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RESONANCE AND STRONG RESONANCE FOR SEMILINEAR
ELLIPTIC EQUATIONS IN RY

GABRIEL LOPEZ GARZA & ADOLFO J. RUMBOS

ABSTRACT. We prove the existence of weak solutions for the semilinear elliptic
problem
—Au = M+ ag(u) + f, ue DV2RY),

where A € R, f € L2N/(N+2)7 g : R — R s a continuous bounded function, and
he LN2NLe a > N/2. We assume that a € L2N/(N+2) 0 [, in the case of
resonance and that a € L'NL> and f = 0 for the case of strong resonance. We
prove first that the Palais-Smale condition holds for the functional associated
with the semilinear problem using the concentration-compactness lemma of
Lions. Then we prove the existence of weak solutions by applying the saddle
point theorem of Rabinowitz for the cases of non-resonance and resonance, and
a linking theorem of Silva in the case of strong resonance. The main theorems
in this paper constitute an extension to RN of previous results in bounded
domains by Ahmad, Lazer, and Paul [2], for the case of resonance, and by
Silva [15] in the strong resonance case.

1. INTRODUCTION

Let D2 be the completion of C°(RY) with respect to the norm

Jull = ([ 1)

It is known that D12 is a Hilbert space with inner product (u,v) = [ Vu - Vo. It
is also known that D'? is embedded in L?" (RN) (cf. [3]). In fact,

Jul 7o < C*lul, (L.1)

where 2* = 2N/(N — 2) and C* is a constant depending on N.
In this paper we study the existence of solutions to the boundary—value problem

—Au = M(z)u +a(x)g(u) + f(z), xRN,

1.2
u e DY, (1.2)

where A € R, f € L2N/(N+2) 4 . R — R is a continuous, bounded function,
he LN2n LY, for a > N/2, and a € L™,
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Definition. For a bounded nonlinearity g, problem (1.2) is said to be at resonance
if X is an eigenvalue of the boundary-value problem

—Au = M(z)u, xRV,

1.3
u e DY, (13)

If, in addition, g(s) — 0 as |s| — oo, problem (1.2) is said to be strongly resonant.
If X is not an eigenvalue of (1.3), then (1.2) is said to be a non-resonance problem.

It is well known that, for h € LV/2(RV) N L*(RY), a > N/2, and h > 0 a.e.,
problem (1.3) possesses a sequence {\;} of eigenvalues satisfying 0 < A; < Xy <
Az..., with A\; — oo as j — oo, and the corresponding family of eigenfunctions,
{pn}, forms a complete orthonormal system for D%2. Furthermore, ; can be
chosen to be positive a.e. in RV.

The goal of this paper is to extend the solvability of a family of elliptic problems
on bounded domains to the whole space RY, N > 3. In particular, we study the
existence of weak solutions for problem (1.2) with a € L2N/(N+2) q 12 for the case
of resonance, and with a € L' N L> and f = 0, for the case of strong resonance.

We prove the existence of weak solutions of (1.2) using variational methods; i.e.,
solutions of (1.2) are realized as critical points of the functional

In(u) = %/|Vu|2—%/hzﬂ—/aG(u)—/fu7

where G(s) = [; g(t)dt, s € R.

Our results are obtained using the saddle point theorem by Rabinowitz [14] and a
linking theorem in [15], in conjunction with the concentration-compactness lemma
of Lions [11]. The solvability of (1.2) in the resonance case can be obtained by
imposing conditions on either g or G(s). We prove the following existence results:

Theorem 1.1. Let g € C(R,R) be bounded and a be an element of L*N/(N+2)nL>°,
If A € (A1, A2), where A1 and Ay are the first two eigenvalues of (1.3), then problem
(1.2) has at least one solution for any f € L*N/(N+2),

Theorem 1.2. Let g € C(R,R) be bounded and a € L*N/(N+2) q [ If

i { [a@teen +t [ e} =+, (1.4)

then Problem (1.2) with A = A1 has a weak solution.

Theorem 1.3. Suppose that g : R — R is continuous and satisfies lims o g(s) =
0, and that a € L' N L*>®. Let

A:= liminf /a(x)G(u)dx, (1.5)
llull =00, u€Ly
where Ly, :=span{p; : \; = A\, }. Then, if A € R and
a(z)G(s) < a(z)|a| {1 A for every s € R and a.e. z € RV, (1.6)
problem (1.2) with A = A, possesses at least one solution.

The non-resonance result of Theorem 1.1 can be proved in the more general case
in which A lies between two consecutive eigenvalues Ay < Agpt1 of problem (1.3).
Similarly, the resonance result of Theorem 1.2 also holds for higher eigenvalues
Ak < Ag+1, k> 1. In this case the solvability condition (1.4) has to be modified



EJDE-2003/124 RESONANCE AND STRONG RESONANCE 3

appropriately. Problems at resonance have been of interest to researchers ever
since the pioneering work of Landesman and Lazer [12] in 1970 for second order
elliptic operators in bounded domains. The literature on resonance problems in
bounded domains is quite vast; of particular interest to this paper are the works
of Ahmad, Lazer and Paul [2] in 1976 and of Rabinowitz in 1978, in which critical
point methods are applied. Theorem 1.2 is an extension to RY of the Ahmad, Lazer
and Paul result. There is also an extensive literature on strongly resonant problems
in bounded domains. Theorem 1.3 is an extension to RY of a result of Silva in [15].

Resonance problems on unbounded domains, and in particular in R, have been
studied recently by Costa and Tehrani [7] and by Jeanjean [10] for the operator
—A + K for K positive, and by Stuart and Zhou [16] for radially symmetric solu-
tions for asymptotically linear problems in RY. In all these references variational
methods were used. Previously, Metzen [13] had used the method of approximated
domains to obtain existence for non-resonant problems in unbounded domains, and
Hetzer and Landesman [9] for resonant problems for a class of operators which
includes the Schrodinger operator.

