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STRONGLY INDEFINITE FUNCTIONALS WITH PERTURBED
SYMMETRIES AND MULTIPLE SOLUTIONS OF
NONSYMMETRIC ELLIPTIC SYSTEMS

MONICA CLAPP, YANHENG DING, SERGIO HERNANDEZ-LINARES

ABSTRACT. We prove a critical-point result which provides conditions for the
existence of infinitely many critical points of a strongly indefinite functional
with perturbed symmetries. Then we apply this result to obtain infinitely
many solutions of non-symmetric super-quadratic noncooperative elliptic sys-
tems, allowing some supercritical growth.

1. INTRODUCTION
Consider the noncooperative elliptic system
—Au = |ulP"2u + fu(z,u,v) inQ
Av = 0|7 %0 + f,(z,u,v) in Q (1.1)
u=0, v=0 onJ9Q,

where Q@ C R¥ is a bounded smooth domain, N > 3, p € (2,2%), q € [2,00), and
f € CY( x R%,R) is a lower order term, which is not necessarily symmetric in
(u,v). As usual, 2* := % denotes the critical Sobolev exponent.

In the previous decades there has been a great amount of activity in the study of
elliptic systems. Elliptic systems leading to strongly indefinite functionals have been
studied, for example, in [4}, [5 6l 111 12} [15] 16, 17, 18]. However, only subcritical
systems have been considered in these papers, and the multiplicity results therein
require some symmetry assumption on f. Recently De Figueiredo and Ding [14]
considered the case ¢ > 2*. Under appropriate growth conditions, they established
the existence of infinitely many solutions of (p) for functions f which are even
in (u,v). Here we will show that one can do without the symmetry assumption.
Namely, we prove the following.

2000 Mathematics Subject Classification. 35J50, 58 E05.

Key words and phrases. Critical point theory; perturbation of symmetries; elliptic systems;
strongly indefinite functionals; multiple solutions; critical Sobolev exponent.

(©2004 Texas State University - San Marcos.

Submitted March 12, 2004. Published August 18, 2004.

M. Clapp was supported by grant IN110902-3 from PAPIIT, UNAM.

Y. Ding was supported by the “973” project and NSFC 19971091 of China.

S. Hernandez was supported by grant IN110902-3 from PAPIIT, UNAM.

1



2 M. CLAPP, Y. DING, S. HERNANDEZ-L. EJDE-2004/100

Theorem 1.1. Ifp € (2,2=2), g € [p, ), and f € C*(Q x R%,R) satisfies

| fu(z,u,v)] < c(|ulPt + |7t +1)
|fy(l‘,u, ’U)l S C(|u|7p_1 + |,U|’yq—1 + 1)

for all (x,u,v) € Q x R?, and some ¢ >0,0<0—1< Ty —1), and% <<

min{(% — L)N, q%l(Q*le)}, then (L.1) has infinitely many solutions.

p

This result is a special case of a stronger result (Theorem [3.1]) which is obtained
as an application of an abstract critical point theorem for strongly indefinite func-
tionals with perturbed symmetries which we state and prove in section 2.

Variational methods for establishing existence of infinitely many solutions of an
elliptic equation with perturbed symmetries were first introduced by Bahri and
Berestycki [1], Struwe [26] and Rabinowitz [22] in the early eighties, further devel-
oped by Bahri and Lions [3] and Tanaka [27] and, more recently, by Bolle, Ghous-
soub and Tehrani [7, [§], among others.

On the other hand, various methods for dealing with symmetric strongly indef-
inite functionals are now well known. The first one is due to Rabinowitz [21I] who
reduced the indefinite problem to a finite-dimensional one. Another useful approach
is due to Benci and Rabinowitz [6] who showed that the original methods of critical
point theory still work if one restricts the class of deformations appropriately. A
different approach, based on a Galerkin type approximation, was given by Bartsch
and Clapp in [4].

