1))t(iz, 2) (G2, 7(2)) - - - £(ip, )t (Gp, 7(p)),

for all ¢1,71,... ,%p,Jp in {1,2,... ,r}. By (2.15) and (2.16), (¢, h) and (¢, h)*
both commute with (4, k) and ¢(j, k)*, as long as h # k. Hence, we can reorder
the factors in the product on the right hand side of (2.20), according to the
second index in ¢(+,-) and (-, -)*, in the following way

(v, jis o sipy Jp) = T()T(2) - T(p),

(2.20)

where
T(h _ t(iha h)*t(jﬂ'*l(h)a h)a if h < ﬂ-_l(h‘)a
Gy WG B)Y, iR > (R,

for each h in {1,2,... ,p}. By (2.16), it follows that
T(h) — S(Z:hv h’>*5(jﬂ'*1(l‘1)7 h)a lf h < ﬂii(h’)a
$(Jr—1(nys B)*8(in, h), if h > 77" (h),

and thus by (2.14)-(2.15), we get that for all i1, j1,... ,4p,jp in {1,2,...,7}
and all b in {1,2,...,p},

T(h) = gy, fin = Jr-1(n),
05 if 7, #jﬂ*l(h)'

Therefore, I1(i1, j1, . . . ,ip,jp) = 0, unless ip, = jr-1(z), forall hin {1,2,... ,p},
or equivalently, unless i) = jp, for all b in {1,2,...,p}, in which case
(i1, J1s- - 5 ipydp) = Lap)- Combining this with (2.19), we obtain (2.18).
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Using again that s(i, h)*s(j, h) = 51-7]-16(9), for all 4,7 in {1,2,...,7}, we get
that if h < 7=1(h),

ApAn =Y aja; @ s(i,h)"s(j,h) = Y aja; @ lgyp),

i,j=1 i=1
and if h > 7~1(h),
ApA; = Z aia; @ Ly
i=1
By (2.13), it follows thus, that

IARl1* = AR ARl < e, ifh <7 (h),
IA|* = | An AR < d,  if h> 77" (h),

so by (2.9) and (2.10),

P
AT Arry - A Arpy | < T I1ARIP < #@ a1,
h=1

Together with (2.18), this proves the proposition. (|

2.8 COROLLARY. Let H, K be Hilbert spaces, let r be a positive integer, and
let ay,...,a,. be elements of B(H,K). Moreover, let n be a fixed positive
integer, and let Y1,...,Y, be independent elements of GRM(n,n, %) Then
with S =3 1 a;®Y;, ¢ = || Y1, afa;|| and d = || Y;_, a;af||, we have for
any positive integer p, that

IE[(S*S)P]|| < Z =20 (7) o (7) AR =1
TESY

Proof. This follows immediately by combining Propositions 2.5 and 2.7. O

In Section 3 we shall estimate further the quantity ||E[(S*S)P]||. As preparation
for this, we will in Proposition 2.10 below, compare the numbers «(7) and A(7)
with the numbers k(7#) and I(7), defined in Section 1.

2.9 LEMMA. Let p be a positive integer, let m be a permutation in S;,, and con-
sider the permutation 7 in Sy, and the corresponding equivalence relation ~.
Then any equivalence class for ~;, except possibly [1]z, contains an element j
with the property that 7 (j) < j.

Proof. Let j' be an element of {1,2,...,2p}, such that 1 ¢ [j']z. We show
that [j']# contains an element j such that 7(j) < j. For this, note first, that
we may assume that j' is the smallest element of [j’]s. Then, by assumption,
j' > 2. Now write in the usual manner (cf. Remark 1.9)

[j/]fr — {jOajl; e 7jq}'
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In particular, 7(jq) + 1 = jo = j’ (addition formed mod. 2p). Now, since
j' > 2, we have that 7' — 1 < j', even when the subtraction is formed mod. 2p.
Therefore, since j' is the smallest element of [j']z, 7(jy) = 7' — 1 < 7' < jq.
Thus we may choose j = jg. O

2.10 PROPOSITION. Let p be a positive integer, let ™ be a permutation in Sp,
and consider the permutation 7 in Sa,. We then have

(i) w(7) > k(%) and (%) > I(7).

(i) (k(7) — k(®) + (A(F) — (7)) = 20(#).

(i) w(7) = k() and A(7t) = I(7) if and only if 7t is non—crossing.
) B

Proof. (i) By Lemma 2.9 and the definition of (), it follows that

I(7) =1 <card({j € {1,3,...,2p = 1} | #(j) < j}) = A(®) — 1.
Similarly we find by application of (2.11), that
k(#) < card({j € {2,4,...,2p} | #(j) < j}) = k(%)
(ii) We find by application of (2.8), that
(r(7) = k(7)) + (A7) = 1(7)) = (5(7) + A(7)) — d(7) = p+ 1 —d(T) = 20(7).

(iii) This follows immediately by combining (i), (ii) and Corollary 1.24. O

3 AN UPPER BOUND FOR E[exp(t5*S)], t > 0

In the previous section, we computed E[(S*S)?], forpin Nand S=>"._;a;®
Y;, where ai,...,a, € B(H,K), for Hilbert spaces H and K, and where
Y1,..., Y. are independent random matrices in GRM(n,n, %) For fixed p
in N, the function w +— (S*(w)S (w))p only takes values in a finite dimen-
sional subspace of B(H) ® M,(C). This is not the case for the function
w — exp (t5*(w)S(w)), so in order to give precise meaning to the mean
E[exp(t5*S)], we will need the following definition (cf. [Ru, Definition 3.26]).

3.1 DEFINITION. Let X be a Banach space, let (Q, F, P) be a probability space,
and let f: 0 — X be a mapping, that satisfies the following two conditions
(a) Vo€ X*: o fe LY (QF,P)

(b) Jzoe X Vpe X*: [ oo f(w) dP(w) = ¢(xo).

We say then that f is integrable in X, and we call o the integral of f, and
write

Q
Note that in the above definition, x is uniquely determined by (b). Note also,
that we do not require that [, ||f|| dP < oo, in order for f to be integrable.

However, if X is finite dimensional, then this follows automatically from (a).
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3.2 PROPOSITION. Let ‘H and K be Hilbert spaces, let ay, ... ,a, be elements
of B(H,K), and let ~ be a strictly positive number, such that

max {321 afaill, | 20 aafll} <.

Furthermore, let n be a positive integer, let Y1,... ,Y, be independent random
matrices in GRM(n,n, L), and put S =37 a; ®Y;.
Then for any complex number ¢, such that |t| < 2, the function

w — exp (£5* (w)S(w)), (we ),

is integrable in B(H"™), in the sense of Definition 3.1, and

o0

E[exp(tS*S)] = > SE[(S*9)], (3.1)

p=0
where the series on the right hand side is absolutely convergent in B(H™).

Proof. By Proposition 2.5, we have for any p in N,

E[(5*S)"] = ( Z n—20 (%) Z al ai, - ..a;‘paiw(p)) ®1,,

TES, 1<iy .. ip<r

and by Proposition 2.7 and formula (2.8), we have here for all 7 in S,, that

I Z 05, iy 0, i || <97 (32)
1<iy,... ip<r

Hence the absolute convergence of the right hand side of (3.1) will follow, if we
can prove that

1 +§:(7‘p#(2n_2”(ﬁ)) < o0, (3:3)
p=1 TeS)

whenever [t| < £. For this, consider an element B of GRM(n, n, 1), and recall
then from Corollary 1.12, that

E o Tr, [(B*B)?] = Z PREHE) — pptl Z n-20(7)
TES, neS,

Hence for positive numbers s, we have
E o Try, [exp(sB*B)| = n(l + Z % Z n*Q"(’?)). (3.4)
p=1 TES)
From [HT, Theorem 6.4], we know that

E o Tr, [exp(sB*B)] < oo, when 0<s<1.
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Hence the sum in (3.4) is finite, whenever 0 < s < 1, and this implies that (3.3)
holds whenever [t| < Z.

Consider now the state space S(B(H™)) of B(H"™) and an element ¢ of
S(B(H™)). For any w in §2, we have then that

<p[exp (tS* Z ;7 (w))p],

which is clearly a positive measurable function of w (since ¢ is a state). More-
over, by Lebesgue’s Monotone Convergence Theorem,

o0

E[cp(exp(tS*S))} = Z %E[@((S*S)pﬂ

p=0

Z e (E[(5S)])
14 Z ot 90( Z n—20(7) ( Z aj a;, ., - a;‘paiw(m) ® ln)

€S, 1<i1 o ip<r
<1+ Z Z n*QU(ﬂ Z a,l1 Qi) a;‘paiﬂ(p) H,
p=0 weS, 1<i1,...,ip§7"
(3.5)
and by (3.2) and (3.3), the latter sum is finite, when |t| < Since

%.

B(H™)* = span(S(B(H™)), it follows that the function w — exp(tS*(w)S(w)),
is integrable, and (by the first two equalities in (3.5)) that E[exp(t5*S)] is
given by (3.1). O

The main result of this section is the following

3.3 THEOREM. Let H,K be Hilbert spaces, and let ay,... ,a, be elements of
B(H,K), satisfying that

Zafai <clpmp) and Zaiaf <15k,
i=1 i=1

for some constant c in ]0 oo[. Consider furthermore independent elements
Yi,...,Y, of GRM(n,n,+), and put S = 3.7, a; ® Y;. Then for any t in

[0, 52] N[0, 5], we have that

E[exp(tS*S)} < exp ((\/E‘f' 1%t + (c+ 1) %) “Lprn).

For the proof of Theorem 3.3, we need three lemmas. Before stating these
lemmas, we introduce some notation:
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For any p, k,l in N, we put
d(p, k,1) = card{m € Sp | k(%) =k and I(7) = }). (3.6)

Note that for any p,k,l in N, §(p,k,1) = 0, unless k +1 < p+ 1 (cf. Theo-
rem 1.13).
For any complex number w and any n in Ny, we put

(w) 1, if n=0,
W)y =
ww+D)(w+2) - (w+n-1), ifneN.
We recall then, that the hyper-geometric function F, is defined by the formula

F(a,b,c;z) = Z %xk,

k=0

for a,b,c,z in C, such that ¢ ¢ Z\ N, and |z| < 1.

3.4 LEMMA. For all positive real numbers «, 3, we have that

tp—1

Z( — D Ok et
p=1 p " k,leN
k+I<p+1 (3.7)
Fl-—oa,1-7,2,t2
_ I 2 ) e <),

Proof. Assume first that o = n and 8 = m, where m,n € N, and consider an
element B of GRM(m,n,1). Then by [HT, Theorem 6.4],

F(1—n,1—m,2,t%) 1
: o = —EoTr,|B*B tB*B
(1 — tym+n a0 Ton [B* Bexp(tB" B)

1 tp—1

=— > ] 1)!1}3 o Tr, [(B*B)"].

But from Section 1 of this paper, we know that for any p in N

EoTr,[(B*B)"| = Z mFE @) — Z 5(p, k, )ym*n!,

€S, k,leN
k+1<p+1

and thus (3.7) holds for all , 8 in N. In particular, the left hand side (3.7) is
finite for all a, 8 in N. Since the left hand side of (3.7) is an increasing function
of both & and g, it is therefore finite for all «, 3 in ]0, ool.
To prove (3.7) for general positive real numbers, «, 3, we get first, as in [HT,
Proof of Proposition 8.1], by multiplying the power series

Fa-an-poe) =3 (TN (P ) <,

=0 J
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and
e = (a+B+k—1
(1 _ t) (at+8) — Z ( i )tk, (|t| < 1),
k=0

42
that the power series expansion for % is given by

F(l*&,l*ﬂ,Q,tQ) -

DA S vlpap)rt, (<), (3.8)
p=1
where for all p in N|
(257] ,
_ L fa—1\(B-1\(a+B+p—2j—2
M%mﬁ%—;%j+1(].)('j)( b1 ) (3.9)

Since we know that (3.7) holds for all «, 8 in N, we have, on the other hand,
that

Y(p,a, B) = > dpk DaFT (3.10)

(p—1) k,lEN

kHI<p+1
for all o, 8 in N. Thus, for fixed p, the right hand sides of (3.9) and (3.10)
coincide whenever «,3 € N, and since these two right hand sides are both
polynomials in « and 8, they must therefore coincide for all «, 8 in ]0, 0o[. In
other words, (3.10) holds for all «, 8 in ]0, 00|, and inserting this in (3.8), we
get the desired formula. O

3.5 LEMMA. Let «, 3 be positive numbers, and assume that either « or (3 is
an integer. Then

2) — (ap)/t?
F(1—a,1—3,2;1?) Sz;ﬂj+1ﬂ’ whenever 0 <t < 1.  (3.11)
Proof. We recall first, that
01 fa—1\[/B-1\ ,.
Fl—a,1-05,22)=Y —|( . o)t t € [0,1]).
( 5 >J__ZOJ+1<J><]) (te 0,1)

If both « and (8 are integers, then

_ J _ J
0§<O‘.1>§i and og<ﬂ.1> <2
J J! J J!

for all j in Ny, and (3.11) follows immediately. By symmetry of (3.11) in «
and (3, it is therefore sufficient to treat the case where « is an integer and [ is
not. In this case, we have

1 fa—1\/B—-1\ ..
Fl—a,1-32t)=Y — =
(1=l =5 2%) ;jﬂ( S0
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If 8 > «, we have for any j in {0,1,...,a — 1}, that 0 < (O‘;l) < Oj‘—,] and

0< (*8;1) < g—?, and again (3.11) follows immediately.

Assume then that 5 < «a, and let n be the integer for which n — 1 < § < n.
Since « is an integer, and a > (3, we have that a > n. Forming now Taylor
expansion on the function f(s) = F(1 —a,1—(,2;5s), (s> 0), it follows that

F(1—oé,1—5,2;s)=7i:1 ! (a__l)(ﬁ;l)s“rrn(s), (s >0),

S ITLIN
(3.12)

where 7, (s) = wf(s))s”, for some £(s) in ]0, s[. It suffices thus to show that

n

FM(€) <0, for all € in [0, 1[, since this will imply that for all s in [0, 1],

n—1
F(1a,1ﬂ,2;8)§2j%<ajl> <ﬂj1>sj’

=0

W}here, as above, 0 < (0‘51) < ?—f and 0 < (*8;1) < g—?, for all j in {0,1,... ,n—
1}.

