ELECTRONIC JOURNAL OF DIFFERENTIAL EQUATIONS, Vol. 1998(1998), No. 02, pp. 1-18.
ISSN: 1072-6691. URL: http://ejde.math.swt.edu or http://ejde.math.unt.edu
ftp (login: ftp) 147.26.103.110 or 129.120.3.113

A minmax principle, index of the critical point,
and existence of sign-changing solutions to elliptic
boundary value problems *

Alfonso Castro, Jorge Cossio, & John M. Neuberger

Abstract

In this article we apply the minmax principle we developed in [6] to
obtain sign-changing solutions for superlinear and asymptotically linear
Dirichlet problems. We prove that, when isolated, the local degree of any
solution given by this minmax principle is +1. By combining the results
of [6] with the degree-theoretic results of Castro and Cossio in [5], in the
case where the nonlinearity is asymptotically linear, we provide sufficient
conditions for: i) the existence of at least four solutions (one of which
changes sign exactly once), ii) the existence of at least five solutions (two
of which change sign), and iii) the existence of precisely two sign-changing
solutions.

For a superlinear problem in thin annuli we prove: i) the existence of
a non-radial sign-changing solution when the annulus is sufficiently thin,
and ii) the existence of arbitrarily many sign-changing non-radial solutions
when, in addition, the annulus is two dimensional.

The reader is referred to [7] where the existence of non-radial sign-
changing solutions is established when the underlying region is a ball.

1 Introduction

Let © be a smooth bounded region in RY. Let f : R — R be a differentiable
function such that f(0) = 0 and f'(0) < Ay, where A\ < A2 < ... are the
eigenvalues of —A with zero Dirichlet boundary condition in Q. Let FF': R — R
be given by F(u) = fou f(s)ds. We assume that f’, f, and F have subcritical
growth, i.e., that there exist A >0 and p € [1, (N +2)/(N — 2)) such that

If'(u)] < A(juP~' +1) for uin R. (1.1)
When necessary we will assume the following additional hypotheses:

(h1) limyy| o0 f(u)/u = 00, i.e., f is superlinear.

*1991 Mathematics Subject Classifications: 35J20, 35J25, 35J60.

Key words and phrases: Dirichlet problem, sign-changing solution.
(©1998 Southwest Texas State University and University of North Texas.
Submitted September 17, 1997. Published January 30, 1998.

Partially supported by NSF grant DMS-9215027, and Colciencias-BID.



2 A minmax principle EJDE-1998/02

(h2) f'(u) > f(u)/u for all u # 0.
(h3) There exist m € (0,1) and p > 0 such that Fuf(u)— F(u) > 0 for [u| > p.

From these hypotheses it follows that there exists a positive constant K such
that
atf(ot) > Ko ™tf(t), (1.2)

for @« > 1 and |t| > p. The proof of this inequality is deferred to Section 5.
Let H denote the Sobolev space Hy'?(€) (see [1]). Let J : H — R be defined
by

J(u) = /Q <%|Vu|2 — F(u)> dz, (1.3)

so that

(VJI(u),v) = / (Vu - Vv —uvf(u)) dx, for allv € H .
Q

Because of (1.1), we see that J € C?(H,R) (see [21]). Letting v: H — R be

defined by v(u) = (VJ(u),u) = [{|Vul> — uf(u)} dz, one sees that

v (u)(v) = (Vy(u),v) = Q/QVU-VU dr — /Qf(u)v dr — /Qf’(u)uv dr. (1.4)

Recall that for v € H, uy(x) = max{u(x),0} € H and u_(z) = min{u(z),0} €
H (see [19]). We say that u € H changes sign if u; # 0 and u_ # 0. For v # 0
we say that u is positive (and write u > 0) if u_ = 0, and similarly, u is negative
(u < 0) if up = 0. As noted in [6], the transformations u — u4 and u — u_
are continuous from H into H. Let

S={ue H-{0}:vy(u)=0} and S;1={ueS:us #0,u_ #0,y(us)=0}.
In [6] we proved the following minmax principle:

Theorem 1.1 If (k1) — (h3) hold, then there exists w € H N C%(Q) such that
J'(w) =0 and J(w) = min{J(u) : uw € S1}. In addition, w changes sign ezactly
once, i.e., {x : w(zx) > 0} and {z : w(x) < 0} are connected. Moreover, there
exist w; > 0 and we < 0 such that J(wi) = min{J(u) : v € S;u = uy},
J(wg) =min{J(u) : u € S;u=u_}, J'(wy) = J'(w2) =0, wy and we are local
minima of J|g, and J(w) > J(w1) + J(wa).