The main difficulty in proving Theorems 1.1, 1.2 and 1.3 arises in showing that
some kind of compactness occurs, the so called Palais-Smale condition (PS)., when
using the variational approach. Even in bounded domains, to prove that the (PS).
condition holds is a very delicate issue. As an example, in bounded domains 2 C
R¥, it has been proved [17] that for certain functionals the (PS). condition does
not hold at the constant ¢ = (1/N)S™/2 where

S = inf / Vol>.
PEH(Q), 9] 2+ =1

The lack of compactness for problems in unbounded domains has been over-
come by different approaches; for instance, approximation by bounded domains
mentioned above, the use of Sobolev spaces of symmetric functions which possess
compact embedding properties, or the use of weighted Sobolev spaces (see [6] and
references therein).

From an heuristic point of view it seems that for each problem the (PS). con-
dition requires a specific and particular approach. In this paper we apply the
concentration-compactness method of Lions [11], which basically consists of prov-
ing the existence of a set where compactness is available by using the restrictions
imposed on the (PS). sequences by the energy functional associated with the prob-
lem (1.2).

2. VARIATIONAL SETTING FOR NON-RESONANCE PROBLEMS

We study the existence of solutions for semilinear elliptic equations in RY (N >

3) of the form
—Au = Ah(z)u + a(z)g(u) + f(z),

where A € R, f € L2N/(N+2) 4 : R — R is a continuous function, |g(s)| < M for
all s € R, h € LN2NL* a > N/2 and a € L*N/(N+2) 0 [ In particular, we
consider the boundary-value problem (1.2) which is is a non-linear perturbation of
the linear eigenvalue problem (1.3).

It can be shown that if h € LN/2(RY) N L*(RY), for a > %, and h > 0 a.e.,
then Problem (1.3) has an increasing sequence of eigenvalues 0 < A1 < Ag,...
with A\; — oo as j — oo and a corresponding sequence of eigenfunctions, {¢;},
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which forms a complete orthonormal system for D2, This is a consequence of the
following result which is easily derived from [5, Lemma 2.1].

Lemma 2.1. If h € LV2(RY) N L¥(RY) for a > &, then
—Aw = hu in DV (RY)

has a weak solution in D2 for every u € DV2(RYN). Moreover the operator Ty, :
DL2(RN) — DL2(RYN), defined by Ty (u) = T(u) = w, is compact.

Corollary 2.2. Let h € LN2 N L for a > N/2 and define F : D"? — R by
F(u) := fhuz, then F is weakly continuous; that is, if u,, — u weakly in D2, then

Moreover, the condition h € L* for a > N/2 can also be used to show, as a
consequence of the weak Harnack inequality [8, Theorem 8.20] that ¢ > 0 a.e. in
RN, \; is simple, and the zero-set of the eigenfunctions ¢;, j > 1, has Lebesgue
measure zero. This last property is known as unique continuation [1].

Solutions of (1.2) happen to be critical points of the functional

Ia(u) = %/|Vu|2 - %/h(x)u2 f/a(x)G(u) f/f(:c)u (2.1)

for u € DY2, where Jy € C*(D'2,RN) has Fréchet derivative

Ji(u)v = /Vqu—)\/h(x)uv—/a(x)g(u)v—/f(x)v

for all u,v € D42, This is a straightforward consequence of the definition of Fréchet
derivative and the conditions on a, f, g, and h.

We will use the following version of the concentration-compactness lemma of
Lions [11].

Lemma 2.3 (Lions Concentration-Compactness Lemma). Let (p,)n>1 be a se-
quence in L*(RYN) satisfying: pp, = 0 in RN and [ pndx = o, where o > 0 is fized.
Then there exists a subsequence (pn, )k>1 Satisfying one of the three possibilities:
(i) (Compactness) There exists y,, € RN such that p,, (- + yx) is tight; that is,
for all e > 0 there exists R < oo such that fykJrBR o (x) = 0 —€ for all k.
(ii) (Vanishing) limg_ o SUp,cgn fy+BR pn, ()dz =0 for all R < co.
(iii) (Dichotomy) There exists o € (0,0) such that, for alle > 0, there exist ko >
1, a sequence {y,} C RY, a number R > 0 and a sequence {R,} C R,
with R < Ry, R, < R,41 — +00, such that, if we set p. = PrX{|z—yn| <R}
and p;; = PpX{jz—y,|>R.}: then

lowe ~ ok + )l < | [ phdo—al <
R

| pide — (o — a)| <e, foralk >k, (2.2)
RN

) k
dist(supp pj,, supp pj.) — +o0.

Next, we establish a compactness statement that will be used throughout this
paper. First, we recall the Palais-Smale condition.
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Palais-Smale condition. Suppose that F is a real Banach space, and let C'(E,R)
denote the set of functionals whose Fréchet derivative is continuous on E. A func-
tional I € C!(E,R) satisfies the Palais-Smale condition at the level ¢ € R, denoted
(PS)., if any sequence (u,) C E for which

(i) I(up) — c as n — o0, and

(i) " (un)| — 0 2 n — oo,
possesses a convergent subsequence. If I € C1(E,R) satisfies (PS).. for every ¢ € R,
we say that I satisfies the (PS) condition. Any sequence (u,) for which (i) and (ii)
hold is called a (PS). sequence for I.

Proposition 2.4. Let Jy : D2 — R be as defined by (2.1), where A € R, g is a
continuous function with |g(s)| < M for all s € R, f € L*N/(N+2) 'h e LN/2n L2
for a > N/2, and a € L*N/(N+2) 0 [ Then, if every (PS). sequence for Jy is
bounded, J\ satisfies the (PS). condition.

Proof. Let (uy) be a (PS), sequence for Jy. Thus, by assumption, (u,) is bounded.
Without loss of generality, we may assume that [ju,|* = [ |Vu,|? > 0 for all n.
Define

pn = |Vu,|* for all n.