To show that f(™) (&) < 0 for all £ in [0, 1[, we note that by [HTF, Vol. 1, p. 58,
formula (7)],

dn
Fme) = dg—nF(l —a,1—3,2;€)

- (181)1(11)!6>"F(n+1—a,n+1—ﬁa”+2?f)’

for all £ in [0,1]. Note here that
(1 =a)n(l=f)n = (@=1)(a=2)---(a=n)(f-1)(B-2)---(6-n) <0,

because « > n and n — 1 < 8 < n. Moreover, by [HTF, Vol. 1, p. 105, formula
(2)], we have for all £ in [0, 1]

Fln+l-an+1-Fn+28)=1-"Fla+1,6+1,n+2¢)

— (1 _ E)a-ﬁ-ﬁ—n Z (CY + 1)](5 + 1)j§j’

= Jn+2);

and therefore F(n +1—a,n+1—06,n+2;¢) > 0 for all £ in [0,1]. Taken
together, it follows that f(™) (&) < 0 for all € in [0, 1], as desired. O

For any cin ]0, co[, we let u. denote the free Poisson distribution with parameter
¢, i.e., the probability measure on R, given by
(x —a)(b—x)

.= 1—¢,0}6
e = max{1l —¢,0}dp + Sra

. 1[a,b] (:C) . d:L', (313)
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where a = (y/c —1)2, b= (y/c + 1)? and dy is the Dirac measure at 0 (cf. [HT
Definition 6.5]).

)

3.6 LEMMA. Let «, 8 be strictly positive real numbers, and assume that either
« or [ is an integer. Then for any t in [0, %],

00 P - 00
1+ Z — Z 5(p, k,1)a* Bt < exp((a + ﬁ)tQ)/ exp(Btz) dus (),
p=1%" kleN 0
k+i<p+1

Proof. Using that —log(1 —¢) = Y0° | & <t +t* whenever 0 < t < £, we
note first that

(1=~ < exp((a+ B)t) expl(a + B)2), (e [0,3)

Hence by Lemma 3.4 and Lemma 3.5,

e o] tp_l
5(p, k, a1 g1
pz:; (p—1)! ,;E:N
k-+I<p+1 (3.14)
0 2
< exp((a + B)t) exp((a + B)t%) Z %

Jj=

Put ¢ = § and s = t. From [HT, Formula (6.27)], it follows then that

JZO G+ 1
B = (aB)t%
= cexp((a+ fB)t Z]' TESN
7=0
Hence (3.14) can be rewritten as
S S sk
= k,lEN
g k+l§€p+1 (3.15)
< Lemp((at 1) [ wexp(te) dus (@)
0

Using then that tp ft N 1), du, for all p in N, and that exp((a + B)u?) <
exp((a + B)t?), Whenever 0 < u < t, we get by termwise integration of (3.15)
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(after replacing ¢ by u), that

i %p' Z o(p, k, Dak=tpi=t

p=11" klen
k+1<p+1
t fe%e]
<Zowlla+He) [ ([ wem(u) duy @) du
~ Zep(la+p)) [0 SED L g 0

= dexpllat 0)) [ (exp(te) - 1) dug (o),

Hence, using that the is a probability measure, it follows that

1+) t—i > dp, k. akp

p:

p=1 k,leN
k+1<p+1
<1+ exp((a+ ﬂ)tQ)(/ exp(ftx) dus (z) — 1)
0
<explla+ HF) [ exp(dta) dus (o).
0
This concludes the proof. O

Proof of Theorem 3.3. Let aq,... ,a,, Y1,...,Y,. and S be as set out in Theo-
rem 3.3. By Proposition 2.5 and Proposition 2.7, we have then that

E[(S*S)p] _ ( Z n—20(%) Z aj ai, ., - .a;‘pamp)) ®1,

€S, 1<iy .. yip<r

< ( 3 nfzcr(fr)cn(fr)) ),

TEeSy

(3.16)

where £(7) was introduced in Definition 2.6.
We assume first that ¢ > 1. By Proposition 2.10(i) and (ii), we have that

K(T) < k(7) + 20(7), (€ Sp).

Hence,

E[(s5)] < (30 (2)77 VD) g0,

TSy
Using now that 20(7) =p+1—d(7) =p+ 1 — k(7) — I(#), we find that
E[(s"s)] < ((£)" 3wt () T) g0

TSy

((9)" 32 o k™ (2)'™) 1sgen),

k,leN
k+1<p+1

IN
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and therefore, for 0 < ¢ < 2 it follows by application of Proposi-
C

ma{ed}
tion 3.2, that
E[exp(tS*S)] = 1@ +Z (S*S)]
p=1
<1+ HE)” Y 6k Dnk(2) ) s,
p=1 k,leN
k+1<p+1

Using now Lemma 3.6, we get for 0 < < < 1 that

E[exp(tS*S)] < (exp((n+ %)(%)2)/000 exp (2(%)z) duc(w)) ~1p(3m)

= (e (cte+ %) [ explte) de(@)) - Lo

0

< (o (fe+ 12 £) [ explto) dale) - L

Since supp(ue) C [0, (ve +1)?], it follows that

E[exp(tS*S)} < exp ((c +1)2. ) exp ((\/E + 1)215) 1),

and this proves the theorem in the case where ¢ > 1.
Assume then that ¢ < 1. In this case we use (3.16) together with the fact that
k() > k(7) for all 7 in S, (Proposition 2.10(ii)) to obtain

E[(S*S)p] < ( Z n—QU(fr)ck(fr)) e
TES,

(# 3 (nc)kw)nz(fr)) e

TESy

(n—l,, Z 6(p,k,l)(nc)knl71)-IB(Hn).

k,lEN
k+1<p+1

IN

Hence for 0 <t < ¥ =7, we get by application of Proposition 3.2,

max{c 1

E[exp(tS™S)] < 1ppe) + Y HE[(S
=1

S FE S dpk ) tage

k,leN
k+1<p+1
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Hence by Lemma 3.6, we have for 0 < &+ <

1 <1
n 27

E[exp(tS*9)] < (exp ((nc+n)(%)2)/ooo exp (n(L)z) duc(z)) “Apmy

(exp (4 0%) [ exp(ta) due@)) - Laen

<exp ((e+1)7- ) exp (Ve +1)%) - Lagren),
and this completes the proof. O

3.7 REMARK. Assume that ay,...,a, € B(H,K), satisfying that >_|_, aja; <
clp) and Yo aial < d1p(3), for some positive constants ¢ and d. Consider
furthermore independent elements Yi,...,Y, of GRM(n,n, %), and put S =
i ; a; ®Y;. Applying then Theorem 3.3 to a} = ﬁai and ¢’ = §, we get the
following extension of Theorem 3.3:

For any ¢ in [0, 5] N [0, 55],

E[exp(tS*S)] < exp ((vVe+ Vd)*t + (c+d)? - %) - 1g(pn)- O

4 AsympTOTIC UPPER BOUND ON THE SPECTRUM OF S S, IN THE EXACT
CASE

Throughout this section, we consider elements ai,...,a, of B(H,K) (for
Hilbert spaces H and K), satisfying that

r T
HZaIaiH <¢, and HZaiafH <1, (4.1)
i=1 i=1

for some constant ¢ in |0, 00[. Let A denote the unital C*-subalgebra of B(H)
generated by the family {a’{aj ’ i,7€41,... ,r}} U {1p(3)}- Furthermore, for
each n in N, we consider independent elements Yl(n), . ,Yr(n) of GRM(n, n, %),
and we define

Su=3 a@Y,". (4.2)
=1

In this section, we shall determine (almost surely) the asymptotic behavior (as
n — o0) of the largest element of the spectrum of S}, (i.e., the norm of S%.5,,),
under the assumption that A is an exact C*-algebra. We start by studying the
corresponding asymptotic behavior for the image of S};.S,, under certain matrix
valued completely positive mappings. More precisely, let d be a fixed positive
integer, and let ®: A — M4(C) be a unital completely positive mapping. For
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each n in N, let id,, : M,,(C) — M,(C) denote the identity mapping on M, (C).
We then define
Vo= (2®id,)(S:8.) = Y (ajay) @ (V\")Y™,  (neN). (4.3)

ij=1

Note that V,, is a random variable taking values in My(C) ® M,,(C) ~ My, (C).
As indicated above, our first objective is to determine the asymptotic behavior
of the largest eigenvalue of V,,. We emphasize, that this step does not require
that A be exact.

The following lemma is a version of Jensen’s Inequality, which we shall need
significantly in this section and in Section 8. The lemma has been proved in
much more general settings by Brown and Kosaki (cf. [BK]) and by Petz (cf.
[Pe]). For the reader’s convenience, we include a short proof, handling the
special case needed here.

4.1 LEMMA. (i) Let £ be a Hilbert space, and let P be a finite dimensional
projection in B(L). Let tr denote the normalized trace on B(P(L)). Then for
any selfadjoint element a of B(L), and any convez function g: R — R, we have
that

tr[g(PaP)] < tr[Pg(a)P]. (4.4)

(ii) Let B be a C*-algebra, let m be a positive integer and let ¥: B — M,,(C)
be a unital completely positive mapping. Then for any selfadjoint element a of
B and any convex function g: R — R, we have that

trm [9(P(a))] < trm [T(g(a))].

Proof. (i) Note first that g is continuous (being convex on the whole real
line). Let m denote the dimension of P(L), and choose an orthonormal basis
(e1,... ,em) for P(L) consisting of eigenvectors for PaP. Let A1,..., A, be
the corresponding eigenvalues for PaP, i.e.,

Ai = (PaPe;,e;) = (aes, e;), (i €{1,2,...,m}).

Then g(A1),...,g9(Am) are the eigenvalues of g(PaP), and hence

m m

trlg(PaP)] = g(\) = g((aei,e)). (4.5)

i=1 =1

Since the trace on B(P(L)) is independent of the choice of orthonormal basis
for P(L), we have at the same time, that

m m

tr[Pg(a)P] =Y (Pg(a)Pei,e;) = > (g(a)es ;). (4.6)

i=1 i=1
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Comparing (4.5) and (4.6), we see that it suffices to show that (g(a)e;, e;) >

g({aei,e;)), for all 4 in {1,2,...,m}. But for each 4, this follows from the
classical Jensen Inequality, applied to the distribution of a w.r.t. the state
(- ei,e;), i.e., the probability measure p; supported on sp(a), and satisfying
that (f(a)e;,e;) = fsp(a)f(t) du;(t), for all functions f in C(sp(a)). This
concludes the proof of (i).

(i) By Stinespring’s Theorem, we may choose a Hilbert space L, a x-
representation 7: B — B(L) of B on £, and an embedding ¢: C™ — L of
C™ into L, such that

U(b) = Pxr(b)Px,  (beB), (4.7)

where K = ((C™), and Py is the orthogonal projection of £ onto K. Moreover,
the equality (4.7) is modulo the natural identifications associated with ¢. Let
trg denote the normalized trace on B(K). By application of (i), it follows then
that

trn [9(¥(@)] = tr[9(Pacr(a) Pi0)] < tric [Preg(n(a)) P
= trie [P (g(a)) P ] = trn[®(g(a))],

and this proves (ii). O

4.2 LEMMA. Let V,,, n € N, be as in (4.3), and let Ayax(Vy,) denote the largest
eigenvalue of V,, (considered as an element of Mg, (C)). Then for any ¢ in
10, o], we have that

Z Amax(Va) = (Ve + 1) +¢) < oo. (4.8)

Proof. The proof proceeds along the same lines as the proof of [HT, Lemma 7.3];
the main difference being that in the present situation, we have to rely on the
estimate obtained in Theorem 3.3. Consider first a fixed n in N. We find then
for any ¢ in ]0, co|, that

P(Amax(Ve) = (Ve+1)2 +€) = P(exp (tAmax(Vn) — t(vVe + 1) — te) > 1)
E[ exp (tAmax(Vn) (\f+1) — te)]

xp(—t(v/e+1)? = te)  E[Amax (exp(tVa)) ]

xp(—t(ve + 1) — te) [Trdn(exp(t - )

4

where the last inequality follows by noting, that since exp(tV;,) is a positive
dn x dn matrix, Amax(exp(tVy,)) < Tran(exp(tV,)). Note now, that since the
mapping ¢ ® id,, is unital, completely positive, and since the function x —
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e!®: R — R is convex, it follows from Lemma 4.1(ii), that

tran [ exp(tVi)] = tran [exp (H(® ®id,)(S}50))]
< trgn [(® ® idy) (exp(tS;Sn))]
=trg @ tr, [(<I> ® idn) (exp(tS:;Sn))} = ¢ Qtr, [ eXp(tS;;Sn)] ,
(4.10)

where ¢ is the state try o ® on A. Note here, that by Definition 3.1 and
Theorem 3.3,
E[¢ ® tr, (exp(tS;Sn))] = ¢ ® try, (E[ exp(tS}Sn)])

, (4.11)
<exp (t(ve+1)* + L(c+1)?),

for all ¢ in ]0, 3£].

Combining now (4.9)-(4.11), we get that for all ¢ in 0, 5%],

P(Amax(Vy) >(Ve+1)% +e)
<dn-exp(—t(ve+1)* —te) -exp (t(ve+1)* + %(c +1)?)
=dn-exp (t(L(c+1)* —¢)),

’ 2¢
Clearly it suffices to prove the lemma for such €, so we assume that e < 1. It

follows then that

Now choose t = t,, = ﬁ, and note that ¢, € ]0,2:], as long as ¢ < 1.

P(Amax(Va) = (Ve+1)? +€) < dn-exp (tn(t(c+1)? —€)) = dn-exp (ﬁ)

Since this estimate holds for all n in N, it follows immediately that (4.8) holds.
O

4.3 PROPOSITION. Let V,,, n € N, be as in (4.3). We then have

lim sup Apax (V) < (\/E + 1)2, almost surely.

n—oo

Proof. Tt suffices to show, that for any e from ]0, oo,

P(limsup)\max(Vn) < (Ve+1)2+ e) —1,

n—oo

and this will follow, if we show that
P()\max(Vn) < (Ve+1)2+¢ for all but finitely many n) =1,

for all € in ]0,00[. But this follows from the Borel-Cantelli Lemma (cf. [Bre,
Lemma 3.14]) together with Lemma 4.2. O
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The next step is to replace V,, in Proposition 4.3 by S} .Sy, itself. This is where we
need to assume that A is an exact C*-algebra. The key point in this step is the
important result of E. Kirchberg that exactness implies nuclear embeddability
(cf. [Ki2, Theorem 4.1] and [Was, Theorem 7.3]).