By the definition of weak solution and regularity theory for second order
elliptic boundary value problems (see [19] and [15]), the critical points of .J are
the solutions to the boundary value problem

Au+ f(u)=0 inQ

1.5
u=0 ond. (1.5)

We note that nontrivial solutions to (1.5) are in S (a closed subset of H) and
sign-changing solutions to (1.5) are in S; (a closed subset of .S).
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When defined, we denote by d(v, W,0) the Leray-Schauder degree of the
vector field v on the bounded region W with respect to 0 (see [11]). In Section
2 we prove that if the critical point w given by Theorem 1.1 is isolated then
its Leray-Schauder index (degree of V.J with respect to zero in any region con-
taining w but no other critical point of J) is +1. More precisely we prove the
following result.

Theorem 1.2 Let w be as in Theorem 1.1. If A C H is a bounded region
containing w and no other critical point of J in its closure, then

d(VJ, A,0) = +1.

In Section 3 we consider arbitrary smooth bounded regions €2 in the case
where f is asymptotically linear, i.e., we assume f'(4+00) = lim,, o0 f/(u) € R,
f/(=o00) =limy—, oo f'(u) € R. In addition we assume that ¢ f”(¢) > 0 for ¢ # 0.
The latter hypothesis implies (hz2). Because we assume f to be asymptotically
linear it satisfies (h3) but not (h1). By again applying Theorem 1.1 we establish
the following result.

Theorem 1.3 If tf"(t) > 0 for t # 0 and f'(—0), f'(+00) € (A2,0), then
(1.5) has at least four solutions. One of these solutions changes sign exactly
once and, if isolated, its local Leray-Schauder degree is +1.

We emphasize that the latter theorem includes the case where (1.5) has
Jumping nonlinearities, i.e., the interval (f'(—o00), f/(4+00)) U (f'(4+00), f'(—00))
contains an eigenvalue \g. In turn, Theorem 1.3 allows us to extend the results
of [5] by proving:

Theorem 1.4 If tf"(t) > 0 for t # 0 and f'(—o0), f'(+00) € (g, Ag+1) for
k > 2, then (1.5) has at least five solutions, two of which change sign. Moreover,
one of these two sign-changing solutions changes sign exactly once.

In addition, we show that Theorem 1.4 is sharp in the sense that no more
than two sign-changing solutions need exist. In fact we have:

Theorem 1.5 If k = 2 in Theorem 1.4, then (1.5) has precisely two solutions
which change sign; both change sign exactly once.

The reader is referred to [7] where the authors showed the existence of non-
radial sign-changing solutions when € is a ball in RY and f is asymptotically
linear. More precisely, let AT < A5 < ... be the eigenvalues of —A acting on
radial functions of H}(Q2) and recall that \; = A and Ay < \5. In [7] we proved
the following theorem.

Theorem 1.6 Iftf"(t) > 0 fort #0, f'(c0) € (Ak, Aky1) with k > 2, f/(t) <
v < A1 for allt € R, and A1 < Ay < A1 < AL, then the boundary value
problem (1.5) has at least two solutions which are non-radial and change sign.
Moreover, one of these two sign-changing solutions changes sign exactly once.
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For related results on asymptotically linear problems we refer the reader to
[3] and [10].

In Section 4 we consider the case in which f is superlinear and Q = Q(e) is
the thin annulus given by Q = {x;1 — e < ||z|| < 1}, where € is a small positive
number. We prove the following theorems.

Theorem 1.7 Let (hy) - (h3) hold and let Q be as above. There exists €1 > 0
such that if 0 < € < €1 then (1.5) has a sign-changing non-radial solution.

For the special case N = 2 we further prove the following result.

Theorem 1.8 Let (h1)—(hs) hold and let Q be as above. If N = 2 then for any
positive integer k there exists e1(k) > 0 such that if 0 < € < €1(k) then (1.5) has
k sign-changing non-radial solutions.

2 The Leray-Schauder Index of the Critical Point

Throughout this section w denotes a critical point of J satisfying the variational
characterization of Theorem 1.1. We further assume that w is an isolated critical
point. We let X denote the linear subspace of H generated by {w,w_}. Since
w is a sign-changing function, X is a two dimensional subspace. We denote by
Y the orthogonal complement of X in H.

By the definition of J and (hz) we have

G wpew) = [ (Vg Vs = flwed) da
= [ (st - Fw)ud) da (2.1)
= /Qwi (—fguuf) - f’(w+)) dz < 0.