Thus (p,,) is a sequence in L' (RY) satisfying (passing to a subsequence if necessary)
J pn — 7> 0 as n — oo. Defining
p/ _ Pn
" S

we have [ p), =1 > 0 for all n. Hence, using (p,) for (p,), we may assume that
(pn) satisfies the hypotheses of the Lions Concentration-Compactness Lemma 2.3
with o = 1.

(A) Claim: Vanishing does not hold. Let Br(y) = {x € RY : |z —y| < R}. Assume
by contradiction that vanishing in Lemma 2.3 does hold. Then there exists {ng }x>1
such that (u,, ) converges weakly to 0 in D2, To see why this is the case, let ¢ be
any function in D2, Then, given ¢ > 0, there exists R’ > 0 such that

1/2
([ wep) < gt
[Br/ (0)]° 2supy, ||unk H

On the other hand, by the Cauchy-Schwartz inequality,

TRl /[B o vol) 4l ( [ » W, )"

Moreover, since vanishing in Lemma 2.3 implies the existence of a subsequence
(tn, ) and ko such that

g 2
Vi, |? < (=) if k> ko,
/BR,@' < )

it follows that [ Vuy,, V¢ < e for all k > k,. Since ¢ € D"? was arbitrary, u,, — 0
weakly in D12,
Now, using the assumption that ||.J} (uy, )| — 0 as k — oo, we have

/|Vun,€|2 — /ag(unk)unk =o(l) ask— oo, (2.3)

for all n,
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since the map u — [ hu? is weakly continuous by Corollary 2.2, and u — [ fu is
in (D?)*. On the other hand, since a € L2Y/(N+2) given £ > 0, there exists R,

such that
(/ 2N/(N+2)>% - 2.4)
(Br. (0)]¢ la < oM supy, [|tn, | (
Moreover, vanishing implies that there exists k1 such that for k > kq,
/ Vau,, | < (;)2-2*. (2.5)
Br., (0) 2Mlal | ox,

Thus, applying Holder’s inequality and the estimates in (2.4) and (2.5), we conclude

<e forall k> k.

| [ atgtienun,

Hence, since ¢ was arbitrary, it follows from (2.3) that limy o [ |Vu,, |* = 0, which
contradicts [ |Vuy, |*> =0 > 0 for all £.

(B) Claim: Dichotomy does not hold. If dichotomy occurs, then there exists « €
(0,0) such that, given € > 0, we can chose R > 0 with

lim sup / |V, |* >a—e.
FooyerN JB g (y)

Moreover, there exists k, > 1 such that, for k > k,,

a—e< sup/ |V, |? < a+e;
yERY JB R (y)

thus, for each k > k,, there exists y, € RV such that

a—e< / |V, |? < a+e. (2.6)
B g (vk)

Furthermore, from Property (2.2) in Lemma 2.3, there exists an increasing sequence
(Rg), with Ry > R and Ry, — oo as k — oo, such that

U—a—eg/ |V, |* <o—a+e forall k >k, (2.7)
{Bsr,, (yx)}©
Consequently,
/ |V, |? <2 forall k > k,. (2.8)
B <Jo—yk|<3Rk
Note that (2.8) implies
/ lun, |? < 6(e) forall k> k,, (2.9)
R<|z—yr|<2R

where § — 0 as e — 0. To see why (2.9) holds, take n;, € C5°(RY) such that
ne(z) =01if |z] < R/2 or |x| = 3Ry, and ni(z) =1 if R < |z| < 2Ry. By Sobolev’s
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inequality (1.1) we have that

A\ 1727 1/2
([imasl?) ™ <o [19muP)
c( Ve 22 + 2 Vi -V 2102
me|ug +2 [ upne Vg - Vug + [ np[ Vg

9 9 1/2
c(en [l +cs [ ul+ey [ vul) .
Q Q §<|x—yk|<3Rk

Where we have written uy for u,,, and Q = {z : Vi, # 0} = {R/2 < |z — yi| <
R} U{2Ry < |z — yi| < 3Ry}. Clearly, Q € {R/2 < |& — yx| < 3Ri}. By (2.8)
in conjunction with Sobolev’s inequality, we also obtain that [, lug|?> < Ce and
Jo lur| < Ce. Consequently, it follows from (2.9) and the previous estimate that
fR<\w—yk|<2PLk lug|?” < i Ineur|> < 0(e) as required.

Now take ¢ € C{)’O(RN) such that 0 < ¢ <1 and

() = {1 for |z| < 1,

0 for |z| > 2,

and let ¢(x) = 1—C(z). Put (i(x) =¢ (ﬂE ) and ¢ (z) = ¢(’Ef’“) for all z € RV,
and define uL(m) = (Ck - un,,)(x) and uk( ) := (dk - un, )(x). Then for each k,
N KT 1f|x—yk|\ ,
uy(x) = {0 i |y — e > 2 (2.10)
and

ui(z){o i = ol < R, (2.11)

<
Un,, if |.’L‘ — ykl > QRk.

We have two cases (yx) is bounded and (yj) is unbounded.
(i) Assume (yg) is bounded. Note that

| [kt = ] < [ nltedlit
\/ |l s — 1
Ri<|z—yr|<2Ry

/ Al
Ri<|z—yk|<2Ry

N

Thus, by Holder’s inequality,

N 2/2%
‘/hui(ui—uk)’ < C|h|ﬂ(/ 2 )
> NJRi<|z—yr]<2Rk

< CLO()Y? = 0,1(e) S0 for k >k,

where the last inequality follows from (2.9). Thus fhuiuk = fh|ui|2 + 01 (e) for

k > k,. We claim that ui — 0 weakly in D2, Tt will then follow, using Corollary
(2.2), that

/huiuk —0 ask — oo (2.12)
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Take any ¢ € D12, For each € > 0, there exists R’ > 0 such that

1/2
([ wep)" <
(B (0)]° supy, [[u||

(2.13)

Since {yx} is bounded in R¥, there exists y* such that y, — y* (taking a subse-
quence if necessary). Choose ng > k, such that Br/(0) C Bg, (y*); this is possible

since Ry, — oco. Then, for k > ng, by (2.11),

/wi V¢ =
[BRng (
1/2
<meii( [ vol?)
[Brn, (y*)]°

1/2
<ll(f o ver)T <e
rr(0)]¢

Vul - Vo
y*)]e

by the Cauchy-Schwarz inequality, the fact that [Bg

nQ

(y*)]¢ C [Br/(0)]¢ and (2.13).