Let B be a unital C*-algebra. Recall then that an operator system in B is a
subspace E of B, such that 13 € F and z* € E for all z in F.

4.4 PROPOSITION. Let B be a unital exact C'*-algebra, and let E be a finite
dimensional operator system in B. Then for any ¢ in |0, co], there exist d in N
and a unital completely positive mapping ®: B — M4(C), such that

(@@ id) @] = (1 - .
for alln in N and all x in M,,(E).

Proof. Clearly we may assume that B is a unital C*-subalgebra of B(L) for
some Hilbert space L. Let N denote the dimension of E. Then by Auerbach’s
Lemma (cf. [LT, Proposition 1.c.3]), we may choose linear bases e, ... ,en of
E and e],... e} of the dual space E*, such that

leill = lle7ll =1, and ei(e;) =dij,  (i,j€{1,2,...,N}). (412

Now since B is exact, and hence nuclear embeddable, there exist d in N, and
unital completely positive mappings ®: B — My(C) and ¥: My(C) — B(L),
such that

[U(®(e) —eill < &, (i€{1,2,...,N}), (4.13)

(cf. [Was, p. 60]). We show that this ® has the property set out in the propo-
sition. For this, it suffices to show that

[(Wo®—1p)Ek|, <€ (4.14)

where tg: B — B(L) is the embedding of B into B(L). Indeed, knowing the
validity of (4.14), we have for n in N and z in M, (FE), that

] < [ (¥ o ®) @idy)(z) — 2| + || (¥ o @) @id,) (2)]
<eljz]| + [ (T o @) @idy)(z)|,

and hence that
1=zl < [[(¥o @) @id,)(z)| < (P @idn)(z)],

where the last inequality is due to the fact that ¥, being unital completely
positive, is a complete contraction.
To verify (4.14) note first, that for z in E, we have by (4.12),

= Z e; (z)ei,

=1
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and hence

Mz

N
Vod(z)—a=> ef(@)(Vod(e)—e;) = el(x)fi,
=1

i=1

where f; = W o ®(e;) — e;. Note that by (4.13), || fil]| < «, for all ¢ in
{1,2,...,N}.
Consider now n in N and & = (@rs)1<r,s<n i M, (E). We then have

((\II 0®)® idn) () —z= [(‘I’ 0 ®)(wys) — xTS] 1<r,s<n

- [Z?’Zle;‘(xm)ﬁ}lgmgn (4.15)

72( (Trs)]1<rs<n - dlagn(fu-"vfi))’

where diag,, (fi, ..., fi) is the n x n diagonal matrix with f; in all the diagonal
positions. Note here that by (4.12), |lef]lcv = [lef|| = 1, for all ¢ (cf. [Pa
Proposition 3.7]). Consequently,

[le7 (@r)lrcran| < llefllen - Nzl = llll, (i €{1,2,...,N}),

and using this in (4.15), we get that

[((®od)®id,)(x) — x| < Z el - 1fill < Z 2]l & = ellll,
which proves (4.14). O

4.5 THEOREM. Let ai,...,a, be elements of B(H,K), such that
1> _jafa]| < ¢, and || >i_;aaf|| < 1, for some constant ¢ in |0, o0l
Assume, in addition, that the C*-subalgebra A of B(H), generated by
{aja; | i,5 € {1,2,...,7}} U{lpsy}, is exact. Consider furthermore, for
each n in N, independent elements Y(n) R A GRM(n, n, ), and put
Sn=1_10;® Yi("). We then have

lim sup max [sp(S5;5,)] < (Ve + 1)2, almost surely.

n—oo

Proof. Tt suffices to show, that for any e from ]0, co[, the set

(Ve + 12,

TE:{WEQ

lim sup max [sp(Snp (w)* Sn(w))] <

n—oo

has probability 1. So let € from ]0, co[ be given, and put
E =span({la} U {aja; | i,j €{1,2,...,7}}).
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Note that * € F for all z in F, and that 14 € F. Hence FE is a finite di-
mensional operator system in A. Since A is exact, it follows thus from Propo-
sition 4.4, that we may choose d in N and a completely positive mapping
®: A — My(C), such that

[(®@idy) ()] = (1 — )|z, (n €N, z € M, (E)). (4.16)

Now put
Vo = (® ®idn)(S}Sy), (n € N),

and define furthermore

Vz{weﬂ

limsup |V ()| < (Ve +1)2}.

n—oo

By Proposition 4.3, P(V) = 1, and hence it suffices to show that 7. O V. But
if w eV, it follows from (4.16) that

limsup [|S, (w)*Sn (W) < (1 — )" limsup |V, (w)[| < (1 - €) 7! (Ve + 1),

n— 00 n—oo
which shows that w € 7.. This concludes the proof. O
4.6 COROLLARY. Let ay,...,a, be elements of an exact C*-algebra A, and

let, for each n in N, Yl("), ..., Y be independent elements of GRM(n,n, 1).
Then

T T r
lim sup H Z a; ® Yi(n)H < H ZafaiH% + H Z aia;‘H%, almost surely.
e =1 i=1 i=1
Proof. We may assume that not all a; are zero. Put v = || >.'_, aja;|| > 0 and

§ =1 >i_; aia}]] > 0. We may assume that A C B(H) for some Hilbert space
H. Then the unital C*-algebra A = C*(A,15(5)) is also exact, and hence so is
every C*-subalgebra of A (cf. [Kil] and [Was, 2.5.2]). Therefore Corollary 4.6

follows by applying Theorem 4.5 to a} = \/igai, i=1,...,r,and c= . O
Regarding the corollary above, consider arbitrary elements ai,...,a, of an
arbitrary C*-algebra A, and let {y1,...,y,} be a circular (or semi-circular)

system in some C*-probability space (B,) (cf. [Vo2]), and normalized so that
Y(yiy) = 1,1 =1,2,...,r. In [HP, Proof of Proposition 4.8], G. Pisier and
the first named author showed, that in this setting, the following inequality
holds:

T kA T
IS o] < 2max {[| S aiai]| || S aar]|*}. (4.17)
i=1 i=1 i=1

In [HP, Proof of Proposition 4.8], the factor 2 on the right hand side of (4.17)
is missing, but this is due to a different choice of normalization of semi-circular
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and circular families. By application of [Haa, Section 1], it is not hard to
strengthen (4.17) to the inequality

T T r
I a@wl <> araill* + > wiai|F, (4.18)
=1 =1 =1

both for semi-circular and circular systems. Since independent elements
Yl("), . ,YT(") of GRM(n, n, %) can be considered as a random matrix model
for the circular system {yi,...,y,}, in the sense of [Vol, Theorem 2.2], we
should thus consider Corollary 4.6 as a random matrix version of (4.18). How-
ever, the random matrix version holds only under the assumption that the
C*-algebra A be exact. In fact, we shall spend the remaining part of this sec-
tion, showing that the assumption in Theorem 4.5 that the C*-algebra A be
exact, can not be omitted. We start with two lemmas, the first of which is a
slightly strengthened version of [HT, Theorem 7.4] (which, in turn, is a special
case of a theorem of Wachter (cf. [Wac])).

4.7 LEMMA. Let ¢ be a positive number, and let (m,,) be a sequence of positive

mMn

integers, such that ™ — c as n — oo. Let furthermore (Y,) be a sequence of
random matrices, such that for each n in N, Y,, € GRM(my,n, %) Then for
any continuous function f: [0,00[ — C, we have that

b
lim tr, [f(Y,)Y)] :/ f(z) dpe(z), almost surely, (4.19)
n—oo 0

where b = (y/c + 1)? and pu is the measure introduced in (3.13).

Proof. By splitting f in its real and imaginary parts, it is clear, that we may
assume that f is a real valued continuous function on [0, 00[. We note next,
that it follows from [HT, Theorem 7.4] and the definition of weak convergence
(cf. [HT, Definition 2.2]), that (4.19) holds for all continuous bounded functions
f:1]0,00] = R. Thus, our objective is to pass from bounded to unbounded
continuous functions, and the key to this, is the fact (cf. [HT, Theorem 7.1]),
that

nh_)n;@ 1Y Yol = (Ve+ 1)2, almost surely. (4.20)
Indeed, it follows from (4.20), that (for example)
P( VXY, | < (Ve+1)? +1, for all but finitely many n) =1,
and hence, given any € in ]0, oo, we may choose N in N, such that
P(Fn) > 1—c¢,
where

Fy ={weQ||Ya(w)Y,(w)|| < (Ve+1)*+1, whenever n > N}.

DOCUMENTA MATHEMATICA 4 (1999) 341-450



RANDOM MATRICES AND K-THEORY ... 387

Now, given a continuous function f: [0,00] — R, let f1: [0,00] — R be an
arbitrary continuous function, satisfying that f; = f on [0, (v/e +1)? + 1], and
that supp(f) is compact. Then for any w in Fi, we have that

1Y (w)Ya(w)) = f(Ya(w)'Y,(w)), whenever n > N,

and hence, since f; is bounded,

b
lim try, [ f(Va(w) Ya(w))] = nlirgotrn [f1(Yn(w)"Yn(w))] :/ fi1(z) dpe(x)

n—oo

- / " Fle) de).

It follows thus, that

P( lim tr, [£(YV; V)] = [P f(x) duc(:c)) > P(Fy)>1—¢

n—oo

and since this holds for any € in |0, co[, we obtain the desired conclusion. [

Next, we shall study the polar decomposition of Gaussian random matrices.
Let n be a positive integer and let Y be an element of GRM(n, n, %), defined
on (Q,F, P). Furthermore, let U,, denote the unitary group of M,,(C).

By a measurable unitary sign for Y, we mean a random matrix U: Q — U,
such that for almost all w in 2, the polar-decomposition of Y (w) is given by:

Y(w) = U)Y(w)l;

where, as usual, |Y (w)| = [Y(w)*Y (w)]2. To see that such measurable unitary
signs do exist, we note first that by [HT, Theorem 5.2], Y (w) is invertible for
almost all w. Thus, for example the random matrix U: 2 — U, given by
Uw) = Y (w)[Y(w)*Y (w)] %, if Y(w) is invertible,
1,, otherwise,

is a measurable unitary sign for Y.

4.8 LEMMA. For each n in N, let Yl("), Y™ be (not necessarily indepen-

dent) random matrices in GRM(n, n, %), and let Ul("), . ,Ur(n) be measurable

unitary signs for Yl("), .., Y™ respectively. Furthermore, let Uin), ... ,Uin),

denote the complex conjugated matrices of Ul("), ..., U™ We then have

— 37

lim inf || ZUZ(-H) ® Y™ | > almost surely.
i=1
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Proof. Let (e1,...,e,) be the usual orthonormal basis for C", and consider
then the unit vector £ = % S e ®e; in C" @ C™. Note then that for any

A = (a;i) and B = (bjx) in M,,(C), we have that

(A®B)&,&) = > ((A® B)(ej ®¢j), e @ ex)

ayjbr; = trp(AB") = tr,(A'B).

2
k=
=1 Z (Aej,er) - (Bej, ex)
k=
2
k=

It follows thus, that

357 0v) = (7 e 3)e)] = | S [0y %)
i=1 =1
= itrn(ﬂfi(n”)
i=1

(4.21)

where the last equation holds almost surely. By Lemma 4.7, we have for all i
in {1,...,r}, that

hm try ( |Y(" / vV dps(x almost surely,

and combining this with (4.21), it follows that
~ () !
lim inf || Z U, ® Yi(")H > r/ Vv dps (), almost surely.
n—00 — 0
We note finally that
4
[VEane - [va L s g [V -,
0

and this concludes the proof. O

We are now ready to give an example where the conclusion of Theorem 4.5 fails,
due to lack of exactness of the C*-algebra A. Consider a fixed positive integer
r, greater than or equal to 2, and let IF,. denote the free group on r generators.
Let g1, ..., g, denote the generators of F,., and let C*(F,) denote the full C*-
algebra associated to F,.. Recall that there is a canonical unitary representation
up,: Fp — C*(F,), and that the pair (C*(F,),up,.) is characterized (up to *-
isomorphism) by the universal property, that given any unital C*-algebra B
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and any unitary representation u: F, — B, there exists a unique unital *-
homomorphism ®,,: C*(F,) — B, such that the following diagram commutes:

F, —% C*(F,)

| A

B
It is well-known (cf. [Was, Corollary 3.7]) that C*(FF,.) is not exact. We let
U1, ... ,u, be the canonical unitaries in C*(F,.) associated to ¢1,. .. , g, respec-
tively, i.e., u; = up,(g:), i =1,...,r. We then define
a; = %u (ie{l,...,r}). (4.22)

Then clearly,

i a;‘ai = iaia;‘ = IC*(]FT)- (423)
i=1 i=1

Consider now, in addition, for each n in N, independent elements Yl("), Ly
of GRM(n, n, %), and define

So=3Ya;aY™,  (neN). (4.24)
=1

We then have the following

4.9 PROPOSITION. With ay, ... ,a, and Sp, n € N, as introduced in (4.22) and
(4.24), we have that

(i) 1mgf 1S5Sl > (3%)2 -r, almost surely.

(ii) The conclusion of Theorem 4.5 does not hold for these a1, . .. ,a,, whenever
r > 6.

In particular, the assumption in Theorem 4.5, that A be exact, can not, in
general, be omitted.