The abstract result we present here is also based on a Galerkin type approxi-
mation which reduces the study of strongly indefinite functionals with perturbed
symmetries to a semidefinite situation, thus allowing the use of Morse theory meth-
ods as in [3] and [27]. However, unlike the symmetric case or the semidefinite case,
the strongly indefinite perturbed case requires fine knowledge on the topology of
the sublevel sets of the approximations of the associated symmetric functional (see
Remark (e) at the end of section 2). The key step in the proof of Theorem [L.1] con-
sists in a careful study of such sublevel sets. Our description will yield, in addition,
estimates for the energy of the solutions of the system (p), similar to those given by
Bahri and Lions [3] in the symmetric single equation case, and recently extended
by Castro and Clapp [9] to the perturbed single equation case (see Theorem [3.1]).

This paper is organized as follows. In section 2 we state and prove an abstract
critical point result for strongly indefinite functionals with perturbed symmetries,
and in section 3 we apply this result to prove Theorem

2. STRONGLY INDEFINITE FUNCTIONALS WITH PERTURBED SYMMETRIES

Let X be a Banach space with a direct sum decomposition X = X T @ X*® X .
According to this decomposition, a point in X will be denoted u = (u™,u*,u™).
Let

XfcXyccXt, XfcXjc---CcX*, X;cCX,C---CX™

be sequences of finite dimensional linear subspaces of X, X* and X~ such that
dika+ = k. For k,n > 1 we write

X" =XtoX;oX, and X =XoX oX,.
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Let ¢ : X — X be the involution
v ut um) = (—ut v, —u).

Then X* = {u € X : wu = u} is the fixed point set of t. We say that a subspace V
of X is t-invariant if cu € V for every u € V, and we say that amap o : V — W

between two (-invariant subspaces is t-equivariant if o(cu) = ¢(o(u)) for every u €
|4

Let ® : X x [0,1] — R be a C'-functional, and let ®" : X™ x [0,1] — R be its
restriction to X™ x [0,1]. We think of ® and ®" as being paths of functionals

P : X =R, Py(u) =(u,t), 0<t<1,
7 X" - R, P(u)=d"(u,t), 0<t<1, n>1,
and write

D} (u) == (,%@(u,t), (@) (u) := %@"(u,t).
for their derivatives with respect to u. We assume that @ satisfies the following
assumptions.

(H1) Every sequence (ug,tr) in X x [0,1] with up € X™  np — oo, tx — t,
®y, (ur) — ¢, [(®1F) (ur)|| — 0, has a subsequence converging in X to a
critical point of ®;.

(H2) For every n € N large enough and b € R there is a constant C' = C(n,b)
such that

%‘P(u’t)\ < O(l@P) @l + D(flul + 1) if uwe X7, (F)(u)] <.

(H3) There exist two continuous functions 61,605 : [0,1] x R — R, 6; < 65, which

are Lipschitz continuous in the second variable and such that
0
01(t, D4 (u)) < a‘b(u, t) < Oa(t, Py(u)) if ®i(u) = 0.

(H4) For every finite dimensional subspace W of X and a € R there exists an
R > 0 such that ®,(w) < a for every t € [0,1], w € W with ||w| > R.

(H5) @0(1u) = Po(u) for every v € X, and there exists an M > 0 such that
Oy (u*) < M for every t € [0,1], u* € X*.

(H6) sup{®o(u):u€ X ®X*d X} = My <oo foreveryk > 1.

(HT) For each k > 1 there exist ny > 1 and a nondecreasing function £ : R — R
with the following property: Given n > ng, an t-equivariant map o €
C%(X, X™) and an R > 0 such that o(u) = u if ||u|| > R, there exist an
t-equivariant map o € C°(X}!, |, X™) and an R > R such that o(u) = o(u)
if ue X7, (u) = u if |[ul| > R, and

up @ (5(Xf1)) < felsup Bo(o(X1)).
We shall prove the following statement.