Similarly (J”(w)w_,w_) < 0. Since w_ and w; are orthogonal in H, J"(w)
is negative definite on X. By the continuity of J” and the assumption that w
is an isolated critical point, we may assume that there exist € > 0 and K > 0
such that V.J(u) # 0 if 0 < |Ju — w|| < v2¢ and (J"(w + 2 + y)v,v) < —K||v||?
for all z € X, x € B(0,¢), and y € B(0,¢€). Since VJ(w) = 0 we may assume,
without loss of generality, that

J(x+w) < J(w) for |z| =e. (2.2)

Lemma 2.1 There exists § € (0,€) such that if y € B(0,0) NY and ||z| = ¢
with x € X then J(w+y+z) < J(w).

Proof. We prove this lemma by contradiction. Suppose {y;} C Y and {z;} C
X are sequences with lim; ,oc y; = 0, ||z;|| = € for all j, and J(w + y; + z;) >
J(w). Since X is finite-dimensional, without loss of generality we may assume
that lim;_, z; = & and ||Z|| = €. By the continuity of J we have J(w + &) >
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J(w), but this is a contradiction since VJ(w) = 0 and J”(w + z) is negative
definite for all z € X with ||z|| <e. O

Lemma 2.2 There exists a continuous function ¢ : B(0,01)NY — B(0,e1)NX
such that J(y) == J(w +y + ¢(y)) = max||z||<e, J (w +y + x) is of class C.
Furthermore, w + x + 1y is a critical point of J if and only if x = ¢(y) and y is
a critical point of J. Moreover, d(V.J,B(0,8,) NY,0) = d(V.J,%,0).

Proof. By Lemma 2.1, for y € B(0,5)NY there exists & € B(0,e)NX such that
J(w+y+z) = max{J(w+y+z); ||z|]| < ¢ x € X}. Hence (VJ(w+y+2),z1) =0
for all 1 € X. Assuming that (VJ(w+y—+xo),z1) =0 for all 1 € X, we have
0= (VJ(w+y+2)—VJ(w+y+zg),z—x0) = (J' (wt+y+2')(&—x0), (E—2z0)) <
—K||Z — x0||%. This proves the uniqueness of #. Thus we may write & = ¢(y).
Arguing as in [20] using the implicit function theorem one sees that ¢ is a
function of class C!. For the proof that w 4+ x + y is a critical point of J, with
|z|| < e and ||ly|| < e, if and only if z = ¢(y) and w + y is a critical point of .J,
we refer the reader to [2] and [4].

For the proof of the last assertion of the lemma we refer the reader to The-
orem 3 of [17] and Lemma 2.6 of [20]. O

Lemma 2.3 For each y € B(0,0) NY, the set S1N{w+y + z; ||z| < €} s
nonempty.

Proof. For |y|| < let P(y,s,t) = (VJ(w +y + swy +tw_),w +y + swy +
tw_),(VJ(w+y+ swy +tw_), (w+y+ swy +tw_)4)). It is easily seen that
P(0,s,t) = 0 if and only if (s,¢) = (0,0). Therefore there exists p > 0 such that

P50 2 p i [Jswy +tw | = e (2.3)
Since P(0, s,t) is equal to
(V- s+t ), (L4 sy + (1w}, (VI (wswy +tw), (L+)ws))

we see that f = P(0,-,-) is a differentiable function. An elementary calcu-
lation shows that det(f’(0,0)) = —(J"(w)ws, ws)(J"(w)w_,w_) < 0. Thus
d(f, {(s,t);||swy + tw_|| < €},0) = —1. Also by (2.3) there exists §; € (0,0)
such that if ||y|| < 1 then ||P(y, s,t)|| > p/2 for ||swy + tw_|| = €. By the exis-
tence and homotopy invariance properties of the Brouwer degree, for |ly|| < 1
there exists (s,t) such that P(y,s,t) = 0. This and the definition of S and Sy
prove the lemma. O

Proof of Theorem 1.2 Arguing as in Theorem 3 of [17] or Lemma 2.6 of [20]
one sees that

d(VJ,B(w,e),0)

I
=3
<
~
o
s
O D
\‘O

|
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e
g
>
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On the other hand, by Lemma 2.3, for each y € B(0, d1) there exists z € B(0,€)
such that w+y+xz € S1. Hence J(y) = J(w+y+¢(y)) > J(w+y+z) > J(w) =
J(w). Since this shows that .J has a local minimum at 0 we have d(V.J, B(0, ;)N
Y,0) =1 (see [2] or [9]). Hence d(VJ, B(w,¢€),0) = 1. By the excision property
of the Leray-Schauder degree, if 3. is a bounded region containing w but no other
critical point we have d(VJ, %,0) = d(VJ, X — B(w,¢),0) + d(VJ, B(w,¢),0) =
0+ 1 = 1. This proves the theorem.