Proof. (i) For each positive integer n, choose measurable unitary signs
Ul(n), U™ for Yl("), .., Y™ respectively, and let Uﬁ"), . ,Uﬁ”) denote
the complex conjugated matrices of Ul("), e ,Ur(n). Since F, is the group free
product of 7 copies of Z, it follows that for each w in 2 and each n in N, there

exists a unitary representation ulM F, — M, (C), such that

uM(g) =T W),  Ge{l,...,r}).
By the universial property of C*(F,) it follows then, that for each w in  and

cach n in N, we may choose a *-homomorphism ®{" : C* (F,) — M,(C), such
that

M) =T W), (ie{l,...,r).
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For each w in 2 and each n in N, note now that

||Zuz®Y”> = (@5 @ id, (Zuzw”’ )l

*IIZU w) @Y W)

Applying then Lemma 4.8, it follows that
lim inf || Z u; @ Yi(n) |>&.r almost surely,
i=1
and hence that

liminf || > a; ® Y™ |> & ., almost surely.
=1

Since [|SSn|| = [ Snll?, we get the desired formula.
(ii) By (4.23), a1, ... ,a, introduced in (4.22) satisfy condition (4.1) in the case
¢ = 1. Thus, if the conclusion of Theorem 4.5 were to hold for these a1, ... ,a,,

it would mean that

hm 1 SUp | Z a; ®Y, () | <2, almost surely.
i=1

However, Proposition 4.9 shows that

lim inf H Z a; ® Yi(") H > (%) /T almost surely,

i=1

and thus the conclusion of Theorem 4.5 breaks down, for ¢ = 1, whenever
r> (2%)% ~ 5.55, i.e., for r > 6. ]

5 A NeEw COMBINATORIAL EXPRESSION FOR E[(5*S)]

Throughout this section, we consider elements aq,... ,a, of B(H,IC), where
‘H and K are Hilbert spaces. In Section 2 We proved that if Y3,...,Y, are
independent random matrices in GRM(n,n, 1), and we put S =37 , a; ®Y;,
then

E[(S"8)] = ( Z 2 Z Ay @iy a:paiW(p)) ®la.  (5.1)

TES, 1<iy .. ip<r
In this section, we shall assume that a1, ... ,a, satisfy the condition
kA ka
Z aja; = clgpyy, and Z a;a; = 1g(k), (5.2)
i=1 i=1
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for some number ¢ in ]0,00[. Under this assumption, and by application of
the method of “reductions of permutations”, introduced in Section 1, we show
that E[(S *S )p] can be expressed as a constant plus a linear combination of the
sums:

Z n_2a(ﬁ)( Z a; Aipay " a:qaip(q))’ (¢=2,...,p),

pESiT 1<iy, . ,ip<T
where S;", as in Section 1, denotes the set of permutations p in S, for which

p is irreducible in the sense of Definition 1.16.

5.1 LEMMA. Let ai,...,a, be elements of B(H,K), and assume that (5.2)
holds. Let p be a positive integer, greater than or equal to 2, let m be a
permutation in S, \ S}i,”, and let my be the permutation in S,_1 obtained by
cancellation of a pair (e,e + 1) for 7 (cf. Definition 1.18). We then have

(i) Ife is odd, then k(#p) = k(%) — 1, and

* * = * s cooqF .
Z ailazﬂ(l) T aipazfr(p) =c ( Z aila“o(l) aip—lazﬂo(Pfl)) :

1<it, .. ip<r 1<in, ... ip_1 <7
(5.3)
(ii) Ife is even, then k(#g) = k(#), and
* * — * . ...qF )
Z Ay Qiry " Qg Qi (y = Z Ay Qi 1y Ay Qi (p—1y -
1<iy, .. ,ip<T 1<iy, . yip—1 <7
(5.4)

Proof. (i) Assume that e is odd. Then k(7)) = k(#) — 1 by Proposition 1.22.
Moreover, (e,e + 1) is of the form (25 — 1,25) for some j in {1,2,...,p}, and
therefore 7(j) = j (cf. Definition 1.15). Hence, the index i, occur only at the
2j —1’th and the 2j°th factor in the product a7, a;_,, - - - aj ai,,,, and therefore

the sum on the left hand side of (5.3) is equal to

T
* * * *
Z Wiy iry " Vin oy ( Z @i a”)alﬂl iy Qi)

100 ey 1y i1 5eee i <T ij=1

which by (5.2) is equal to

* * *
.. ( 3 @i i -..aipaiﬂ(p)). (5.5)
1<in,ooyi5—1,0541,050p ST
Note here, that if we relabel the indices ¢j41,...,%, by ¢j,...,ip—1, then it

follows from Remark 1.19(a), that (5.5) is equal to

* *
C- ( E ail azﬂo(l) - 'aip71a1-rro(p71))’

1Si1,... ,ip,lgr
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and this proves (5.3).

(ii) Assume that e is even. Then k(7g) = k() by Proposition 1.22; and
(e,e+1) = (24,25 + 1), for some j in {1,2,...,p — 1}, so that 7n(j) = j + 1
(c.f. Definition 1.15). Hence, the left hand side of (5.4) is equal to

T
* * * *
E : Ay Qi(ry * " G ( E: a”ﬂaijﬂ)a%mn TG, Gy -

1< 01, s8gy5j 25 ne 5ip <T ij1=1

(5.6)

Here, Z;H:l is1a3,,, = lpgcy, by (5.2), and proceeding then as in the
proof of (i), we obtain by Remark 1.19(b) (after relabeling i;42,...,i, by
ij+1s--- ,9p—1), that (5.6) is equal to

* *
Z @iy Qi) * " iy By (p—1y -
1<iy,.sip—1<r
This proves (5.4) O

Recall that for p in N, S)¢ denotes the set of permutations 7 in .Sy, for which
the permutation 7 is non-crossing in the sense of Definition 1.14.

5.2 LEMMA. Let aq,... ,a, be elements of B(H,K), such that (5.2) holds, let
p be a positive integer, and let ™ be a permutation in S;‘C. Then

Z @G iy = afpaiﬂp) = Ck(ﬁ—)lB('H), (5.7)

1<i1, e ip<r

and

* * I(7)—1
Z @iy @y i, 0= ) 13(K).- (5.8)

1<it,on,ip<r

Proof. We start by proving (5.7); proceeding by induction on p. The case
p = 11is clear from (5.2). Assume now that p > 2, and that (5.7) holds for p—1
instead of p, and all permutations in Sp¢,. Consider then a permutation
from Sp¢, and recall from Lemma 1.17 that 7 has a pair of neighbors (e, e +1).
Let my be the permutation in S,_; obtained by cancellation of this pair. Then
by Lemma 1.20, mo € Sp¢, and hence by the induction hypothesis,

* oo R ) — k(7o)
E QG Qi g Qi gy = C 15(m)- (5.9)
1Si1,... ,ip,lgr

But by Lemma 5.1, (5.9) implies (5.7), both when e is odd, and when e is even.
This completes the proof of (5.7).

To prove (5.8), we put b; = %a;‘, 1=1,2,---,7. Then

> bibi=cMpry, and Y bib =1pm).

i=1 =1
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Applying then (5.7), with ¢ replaced by ¢~!, it follows that
* * k(&
Z bilbiﬂ(l) e bz’pbiw(p) =c M )IB(IC)v
1<ins i <r

i.e., that

Lk Lk _ p—k(®
g Wiy Gy o Gy Q= C ( )13(,@.
1<ty yip<r

Recall finally, that since # is non-crossing, k(7)) + I(#) = p + 1 (cf. Corol-
lary 1.24), and hence it follows that (5.8) holds. O

As in Section 3, for any ¢ in ]0,00[, p. denotes the probability measure on
[0, 00[, given by

W g p(z) - dz,

where a = (y/c — 1)%, b = (y/c + 1)? and Jy is the Dirac measure at 0. Recall
from [OP] or [HT, Remark 6.8], that the moments of u. are given by

/000 P dpc(z) = %Z(?) (jfl)cj, (p €N). (5.10)

te = max{1l — ¢,0}d¢ +

5.3 LEMMA. For any positive integer p, we have

Z M = %Z(?) (jf1)cja (5.11)

TESH®
and

> A=) () (5.12)

mespe

Proof. To prove (5.11), recall from Corollary 1.12, that for B in GRM(m,n, 1),
we have that A A
Eo Trn[(B*B)p} = Z mFE) (7,
TeSy

Hence, for Y in GRM(m,n, 1),

Eotr, [(Y*Y)P] =n~P~" Z mFE pl(F) — Z niQG(ﬁ)(%)k(ﬁ), (5.13)
TES, TES,
where we have used that o(#) = 1(p+1—k(#)—1(#)). Consider now a sequence

(my,) of positive integers, such that ™2 — ¢ as n — oo, and for each n in N,
let Y,, be an element of GRM(m,,,n, g) It follows then from (5.13), that

lim Eotr, [(YY)P] = Y 0= 3" 0, (5.14)
e rES, respe
o(7)=0
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where the last equality follows from Corollary 1.24. On the other hand, it
follows from [HT, Theorem 6.7(ii)] and (5.10), that

n—oo

o p
lim E o tr, [(Y*Y)?] :/ 2P dpe(z) = %Z (;7)e. (5.15)
0 :

Combining (5.14) and (5.15), we obtain (5.11).
To prove (5.12), we use, again, that k(7) + {(7) = p + 1 for all 7 in Sp°. Tt
follows thus, that

S ATt =er N e (5.16)

meSne meSne

But by (5.11) (with ¢ replaced by ¢1!), the right hand side of (5.16) is equal
to

p
%Z e (5.17)

Substituting finally j with p+ 1 — j in (5.17), we obtain (5.12). O

5.4 COROLLARY. Let ay,... ,a, be elements of B(H,K), such that (5.2) holds.
Then for any p in N, we have that

O X (% den ) = [EX0OGE] e

mesne 1<iy, ... ip<r j=1
and
P
i o — |1 J=1|.
(if) Z ( Z Wi Qi gy * " i @ wp)) - {pz )e } 1s6)-
resne 1<iy, ... ip<r j=1
Proof. Combine Lemma 5.2 and Lemma 5.3. O

5.5 DEFINITION. (a) A subset I of Z is called an interval of integers, if it is
the form

I:{O[,O[Jrl,... 56}5

for some «, 8 in Z, such that a < .

(b) Let p be a positive integer, let = be a permutation in S,, and let I be
an interval of integers, such that I C {1,2,...,2p}. We say then that the
restriction 7|; of 7 to I is non-crossing, if (/) = I, and 7 has no crossing
(a,b,c,d) where a,b,c,d € I. In this case, we refer to I as a non-crossing
interval of integers for 7. O
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5.6 REMARK. Let p be a positive integer, let m be a permutation in S, and let
I be an interval of integers, such that I C {1,2,...,2p} and #(I) = I. Since

#2 = id and 7 has no fixed points, it follows then, that card(l) is an even
number. Put ¢t = %card([ ), and consider the unique order preserving bijection

w:{1,2,...,2t} —» I of {1,2,...,2t} onto I (i.e., p(j) = min(l) — 1 + j, for
all j in {1,2,...,2t}). It is clear then, that the mapping ¢! o (7;) o ¢ is a
permutation of {1,2,...,2t}, and that we may choose a (unique) permutation
w1 in Sy, such that

Lo () o, (5.18)

7?('1 =@
(cf. Remark 1.7(a)). It is clear too, that the restriction 7|; of 7 to I is non-
crossing in the sense of Definition 5.5, if and only if 7; is a non-crossing per-
mutation in the usual sense (cf. Definition 1.14). O

5.7 LEMMA. Let p be a positive integer, and let m be a permutation in S,,.

(i) If I is an interval of integers such that I C {1,2,...,2p} and 7|; is non-
crossing, then there exists e in I, such that e+ 1 € I and 7t(e) = e+ 1.

(ii) Ifw € S, then & has no non-crossing interval of integers.

Proof. (i) Assume that I C {1,2,...,2p} and that 7|; is non-crossing. Put
t = %card([), let ¢ be the order preserving bijection of {1,2,...,2t} onto I,
and let 71 be the permutation in Sy given by (5.18). Then m; € SP°, and hence
71 has a pair of neighbors (e’,e’ + 1) by Lemma 1.17. Putting e = ¢(e’), it
follows that e + 1 = #(e) € I, and this proves (i).

(ii) This follows immediately from (i). O

5.8 LEMMA. Let p be a positive integer, and let m be a permutation in Sp,
such that 7 is reducible. Consider furthermore a family (I)xea of intervals
of integers, such that Iy C {1,2,...,2p} for all A\, and such that the union
I = Uxenl, is again an interval of integers. If each Iy is a non-crossing interval
of integers for 7, then so is I.

Proof. Assume that each Iy is a non-crossing interval of integers for 7. Then
#(Ix) = I for all A, and hence also #(I) = I. Assume then that I contains a
crossing for 7, i.e., that there exist a,b,c,d in I, such that a < b < ¢ < d and
#(a) = ¢, (b) = d. Choose A in A such that a € Iy. Then ¢ = 7(a) € I, and
since I is an interval of integers, also b € I. But then d = () € I, too, and
hence (a,b,c,d) is a crossing for # contained in I; a contradiction. Therefore
I too is a non-crossing interval of integers for 7. ([l

5.9 DEFINITION. Let p be a positive integer and let 7 be a permutation in S,,.
By J(#) we denote then the family of all non-crossing intervals of integers for
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7. Moreover, we put

NC(r) = | I (5.19)
IeJ(x)
IRR(7) = {1,2,...,2p}\ NC(#). (5.20)

We refer to NC(7) (respectively IRR (7)) as the non-crossing set (respectively
irreducible set) for 7. O

5.10 LEMMA. Let p be a positive integer and let m be a permutation in Sp.
We then have

(i) NC(7) ={1,2,...,2p} if and only if 7 is non-crossing.

(i) NC(#) =0 if and only if # is irreducible.

Proof. (i) It NC(#) = {1,2,...,2p}, then is follows from Lemma 5.8, that # is
non-crossing. If, conversely, 7 is non-crossing, then {1,2,... ,2p} € J(#), and
hence NC(7) = {1,2,...,2p}.