Theorem 2.1. Assume that ® satisfies (H1)-(H7). Then there exists a sequence
(ck) of real numbers such that, if the sequence

( Ck+1 — Ck )
maxo<i<1 |01(f, ck+1) |+ maxo<i<i |02(t, c)| + 1

(2.1)

is unbounded, then ®1 has an unbounded sequence of critical values.
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The numbers ¢, are defined as follows (see (2.2) below): For each n € N, let

cp = inf  sup Po(o(u))
oel} ueXy
where '} is the set of maps o € C(X}', X™) with the following three properties:

(¢) o is t-equivariant, that is, o(¢(u)) = t(o(uw)) for each u € X},
(#4) There exists R > 0 such that o(u) =u if ||u > R.
(#i1) o(u) =u for each u € X.

These values have the following linking property for ®.
Lemma 2.2. Let e € X, \ X} and let
V:{v+sec X ve Xy, se0,00)} - X"

be a continuous map with the following properties:

(i) 9| X} is -equivariant.
(ii) There exists R > 0 such that 9(u) = u if |ul| > R.
(iii) d(w) =v for allv e X.

Then there exists (vo, so) € XJ? x [0,00) such that
D (V(vo + s0€)) > Cpyq-

Proof. We extend ¥ to a map 0 X1 — X" as follows:

D(v + se) == 1w — se) if (v,s) € X x (—o0,0].
Since dim X!, ; = dim X! + 1 and since ¢ | X}! is t-equivariant, ¥ is well defined.
By definition, 9 € I, Hence there exists ug € X!, | with Do (F(ug)) > Ciyq- But
$g o1 = ®g by assumption (H5). Therefore tug also satisfies ®q (9 (1uo)) > ¢ -
So, without loss of generality, uy = v + soe with (v, so) € X} x [0, 00). O

Since the inclusion X} — X™ belongs to I'}, assumption (H6) guarantees that

cp < sup Po(u) < My, <oo forall k,n > 1.
ue Xy

The numbers ¢ in Theorem [2.1] are defined as follows:

¢ :=limsup cf. (2.2)

n—oo

Note that ¢, < ¢pqq for all k& > 1.

We shall assume without loss of generality that ¢} — cp as n — oco. We also
assume from now on that (H1)-(H7) hold and that the sequence (2.1)) is unbounded.
We wish to show that the linking property of ®q is preserved by the flow of the path
of functionals @, in a suitable sense. We start with the following easy observation.

Lemma 2.3. For every b,d > 0 there exist ng € N and p > 0 such that
0
01(t, ¢(u)) — 6 < E‘I’(% t) < O2(t, Pi(u)) +6

for every (u,t) € X™ x [0,1], with n > ng, |P¢(u)] < b and ||(PF) (w)| < p.
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The statement of the above lemma is an immediate consequence of (H1) and
(H3).

Fix § > 0. For #; and 65 as in (H3) we consider the flows (1,{2: [0,]] x R = R
defined by

€1(0,8) =s
£i(18) = (a1, ) =
and
(2(0,8) =s
%Cg(t, S) = 92(t, C:Q(t, S)) + .

Following Bolle [7] we prove the following deformation lemma for the path of func-
tionals ®;.

Lemma 2.4. For every pair of real numbers dy < ds there exist ng € N and, for
each n > ng and each v = 1,2, there exists a homotopy n* : X™ x [0,1] — X™ with
the following properties:

(i) n(u,0) =u for allu € X™.

(ii) 07 (u,t) = u if either ®,(u) <ming<s<1 (¢, d1) — 1 or

@4 (u) >maxo<i<1 (o (t,d) + 1.

(iii) n2(-,t) : X™ — X™ is a homeomorphism for every t € [0,1].

(iv) If c € [d1,ds] and ®o(u) > ¢, then (0 (u,t)) > C1(t,¢) for all t € [0,1].

(v) If c € [d1,ds] and ®g(u) < ¢, then ®y(nh(u,t)) < (2(t,c) for all t € [0,1].