3 Asymptotically Linear Problems on General
Regions

Proof of Theorem 1.3 Assume that tf”(¢) > 0 for ¢ # 0, and that f'(+00),

and f'(—o0) are in (A\g, +00). As pointed out in [5], the latter assumptions imply

that (1.5) has a positive and a negative solution. Since 0 is also a solution to

(1.5) it remains only to show the existence of a sign-changing solution.
Let 0 € (1,1 + (2/N)). Forn=1,2,... let

ft) | <n
fo(t) =9 f(n)+ f(n)(t —n)+ (t—n)7 t=>mn (3.1)
fle=n) + f1(=n)(t+n)+ (E+n)7 ¢ <—n.
Since o > 1 there exists C1 € R such that |f(¢)] < C1(|t]” + 1) for all t € R.

Also, since nf'(n) > f(n) (see (ha)), fu(t) < f'(+o0)t+(t—n)7 < (f'(c0)+1)t”
for ¢ > n. Similarly f,(¢) > —(f'(—o0) + 1)|¢|” for ¢ < —n. Therefore,

|fr(t)] < Ca(|t]° + 1) for all ¢ € R,and all positive integer n, (3.2)

where Cy = max{C4, f'(—o0) + 1, f'(+00) + 1}.

We let F,,(t) = fot fn(s)ds. Let gn(t) = tfn(t) — 2F,(t) — afn(t) + tfn(a).
Using the convexity of f,, on (0,00), we see that for 0 < a < ¢ we have g/,(¢) > 0.
Thus ¢fn(t) — 2F,(t) > afn(t) + tfn(a). Since f'(0) < A1, there exists a; > 0
such that f(a1) = Aag. Let € € (0, min{f'(+00) — Az, f/(—00) — A2}). Because
I/ (+00) > Ag, there exists by > a1 such that f(t) > (f/(+00) —€)t for all ¢ > b;.
Again by the convexity of f, on (0,00), for ¢ > by we have

tfa(t) = 2F,(t) = a1 fu(t) — tfalar) = a1 fu(t)[1 — (A1/(f'(+00) —€))]. (3.3)
Similarly, there exists as < 0, and by < 0 such that if t < by then
tfn(t) = 2Fn(t) = azfu()[1 = (A1 /(f'(=00) — €))]. (3-4)
Combining (3.3) and (3.4) we see that

tfn(t) = 2Fn(t) = al fu(t)] + D, (3-5)



EJDE-1998/02 A. Castro, J. Cossio, & J. M. Neuberger 7

where @ = min{as, a2} and
D = min{min{tf(t) — F(t) —a|f(t)];t € [=b2, bi1]}, (3.6)
min{tf,, (¢t) — Fn(t) — a|fn(t)];t € [~b2,b1],n € [1,b1 — bQ]}} .

Foru € H welet J,,(u) = [,{3|Vu[?~F,(u)} dz. By Theorem 1.1, the equation

Au+ fp(u) =0 inQ

3.7
u=0 on o (3.7)

has a solution w,, which changes sign exactly once. Also,
In(wy) = min{J,(u):ue H (VJy(u),us) = 0,uy # 0,u_ #0}.

Let us see that, for n large enough, w,, is a solution to (1.5). Let ¢ € C1(Q) C H
be an eigenfunction of —A with zero Dirichlet boundary condition correspond-
ing to the second eigenvalue Ay. By the Courant-Weinstein minmax princi-
ple (see [12], pp. 452), ¢ changes sign exactly once. Since f'(+o00) > g,
lim¢—s 4 oo J(tp4) = —oo. Thus there exists a > 0 such that y(a¢ps) = 0 (see
[6], Lemma 2.1). Similarly, there exists 8 > 0 such that v(8¢_) = 0. Let m >
[|¢]]oo (¢ + B) be a positive integer. For n > m we have V.J(a¢;) = VJ,(ady)

and VJ(86_) = V.J(Bé-). Hence, Jy(wn) < Ju(ads +66-) = J(ads +56-).
Thus,

Jn(wn) <M= maX{Jl(w1)7 BERE) Jm—l(wm—1)7 J(a¢+ + /6¢—)} (38)
Let us see that there exists a positive integer K such that
[|wn|loo <n forall n> K. (3.9)

This will establish that, for all n > K, w, is a solution to (1.5) that changes
sign exactly once. For the sake of simplicity of notation we write w, = w.
From (3.5) and (3.8) we have

Moz ) = [ (G190 - Fwn)

1

= §/§z(wn fn(wn) - 2Fn(wn)) (310)

D
> G101+ 5 [ Untwn).