(i) If NC(#) = 0, then for any j in {1,2,...,2p — 1}, {4,7 + 1} can not
be a non-crossing interval of integers for #. Hence 7(j) # j + 1 for all j
in {1,2,...,2p — 1}, which means that # is irreducible. If, conversely, # is
irreducible, then J(#) = 0 by Lemma 5.7(ii), and hence also NC(#) =0. O

5.11 PROPOSITION. Let p be a positive integer, let ™ be a permutation in Sp,
and assume that 7 has a crossing. Then the set IRR(7) is of the form

IRR(#) = {51, 82,... , S24},

where ¢ € {1,...,p}, and 1 < 51 < s9 < --- < s94 < 2p. Moreover,
51, 82,... ,52¢ have the following properties:
(i) The set {s1,S2,...,82q} is #-invariant and 7(s;) # Si41, for all i in

{1,2,...,2g—1}.
(i) If we put so = 0 and soq+1 = 2p + 1, then for each i in {0,1,...,2¢}, the
set

Ii = ]Si, Si+1[ n Z
is either the empty set or a non-crossing interval of integers for 7.
Proof. By Definition 5.5(b), each I in J(7) is #-invariant. Therefore NC(7)
is #-invariant too, and hence so is IRR(#). Since #? = id and 7 has no fixed

points, it follows that card(IRR(#)) = 2¢ for some ¢ in {0,1,... ,p}, and since
# has a crossing, Lemma 5.10(i) shows that ¢ > 1. Thus, we may write IRR(#)

in the form {sq, s, ... ,SQq}, where 51 < s9 < -+ < 824, and it remains to show
that these s1,s2,. .. , 24 satisfy (i) and (ii).

We start by proving (ii). For all I from J (), I N {s1,s2,...,82¢} = 0,
and hence each such I is contained in one of the sets I, = |s;, $;41[ N Z,
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1=0,1,...,2q. Therefore

JW:UZW, (5.21)

where J;(7) ={I € J(7) | I C L;}, for all i in {0,1,...,2q}. Note here that

U 1¢n,  (e{o1,...,2q}), (5.22)
IeJ;(#)
and that
2q
U I=NC(#)={12,... .20} \IRR(%) = | J L. (5.23)
IeJ (%) =0

Combining (5.21)-(5.23), it follows that we actually have equality in (5.22), i.e.,

U =5, (i€{01,...,2¢}). (5.24)
IeTJ;(7)

Since each I; is either empty or an interval of integers, (ii) follows now by
combining (5.24) with Lemma 5.8.
It remains to prove (i). We already noted (and used) that IRR(#) is #-invariant.
Assume then that 7(s;) = s;+1 for some ¢ in {1,...,2¢—1}. Then, by (ii), the
set

Ii={si} UL U{sis1},

is a non-crossing interval of integers for 7. But this contradicts that s; ¢ NC(#),
and hence we have proved (i). O

We prove next the following converse of Proposition 5.11.

5.12 PROPOSITION. Let p be a positive integer, let m be a permutation in

Sp, and assume that there exist ¢ in {1,...,p} and s1 < s2 < -+ < $9q in
{1,2,...,2p}, such that
(i) The set {s1,S2,...,82q} is #-invariant and 7(s;) # Si+1, for all i in

{1,2,...,2q—1}.

(ii) If we put s = 0 and saq+1 = 2p + 1, then for each i in {0,1,...,2q},
the set I; = |s;, $i+1| N Z is either the empty set or a non-crossing interval of
integers for 7.

Then {s1, s2, ... , 24} = IRR(7).

Proof. It follows from (i), that there exists a (unique) permutation 7 in Sag,
such that

ﬁ'(sl) = Sy(i) (’L S {1,2, . ,2(]}),
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and moreover

v@) #£i+1,  (i€{1,2,...,2q—1}). (5.25)

Our first objective is to prove that 7 is of the form p for some (unique) per-
mutation p in SI'*. For this, note first that by (ii), card(I;) is an even number
for all ¢ in {0,1,...,2q}. Hence s;41 — s; is odd for all ¢ in {0,1,...,2q¢}, and
this implies that

51,83,...,52¢—1 are odd numbers

82,84,...,824 are even numbers

Since 72 = id and 7(j) — j is odd for all j in {1,2,...,2p}, it follows now
that 42 = id and that (i) — i is odd for all i in {1,2,...,2¢}. Therefore, by
Remark 1.7(a), v = p for some (unique) p in Sy, and (5.25) shows that in fact
pe Sy

Returning now to the proof of the equation {s1,s2,...,s2} = IRR(#), note
first that U< I; C NC(#), and therefore

{51,582, 82} = {1,2,...,2p} \ U, I; D IRR(7).

Suppose then that IRR(7) is a proper subset of {s1,s2,...,S2,}. Then there
exists jo in {1,2,...,2¢}, such that s;, € NC(#), i.e., s;, € I, for some non-
crossing interval of integers for 7. For this I, define

J={je{1,2,...,2q} | s; € I}.

Then J # (), and since s1 < 83 < -+ < S24, J is an interval of integers. Consider
now the permutation p in S,i]”, introduced above. Then, since #(I) = I, we
have also that p(J) = J. Moreover, J is a non-crossing interval of integers
for p. Indeed, if (a,b,c,d) were a crossing for p contained in J, then clearly
(Sa, Sby Sc, $a) would be a crossing for 7 contained in I, which is impossible.
Altogether, p is both irreducible and has a non-crossing interval of integers, and
by Lemma 5.10(ii), this is impossible. Thus, we have reached a contradiction,
which means that we must also have the inclusion {s1, s2,... ,s2¢} C IRR(7).

O

5.13 LEMMA. Let p be a positive integer, and let m be a permutation in Sp\SEC.
Write then, as in Proposition 5.11, IRR(#) in the form

IRR(#) = {s1,82,... , 524},

where g € {1,...,p} and 1 < s1 < 83 < -++ < 834 < 2p. Then s1, 82, ... ,S2q
satisfy, in addition, that

(1) s1,83,...,82¢—1 are odd numbers.

(i) s2,84,...,S59q are even numbers.

(ili) There is one and only one permutation p in SI*, such that 7t(s;) = s5(;)
for all j in {1,2,...,2q}.
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Proof. This follows immediately from Proposition 5.11 and the first part of the
proof of Proposition 5.12. 0

5.14 DEFINITION. Let p be a positive integer, let 7 be a permutation in Sp\SEC,
and let ¢, s1,82,...,824 and Iy, I1,... ,Iz4, be as in Proposition 5.11. Then
put

t; = Lcard(I;), (i €{0,1,...,2q}),

and note that since I; is either empty or a non-crossing interval of integers
for 7, t; € Ng for all 4. If t; > 0, then as in Remark 5.6, we consider the

order-preserving bijection ¢; of {1,2,...,2¢;} onto I;, and we let m; denote
the (unique) permutation in Sj,, satisfying that #; = ;! o (71,) o . Clearly
T € SEC

It is convenient to consider the permutation group Sy of the empty set, as a
group with one element my. Then, in the setting considered above, we put
m; = 7y, for all ¢ in {0,1,...,2q}, for which ¢; = 0. By convention, we put

k(p) =0, and  I(fy) = 1. (5.26)
O

5.15 LEMMA. Let p be a positive integer, let m be a permutation in S, \ Sy
and let p be the irreducible permutation introduced in Lemma 5.13(iii). Then

o(p) = o(#).

Proof. Let q, s1,582,...,82¢ and Io, I1,... ,Is, be as in Proposition 5.11, and
for each i in {0,1,...,2q}, let t; and 7; be as in Definition 5.14. If ¢; > 0, then
7; is non-crossing, and hence, by Proposition 1.23, 7; may be reduced to é;
(where e; is the permutation in S7), by a series of successive cancellations of
pairs. Here é; consists exactly of one pair of neighbors, so, formally speaking, é;
can be reduced 7y, by cancellation of this pair. Thus, #; can be reduced to 7y,
by a series of successive cancellations of pairs, and forming the corresponding
series of cancellations of pairs to 7|,, it follows that o can be reduced to a
permutation, which is, loosely speaking, obtained by “cutting out” 77, from 7.
Forming these reductions for each i in {0, 1, ..., 2q¢}, for which ¢; > 0, it follows
that 7 can be reduced to p by a series of successive cancellations of pairs. By
Proposition 1.22, this implies that o(7) = o (p). a

5.16 PROPOSITION. Let p be a positive integer, let m be a permutation in
Sp\ Sp¢, and let q, s1,82,... ,82q be as in Proposition 5.11. Let further p be
the permutation in S("]” introduced in Lemma 5.13(iii), and let mo, 71, ... , T
be as in Definition 5.14. Then for any elements a1, ... ,a, of B(H,K) for which
(5.2) holds, we have

* oo coat as — (7)) E oo oeat as
Z gy Qi a) gy Qinyy = € Gy Gy Giy Fipigy s
1<iy,...,ip<r 1<, g <r

(5.27)
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where
M@) = k(7o) + (U(1) — 1) + k(f2) + - - + (U(Frag—1) — 1) + k(7r2q).  (5.28)

Proof. We start by introducing some notation. Let ¢ be a positive integer, and
let n be a permutation in S;. We then put

F(ﬁ) = Z aZ‘l Gigey " 'a:t @iy ey > (529)

1<it, e yig <7
and moreover, we put
[(79) = 1p(x)- (5.30)

Note that T'(7)) can be expressed in terms of 7 only, namely as

F(ﬁ) = Z a’:l a’i2a’;‘3ai4 T aztzt,laiztﬂ (531)
(31,92,13,%4,... ,i2¢) EN ()
where
N ()
= {(ir,i2,... i) € {1,2,...,r}*" | ij = iz, forall jin {1,2,...,2t}},

(5.32)

(cf. Remark 1.7(b)). Consider next an interval of integers I, such that I C
{1,2,...,2t} and #(I) = I. Write I in the form {a,a+ 1,...,8}, and note
that 8 — o+ 1 = card(]) is an even number. We then put

N, 1) = {(ia,... vig) € {1,2,... .7} i =iz, j=a,a+1,...,8}

(5.33)
and

Z a; Qi - -a;‘ﬁilam, if a is odd,
D(f, 1) = (o QEND C (5.34)

Z Qi i,y * Qg Gy, 1 @ ds even.

(icse. yig)EN(A,I)

Now, to prove (5.27), consider p in N and 7 in S\ S;¢, and let g, 51, 82, ... , 524
and Iy, Iy, ..., Iag, to,t1,. .. ,t24 be as in Proposition 5.11. Note then, that we

may write N () as
N(#) =

U N (7, Io) x {is,} X N(7,I1) x {isy} X =+ X {is,, } x N(7, Ip),
(isq s sisgg )ENL(R)
(5.35)
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with the convention that N (7, I;) is omitted in the product sets when 2t; =
card(l;) = 0, and where

Ni(7) = {(isys- - visa,) €{1, 2,7} | ds, = ia(s,), J=1.2,...,2q}.

(5.36)
It follows thus, by (5.31), that
I(7) = > (%, Io)a;, T(%,[)ai,, - ai,, T(%,I),  (5.37)
(iay se-r visggJENI (7)
with the convention that if card(l;) = 0,
. 15(n), if s;is even,
D(7,1;) = L (5.38)
IB(IC)v if S; 18 odd.
To calculate I'(, Iy),... ,['(7, Ia4), consider the non-crossing permutations
Mo, M1, ... ,M2q introduced in Definition 5.14. Note then, that for each v in

{0,1,...,2q}, such that ¢, > 0, we have by a suitable relabeling of indices,

N(#,1,) = {(i1,d2, ... ,i2e,) € {1,2,...,r}>"
= N(#,).

ij=ia,yy 3 =1,2,...,2t,)

It follows thus, that if ¢, > 0,

* * . .
E Wiy Qi 1y = gy Qi s if v is even,
1<y vy, <1

* * . .
g Wiy G ) i G if v is odd,

1<i1,o.e iz, <r

I#, I,) =

and hence by Lemma 5.2 (since 7, is non-crossing),

k(frv)l if vi
D(#. 1) = 4y D000 e (5.39)
) gy, if v is odd.
If t, = 0, then by definition,
T(#,1,) = 151, %f v ?s even, cf(jrv)lls(H)’ ?f v %s even,
L), ifvis odd, )= 15(x), ifvisodd,
(5.40)

with k(7y),l(7p) as defined in (5.26). Combining (5.37),(5.39) and (5.40), it
follows that with h(#) given in (5.28), we have

L(#) = M > ay ai, aj, i, (5.41)
(isq 5o sisgg )ENL(R)
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Note finally, that with p the permutation introduced in Lemma 5.13(iii), we
have that

Ny(7) = {(i1,02, . vizg) € {1,2,...,v}?" | ij = ipgy, 5 =1,2,...,2q}
:N(ﬁ)’

and therefore

* * — * ceea¥ as
a’isl Aigy - 'ai2q71azszq - Z gy Qi) azq gy -
(isg e iy, JENL(7) 1<in, .. ig<r

Inserting this in (5.41), we obtain (5.27). O

5.17 DEFINITION. Let ¢ be a positive number. Then for any p in Ny, we define

LS (P (P
gc(p) — {p j=1 (]) (j*l)c ’ lfp € N7 (542)
1, if p=0,
and
Ls~p (PY( P \ei—l
hc(p> = {p j=1 (]) (]*1)0 ) ?fp € N’ (5.43)
1, if p=0.

Moreover, for p,q in Ny, such that p > ¢, we put

V(e,p,q) = Z 9e(10)he(r1)ge(r2)he(rs) - - ge(raq)- (5.44)

70,71,... ,72¢>0
To+r1++r2q=p—gq

a
We are now ready to prove the main result of this section.
5.18 THEOREM. Let ai,...,a, be elements of B(H,K), let ¢ be a positive
number, and assume that >;_, afa; = clgy), and >;_; a;a; = 1. Con-
sider furthermore independent elements Y1, ... ,Y, of GRM(n,n, %), and put
S =>""_,a;®Y;. Then for any positive integer p,
E[(S*S)]
= |:V/(C,p,0)13(7-{)
(5.45)

DAY DRI DI TUTR | ESH

g=1 pESir 1<y, ,ig<r
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Proof. Let p from N be given. Then for each ¢ in {1,2,... ,p}, we define
Spq={m € 5, | card(IRR(#)) = 2q}, (5.46)

and

Mq = Z n_QG(ﬁ)( Z a’:laiw(l) o arpaiﬂ(p)) (547)

€Sy 4 1<iy, .. ip<r

It follows then by (5.1), that

E[(S*S)?] = [ Z niQa(ﬁ)( Z ag, Qi 'a;(pa,iﬂ'(l))):| ®Ln

€S, 1<iy . yip<r

p
- Z M, ®1,.
q=0
By Lemma 5.10, Sp0 = S, and Sy, , = Szi)”. Hence

M, = Z ”720(7})( Z gy Qigy afpai,,(p)), (5.49)

Sy 11, ip<r

(5.48)

and by Corollary 5.4(i) and Corollary 1.24,

Mo = ge(p) 1) = V' (¢, 0, 0) 150w (5.50)

To calculate My, My ..., M,_1, we let, for each 7 in Sp, p(m) denote the irre-
ducible permutation p associated to 7 in Lemma 5.13(iii). Then for any ¢ in
{1,2,...,p—1} and any p in S,i]”, we define

R(p,p) ={m € Spq | p(m) = p}.