Proof. We extend Bolle’s argument [7] to Banach spaces and C!-functionals as
follows. Let M™ = {(u,t) € X™ x [0,1] : (®})"(u) # 0} and let W™ : M™ — X" be
a pseudogradient vector field for the map (u,t) — (®7) (u), that is, W™ is locally
Lipschitz continuous and satisfies

W™ (u, )l < 2(@7) ()]l and  ((@F) (w), W™ (u, 1)) > [I(@F) (W) (2.3)

for every (u,t) € M™ [28] Lemma 2.2]. Set o, = min{¢,(¢,dy) : 0 < ¢t < 1} and
By = max{(,(t,d2) : 0 <t < 1}. For b = max{|a,|,|8,] : v = 1,2} and ¢ as above
we choose ny € N and p > 0 as in Lemma Let Ay, p € C*(R,[0,1]) be such
that A, =0 on (—o00,a, — 3] U [B, + 2,00) and A\, =1 on [a,, B,], and =0 on
[-£,%] and =1 on (—o0, —p] U [p, 00).

Fix n > ng and consider the vector fields V' : X™ x [0,1] — X™ given by

Vi'(u,t)

0 -
4((8th>)(u,t)+1+af(t,gl(t,c)))Al@t(u))ﬂ(Hwn(u’w)W%’
‘/'27L(u’t)

8 n
= —4((&@)+(u,t) + 1+ 065 (¢, CQ(t,c)))/\2(q)t(u))’u(HVVn(u7 t)”)m7
where h* := max{+h,0} > 0. Note that V" (u,t) = 0 if ®,(u) ¢ [0, — 1,8, + 3] or
[W™(u,t)|| < £. On the other hand, if ®,(u) € [, — 1,8, + 1] and |[W"™(u,t)|| > £
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then, conditions (H2) and imply that

A(1(5 @) (u )] + 1+ 16, (1, G (t,0)))
[Wr(u, )]

_ G @)+ Dl + 1)

- W (u, )]

< O(llull +1)

Vo (w, D) <

for some positive constants Cand C. This, and the fact that V,}" is locally Lipschitz
continuous, imply the existence of a global flow n : X™ x [0,1] — X™ for V;}* given
by

WS(U»O)ZU
D ust) = VP (s ), )
atnu ’LL, - v ny u7 9

Properties (i)-(iii) are immediate. We prove (iv): Let u € X™ satisfy ®g(u) > ¢ for
some ¢ € [dy,ds]. Set f(t) := ®i(nf(u,t)). Since f(0) = Po(u) > ¢ = (1(0,¢) it
suffices to show that

f(t) = Glt,e) = f'(t) > %Q(ta ¢) =01(t,Ci(t, c)) — 6. (2.4)
So let us assume f(t) = (1(¢,¢). Then A1 (f(¢)) = 1. Hence, setting
0

(1) = (5, @) (01 (w, 1), ) + 1407 (1, Gt ©)),

we obtain

f1@) = (@) (0 (u, £)), V1" (01 (us ), 1)) + %‘P(n?(u,t%t)

(@) (0 (u, ), W™ (1’ (s £), 1))

a n
5 0 (1), 1)
> ()W (3 (1, 2), O + 5 807 (1), )
IE W7 (o (), )] < p then (@) (rf (1)) < p and), by Lemma B3}

£16) 2 Ar Bk 0),0) > 02(4,G1(6,) ~

I W (i (. 1), )] = p then (||W" (g (u, £),£) ) = 1, hence,

0

f1t) = o(t) + %‘I’(n?(u, £),t) = 01(t, 1(t,¢)) > 02 (¢, Ca(t, ¢)) — 0.
This proves (2.4)). Therefore, 57" satisfies (iv). Similarly, 1} satisfies (v). O
Given a subset A of X™ we define
I(A) == {r e C%X",X"): 7(u) = u if either u € 4,
or u € X;',; and [[ul| is large}.

