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Generalized solutions to parabolic-hyperbolic
equations *

Lazhar Bougoffa & Mohamed Said Moulay

Abstract

We study boundary-value problems for composite type equations: pa-
rabolic-hyperbolic equations. We prove the existence and uniqueness of
generalized solutions, using energy inequality and the density of the range
of the operator generated by the problem.

1 Introduction

The equations of compsite type, as independent mathematical objects, arose first
in the works of Hadamard [10]. Then they were continued by Sjostrand [11],
and other [4, 7, 8]. In all these works the equations in question are investigated
mainly in the plane and with the model operators in the principal part.

In recent years, special equations of composite type have received attention in
several papers. Most of the papers were directed to parabolic-elliptic equations,
and to hyperbolic-elliptic equations, see for instance [3, 5, 6]. Motivated by
this, we study a boundary-value problem for a class of composite equations of
parabolic-hyperbolic type.

Let Q be a bounded domain in R™ with sufficiently smooth boundary 0.
Points in this space are denoted by © = (21, 22,...,2,). In the cylinder Q =
Q x (0,T), we consider the boundary-value problem

0 0%u
lu = (a_A)(atQ _A’U/):f(.'lf,t), on Q7
ou 0%u
u(w,0) = Fw,0) = T2 (0 =0, om0, (L1)
ou O3u
v g8 0 omS

where S = 9Q x (0,T), v is the unit exterior vector, and A = >_" o

i=1 6:6% .
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The aim is to prove existence and uniqueness of a generalized solution to the
above equation. The proof is based on an energy inequality and the density of
the range of the operator generated by this problem.

Analogous to problem (1.1), we consider its dual problem. We denote by
[* the formal dual of the operator [, which is defined with respect to the inner
product in the space Lo(Q) using

(lu,v) = (u,lv) for all u,v € CP*(Q), (1.2)
where (,) is the inner product in L2(Q). We consider the dual problem (1.3):
0 0%

v = (——at — A)(—at2 — Av) = g(x,t), on Q,
ov 0%v
v(z,T) 5 (x,T) Y (2, T)=0, onQ, (1.3)
v O3
G0 =0 onS

2 Functional Spaces

The domain D(I) of the operator [ is D(I) = Hi’4(Q), the subspace of the
Sobolev space H**(Q), which consists of all the functions u € H>*(Q) satisfying
the conditions of (1.1).

The domain of I* is D(I*) = H>*(Q), which consists of functions v €
H3%(Q) satisfying the conditions of (1.3).

Let H23(Q) be the Sobolev space

H24(Q) = {u € H}(Q) : o) 2uut € Ly(Q), o()!/*Vus € L2(Q),
Vut S LQ(Q), J(t)Vutt S LQ(Q), O'(t)A’LLt S LQ(Q),
Au € Ly(Q), cr(t)l/QAut € Ly(Q), a(t)l/QVAu € LQ(Q)},

where o(t) = (T —t). We introduce the function space HgS(Q) = {u €
H?23(Q) satisfying the conditions of (1.1)}.
Note that Hgg (@) is Hilbert space with the inner product:

(u,0) =(u, v)1 + (Ust, Vet )0,0 + (Vur, VUr)o,o + (Vue, Vor)o
+ (Au, Av)g + (Aug, Avy)o,e + (VAU, VAV) »

where the symbols (,)o, (,)1, and (;,)o, denote the inner product in Lo(Q),
H(Q), and La ,(Q) respectively. This space is equipped with the norm

||u||§3g z/ [u? + ul + |Vul?|dz dt —|—/ [|[Vue|* + (Au)?]dx dt
Q Q

+ / (T = O, + [Vurl? + (M) + (VAu)]da d.
Q
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The dual of this space is denoted by H; % ~3(Q) with respect to the canonical
bilinear form (u, v) for u € Hgg (Q) and v € H;%73(Q), which is the extension

by continuity of the bilinear form (u,v), where u € L2(Q) and v € Hgg Q).

Definition The solution of (1.1) will be seen as a solution of the operational
equation

lu=f, we D). (2.1)
The solution of (1.3) will be seen as a solution of the operational equation
fv=yg9, veD(). (2.2)

To solve the equation (2.1) for every f € H,?73(Q), we construct, through
the bilinear form v — a,(v) = (I*v,u) for all v € D(l), the extension L of
the operator [, whose range R(L) coincides with H;%73(Q), meaning that L is
invertible.