Then we have the following disjoint union
Spq = U R(p, p),
pesti;rr

and therefore

M= Y (Y e, ae,) (551)

pESiT TER(p,p) 1Sin,tp sy

Note here, that for any p in S("]”, we have by Proposition 5.16 and Lemma 5.15,

—20(%) oo ooeat a
Z n ( E: Ay Firay "7 Qi Vi)

TER(p,p) 1<iy,...,ip<r
= ( Z c )n E Qi Ay @i Qi |5
nER(p,p) 1<iy, ... yig<r

(5.52)
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where for each 7 in R(p, p),
h(#) = k(fo) + (1(71) — 1) + k(fa) + -+ + (I(Frag1) — 1) + k(Faq),

and where mg, 71, ... , 24 are the permutations introduced in Definition 5.14.
For any p in sz” and any 7 in R(p,p), it follows from Proposition 5.11 and
Lemma 5.13, that 7 can be obtained from p in a unique way, by “stuffing
in” the intervals (or empty sets) Iy, I1,...,Is,, and the corresponding non-
crossing permutations g, 71, ... ,Maq. Conversely, if 7 € S, such that 7 can
be obtained from p by “stuffing in” intervals (or empty sets) Jo, J1,... ,Jaq
and corresponding non-crossing permutations 7o, %1, . . . ,flag, then, by Propo-
sition 5.12, m € R(p,p) and J; = I;, n; = m;, for all j in {0,1,...,2q}. It
follows thus, that the mapping

T (70, T, ... , T2q)
is a bijection of R(p, p) onto the set of (2¢ + 1)-tuples (mg, 71, ... ,m2q) of per-
mutations for which there exist to,t1, ... ,t24 in No, such that m; € Si¢ for all i,

and Z?io t; = p— q (here we have used the convention that S§° = Sy = {mp}).
Using this description of R(p, p), it follows that

oY 3 R(F0) ((1(F1) = 1) phlF2) | k(g

w€R(p,p) t0,...,t24>0 WUGS?OC"“ ,WQQES?ZCQ
to+-+t2q=p—q

(5.53)

Recall here from Definition 5.17 and Lemma 5.3, that for any ¢ in N,

SN =got), and > DT =h(t),

nesye nespe

and by (5.26) this formula holds for ¢ = 0 too. Using this in (5.53), it follows
that

> H= > ge(to)he(t1)ge(ta)helts) - - ge(tay)

wER(p,p) 10,E1,.0+ ,t24 >0
totti+ oy =p—aq (5.54)

=V(¢,p.q).

Note, in particular, that the right hand side depends only on p and ¢, and not
on p itself. Combining (5.51),(5.52) and (5.54), it follows that for any ¢ in

{1725"' apil}a

My =V'(c,p.q) Z ”720(/5)( Z ag, @i, ---a;‘qaip(q)). (5.55)

pESiT 1<iy, .. ,ig <7

Since v'(¢,p,p) = 1, (5.55) holds for ¢ = p too, by (5.49), and combining this
with (5.48) and (5.50), we obtain, finally, (5.45). O
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5.19 PROPOSITION. Let a1,... ,a, in B(H,K), ¢ in0,00[ and S =5,_, a; ®
Y, be as in Theorem 5.18. Then for any p in N, we have that

—20(7) * Lo
Z n Z @iy Fir(ry =" Qi Qi)

TeS, 1<it e yip<r
p ~
=V (ep0)+ Y Viepa Y n O N ahai, e a, ||
g=1 peSiT 1<y, .. ,ig<r
Proof. This follows by exactly the same proof as for Theorem 5.18. 0
5.20 EXAMPLE. Let ay,...,a, in B(H,K) and ¢ from ]0,00[ be as in Theo-
rem 5.18.

(a) Forp=1orp=2, we have S, = S;¢. Hence by (5.1), Corollary 1.24 and
Corollary 5.4(i), we get that

E[S*S] = clpayem, ©): and  E[(5*9)%] = (¢® + )lpaoeu, ©)-

This can also easily be obtained directly from (5.1) and (5.2).
(b) For p = 3, card(S3) = 6 and card(S5°) = 5. The only element of S5\ S5°
is the irreducible permutation 7 given by

For this m, o(#) = 1, and it follows then by (5.1) and Corollary 5.4(i), that

E[(S*S)?’} = (34332 + LBryem. () + (n—2 Z afaka;aiazaj) ®1,.

ij,k=1

irr

This follows also from Theorem 5.18, because Si* = Si* = () and S¥* = {n}.
O

6 THE SEQUENCE OF ORTHOGONAL POLYNOMIALS FOR THE MEASURE fi.

Throughout this section we consider a fixed positive constant ¢, and elements
ai,...,a, of B(H,K), satisfying that

Z aia; = clpey) and Z a;a; = 1.
i=1 i=1
Moreover, we put
S - Z a; ® Y;a
i=1
where Y7,...,Y, are independent elements of GRM(n, n, %)
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As in Section 3, we let u. denote the probability measure on R, given by

(x —a)(b—x)

= 1—1¢,0}0
e = max{l —¢,0}dp + Sy

where a = (y/c — 1), b= (y/e + 1)2

The asymptotic upper bound for the spectrum of S*S obtained in Section 4
(in the exact case), was obtained by making careful estimates of the moments
E[(S*S)p], p € N. However, these estimates cannot be used to give good
asymptotic lower bounds for the spectrum of S*S in the case ¢ > 1. To obtain
such lower bounds, we shall instead consider the operators E[PqC(S *S )], where
(Py)qen, is the sequence of monic polynomials, obtained by Gram-Schmidt
orthogonalization of the polynomials 1, z,z2,..., w.r.t. the inner product

. 1[a,b] (x) . dl‘,

(fg) = / T @)9@) dpel@), (fug € PR ).

The main result of this section is the equation

E[P:(S*S)] = [ Z nﬂa(ﬁ)( Z a;aip(l)...a;‘qaip(q))]emn, (q € N),
peSirr 1<t 4ig<r
where S,i]" is the set of permutations p in Sy, satisfying that
L#p(1) #2# p(2) # - # p(9)
(cf. Definition 1.16).

6.1 PROPOSITION. Let (Py)qen, be the sequence of polynomials on R, defined
by the recursion formulas:

P(z) = 1, (6.1)
Pf(z) = z-—c, (6.2)
P;+1(z) = (x—c— l)P;(z) — CP;_l(:E), (g>1). (6.3)

We then have
(i) For each g in No, Pg(x) is a monic polynomial of degree q, and Pg(r) € R
for all real numbers .

c? sin((q +1)0) + T sin(gh)

(i) Pg(c+1+2y/ccosh) = 10 . (0€]o,n[).
) [ E@re e = TS gy ey
iii )PS5 (x () = , .

o 1 : 0, if q¢#d, b=
In particular, (Py)qen, is the sequence of monic orthogonal polynomials ob-
tained by Gram-Schmidt orthogonalization of 1,x, 22, ..., in the Hilbert space

L*(R, pic).
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Proof. (i) This is clear from (6.1)-(6.3).
(ii) Consider the sequences (Rg)gen, and (Ty)qen, of polynomials, given by
the recursion formulas

Ré(z) = 1, (6.4)
Ri(x) = xz—c—1, (6.5)
ar1(@) = (@—c—1RY(x) —cRy_4(x), (¢=1), (6.6)
respectively
T5(x) = 0, (6.7)
TH(x) = 1, (6.8)
Tip(e) = (@—c—1)T5(x) —cTy_y(x),  (¢=1). (6.9)

Note here, that the conditions (6.6) and (6.9) are the same, and therefore, the
sequence (Rq + Tq)qen, satisfies this condition too. Moreover, the sequence
(Ry + Ty)qen, also satisfies (6.1) and (6.2), and it follows thus, that

Pj(r) = Ry(x) + T;(z), (q € Np).

Note also, that T5(x) = 2 — ¢ — 1, so that the sequence (T} ;)qen, satisfies
(6.4)-(6.6), and hence

Tj(x) = Rg_y(z),  (¢€N).
Altogether, it follows that

Pi@) = Ri@)+ R (@), (g2 1), (6.10)
Pj(x) = R§(x). (6.11)

To prove (ii), it suffices therefore to show, that with z = ¢ + 1 4 2\/ccos¥,
6 €10, [, one has

ct sin((g + 1)6)
sin 6

Ry(x) = , (q € Np). (6.12)
For ¢ = 0, this is clear from (6.4), and for ¢ = 1, it follows easily from (6.5),
using that sin20 = 2sinfcosf. Proceeding by induction, assume now that
p > 1 and that (6.12) has been proved for all ¢ in {0,1,...,p}. Then by (6.6),
_ 2y/ccosf -2 sin((p + 1)0) "5 sin(ph)

C —_—
pr(7) = sin 6 sin 6 ’

when z = ¢+ 1+42+/ccosb, 6 €10, 7[. But 2cosfsin((p+1)0) = sin((p+2)0) +
sin(pd), and therefore
"% sin((p + 2)0)

pr(7) = sin 6 ’
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which means that (6.12) holds for ¢ = p + 1. Thus, by induction, (6.12) holds
for all ¢ in Ny, and this concludes the proof of (ii).
(iii) We show first, that for any m,n in N,

0, if n #m,

| eRe @) dute) = {Cmﬂ (6.13)

, ifn=m,

where RS, RS, RS, ..., are the polynomials determined by (6.4)-(6.6). Note for
this, that if ¢ < 1, then the atom for u. at 0, does not contribute to the integral
on the left hand side of (6.13). Hence, for all values of ¢ in ]0, co[, we have

0o b
| ame @R @) dule) = 2 [ F@ Rz @V = o) o, (614)

By the substitution z = ¢+ 1+ 2y/ccos b, 8 € ]0, 7[, and by (6.12), the integral
on the right hand side of (6.14) can be reduced to

E/Oﬂc’"i" sin((m + 1)0) sin((n + 1)6) do,

which is equal to ¢™*16,, ,,. This proves (6.13).
We show next that

xR, (x) = Py (x) + cPy,(x), (m € Np). (6.15)

For m = 0, this is clear from (6.1),(6.2) and (6.4), and for m > 1, we get from
(6.6) and (6.10), that

eRy, () = Ry, (2) 4+ (¢ + DR (2) + eRy, oy (2) = Py (o) + P ().

This proves (6.15). Define now
Ymon = /OOO PS¢ (z)PS(x) due(x), (m,n € Np).
It follows then from (6.15), that
Ittt i = [ SRR duee), (mon € No)

and applying then (6.10),(6.11) and (6.13), we get that

Ymtin + mn =" G + Omn-1),  (m € No,n €N), (6.16)
and
m+1s

Ym41,0 + Ym0 = ™16 0, (m € No). (6.17)
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Since p. is a probability measure, 9,0 = 1, and using this and induction on
(6.17), it follows that v, 0 = 0 for all m in N. Thus

1, ifn=0
n — Yn,0 = ’ ’ 6.18
7o, Tn,0 {0’ i > 1. ( )

Consider now a fixed n in N. By (6.16), we have then that

0, ifme{0,1,...,n—2},

ve2

, ifm=n-—1.

Ym+1,n + CYmn = {C

By induction in m (0 < m < n), we get then, by application of (6.18), that

0, ifm<mn,
Ym,n =

c", ifm=n,

and this completes the proof of (iii). O
6.2 LEMMA. For any non-negative integers p, q, put
b
vepa) =t [ #Pi(e) duo) (6.19)
We then have

(i) For any p in Ny, aP = Z];:O v(e,p,q) Py ().
(ii) For any p,q in Ny,

vie,p,q) > 0, ifqg<p, (6.20)
vie,pp) = 1, (6.21)
vie,p,q) = 0, ifg>p. (6.22)

Proof. (i)  Consider a fixed p from No. By Proposition 6.1,
span{ P§, Pf,... , P5} is equal to the set of all polynomials of degree less
than or equal to p. In particular we have that ¥ = ZZ:O ’quqC(x), for suitable
complex numbers 7o,...,7, (depending on ¢ and p). Applying then the
orthogonality relation in Proposition 6.1(iii), it follows that v, = v(c, p, ¢) for
all ¢ in {0,1,...,p}, and this proves (i).

(ii) By (6.1)-(6.3), it follows that

zP§(x) = Pf(z)+ cP§(x), (6.23)
PE(r) = Pry(@)+ e+ DPS@) +cPe (@), (g2 1), (624)
so by induction in p, we get that z?(= x?P§(x)), can be expressed as a lin-

ear combination of P (z), Pf(z),... , P5(x), in which all coefficients are non-
negative. By (i) and the linear independence of Fs(z), P (), ... , P5(), these
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coefficients are exactly v(c,p,0),v(c,p,1),...,v(c,p,p), and hence (6.20) fol-
lows.

Note next that (6.21) follows from 1) and the facts that Py(z) is a monic
polynomial of degree p, whereas F§(x),...,Py_i(x) are all of degree at most
p—1.

Finally, (6.22) follows from (i) and the orthogonality relation in Proposi-
tion 6.1(ii). O

6.3 LEMMA. Let v(c,p,q), p,q € Ny, be as in Lemma 6.2. Then for any fixed
q in Ny, the power series

oo

Z ¢, p, q)tP, (6.25)

converges for all t in the open complex ball B(0,¢), where b = (y/c + 1)*
Moreover, the function

oo

Z viep.q)t?,  (te B(0,1),

is for all t in B(0, 1) \ {0}, given by
Jq(t) =
1—(c— 1)t — /(T — at)(1 — bt) (1 —(c+ 1)t — /A —at)(1 - bt))q (6.26)
2¢ ’

2t t

where /- is the principal branch of the complex square-root.