Therefore, since ¢ € D2 and ¢ > 0 were arbitrary, it follows that u,ic — 0 weakly

in DY2. Thus, [ hujuy, — 0 as k — oo as stated in (2.12).

On the other hand, since a € L*N/(N+2) given ¢ > 0, there exists R” such that

(/ |a|2N/(N+2)>% &
(B (0)]° M supy, [|uy||

Thus, by (2.11) and similar arguments to those used above, there exist ng > k,

such that Br/(0) C Bg, (y*) and

| / a(e)g(up)ul| < M / a(e)lud

<M alui]
[BRp (y*)]°
N+2)/(2N)
< M”“i”(/ |a|2N/(N+2))( /
Brp, (y*)]°
<e, ifk>nog.
Consequently,
/ag(uk)ui =o0(l) ask — oo.
Now

‘/Vuk-Vui—/WuiF‘
= ‘/ V(prur) - Vuk‘
Ry <|z—yr|<2Rk

e[ Veak - Vb + / 4| Vg ?

Ri<|z—yr|<2R

2
< Cl/ \uk| +CQ/ |Vuk| .
Ri<|z—yK|<2Ry Rie<|z—yk|<2R

< /
Ri<|z—yk|<2Rg

(2.14)
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Hence, by (2.9) and a similar argument used to obtain (2.9) applied to the first
integral, as well as the Sobolev embedding Theorem,

/Vuk ~Vui = / |Vui|2 +05(e) for k = k,, (2.15)

where 03 — 0 as € — 0. Since (ux) is a (PS). sequence, as k — oo,

(I3 (ug),ul) = /Vuk Vu — )\/hukui - /ag(uk)ui - /fui =0o(1).

It then follows from (2.12), (2.14) and (2.15) together with the fact that [ fui —0
as k — oo, that

/|Vu,ic|2 =o(l) ask — oo.
Therefore, from (2.7),

U—a—ag/ |Vui|2</\Vui|2:0(l) as k — oo,
\x yk|>3Rk

with 0 —a —e > 0 for € small, which is a contradiction. Consequently, (yx) cannot
be bounded and dichotomy does not hold in this case.

(ii) Assume now that (yx) is unbounded. For this case we use ul to get a contra-

diction. First, we show that uL *0 weakly in D12, Let ¢ be any function in D2
Given € > 0, there exists R’ > 0 such that f[BR/(O)]C V¢ < e/ supy, ||ukl|. Since {yx}

is not bounded, there exists ng such that |y,,| > R’ + 2R, where R is as in (2.10).
We then have that Bagr(yn,) C [Br/(0)]¢, so in view of (2.10),

/vuL~v¢: Vul - Vo
[B2r(Yng)]

< | Vo

[B2r (Yng)]
< [t Vo
<e, ifk>ng.

Since ¢ € D2 and € > 0 are arbitrary, we conclude that u], %, 0 weakly in D'2.
From the assumption that (u,,) is a bounded (PS). sequence, we have

/Vuk . VUL — )\/hukuL — /ag U )U /fuk = of as k — oo.  (2.16)

Observe that

| [l = w| < [ iblladlal - al
</ IRkl — L2
R<|z—yi|<2R

«\ 2/2°
<ciny( [ el )"
? VJR|o—yk|<2R
by Hélder’s inequality. So, by (2.9), since R < Ry, for all k,

N

< C0(e)Y? = 03(e) S0 for k > k.
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Observe that [ hluf|> — 0 by Corollary 2.2, since uL *, 0 weakly in D2, This, in
conjunction with the above estimate, implies

/huLuk 0. (2.17)
Furthermore,
ik
a(x)g(ug)uy| — 0. (2.18)
Effectively, given € > 0, since a € L*N/(N+2) there exists R > 0 such that
5 £
|a|2N/<N+2>) P QL — (2.19)
(/[BR///(O)]C Msupk HukH

Since {yx} is unbounded, we take ng such that |y,,| > R"” +2R. Then Bog(yn,) C
[Br++(0)]%; thus, by (2.10) and (2.19),

| [ egtuya] < v alg(ue)uf|
BQR(ynO)

(N+2)/(2N)
<[y
[B s (0]
< e forall k,

from which (2.18) follows. Finally,

/Vuk Vul = /|vu;|2 + 04(e), (2.20)

where 64 — 0 as ¢ — 0. This follows from (2.9), the estimate

]/vuk-w;—/\wy?‘ <cl/ \uk|+C’2/ Vg2,
R<|z—yi|<2R R<|z—yi|<2R

and an argument similar to that used to obtain (2.9), by observing that {R <
|z — yx] < 2R} C {R < |x — yx| < 2Ry} and applying the Sobolev’s embedding
Theorem. Thus, using (2.17), (2.18) and (2.20) in (2.16), and recalling (2.6), we
obtain

0<a—€</ \Vu£|2</|VuL|2=0(1) as k — oo,
B g ()

which is a contradiction.