Let v =2N/(N —2) if N >3 and v = 4 if N = 2. By the Sobolev embedding
theorem there exists a real number C'(£2) such that

(/Q |u|y> " = C(Q)/Q [V(u)||* forall wue H. (3.11)
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Multiplying (3.7) by |w|Y ~lw and integrating by parts we infer

N—1 N-1 2
/Q |V lwfa(w) = N /Q ol V[V ()

N %/ﬂ (IIV(IwI(N“)/Q)II)2 (3.12)

2/v
]\42 (/ |w|(N+1)u/2> ,
Q

where My = 4N/(C(Q)(N+1)?). Let s = (v(N+1)—2N—20)/(v(N +1)—20).
By the definition of v and ¢ we have s € (0,1) and 0(1 —s) < 1. Let p=1/s
and ¢ = p/(p — 1). Thus Holder’s inequality, (3.2), (3.10), and (3.12) imply

(N+1)v/2y2/v

( /Q o ) (3.13)
— (/M) / Fn(w)l® [l [fu(w) 12

(1/My) / Fulw))V? (C / (w¥a+ 4 u]Ve))a-9)

< Mo f ol ¢ / jwf o) it ) -

< M4(/ oo (VFD/2)(1-9) +M5(/ oo VHDY/2)(1=s)Na)/(Na+0)
Q Q

Y

IA

where Ms, My, and Ms are constants independent of n. Therefore,

2/(v(N+1))
([ ulisaners) < My, (3.14)
Q

with Mg independent of n, since 2/v > (1 —s) > (1 —s) N¢/Nq+o.

This and (3.2) imply that {f,(w,);n = 1,2,...} is bounded in the space
LIN+1Y/(29)(Q)). Hence, by a priori estimates for elliptic boundary value prob-
lems, {wn;n = 1,2,...} is bounded in the Sobolev space W2 N+1v/(29)(Q),
Since by the choice of o, (N + 1)v/(20) > (N/2), we see by the Sobolev em-
bedding theorem (see [1]) that {wn,;n = 1,2,...} is bounded in L*°(£2). This
proves that for n sufficiently large we have |w,(z)| < n for all z € Q. Thus by
the definition of f,, the function w, is actually a solution to (1.5). This shows
that (1.5) has a solution that changes sign exactly once. Finally, if w, is an
isolated critical point of J then it is also an isolated critical point of .J,,. Thus,
by Theorem 1.2, its Leray-Schauder index is +1. This proves Theorem 1.3.

Proof of Theorem 1.4 Because f'(+00), f/(—00) € (A, Ag+1), using argu-
ments from [5], one sees that there exists 71 > 0 such that if V.J(u) = 0 then
lw|l < r1. Moreover J has at least five critical points and

d(VJ,B(0,71),0) = (=1). (3.15)
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Since f/(0) < A the functional J has a local minimum at 0 and 0 is an isolated
critical point of J. Let ro € (0,71) be such 0 is the only critical point of J in
B(0,r2). Then

d(VJ,B(0,r2),0) = 1. (3.16)

Because k > 1 and f/(0) < Ay, if P is any region containing the positive solutions
to (1.5) and no other critical point of J, then

d(VJ, P,0) = —1. (3.17)

Similarly
d(VJ,N,0) = —1, (3.18)

where N is any subregion containing the negative solutions to (1.5) and no other
critical point of J. If we assume that w is the only solution to (1.5) that changes
sign, by Theorem 1.2 we have d(VJ, B(0,71) — [B(0,r2) UPUN],0) = 1. Thus

(-1)* = d(VJ,B(0,r) — (B(0,72) UP U N,0) (3.19)
+d(VJ, P,0) 4+ d(V.J,N,0) +d(V.J,B(0,73),

which contradicts (3.15)—(3.17), and this proves the theorem.

Proof of Theorem 1.5 Let z be any sign-changing solution. Since by as-
sumption uf”(u) > 0 for u # 0, it follows that

(D?J(2)24,24) = /Q|Vzi|2—f’(z)zida:

/Q 2 f(2) - f(2)# da
fen{f - renla<o

2+

Thus, D?J is negative definite on the two-dimensional subspace spanned by
{z4,2_}. On the other hand, since f’(t) < A3 for all t € R we see that D2J(() is
positive definite on the subspace spanned by {#s3, @4, . ..}. Thus, D2J(2) is non-
degenerate and deg(VJ, B(z,6),0) = (—1)? = 1 for any sign-changing solution z,
where ¢ is sufficiently small. In particular, every sign-changing solution changes
sign exactly once (otherwise the dimension of the negative-definite space would
be greater than 2.) Also, since deg(VJ(z), B(0, R)—[B(0,e) U PU (—P)],0) =2
(see [5]), there are exactly two sign-changing solutions. This concludes the proof
of Theorem 1.5.