Let M > 0 be as in (H5), and let ng > 1 and £; : R — R be as in (H7). We now
prove a linking property for ®;.
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Lemma 2.5. For every k € N such that
M+1 <t er) < Gt ep1) forallt €]0,1],

there exist €, > 0, my, > ny and, for each n > my, two subsets A} C B of X™
with the following properties:

(a) sup ®1(A}) < Ca(L, e +ek) < G, cpg1 —€x)-
(b) sup ®1(B}) < Go(1, ek + €x)).
(c) infrerp(ap)sup 1(T(By)) = Gi(1, crr1 — ex).-
Proof. Fix 0 < ¢ < 1 such that
Cg(t,ck + Ek) < (i(t, cpe1 — Ek) for all t € [0, 1]. (2.5)
Let my > ny be such that, for each n > my,
cp <cp+er and ¢y > cpg1 — Ex,
and there exist homotopies n? : X™ x [0,1] — X™ which satisfy (i)-(v) of Lemma
fOI" di=dy =cpr1 —ep if v =1, and for dy = ¢ + g, do = li(cp +ex) if v = 2.
In particular,
(' (u,t)) = Cu(t, crpr — ) 1 Po(u) = cpyr — e (2.6)
Dy (ny (u,t)) < Cat,c) if Po(u) <c¢ and ¢ +ep <c < Llp(ck +er) (2.7)
for all ¢ € [0,1]. Fix n > my, and choose o € I'} such that
sup @o(0(X}))) < ¢k + €.
By assumption (H7), o has an extension ¢ € I'}; such that
sup (I)O( (Xk+1)) < fk(ck + é‘k).
Inequalities (2.5)), (2.6)) and (2.7 imply that
() (e (X)) N (ﬁ?)t(¢3)>c’“+re’“ =0 forallte[0,1], (2.8)
where (7))~ +1 7% := {u € X" : ®g(u) > cpq1 — €k }. Choose e € X;7; \ X} and
define
Ay = {1 (o(w) - u € X}
By :={(ny)1(0(u+te)) :ue X}, t >0}
It follows from (2.7)) that
sup @1 (A}) < G(l,ep +er) and  sup @1(By) < (1, lk(ck +€k))-
Thus (a) and (b) hold. Let us prove (c). For every 7 € T'}(A}), the function
V:{u+te:ue X, t€[0,00)} — X", defined by
P+ te) = { W)t © ()i o) if0<¢<1/2
(771) 070(772)100( +(2t—1)e) if1/2<t<1
satisfies the hypotheses of Lemma [2.2} Hence there exists (ug,to) € Xj' X [0, 00)
with
d ( (U() + toe) >c +1 > Ck41 — €k- (29)
(n

If to < 1/2 then (n7)2t, (V(uo + toe)) = (n5)2t,(0(uo)), contradicting (2.8). There-
fore, to > 1/2 and (n})1(I(uo + toe)) = 7[(n5)1(6(uo + (2tg — 1)e)]. Inequalities

y yield

@4 (7 [(12)1(0 (w0 + (2t0 — 1)e)]) = @1 ((m)1(I(uo +10e))) = (1, i1 — €k)
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and, since (n3)1(c(ug + (2to — 1)e) € By, it follows that
sup @1 (7(Bg)) > (1(1, cp1 — €k)-
This proves (c). O
We now show that, if the sequence is unbounded, the hypothesis of Lemma
holds for infinitely many k’s.

Lemma 2.6. If the sequence 18 unbounded, then the sequences
(min, (Glt.cxn) = Goltr))) and (min Golt.cx))

0<t<1

are unbounded above.