Then we have the fundamental relation (I*v, u) = (v, Lu) for all w € D(I) and
all € Ha’g(Q), which is obtained by analytic form of Hann-Banach’s theorem.

In the same manner, we construct, through the bilinear form: v — a,(u) =
(v, lu) for all w € D(I), the extension L* of the operator [*. We obtain,

(v,lu) = (L*v,u), Yu € Hgo(Q),Yv € D(L*).

We denote the norm of Lu in H;*73(Q) by || Lu|-2,—3 -

Definition The solution of the operational equation

Lu=f, weD(L),
is called generalized solution of (1.1), and the solution of the operational equa-
tion

L*v=yg, wveD(L"),

is called generalized solution of (1.3).

3 A priori estimates
Theorem 3.1 For Problem (1.1), we have the following a priori estimates:

ulloso <cllLull_5 _5,, Yu€ D(L),
||UH2,3,U < C*||L*UH—2,—3,aa Vv e D(L*),

where the positive constants ¢ and c* are independent of u and v.
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Proof. We first prove the inequality (3.1) for the functions v € D(l). For
u € D(l) define the operator

Mu = (I)(t)utt — @(t)Aut,

where ®(t) = (t — T)?. Consider the scalar product (lu, Mu)y. Employing
integration by parts and taking into account of conditions of (1.1), we see that

(I, (t — T)2us)o = /Q

+/(T—t)2|Vutt|2do:dt+/(Au)Qd:cdt (3.3)
Q Q

(T—t)(utt)Qdazdt—i—/(T—t)|Vut|2dxdt
Q

— / (T — t)?(Auy)?dx dt
Q

and
(lu, —(t — T)QAut)o

— —/(T—t)2|Vutt\2da:dt+/ |Vut|2dxdt+/(T—t)2(Aut)2da:dt

4 /Q (T — £)(Auy)2dadt + /Q (T — 1)(VAu)2da dt .

Hence
(lu, (t — T)*ugs — (t — T)*Aug)o

:/Q(T—t)(utt) dxdt+/Q(T—t)|Vut| dxdt—l—/Q(Au) dx dt (3.5)

+/ |Vut|2dxdt—|—/(T—t)(Aut)dedt—l—/(T—t)(VAu)Zdcht
Q Q Q

For the function v € D(I), we have the following Poincaré estimates

/ udr dt < 4T2/ uidz dt, Yu € D(l),
Q Q

/ uldr dt < 4T/ (T — t)yutdrdt, Yue D(I) (3.6)
Q Q

/ |Vu|?dz dt §4T/(T—t)|Vut|2dxdt, Vu € D(I).
Q Q

We now apply the e-inequality to the left hand side of (3.5). Using inequalities
(3.6), we obtain (3.1).

For w € D(L), we use the regularization operators of Freidrich [2, 9] to
conclude (3.1). This completes the proof. O
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4 Solvability Problem

Theorem 4.1 For each function f € H;?73(Q) (resp. g € H;>73(Q)) there
exists a unique solution of (1.1) (resp.(1.3) ).

Proof. The uniqueness of the solution follows immediately from inequality
(3.1). This inequality also ensures the closure of the range R(L) of the operator
L. To prove that R(L) equals the space H;%73(Q), we obtain the inclusion
R(L) C R(L), and R(L) = H;%73(Q). Indeed, let {fi}ren be a Cauchy
sequence in the space H;%73(Q) , which consists of elements of set R(L). Then
it corresponds to a sequence {ug}reny € D(L) such that: Lug = fi, k € N.

From the inequality (3.1), we conclude that the sequence {ux} is also a
Cauchy sequence in the space H; 2> 3(Q and converges to an element u in

2,3
HO,O'(Q)'

It remains to obtain the density of the set R(L) in the space H, > ~3(Q) when
u belongs to D(L). Therefore, we establish an equivalent result which amounts
to proving that R(L)* = {0}.

Indeed, let v € H,%73(Q) be such that (Lu,v) = 0 for all u € D(L), that
is (I*v,u) = 0 for all w € D(L). By virtue of the equality (I*v,u) = (v, Lu) for
all w € D(L), we have (v, Lu) = 0 for all u € D(L) and v € H;%>73(Q). From
the last equality, by virtue of the estimate (3.2), we conclude that v = 0 in the
space H,;273(Q) when u belongs to D(L).

The second part of the theorem can be proved in a similar way by using the

operator M*v = t?vy — t2Avy,. O
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