4 A Superlinear Problem on Thin Annuli

The purpose of this section is to prove Theorems 1.7 and 1.8. Given € € (0,1)
andk €N, let @ ={z e RN : 1—e <[z <1} and Qf = {z € Q°: 0 € (0, F)},
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where (7, ¢1,- -+, ¢n_2,0) = (r, ®,0) denote the spherical coordinates of z € RY
given by

ro= (el ++aR)?
x1 = rcos(ér)
(4.1)
ZN—1 = rsin(¢r)---sin(¢py_2)cos(d)
xy = rsin(¢r)---sin(¢py_2)sin(d).

We recall that ¢; € [0, 7] whereas 6 € [0,27). Also we define
Hi ={uec H"(QF) :u(x) =0 if |z|| € {1 —¢,1}}.
For u € H| we define
i) = o (G5 = Fw)de,  3i(u) = (J)' (u)(w) =< VJ(w),u >

S(e, k) ={u e H; — {0} : v5(u) =0},
S1(e, k) ={u € S(e, k) : up,u_ € S(e, k)}.

Imitating the proof of Poincaré’s inequality one sees that

J

Let A1 (€, k) denote the smallest eigenvalue of —A subject to the boundary con-
dition

u?(z)dx < 462/ |Vu(z)|?dz for all w € Hf. (4.2)

€ €
k Qk

ou

u(l—¢,®,0)=u(1,9,0) = a—nu(r, $.0) = g—zu(r, o, 7/k) = 0. (4.3)

From (4.2) and (4.3) we see that A (e, k) tends to infinity as € tends to 0. Thus
there exists g > 0 such that if € € (0,¢€g) then

(0) < Ai(e, k). (4.4)
Hence, as in [6], one sees that that for € < ¢y the functional Jf has a critical
point we x that satisfies Jg (we x) = ming, (¢ x) J and changes sign. By regularity

theory for second order elliptic operators (see [18]), it follows that we is a
classical solution to

(a) Au+ f(u) = 0 inQyf,
(b) u(r,®,0) = 0 for re{l—e1} (4.5)
(c) ug(r,®,0) = 0 fork>0, 0c{0,%}.
Now we extend evenly w1, to £2¢ by
We (7, D, 0) if 0€][0, 7]
e (r, ®,0) = e p(r,®, 28 —0) if 6€[F, 2] (4.6)
Ue i (1, @, 0) if 0=° 4t with seN
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For j € N, we will denote by w, ,2;i the restriction of u. ;i to §2f,. We note
that uc is a solution to (1.5) in Q = QF, whereas u. 251 € Hj, satisfies (4.5).

Lemma 4.1 If%wegjk Z 0, then Ue k2jk 7 We k-

Proof. Let 6y € (0,7/(2jk)) be such that Zwe2jk(r, ®,00) # 0 for some
(r,®,00) € Q5. Define

u€7k72jk(7'v ®,0 -+ 0o) for 6 € [0, % —6p)
Ue k,2jk (1, @, 0 — 5 +6p) for 0 € [T — 6o, 7]

y(r, ®,0) = {

Since ue k255 (r, ®,0) = e 1,255 (7, D, %) and

0 ™
%Ue,kgjk(ra ®,0) = %ue,kﬂjk(ra P, E) =0,
we see that y is a function of class C*'. In particular y € Hf. Since we 2jk
changes sign, and by invariance of the integral Ji(y) = Ji(te k,2j%), We have
y € S1(e, k). However, since y does not satisfy the boundary condition (4.5) (c),
it follows that Jf (uek,2j%) = J5(y) > Ji(wek). This proves the lemma. O

Lemma 4.2 For each positive integer k, there exists e1(k) such that if € < e1(k)
then Jg(we ) < Ji(v) for any sign-changing radial solution v to (1.5).