Proof. The flows (, satisfy |s — (. (¢, s)| < a(max{|0,(t,s)| : t € [0,1]} +6) for some
constant a > 0 (cf. for example [25]). Therefore,

0 < epr1— ek < Gt crrr) — Ca(ts ck) +a(01£1tagxl 01(t, cr+1) + max |02(t, cx )| + 26).
Since the sequence (2.1 is unbounded, our claim follows. ]

Proof of Theorem[2.1. By Lemma [2.6] passing to a subsequence if necessary, we
may assume that

M+4+1< Gt cp) < Gi(t,cge1) forall te[0,1], k> 1.
Let A} C By C X", n > my, be as in Proposition 2.5, and let

%= el 2 D)
Then
C(l,cx) < G (L ckt1) <€ <G, lk(cp + 1)) for all n > my. (2.10)
Define

¢, = limsupcy,.
n—oo

It follows from assumption (H1) and Proposition 2.6 (b) in [4] that ¢ is a critical
value of ®; : X — X. Since ¢ > (2(1, ¢x), Lemma implies that the sequence
(¢k) is unbounded. O

We conclude this section with some remarks.

Remarks. (a) If dim(X* @ X~) < oo then assumptions (H6) and (H7) follow
easily from assumption (H4).

(b) If X* = {0}, assumptions (H2)-(H5) are the same as those of Theorem 2.2
in [8], and our assumption (H1) is stronger than the one given there. But, if
dim(X ™) = oo, the minimax levels ¢ as defined by Bolle, Ghoussoub and Tehrani
in [8] will all be zero. So their result does not yield critical values in the strongly
indefinite situation.

(¢) Our definition of ¢, allows us to take advantage of the topology of the sublevel
sets of the semidefinite approximations ®( of ®( and, in particular, to apply Morse
theory methods (as was done by Bahri-Lions [3] and Tanaka [27]) to estimate the
growth of the ¢x’s and derive conditions for the unboundedness of (, see Lemma
below.

(d) Assumption (H1) is the obvious extension to paths of functionals of the (PS)*-
condition introduced by Bahri and Berestycki [2] and Li and Liu [19]. It yields
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critical values ¢ of ®; provided that the minimax values ¢} of its approximations
@7 are uniformly bounded. This is where (H7) comes into play.

(e) Assumption (H7) requires some knowledge on the topology of the sublevel sets
of the approximations of ®y. Note that every t-equivariant map o € CO(X}, X™)
such that o(u) = u for ||u|| large enough, has an ¢ -equivariant extension & €
CO(X}' ,,X"™) such that d(u) = u for |ju| sufficiently large. The key point in
assumption (HT7) is that

sup @o(a (Xl 1)) < Li(sup Po(0(XY)))

for some function ¢; which does not depend on n. In fact, in our application the
function ¢; will be linear and will be also independent of k, see Proposition [3.8
below.
(f) It follows from that the critical values ¢, of the perturbed functional ®,
satisfy

C(1,er) < Ci(1,ehq1) <k < Co(1, le(cr +1)).

This inequality will be used to obtain estimates on the energy of the solutions of
problem (p), see Theorem (3.1

3. STRONGLY INDEFINITE ELLIPTIC SYSTEMS

We apply Theorem to obtain infinitely many solutions of the elliptic system
(1.1). The variational setting is as follows: Let 0 < A; < --- < A; < ... be
the Dirichlet eigenvalues of —A on H}(Q) counted with their multiplicity, and let
e; € H}(Q) be the eigenfunction which corresponds to A; with |e;|2 = 1. Consider
the Banach space Hg (Q2)NL7(£2) equipped with the norm |[v]| ) = (|Vv\%—|—|v|3)1/2,
where | - |, denotes the usual norm in L". Let V() be the closure of span{e, :
n > 1} in Hi(Q2) NLY(Q) with respect to the ||v]|(4)-norm. Then V¢(f2) is a Banach

space. Since the eigenfunctions satisfy |e,|%, < C\Y /% for some positive constant
C [10, Chap. IV, Theorem 8], integrating by parts one can easily show that the
Fourier coefficients of a function p € CZ™(Q) decrease as \,,™. It follows that
C§e () CVI(Q).

Let X be the direct sum

X = H}(Q) V)
We denote the elements of X by z = (u,v), and their norm by
I2llq == (Va3 + [03)"? = (IVuls + [Vol5 + [0]) /.
Set
X i=span{eq,...,ex} C Hy(Q) = X,
X, :=span{e,...,e,} CVIQ) = X,

and X* := {0}. The orthogonal projection Hi(2) — span{es,...,e,} C HE(Q)
restricts to a continuous operator

P, V{Q) — X,

which satisfies P,v — v in V(Q) as n — oo for every v € V() because, by
definition, U,>1X,, is dense in X .