Since vanishing and dichotomy in Lemma 2.3 do not hold, necessarily compact-
ness holds; i.e., there exists {y,} C RY such that for all ¢ there exists R > 0 such
that

/ \Vu,|? >0 —¢ for all n. (2.21)
BRr(yn)
Now, it follows from (2.21) and the fact that [ |Vu,|? = o for all n that

/ \Vun|2 < ¢ for all n. (2.22)
[Br(yn)]®
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Claim: {y,} is bounded. If {y,} is not bounded, then u, — 0 weakly in D2 as
n — oo. To see why this is the case, take ¢ € D12 and let ¢ > 0. There exists
R’ > 0 such that

2\ /2
(/ Vo12) " < e/ 2sup junl)). (2.23)
[Br (0)]° n

Since {y,} is not bounded, we may assume that |y,| — oo as n — oo, and so there
exists ng such that |y,,| > R’ + Ro, where we choose R, > 0, whose existence is
guaranteed by part (i) of Lemma 2.3 (see also (2.22)), such that

N\ 1/2
(/ Vua?) " < /2ol (220
[BRO (yng )]r

Also, Br,(yn,) C [Br/(0)]¢. Thus,

‘/Vun-qu’ < HunH(/B . \V¢|2>1/2+ ||¢||</[B
< |u"(/[3 o |V¢|2)1/2+ |¢||(/[B

so that, by (2.23) and (2.24),

1/2
V)

Ro (Yng)]®

|vun|2)1/27

Ro (Yng)]°

|/Vun~v¢| < e for all n > nyg.

Since ¢ € DY? was arbitrary, we conclude that u,, — 0 weakly in D"? as stated.
Consequently, using the assumption that (u,) is a bounded (PS). sequence, we
obtain

/|Vun|2 . /ag(un)un =o0(l) asn— oo, (2.25)

since u — [ hu? is weakly continuous by Corollary 2.2, and u — [ fu is also weakly
continuous. Moreover,

/ag(un)un =/ ag(un)un—i—/ ag(Un )tnp. (2.26)
Br(yn) [Br(yn)l®

Since {y,} is not bounded, it follows that

N+2

(/ \CL|2N/(N+2))W — 0 asn— oo.
Br(yn)

Therefore,

‘ / ag(un ),
Br(yn)
In addition, by (1.1) and (2.22),

/ |un|2N/(N—2) < C*e
[BR(yn)]C

< C’(/ |a|2N/(N+2)> —0 asn — oo. (2.27)
Br(yn)

So, by Holder’s inequality,

| ag(un)un| < CEV7.
[Br(yn)]®

Thus, in view of (2.26) and (2.27), we obtain from (2.25) and (2.21) that

a—eg/ \Vun|2</|Vun\22051/2*+0(1) as n — oo,
Br(yn)
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which clearly leads to a contradiction as ¢ — 0. Therefore, {y,} cannot be un-
bounded. Thus, {y,} is bounded in the compactness case of the concentration-
compactness Lemma 2.3.

Since {y,} C RY is bounded, there exists R* > 0 such that Br(y,) C Bg-(0)
foralln =1,2,3,.... We may also choose R* large enough so that

/ la| %2 < eR3, (2.28)
Bpx(0)°

Put 2 = Br~(0) and note that €2 satisfies the hypotheses of the Rellich-Kondrachov
Theorem [8, Theorem 7.26, p. 171].

Given that (u,) is a bounded sequence, there exists a subsequence, (uy, ), such
that w,, — u weakly in D2 as k — oo. Moreover, given 1 < t < 2*, we may
assume that u,, — u strongly in L*(Q2) as k — oo, since  is bounded, passing to
a subsequence if necessary, by the Rellich-Kondrachov Theorem.

Observe that, since Bg(y,) C Q for alln =1,2,3,..., then Q¢ C Bg(y,)¢ for all
n. It then follows from (2.22) that

/ |Vu,|* < e for all n. (2.29)
We want to show that
/|V(unk — w0 ask — oo, (2.30)
We have
J 19 = 0P = [Vl =)V, )

= /Vunk -V (tp,, —u) — /Vu~V(unk —u),

where f Vu - V(up, —u) — 0as k — oo, by the definition of weak convergence in
D12, Consequently, (2.30) will follow if we can prove that

lim [ Vu,, - V(up, —u) =0. (2.31)

k—oo

Now from the fact that (u,) is a bounded (PS). sequence it follows that

'/Vunk -V(u—unk)—)\/hunk(u—unk)—/ag(unk)(u—unk)

as k — oo, since [ f(u—u,) — 0 asn — oo.
We estimate the second integral on the left-hand side of (2.32) as follows:

‘/hunk(u—unk) < ‘/Qhunk(u—unk)

where, by Holder’s inequality,

(N=2)/(2N) 1/s
| [ = )| < bl ([ P/ ([ ru=wl)”
Q Q Q

where % = %—l— % - é, so that s < 2*. Hence, by the Rellich-Kondrachov Theorem,
we may assume that u,, — u strongly in L*(£2). Consequently,

= o(1) (2.32)

)

+ ‘ hp, (4 — Up,,)
Qe

/ hp, (u —up, ) = o(1) as k — oo. (2.33)
Q
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On the other hand, by Holder’s inequality and the assumption that (u,,) is bounded,
‘ htiy, (U — up,)
Qe

N (N=2)/(2N)
<y ([ fun, PR7Y2) -
L 2 Qc
Thus, by (1.1) and (2.29),

[ bt )

Therefore, it follows from (2.33) that

/hunk — Up,)

Similarly, for the third integral on the left-hand side of (2.32),

| [ astune =)

since a € L™ and u,,, — u strongly in L!(2). To estimate the integral over Q¢ use
Hélder’s inequality together with the assumptions that (u,) and g are bounded to

obtain
(N+2)/(2N>
| [ agtun) =) <c( [ lal#)

It then follows from (2.28) that

‘/ ag(tn,, ) (U — Up, )

lim sup ‘ / ag(uny,)(u = tn,)

k—o0

< Ce for all k.

lim sup
k—o0

< Ce. (2.34)

<C/|u—unk|—>0 as k — oo, (2.35)
Q

< Ce.