Proof. Consider the Hilbert space L?(R, ), and let A be the bounded operator
on L?(R, u.), given by

[AD)(z) = 2f(x),  (f € L*(R,pc), = €R).

Note that A* = A and that sp(A) = supp(u.) C [0,b]. Thus, letting 1 denote
the identity operator on L?(R, ), 1 —tA is invertible for all complex numbers
t such that || < 3, and moreover, for such t,

(1—-tA)~ Z tP AP (norm convergence).

For any ¢t in B(0, %), we have thus that

Sl = TS (P = TS (AR, B
p=0 p=0 p=0

= Y(1 —tA)"'P§, PY).
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This shows that the series in (6.25) converges for all ¢ in B(0, ), and moreover,
that

JS(t) =791 — tA)~' Fs, Py), (t € B(0,1)). (6.27)
To prove (6.26), we shall calculate the right hand side of (6.27). For this,

consider for each z in B(O,%) the series Zgio z4P;, and note that by

Lemma 6.1(iii), this series converges in || - |o-norm in L?(R, u.). We may
thus define
w, = qupg € L*(R, u.), (2 € B0, 22)). (6.28)
q=0

With A as above, it follows now by (6.23) and (6.24), that for any z in
B0, )\ {0},

Aw, =3 2"AP{ = cP5+ P{+ Y z"(cP5_ + (c+ 1)PS + P5yy)

n=0 n=1

= (c+cz)Py + Z(z”fl +(c+1)2" + 2"t Pe

n=1
=(c+c2)P§+ 27 1+ (c+ 1)z + c2?) Z 2" Py
n=1

=(ctez—2' 1+ (c+1)z4c2?)P5+ 27 1+ (c+ 1)z + c2*)w.
=2 Y14+ 2)P§+ 27 1+ 2)(1 + c2)w.,

where the infinite sums converge in || - ||o-norm. From this it follows that
T+ 2) A+ el = Aw, =27 (1+2)F5, (2 € B(0, ) \ {0}),
and hence that
(1- mfl)wz = 2= 55, (z € B(0, %) \{-1,-1}).  (6.29)

Define now

P(2)= ¢ - (=€ C\{-1,1}).

14+ 2)(1 +¢2)’

Since sp(A4) C [0,b], it follows that (1 — ¢(2)A) is invertible whenever ¢(z) ¢
[$,00], and in particular, as long as |¢(z)| < ¢. Note then, that ¢ is analytic
on C\ {-1,—1}, and that ¢(0) = 0, ¢/(0) = 1. It follows thus, that we may
choose neighborhoods U and V of 0 in C, such that ¢ is a bijection of & onto
V. We may assume, in addition, that
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For z in U, it follows now from (6.29), that

w: = 31— p(2)A) 7P,

and hence, by (6.27) and Lemma 6.1(iii),
J5(e(2)) = (1 +c2) - ¢ Ywz, PY) = (1+c2)2, (zel). (6.30)

It remains to invert ¢. By solving the equation
z

b=
(I4+2)(1+c2)
w.r.t. z, we find that

RPN el G VL 2;1 —a0=00 ey oy,

where, as usual, a = (y/c—1)? and b = (y/c+1)2. Since p~1(t) — 0ast — 0, it
follows that for some neighbourhood Vy of 0, such that Vy C V, we must have

1= (c+1)t—+/(1—at)(1—0bt)
B 2ct ’

(1) (t € Vo\{0}), (6.31)

where +/* is the principal part of the square root. Hence, we have also that

1 (=1t zt(l —at)(1— bt)’ (teVo\{0}). (6.32)

Inserting (6.31) and (6.32) in (6.30), we obtain that (6.26) holds for all ¢ in
Vo \ {0}

To show that (6.26) actually holds for all ¢ in B(0, 1) \ {0}, note that for all
such ¢, Re(1—at) > 0 and Re(1 —bt) > 0, so that (1 —at)(1—bt) € C\]—00,0].
Hence, with /- the principal branch of the square root, ¢ — /(1 — at)(1 — bt)
is an analytic function of ¢t € B(0, %) By uniqueness of analytic continuation,
it follows thus, that (6.26) holds for all ¢ in B(0, 1) \ {0}. O

1+ co ()

6.4 LEMMA. Let g.(p) and h.(p), p € No, be as in Definition 5.17. Then the
power series

Ge(t) =D 9e(p)t?, (6.33)
p=0
and
He(t) = he(p)t”, (6.34)
p=0

are convergent for all t in B(0, 1), and

Jo(t) = t9Go(t) T He (1), (t € B(0,1)). (6.35)
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Proof. By (5.10), we have

0c(p) = / T dpea), (peN),

and since g.(0) = 1, the same formula holds for p = 0. Hence g.(p) = v(¢, p,0),
for all p in Ny, so by Lemma 6.3, the series in (6.33) converges for all ¢ in
B(0, %), and

Gult) = gty = Lo le= e =T —anT —on) (t € B0, 1)\ {0)).

2t
(6.36)

Since h.(0) = 1 and since hc(p)

%gc(p), for all p in N, the series in (6.34) is
also convergent for all ¢ in B(0, +), and

)
Ho(t) =1+ 1(Get) 1), (€ B(0,2)).

=

Hence by (6.34)

H(t) = 2 le= D= 2(;1(51 —0 M e B0, 1)\ {0).  (6:37)

By (6.36) and (6.37), we get now for all ¢ in B(0, 1) \ {0},

G.(t)H.(t)

(- /T —a)d —b0))° — (e —1)%

N 4ct?

1+ (1 —at)(1—bt) —2\/(1 —at)(1 —bt) — (c — 1)%¢?

N 4ct?

14+ (1 =2(c+ Dt + (e —1)%%) — 23/(1 — at)(1 — bt) — (¢ — 1)t
N 4ct?

1= (c+1)t—/(1—at)(1—0bt)

N 2ct? ’

Combining this with (6.36) and (6.26), it follows that
JA(t) = Ge()(tG(H(1)",  (te B(0, 7)),

and the same formula holds trivially for ¢ = 0, by (6.22). This proves (6.35).
O

6.5 LEMMA. For all p,q in Ny such that p > q, let v(c,p,q) be as introduced
in Definition 5.17. Then

V' (c,p,q) = v(c,p,q), (p,q € No, ¢ <p).
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Proof. Recall from Definition 5.17, that for p, ¢ in Ny, such that p > ¢, we have

V(e,p,q) = Z 9e(10)he(r1)ge(r2)he(rs) - - ge(raq)-

T0,T1,.-- ,T2¢>0
To+r1++r2q=p—¢q

Hence v/(c, p, q) is the coefficient to t?~7 in the power series for
G.(t)H ()G (t)He(t) - - - Ge(2), (2g + 1 factors),

and therefore v'(c,p,q) is the coefficient to #” in the power series for
t4G.(t)9T H.(t)4. Thus, by Lemma 6.3 and Lemma 6.4, it follows that

V'(e,p,q) = v(c,p,q), forall p,qin Ny, such that p > gq. a

6.6 THEOREM. Let H, KC be Hilbert spaces, and let a1, ... ,a, be elements of
B(H,K), satisfying that > ;_, afa; = clgpy and Y;_; a;a; = lg(x), for some
positive real number c. Furthermore, let Y7,...,Y, be independent elements
of GRM(n,n, 1), and put S =3_]_  a; ® Y;. Then for any q in N,

ELF (58] = { Z niw(ﬁ)( Z aj, iy "'a;‘qa%m))} @ 1n

peSiT 1<t ig<r

Proof. For each ¢ in N, put

— —20(p) * . cea¥ as
Tq - Z n @iy Ay @i, Qipgy )

pESiT 1<i1, .. ,ig<T

and put To = 15(3). By Theorem 5.18 and Lemma 6.5, it follows then that

E[(S*S)] => v(ep.q) T, @1,  (p€No). (6.38)

q=0

On the other hand, it follows from Lemma 6.2(i), that

E[(S*S)] = v(e,p,QE[P{(S*S)],  (p € No). (6.39)
q=0
We prove that
E[PS(S*S)] =T, ®1,,  (q€Ny), (6.40)

by induction in ¢g. Note that (6.40) is trivial for ¢ = 0. Consider then p
from N, and assume that (6.40) has been proved for ¢ = 0,1,... ,p — 1. Since
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v(c,p,p) = 1, by Lemma 6.2(ii), it follows then from (6.39) and (6.38), that

p—1
E[Pg(S*S)] =E[(S*S)?] = ) v(c,p, q)E[P;(S*S)]

q=0
p—1

:E[(S*S)p} - V(cvpaq)'Tq®1n
q=0

=T,®1,.

Thus, (6.40) holds for ¢ = p, and this completes the proof. O

6.7 EXAMPLE. By (6.1)-(6.3), it follows that

Pf(z) = z—c, (6.41)
P§(z) = a*— (2c+1Da+c?, (6.42)
P§(x) = 2*— (3c+2)2® + (3¢ +2¢c+ 1)x — . (6.43)

By Example 5.20, Si* = 0 if p € {1,2}, and S¥" = {x}, where 7 is the

permutation given by (1) = 3, 7(2) = 1,7(3) = 2, so that o(#) = 1. It follows
thus by Theorem 6.6, that

E[Pf(S*S)] = 0,

E[P5(57S)] = 0,

E[P5(S*S)] = n? Z a; axajaaga;.

ij,k=1

These three formulas can also easily be derived directly from Example 5.20,
using the formulas (6.41)-(6.43). O

7 AN UPPER BOUND FOR E[exp(—tS*S)], t >0

Throughout this section, we consider elements aq, ... ,a, of B(H,K) (for given
Hilbert spaces H and K), satisfying that

Zafai =clp) and Zaia;‘ = 1p(x),

=1 i=1

for some constant ¢ in [1,00[. Moreover, we consider independent elements
Yi,..., Y, of GRM(n,n, %), and put

i=1
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As in Section 3, we let u. denote the probability measure on R, given by

(x —a)(b—x)

-1 -d
Dy la,b] (:C) Zz,

He =
where a = (y/¢c —1)% and b = (/¢ + 1)?. Furthermore, we let (P{)sen, be the
sequence of monic orthogonal polynomials w.r.t. u. as defined in Section 6. In
particular P§ = 1.

7.1 LEMMA. Let, as above, a = (y/c — 1)? and b = (\/c + 1)2. Then for any q
in NQ,

(i) Pg(x) > Pg(b) >0, for all x in ]b,oo|.

(ii) |Pg(x)| < P;(b), for all x in [a,b].

(iii) [P5(z)| < Pg(2c+2—=x), for allx in | — oo, al.

Proof. We start by proving (ii). If z € [a,b], then z = ¢+ 1 + 2+/ccos¥, for
some 6 in [0, 7]. For 6 in ]0, 7|, we have from Proposition 6.1(ii), that

c? sin((q +1)0) + T sin(gh)

PS(c+1+2v/ccost) = -~ . (7.1)
Note here that for any k in Ny,
sin((k+1)0) _ M (1 4 €20 4 (40 4 ... 4 (2Hi0), (7.2)

sin 6

so that W| < k+ 1. It follows thus that

IPé(z)| < c2(g+ 1) +¢'Tq, (2 €la,b), (7.3)

and by continuity, (7.3) holds also for + = a and = b. By (7.2),
limg_,q W = k + 1, for any k in Ny, and hence the right hand side
of (7.3) is equal to Pg(b). This proves (ii).

To prove (i), we note first, that by uniqueness of analytic continuation, (7.1)
actually holds for all § in C\ 7Z. If we put 6 = ip, p > 0, we get the equation:

¢? sinh((g + 1)p) + T sinh(gp)

Pf(c+1+2y/ccoshp) = Sinh

» (p €0, 00]),
(7.4)
which covers the values of P,(z) for all x in ]b, 0o[. Note here that for any & in

NO)
sinh((k + 1)p)

- :e—kP(l+€2P+64P+...+62kl)),
sinh p
and hence, if k is even,

sinh((k + 1)p)

b~ LT 2cosh(2p) + 2cosh(dp) + - 4 2cosh(kp),
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whereas, if k is odd,

sinh((k +1)p)

Sinh = 2 cosh(p) + 2 cosh(3p) + - - - + 2 cosh(kp),

so in both cases S‘nhg%)p) is an increasing function of p > 0. It follows thus
from (7.4), that Py (z) > Pg(b) for all z in |b, oo[. Moreover, as we saw in the
proof of (ii), P;(b) > 0. This concludes the proof of (i).

Finally, to prove (iii), we put 8 = 7 +ip in (7.1), and get for p in ]0, co|, that

(=1)9c? sinh((q + 1)p) + (—1)?"'c"=" sinh(gp)
sinh p

|PS(c+1—2y/ccoshp)| = ‘

- 3 sinh((q + 1)p) + = sinh(gp)

sinh p
= P;(c+ 14 2y/ccoshp).

This proves (iii). O
7.2 DEFINITION. For each ¢ in Ny, we define the function ¢;: R — R, by the
equation
b

P (t) = C_q/ exp(tx) Py (z) dpc(x), (t eR). O
7.3 LEMMA. Consider the sequence ({g)q4en, of functions, introduced in Defi-
nition 7.2, and for each p in Ny, let, as in Section 6,

b

vepa) = et [ aPi(e) ducle). (g € M)

We then have
(i) ¥5t) =32, ;—p!u(c,p, q), for allt in R.

(i) Doz ()] |Ps (x)| < exp(|t|x) +exp(|t|(2c +2)), forallt inR and all
x in [0, o0l

(iii) exp(tz) = >°.2og(t) - Py(x), forallt in R and x in [0, 00, and for fixed

t in R, the series converges uniformly in x on compact subsets of [0, co].

Proof. (i) By Lemma 6.2(ii), v(c,p,q) = 0 whenever ¢ > p. Hence (i) follows
from the power series expansion of exp(tx).
(ii) Let 8: R — [b, o[ be the continuous function defined by:

x, if x > b,
Blx) = b, if a <z <b,
2c+2—x, ifx<a,
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It follows then from Lemma 7.1, that
|P7(x)] < P;(B(x)), (z € R, q € No). (7.5)

Recall that 27 = 377 _ v(c, p, ) Py(x), for all pin N (c.f. Lemma 6.2(i)). Hence,
for z,t in R, we have that

exp(tx) Zt,acp i (zp:u(c,p,q)P;(x)). (7.6)

Substituting  with S(z) and t with |¢| in this formula, and recalling from
Lemma 6.2(ii), that v(c, p,q) > 0, for 0 < ¢ < p, we get by application of (7.5),

i ﬂ(Zu ¢, p, Q)| Py (v ) Z (U (Zu ¢, q )))

p=0 q=0 p=0
= exp(ltlﬂ(w)) < oo.