Proof. Let v(xz) = v(||z||) be a radial sign-changing solution to (1.5). Since
v(1 — €) = 0 we see that

1 1
/ (v)2r N ldr < 462/ (vg)2rN " tdr. (4.7)
1

—e€ 1—e

for e € (0,1/2).
Let k be a given positive integer. Let j be an even positive integer to be
chosen independent of (e, k). Let

5r.0.0) :{ o(r) sin(®) sin(jk0) for (r,®,0) if 6 € (0, )

for 0 € (7%, %)

where sin(®) = sin(¢1) - - -sin(¢pn_2) if N > 2 and sin(®) =1 if N = 2. Since v
changes sign, so does Z. By the chain rule and (4.1) we have

|Vii(r,®,0)
— (04)2()(sin(®) sin(jk0))? (48)
. L 2 N_2 sin(®) cos(¢;) 9
+ (T (U:I:)(r) Sln(]kg)) 2i=1 (sm(@) Sin(¢1) . Sin((bi_Q))
cos(jk0) 9

+r72 (v)? (r) (sin(®) jk

sin(¢1) - - - sin(Pn —2)
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if 0 € (0, 7;); otherwise V£ = 0.Thus

V2L(r, @, 0)]* < (v2)7(r) + (N = 2)r~2(ve)*(r) + (Fhr ™ (v2)(r))*.

This and (4.7) imply

[ @Par < [ (@204 @R -2+ PR da
< U6/ =)+ (0)e) [ (ode (49
<

2/Q (v+)7dz

€
gk

for (see (4.4))
- }
@ —2)+ 272
V(2)-]Pdz < 2 [, (v-)2dz. Because of (h1) — (h2) there exist
ik

positive numbers a and [ such that vj(aZy) = v;(B2-) = 0. Let p > 0 and m
be as in (hs3). Let

e < minfeo, 1/4, o (4.10)

Similarly |, o
k

T 37

3
= ; > ; — i=1,... — _

T
4

)}

Suppose that a > 2N~V (4m + 2)/m. Thus for (r, ®,0) € D we have
asin(®) sin(jk0) > (4m + 2)/m. Using this, the fact that g(t) = tf(¢) defines a
function bounded from below, and Lemma 5.2, we conclude

[ aG)ifa) i (4.11)

k

= /Q asin(jk0) sin(®@)vy (r) f (asin(jk0) sin(®)vy (r))dx

e
ik

v

EIQS, | + K (o) /D 04 () f(0(r)) da

IV

vy fvg)rNtdr) (/ sin(®)d®db) ,

E[Q5,| +K1(a)%(/ j

vy 2>p
where E = inf{g(t);t € R}, K; = K20-N)/™ with K as in Lemma 5.2, and

S = {(®,0); (/4) < ¢ < (3n/4) fori = 1,....,N—2, (r/4jk) < 0 < (37/4jk)}.
Now from Lemma 5.1 we have, denoting ¥ ~1dr by d#,

[ eosem)d (412)
+(r)=p
:/ 0y () £ (0(r))dF — / 0s ()£ (0(r)) dF

+(r)20 +(r)<p
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_ fv+(7’)<p vy (r) f(v(r))dP .
= T e i) ]/Wzo”*(”)“”(’“))d’“
_ fv+(7’)<p vy (r) f(v(r))dP .
S ) /W) )

N-1

A < v (D (0(r))dr o () F(o(r)) dF
[t BN o (2o (V' (r))2dF ]/vm)zo T

> [1— G /- / or (1) f(o(r) dr

vy (r)>0

where C; = (4/3)N~Tmax{|tf(t)|;|t| < p}/C and C is as in Lemma 5.1. Thus
for € satisfying (4.10) and

(p—1)/(2(p+1))
€< <2L01> (4.13)
we have
[ woee=ap [ woieedr. @)
vi(r)zp v (r)20

Let T = {(®,0); 0< ¢, <mfori=1,...,N —2,0<6 < (n/jk)}. Thus by
(4.14) we obtain

KlaQ/m/ vy f(vg) de (4.15)

.
o5,

— K™ / REECLLL /T sin(®) d db)
< K1a2/m2(/

v>p

vy f(v) df')(/ sin(®) d® dh)
T
— Kia2/my / o f) /E sin(®) d db)

2mayy f(v) de

This and (4.11) imply

Kya?/™ / vifoy)da < 2<N+2>/2[/ a(2)f(al2s)) dz — E|QS ]
Qs Q5
N
< 2<N+2>/2[/ vz, Pz — BRI (416
Qs
N
< 2(N+2)/2[2a2/ U+f(v+)d$—EK(%)6 ]7

€
Qs
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N
where, in addition, we have used the fact that [0, ] < K(?;)e with K(N) a
constant depending only on N. On the other hand, using Lemma 5.1 we obtain

fgjkv+f(v+)dx = ([, v+f(v) dF)( [ sin(®) ddP)
(3/4)N_1Ce_(3+p)/(p_1)2N_2jlk (4.17)
= Coe G/ (=1 (k)1

Y

with Co independent of (e, j, k). Replacing (4.17) in (4.16) and setting E; =
—EK(N), we have

< e N o A — K 418
O < Imax Kl s W = 2. ( . )