Consequently, by (2.35),

< Ce. (2.36)

Hence, since ¢ is arbitrary, (2.31) follows from (2.32), (2.34) and (2.36), and (2.31)
in turn implies (2.30); that is,

[ty =l = /|V(Unk —u))? =0(1) ask — 0.
i.e. u,, — u strongly in D2 ]

Now, with Jy satisfying the (PS). condition, once we can show that every (PS).
sequence is bounded, we are able to prove some existence results for problem (1.2).
Existence will be obtained as a consequence of the following saddle point theorem
of Rabinowitz.

Theorem 2.5 (Saddle Point Theorem [14]). Let E =V & X, where E is a real
Banach space and V # {0} and is finite dimensional. Suppose I € C*(E,R) satisfies
the (PS) condition,

(I1) there is a constant o and a bounded neighborhood D of 0 in V such that
I’aD < «, and
(I2) there is a constant B > « such that I|x > (.

Then, I possesses a critical value ¢ > (3. Moreover ¢ can be characterized as

= inf max I(h
¢ = jnf max (h(w)),

where T = {h € C(D,E) : h = id on dD}.
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First, we consider the case when X in the problem (1.2) is not an eigenvalue of
the eigenvalue problem (1.3):

—Au=M(z)u inRY, h>0a.e.,
u e DH2,

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose (uy) is a (PS). sequence. First, we show that (u,,)
is bounded in D'2. We argue by contradiction. Assume ([ |Vu,|?)/?
and define v,, = u,, /t,; then, ([ \an|2)1/2 =1 for all n. So we have, passing to a
subsequence if necessary, that v, — v weakly in DY2(RY), since (v,,) is bounded.

Now we claim that v(z) = 0. As a consequence of the assumption ||J§ (u,)|| — 0
as n — 0o, we have

=t, —

(J\(up), & /Vun V(bda:—/\/h Yun Pdx

- [at@gtun)os ~ [ 116 = ool

as n — oo, for all ¢ € DY2. Dividing the previous equation by t, = |Vu,|s we

obtain
/an-v¢—)\/ T)onp — / d) /f (2.37)

as n — co. Given that ¢ is bounded and that ¢ € D2 implies ¢ € LN/ (N=2) we
obtain from (2.37)

/an Vo — )\/hvnqb - tg =o0(l) asn— oo, (2.38)

by Hélder’s inequality. Thus, letting n — oo in (2.38),

/VU~V¢)—)\/hv¢:0.

Since A is not an eigenvalue of problem (1.3), we conclude that v = 0 a.e. in RV,
Substituting ¢ = v, in (2.38) we obtain

/|an|2 - )\/hvfb - tg =o0(l) asn— oo, (2.39)

where we have used the fact that [hvZ — 0 and [ fv, — 0 as n — oo since
v, — v = 0 weakly in D"? (see Corollary 2.2). Moreover, given that [ |Vuv,|* =
lon||? = 1 we obtain from (2.39) that
C
1—t—:0(1) as n — 0o,

which leads clearly to a contradiction as t, — oo. Therefore, u,, is bounded in D2
Thus, every (PS). sequence is bounded. Hence, by Proposition 2.4, J) satisfies the
(PS). condition.
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Next we prove that Jy satisfies the hypotheses of the Saddle Point Theorem 2.5.
Let 1 be an eigenfunction corresponding to A;. Recall that ||p1|| = 1. Consider

Biten) =5 [V =52 [ 1) = [a@aieen —t [ sy
— 5205 - [a@Gt) ~ ¢ [ e

Recall that |G(s)| < C|s| for all s € R. Therefore,

1,0\
Ix(tp1) < 77(— —1)¢? +C|t|/ )|

2
1 /\ 9
< —5()\* - 1)t + Cl|t|(|a|L2N/(N+2) + |f|L2N/(N+2))|<p1|L2N/(N 2).
1

Let V = span{¢ }; it then follows from the last inequality that

lim Jr(v) = —o0.
||v]| =00, veV
Finally, let X = V4 = {w € D2 : (w, 1) = 0}. Then Xy [ hw? < [|Vw|? for all
w € X and

1 A
In(w) = 5(1 - )\*2)||w||2 — C1(lalpan/ivezy + [ flpensoven) wl]

for any w € X. Therefore, J)(w) — +00 as ||w|| — oo in X. Consequently, (I7)

and (I2) in the Saddle Point Theorem 2.5 hold, and so J) has a critical point, which
establishes Theorem 1.1. O

Remark. This argument can be extended to the case A\ < A < Ag41 where Mg
and A1 are consecutive eigenvalues of problem (1.3).

3. A RESONANCE PROBLEM

In this section we consider the problem
—Au = Mh(z)u+ a(z)g(u) + f(z),

3.1
u € DI’Q, (3:-1)

where \; is the first eigenvalue of (1.3) over RY. We can solve problem (3.1) if we
impose a condition similar to one used by Ahmad, Lazer and Paul in [2] on G(u)
and f; that is condition (1.4) in the statement of Theorem 1.2.

Proof of Theorem 1.2. We first show that Jy, satisfies the (PS). condition for any
¢ € R, and then we verify that J), satisfies the conditions of the saddle point
theorem of Rabinowitz (cf. Theorem 2.5).

Let (um) be a (PS). sequence for the functional Jy, defined in (2.1) for A = A;.
We claim that (u,,) is bounded.

Write U, = Vp + Wy, where v, € span{p;} =V and w,, € V+ = X for each
m € N. First we show that (wp,) is bounded in D*2. Since ||J}, (um)| = 0, there
exists mg € N such that if m > myg, then

‘/Vum~Vv—)\1/humv—/ag(um)v—/fv) <]l for all v € D2
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In particular, if v = w,,, we have

‘/|Vwm\2 —Al/hwfn < lwm| —i—’/ag(um)wm‘ —|—’/fwm’ form >m

Given that Ao [ hv? < ||v||? for all v € X, we obtain

A
(1 — 7\1 ) ||wm||2 < ||wm|| + C(|a|L2N/(N+2) + |f|L2N/(N+2))||wm|| for m > m,,
2

from which it follows that (w,,) is bounded in D':2.
Next we show that (v,,) is bounded. Observe that Jy, (um) — ¢ implies that
Iy, () is bounded; say |Jy, (um)| < Cy for all m, where

In, () = %/|Vum|2— %/hufn—/aG(um)
1 2 AL 2
= 2/|Vwm| 5 /hwm
—/a[G(vm+wm)—G(vm)]—/aG(vm)—/fvm.
Note that |G (v + wpm) — G(vm)| < M|w,,|. Hence,
| [al60n + wm) = Glom)| < M [ alun] < Cafon].