Hence, we can apply Fubini’s theorem to the double sum in (7.6), and obtain
that

exp(tz) = Z (Z % v(c,p, q))PC( ), (z,t € R). (7.7)

=0 p=q
Similarly we have that
expl(f0(2) = 3 (3 Bole,p. ) Py(0(a)),  (mteR).  (13)
9=0 p=q

Note here that by (i) proved above, we have that,

Z'p— v(c,p, q). (7.9)

Since () < max{2c+2,z} for all z in [0, oo, (7.5) and (7.7)-(7.9) imply that
for all ¢ in R and z in [0, oo,

Z g ()] - [P5 ()] < exp(|t|B(x)) < exp([t](2¢ + 2)) + exp(|t]x),

and this proves (ii).
(iii) The summation formula in (iii) follows from (i) and (7.7). To prove that
the convergence is uniform in z on compact subsets, we observe that for any
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@ in N
Q 00
|explta) =Y wiOPi@)| < Y i)l 1Ps)
q=0 q=Q+1
< > (X Yo rariB@))
q=Q+1 p:qp (7-10)
<y ‘t'p(zucp, )P (B()))
p=Q+1
i 18022
p=Q+1 "

Since 3 is continuous, and hence bounded on compact sets, it follows readily
from (7.10) that for fixed ¢ in R, the series in (iii) converges uniformly in z on
compact subsets of [0, ocol. O

7.4 PROPOSITION. Consider the sequence (Q/Jg)quo of functions, introduced in
Definition 7.2. Then for any t in R such that [t| < Z, the function w
exp(tS*(w)S(w)) is integrable in the sense of Definition 3.1, and

E[exp(tS*S)] = Y ve(t)E[Ps(S*S)], (7.11)

q=0
where the sum on the right hand side is absolutely convergent in B(H").

Proof. We start by proving that the right hand side of (7.11) is absolutely
convergent in B(H"). Since [¢g(t)| < g(|t|]) by Lemma 7.3(i) and (7.9), it
suffices to consider the case where t > 0.

By Lemma 7.3(i), we have for any ¢ in [0, oo],

> wolElrs )l =3 (S vepolElris ). )

Note here, that by Theorem 6.6,

LIEACE [ DRl I DA IN

pESiT 1<i1,...,ig <7

for any ¢ in N, whereas
[E[PS(S*S)]|| = IEQs@em)I = 1.
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Hence, by Proposition 5.19, Lemma 6.5 and Proposition 2.7, we have for any
pin N,

p
Y vep oE[PIS™ 9] < D 0@ YT ahai, a0,
q=0 TESy 1<ty yip<r
< Z n72a'(fr)cl<a(fr).
TSy

(7.13)

Using now that ¢ > 1, and that (%) < k(#) + 20(#) (c.f. Proposition 2.10), it
follows that for any p in N,

Z =20 () (7)< Z (2) 20<ff>ck<fr>_ (7.14)

TES, TES,

For p = 0, we note that

P

> vlepg)|[E[PL(S*S)]| =1. (7.15)
q=0
Combining now (7.12)-(7.15), we get that
Zw )[E[Pe(S*9)]|| < 1+ Z (Y (@) em), (7.16)
TeSy

Using then that —20(7) = k(%) + 1(7) —p — 1, it follows that

Zw; JEP(S* )] <1+ 4 (2)7 37 nkh) (z)D!
p=1 TESy
Sltety ghmy(9)" Y a7 (2™
p=1 mESp

(7.17)

where the last equality follows by noting that i ﬁ for all p in N. By

Lemma 3.4, the last quantity in (7.17) is finite Whenever 0 << <1, and this
shows that the right hand side of (7.11) is absolutely convergent for all ¢ in
| =2, 2], as desired.

It remains now (cf. Definition 3.1) to show, that for any state ¢ on B(H"),

E[p(exp(tS*S))] = > 5(t)p(E[P5(S*S)]), (tel-2,2).  (7.18)
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So consider a fixed ¢ from | — 2 2[ and a fixed state ¢ on B(H™). Since

c’ec

the spectrum of S*(w)S(w) is compact for each w in €, it follows then by
Lemma 7.3, that

plexp(tS™ (@)S(W))] = D va(t)p[ Py (Su(w) Su(w))], (7.19)

so we need to show that we can integrate termwise in the sum on the right
hand side. Note for this, that by Lemma 7.3(ii), and the function calculus for
selfadjoint operators on Hilbert spaces,

D s - 1P(S(w) S (@))] < exp(2(e + 1]t Lsrem) + exp(Jt]S ()" S(w),
p=0

(7.20)

where |T| = (T?2)z, for any selfadjoint 7" in B(H™). For such T', we have also
that |o(T)| < ¢(|T]), and hence it follows from (7.20), that

D S| - e[ Pe(S(w)*Sw))]| < exp(2(c+ 1)|t]) + @[ exp(|t]S(w)*S(w))].
" (7.21)

Since E[@(exp([t|S*S))] < oo, by Proposition 3.2, it follows from (7.21) and
Lebesgue’s theorem on dominated convergence, that we may integrate termwise
in (7.19), and hence obtain (7.18). This concludes the proof. O

In order to obtain the upper bound for E[exp(ftS*S)} in Theorem 7.8 below,
we need more precise information about the behavior of the function 1 (t) for
t <0.

7.5 PROPOSITION. Consider the sequence (wg)quo of functions, defined in Def-
inition 7.2. Then for any q in Ny, and any t in ]0, co[, we have that

(i) ¥e(t) > 0.
(i) (=1)5(=t) > 0.
(i) [og(—t) < Lue).

Proof. (i) This follows from Lemma 7.3(i), but for completeness we include a
different proof, which will also be needed in the proof of (ii) and (iii). For each
q in Ny, we put

pi(z) = 3PE(@), (2 €R).

Then by Proposition 6.1, (pg)4en, is an orthonormal basis for La([a, b], p.). Let
A be the (bounded) operator for multiplication by « in Lo ([a, b, pt.). Then by
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(6.23) and (6.24), the matrix M(A) of A w.r.t. (pg)qen,, is given by

c e 0
Ve e+1 e

M(A) = ve cf ! ﬁ (7.22)
0

From this, it follows, that for any p in N,
M(AP);, >0, when |j— k| <p,
M(AP)ji, =0, when |j—Ek| >p.
Hence, for any ¢ in [0, co],
M (exp(tA))jn =050+ Y L M(AP)jx >0, (j,k € No).
p=1

Since exp(tA) is the operator for multiplication by exp(tz) in La([a, b], f1c), and
since P§(x) = 1, we get that

b
Y (t) = ch/ exp(tz) P (z) Py () dpe(z) = 3 (exp(tA)pg, pg)

(7.23)
= ¢ M(exp(tA))o,g > 0,
and this proves (i).
(ii) To prove (ii), we consider the operator
B=A+2P,
where P is the projection onto Cp§ in B(LQ([a, b], ,uc)). Then
c+2 e 0
Ve e+l e
Ve e+l e
M(B) = L : : (7.24)
0
so as above, we get that
M(exp(tB)) ik >0, for all j,k in No. (7.25)

Let U be the unitary operator on Lo([a, b], i), defined by the equation:
Upg=(=1)%pg, (g € No).
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Then
c+2 —c 0
—ve c+1 —\/c
—vec c+1 —y/c
M(UBU*) = _ , | =meErn1- ).
0

Hence A =2(c+ 1)1 — UBU*, and for t in [0, oo[, we have thus that
exp(—tA) = exp(—2(c+ 1)t) exp(tUBU™) = exp(—2(c + 1)t)U exp(tB)U™.
Therefore,

M (exp(—tA))jr = (fl)j""k exp(—2(c+ 1)t)M (exp(tB))k, (4, k € Np),
(7.26)

so in particular, by (7.25),
(=17 M(exp(=tA)je > 0, (j,k € No).

For t in [0, oo[, we note here that

Pg(—t) = ch/ exp(—tz) Py (x) Py (z) due(r) = ¢ M(exp(—tA))q0, (7.27)

and hence it follows that (—1)%3)4(—t) > 0, which proves (ii).
To prove (iii), we need the following technical lemma:

7.6 LEMMA. Let C and D be bounded positive selfadjoint operators on £2(Ng),
and assume that the corresponding matrices (c;i);.ken, and (djk); ken, satisfy
the following conditions:

(a) ¢jk >0 for all j,k in Ny.

(b) ¢jr =0 when |j — k| > 2.

(¢) djr = cjk, when (j,k) # (0,0).

(d) doo > coo-
For ¢, in £5(Ny), we define

[0, Pk = () (k) — e()¢ (), (J:k € No).

Consider then furthermore f, g from ¢5(Ny), satisfying that

(e) f(k) >0 and g(k) >0 for all k in Ny.

() [f.gljk >0, for all k,j in Ny such that k > j.
Then for all j, k in Ng, such that k > j, we have that

() [Cf,Calyu > 0.

(ii) [Df,Cgljr > 0.

(i) [D"f,C"gljk =0, for all n in N.

(iv) [exp(tD)f,exp(tC)gl,x > 0, for all t in [0, col.
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7.7 REMARK. If @, are strictly positive functions in ¢2(Np), then the state-
ment
[¢, Y]k >0, forall j,k in Ng, such that k > 7,

is equivalent to the condition that

2(0) _ o) _ 92
00) = 9~ b@)

Proof of Lemma 7.6. Note first that for any ¢, in ¢3(Ny) and j, k in Ny, we
have that [¢, ¢¥];r = —[p, ¥]k,;. In particular,

[%ﬂ’]j,j = 07 (90’ 1/} S gQ(NO)v .7 S NO) (728)

Note also that the positivity of C' implies that

> ... 0

det (ij Cjk) >0, for all 7, k in Ng, such that j # k. (7.29)
Ckj  Ckk

To prove (i), consider k, j in Ny, such that k£ > j > 0. We then have
(CF) () = ¢jji—1f(G—1) +eif(4) e fli+1), ifj=>1,
c0,0f(0) + co1f(1), if j =0,
and since k # 0,
(Cg) (k) = ckr—19(k = 1) + crrg(k) + crprrg(k +1).
Thus,
{2‘;71 anﬁ_:lkfl cjlckm[fa g]l,’ma lfj Z 13
211:0 Z:j:lkfl ColCkm [fa g]l,ma lf] = 0.

Assume first that & > j+ 2. In this case, | < j+ 1 < k —1 < m, for all terms
in the above sums, and thus, by (f) and (7.28), [f, g]i,m > 0. Since ¢, > 0 for
all I, m in Ny (by (a)), it follows thus that [C'f, Cgl;r > 0.

Assume next that &k = j + 1, and consider first the case 7 > 1. Then

[Cf,Cgljr = {

Jj+1 g+2
[CF.Colik =D D cicisrmlf, glm. (7.30)

l=j—1m=j

In 8 of the 9 terms in the sum above, | < m, and hence [f, g];,m > 0. Only in
the case (I,m) = (7 + 1,4), do we have [ > m. However, the sum of the two
terms corresponding to (I,m) = (j,j+1) and (I, m) = (j+1,7) is non-negative,
since

cjiiCitrg+1lf gliga + ¢igrcivglf, gliv

= (€jjCj41,5+1 = €j,j+1C+1,5) [f+ glj+1s

DOCUMENTA MATHEMATICA 4 (1999) 341-450



RANDOM MATRICES AND K-THEORY ... 425

which is non-negative by (7.29). Since the remaining 7 terms in the sum on the
right hand side of (7.30) are also non-negative, it follows that [Cf, Cgl;r > 0.
If j=0,and k= j+ 1 =1, the same argument can be used to show that

1 2
Cf,Cg ZZCOlclmfa lmZO

=0 m=0

This proves (i).
To prove (ii), note first that by (a) and (c), we have

(Df)G) = (CHG), ifj=1,
and
(Df)(0) = (Cf)(0) + (doo — c00).f(0).
Hence, if & > j > 1, we get from (i), that
[Df.Cyljk = [Cf,Cgljk > 0.
If k > j = 0, then
[Df,Cglo.r = (Df)(0)(Cyg)(k) — (Df) (k) (Cg)(0)
= [Cf,Cglox + (doo — c00) f(0)(Cg)(k).

But (doo —co0) f(0) > 0 by (d) and (e), and since also (Cg)(k) = 3,2 crig(l) >
0, by (a) and (e), it follows by (i), that also [Df, Cglox > 0. This proves (ii).
Next, (iii) follows from (ii) and induction on n, and from noting (by induction),
that (D™ f)(j),(C™g)(j) > 0 for all n in N and j in Ny.

To prove (iv), we let ¢ be a fixed number in [0, oo[, and put

Cn=14+LC, and D,=1+1D, (n € Np).

Then, for all n, C,, and D,, are positive selfadjoint operators on ¢2(Ny), which
also satisfy the requirements (a)-(d). Hence, if f,g € ¢5(Ny) which satisfy (e)
and (f), we conclude from (iii), that

[+ ED)"f,(1+£C)"g],, 20,  whenj >k,
and hence, letting n — co, we get that
[exp(tD) f, exp(tC)g]j x>0, when j > k,

as desired. O

End of Proof of Proposition 7.5. Only (iii) in Proposition 7.5 remains to be
proved. Let A, B from B(LQ([a, bl uc)) be as in the first part of the proof of
Proposition 7.5. Since A is the multiplication operator associated to a positive
function on [a,b], and since B > A, both A and B are positive selfadjoint
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operators on Ly([a, b], pic). Let C and D be the operators in B(¢2(Ny)) corre-
sponding to A and B respectively, via the natural Hilbert space isomorphism
between La([a, b], j1c) and £2(Np), given by the orthonormal basis (p§)gen, for
Ly([a,b], ). Then C and D are positive selfadjoint operators and by (7.22)