Similarly, 8 < Ks. Because of (h1) the function F is bounded below, say,
F(t) > M eR for all t € R. Let z = aZ4 + 32_. Then

5w = [ TR reop
_ /m (M - F(z)> dz (4.19)

2
[ IVER/2ds - Mg

IN

% / (0®[V(24) ] + B2V (2-) %) da — M|Q5] .
Q

€
jk

Since j ngk (vr)2dz = ka (vr)?dz, by Lemma 5.1 (see also (4.9)) we have

K3
Ji) < ) (4.20)
for (p—10/((N—1)p+3—N)
, N4N-1CKZ \"" TP

cannot be radially symmetric. By the definition of K> it is clear that j can be
chosen independent of (e, k), which proves the lemma. O

Proof of Theorem 1.7 Let ¢ € (0,€e1(1)) with €;(1) as in Lemma 4.2. By
Lemma 4.2 we; is non-radial and changes sign. Extending evenly (see (4.6))
We,1 to Q2 we see that this extension is a non-radial sign-changing solution to
(1.5), which proves the theorem.

Proof of Theorem 1.8 Let € € (0,¢;(2%)). By Lemma 4.2,
We ok, We ok-1, .. ., We 2 are k non-radial sign-changing functions. Since N = 2,

Choosing j > K3, by the variational characterization of w. ) we see that it
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if u is non-radial then du/00 # 0. This and Lemma 4.1 imply that u, i 25.01 7#
Weoi fori=1,...,k—1,i4+j <k, j > 1. Thus extending w, or, W, g6—1, ... We2
evenly to Q¢ we have k different non-radial sign-changing solutions to (1.5),
which proves the theorem.

5 Auxiliary lemmas

Lemma 5.1 There exist positive real numbers C and A € (0,1) such that if
v # 0 satisfies

v+ B2y 4 f(v) = forA<r <r<ry <1 (5.1)
U(Tl)z v(rz) = 0.

then .
/ (’U/(’I‘))Qd’l“ > C(’I“Q _ rl)—(3+10)/(20—1).

T1

Proof. An elementary calculation shows that for 1y < r < ry, the function
w(t) =t~ N=22gin(rIn(t/r1)/ In(ry/r1)) satisfies

w” + 22w’ + 772 (grty)? + (N = 2)/2)%)w =0 (5.2)
w(ry) = w(re) =0.

Thus by the Sturm comparison theorem there exists £ € (rq, r2) with f(v(£))/v(€)
> (7/In(re/r1))?. Thus if 71 > max{.75,1 — ﬁ} then by (1) we have

2 2,2

p—1 - 1> _ ™ 1 5.3
L (V) A ey >3
R SO
~ 16A(rg —r1)? T 2A(rg —1)2
Now integrating v on [r1,£] we conclude
(772/(2A))1/(p_1)|7‘2 _ r1|—2/(p—1) < @) < |/ s)ds| (5.4)
< ([0 s - )
Taking A = max{.75,1— } and C = (72/(2A))Y®=1 the lemma is proven.

O

As stated in the introduction, now we prove inequality(1.2).

Lemma 5.2 There exists K > 0 such that svf(sv) > Ks*™vf(v) for |v| > p
and s > 2.
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Proof. From hypothesis (h1) we may assume, without loss of generality, that
F(v) > 0 for |v] > p. This and (hg) imply imply that f'(v) > 0 for |v| > p.
Hence if |v| > p, s > 1+ 2(m + 1)/m, and we let k = [s] — 1, then

F(sv) > F((s— 1) +vf((s — 1)v)

= F((s~ 1)) + (s~ Dof((s — )
2
> (1+m)F((S—UU)Z
> T (14 s (s — o Do) = T (s =+ 1))

> M(F((s = k)v) + vf((s — k)v)) = v f((s — k)v) > Mo f(v).

Now by assumption (hs3) we see that

svf(sv) > —Iuvf(v). (5.5)

2
m
Since s > 2 and s — k 4+ 1 < 3, we have

2

InIll = In(l 4+ ——
( m(s — j)

)
k—1
> / (In(m(s — ) +2) — In(m(s — 2))) dz
1
1 m(s—1)+2 m(s—1)
— / Inrdr— / Inrdr
m m(s—k+1)+2 m(s—k+1)

1 m(s—1)+2 m(s—k+1)+2
= — / lnrdr—/ Inrdr (5.6)
m m(s—1) m(s—k+1)

{In(m(s—1)) —In(m(s —k+1)+2)}
2 m(s—1) ms \™
- Eln<m(s—k+1)+2>>ln<6m+4> '

2/m
By letting K = 2 (64314) and combining (5.5) with (5.6), the proof is
complete. -

3w
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