So we obtain
’ / aG(vm,) / fom| <

Given that (wp,) is bounded, we have

‘/ /fvm‘ C for all m.

Therefore, if (1.4) holds, then (v,,) is bounded in D2, otherwise [ aG(vim)+ [ fom
would approach infinity as m — oo, by (1.4). We therefore conclude that (u,,) is
bounded, and so by Theorem 1.1 we have that J, satisfies the (P.S). condition.
To show that the other hypotheses of the Saddle Point Theorem 2.5 are satisfied,
we proceed as in the proof of Theorem 1.1. If u € X, we have u = E;iz a;jp;,

hence
J1vu - Al/hu—z 1f— > (1= ) Jul®

Moreover, since |g(s)| < M for all s € R, we have that, for all u € D2

< | (um)| + Collwm I + Csllwml|

< C1 + Collwi||* + Cs|wm |-

‘/aG(u)‘ < M/ lallul < Mla] ponsivsn [ul pawscn—s < Cllul|

Therefore Jy is bounded from below on X; i.e. (I3) in the Saddle Point Theorem
2.5 holds. Finally, if v € V| we have

J)\l(v):—/aG(v)—/fv.
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But [aG(v)+ [ fv — oo as ||v]| — oo by (1.4) and, therefore, (I1) in the Saddle
Point Theorem (2.5) also holds. Hence, Jy, has a critical point and the theorem
follows. O

Remark. The existence result in Theorem 1.2 can be extended to the problem
(1.2) with A = A, for n > 1 by modifying condition (1.4) appropriately. In fact,
suppose the eigenspace corresponding to Ay, is Ex, = span{@n,, ¥n,; - - -, ¥n, }, then
(1.4) is replaced by

2 111112 /G(Z)G(tlsﬁnl +"'+tk§0nk)+/f(t1§0n1 +”'+tk(pnk) = 0.
124412 —o00
Remark. Suppose lim;_o g(s) = goo and limg_,_ g(s) = g—oo exist. Then, if
Joo > 0 and g_oo < 0, G(s) = fOS g(t)dt — oo as |s| — oco. Consequently, by L’
Hospital’s rule, the Lebesgue dominated convergence theorem and the fact that
@1 >0 a.e. in RY we have that

.1 . w | a as t — 00,
lim f/a(x)G(tgol) = lim ag(tpr)pr = {g f ¥

[¢]— o0 [t|— o0 J—oo [ap1 ast— —oc.

Thus, the condition (1.4) in the resonance Theorem 1.2 holds if

goo/ago1+/fg01>0 and g,oo/ag01+/f<p1<0,
g—oo/a<P1 < _/f901 <goo/a<P1~ (3.2)

This is the original Landesman-Lazer condition in [12] for the case of resonance
around the first eigenvalue.
It can be shown that if

or

J—oco < 9g(5) < g1oo for all s € R,

then (3.2) is necessary and sufficient for the solvability of (3.1). If g_o = g,
then the Landesman-Lazer condition (3.2) cannot hold, and if g_, and g4 are
both zero, then condition (1.4) might not hold in general. This corresponds to what
is known as strong resonance, which will be treated in the next section for the case

f=0.
4. A STRONGLY RESONANT PROBLEM

As an example of a strongly resonant problem (cf. [4]) we have
—Au =\ h(z)u+ a(z)g(u), n =1,

4.1
u € DY?, (4.1)

where g(s) — 0 as |s| — oo and a € L' N L. In this section we prove Theorem
(1.3) which states that, under conditions (1.5) and (1.6) on G, problem (4.1) has
a weak solution. This will extend to RY the results in [15] for bounded domains.
We use the following extension of the saddle point theorem by Rabinowitz.

Theorem 4.1 (Linking Theorem [15]). Let E = X1 @ X3 be a real Banach space
with X1 finite dimensional. Suppose I € C1(E,R) and satisfies:

(Io) There exists 8 € R such that I(u) < 8 for every u € X;.
(I1) There exists v € R such that I(u) > v for every u € Xs.
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(I2) There exist 11 > 0 and a > 7 such that I(u) > « for every u € Xy with
ullg = r
If I satisfies the (PS). condition for every ¢ > ~ and every (PS). sequence is
bounded, then I possesses a critical value b > .

Proof of Theorem 1.3. Observe that since L' NL> C L4 for any q € (1, 00), Propo-
sition 2.4 applies to the functional Jy, given in equation (2.1) with f = 0.

Define the subspaces Ej := span{®1,...,pr}t and Ly := span{y; : \; = A\;} for
every k € N; also, set Ey = {0}. We show first that Jy (u) satisfies the (PS).
condition for every ¢ € (—A,00). By Proposition 2.4 it is enough to show that if
c € (—A,00) and (u.,) is a (PS). sequence, then (u,,) is bounded.

Let (up,) be a (PS). sequence for Jx. Assume by contradiction that (u,,) is
not bounded. Write u,, = u}, + v, + u,,, where u}, € (E,)*, v, € L,, and
Uy, € E,—1. Since |[J} (unm)| — 0 as m — oo, it follows that there exists m, € N
for which

’/VumVuj; — /\n/humu% — /ag(um)uf{@‘ < luf |l for m = m,. (4.2)

On the other hand, since g is bounded,

N/(N—2)
| [astwnyat] <21 [lallui) < Mialyasovia ([ a5 < Ol
for all m. Consequently, it follows from (4.2) that there exists C’1 > 0 such that
An
At = 2 < Gl for m > m,

Therefore, (u)) is bounded.

For (u,,), since u,, € E,_; implies A [1Vug,]

n=1 2 Fpons
for u;},, we obtain that there exists Cy > 0 such that
‘)\n_l — An
An—1

Consequently, (u,,) is also bounded. Moreover, we will show shortly that

by similar calculations as

< Collu,, || for m = my,.

uZ| — 0 as m — 00. (4.3)

This will follow from the fact that g(s) — 0 as |s | — o0. In fact, from

||2—1/ag st | < |5, (). )|

and Holder’s inequahty, we obtain

‘ )\n—i-l

2N )(N+2)/(2N)

il < 14, Gl + ([ 105 lg(un) 5 (4.4

Since ||J)\n (um)|| — 0 as m — oo, condition (4.3), for w,}, follows from (4.4) once
we show that

‘ )\nJrl

lim [ [a] %32 |g ) |72 = 0. (4.5)

m— 00

Define v,, = u?, /|[u| for all m. Then, since L, is finite dimensional, we may
assume, passing to a subsequence if necessary, that there exists v € L, such that
|lv]] =1 and

Um(z) — v(z) a.e. asm — oo. (4.6)
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For a given € > 0, find R > 0 such that

2N/(N+2) €
/[BRmnc i < AN 1)

Since ||, || and |Ju,, || are bounded, we may assume, as a consequence of the Rellich-
Kondrachov Theorem [8, Theorem 7.26], passing to subsequences if necessary, that
there exist functions w* € H'(Bg(0)) such that uf () — w* a.e. in Bg(0) as
m — 00 [3, p. 58]. It then follows from

Uy, (T U (
) = N + o) + i)

(4.6), and the unique continuation property of the eigenfunctions that
|t (z)] — 00 a.e. in Br(0) as m — oo,

since ||u?,|| — oo as m — co. Therefore, by the Lebesgue dominated convergence
theorem and the fact that g(s) — 0 as s — oo,

lim ‘a|2N/(N+2)|g(um)|2N/(N+2) —0.

Hence, in view of (4.7),

timsup [ a2/ g, PO <

m—00

from which (4.5) follows. Consequently, (4.3) is established for (u)). Similar
calculations lead to the analogous result for (u,,).
Now, from

1
Glum) — G(ul,) = / o(ul, + t(u, + u)) (s + um)dt

we obtain

\/acz(um%/aG(u%)\ < \//01 ag(ul, + (i + ) (f, + 1)

1
< [ [rallgtus, + e + w)h + ) deda
0

L na  \2N/(N-2)
< Mlal gy, ([l + | 55 )
< Cllufy +upl.

It then follows from (4.3) and the above inequality that
/aG(um) = /aG(u?n) +0(1) as m — 0.
Thus,

m— oo m— oo || u|—oo

liminf/aG(um) > liminf/aG(ug)n) > liminf/aG(u) =A.

n

Hence,

liminf | aG(uy,) > A. (4.8)

m—00
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On the other hand, by J, (um) — ¢ and (4.3) we have
c= lim Jy,(um) = hm /|Vum\2 An /hu /aG um)}
— lim {/Wum—An/h(u;)u/wu,—nﬁ—An/mu;ﬁ—/aa(um)}

=— lim [ aG(up).

m—00

By hypothesis, ¢ > —A, thus lim,,_o [ aG(uy) < A, which contradicts (4.8).
Therefore, (u,,) must be bounded if ¢ € (—A, 00).
To show the existence of a weak solution we use the Llnkmg Theorem, Theorem

4.1 (see [15]). Define (E,)* := X, then \,1;1 < ffh 2‘, for all w € X5. So, given
any u € X, it follows from (1.6) that

Iy, (u) = %/|vu|2 - %)\n/huQ —/aG(u)
/\ _

1
>-(1-
2 |G|L1
z—A;
ie, Jy, (u) = v € R for all u € Xy with v := —A. So condition (/1) in Theorem

4.1 holds.
On the other hand, from

1 A
>-(1- - 2
() 3 5 (1= 2 Jul? 4,
it follows that Jy, (u) — oo as ||u|]| — oo (since Any1 > Ay,), and therefore (I2) in
Theorem 4.1 also holds.

Now, define X; := E,. If n > 1, we may write u = u; 4+ ug where u; € F,_;

and ug € L,. For u € E,,_1 we know that \,_; > jfl:ug ; thus, for u € X,

— 5 [ 190+ w)P =% [ b+~ [aGlw)
/|Vu1|2— —/hul /aG

<5 (s = Dl - [(eGw) — aGlu) - [ aGuo)

From G(u) — fo (uo + tug)urdt we get that |G(u) — G(ug)| < Mluy|, so
that the above 1nequahty becomes
1, A
Tan) € =5 (22 = Dl + Clhu| ~ | aG(uo). (19)

It then follows from (4.9) and the condition (1.5) that there exists a real constant
B such that Jy, (u) < @ for all uw € X; which is condition (Ip) in Theorem 4.1.
For n =1 we have

Iy, (u) = —/aG(u) for u € X,
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which, by (1.5), yields § € R such that Jy, (u) < g for all u € X ie., (fp) in
Theorem 4.1 holds. Therefore, Jy, (u) has a critical value b > v and the theorem
is established. g

As a consequence of Theorem 1.3, we have the following statement.

Corollary 4.2. Let g : R — R be a continuous function satisfying lims o g(s) =
0. Suppose that a > 0 a.e.,

G(s) = €£€R asl|s| o0, and G(s) <& for every s € R.
Then problem (4.1) has a weak solution.

This corollary follows from Theorem 1.3, the unique continuation property of
the eigenfunctions, and the Lebesgue dominated convergence theorem.
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