10 M. CLAPP, Y. DING, S. HERNANDEZ-L. EJDE-2004/100

Set
1 1 )
H(z,z,t) = —|ulP + =|v|? +tf(z,2), z€Q, z=(u,v) €R?
p q

1
D(z,t) := 3 /Q (IVul]® = |Vu|?) dz — /Q H(x,z,t)dx.

Theorem is a special case of the following result.

Theorem 3.1. Let p € (2,2%), q € (2,00), and f € C*(Q x R2 R). If there erist
d>0,v€[0,1),v< min{(% — )N, ﬁ(ygl)} such that
[f (@, 2)| + [ f=(2, 2)2] < d(|ul"® + o] + 1),
|fo(@,2)| < d(ju ™D 4 o@D 4 1)
for all x € Q, z = (u,v) € R?, then problem has a sequence of solutions
2k = (ug, vi) which satisfy

Cik” < @y (z1) < C2k”,
. 2
with v 1= WP_Q)’ Cl,CQ > 0.

The assumptions of Theorem guarantee that the functional ® is well defined
and of class C'!. The critical points of ®; := ®(-, 1) are weak solutions of (1.1]). As
in section 2 we set

X"i=XteX,, X=X oX,,

and write &} : X" — R for the functional ®7(z) = ®(z,t), z € X™. We now show
that @ satisfies assumptions (H1)-(H7) of Theorem In order to prove (H1) we
need the following lemma.

Lemma 3.2. Let 2z, € X", t;, € [0,1] be such that ny — oo, @y, (21) — ¢ and
(®7F) (2x) — 0 as k — co. Then (zy) is bounded in X.

Proof. Our assumptions on f yield
%Hz(a:, )z — H(z, 2, 8) > a1 (Juf? + [v]7) — as. (3.1)
Therefore, for k£ large enough,
luklp + okl§ < as(Py, (21) — %(‘P?f)/(zk)zk +1) < as(1+ [[zkllq)- (32)

By assumption, n = ¢/(¢ — v(qg — 1)) < 2*. So, using Holder’s inequality, Sobolev’s
embedding theorem and inequality (3.2)), we obtain

/ o797 g | < ok 397D fukly < as (14 [|z4llg TR/, (3.3)
Q
Our assumptions on f and v, together with (3.2)) and (3.3)), imply
/ Hy(z, 2, ty)ug = |uglh -ka/ Ju(Z, 21 )uk
Q Q

< \uk|g + d/Q(|'u,k|'Y(P—1) + |vk|’7(4—1) + 1)|uk|

<ag(1+[lz7)
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with 1 < o < 2. They also imply
*\/Hv(xazk’atk)vk
Q
:/Hu(l',Zk,tk)Uk*/Hz(x,Zk,tk)Zk
Q Q

< ao(1+ ) —/<|uk|P+|vk|q>+d/<\uk|7p+ o[ + 1)
Q Q

< ag(1+ ||2kllg) — callurlp + [vrlg) + 3
< az(1+[|zll7)-

We conclude that, for k£ large enough,
Vg3 = (25 (1) (us, 0) +/ Huy(z, 21, te)ur < ag(1+ [[2:]]7), (3-4)
Q
[Vorl3 = —(®5) () (0, k) — / Hy (2, 2, te)ur < ag(1+ ||z 17)- (3.5)
Q

Inequalities (3.2)), (3.4 and (3.5]) yield

26l < as(1+ fl2l7)
with o < 2. Therefore (z;) must be bounded in X. O
Proposition 3.3. The function ® satisfies (H1).

Proof. Let z, € X", t;, € [0,1] be such that ny — oo, ti, — t, Py, (2x) — ¢ and
(®7F) (2x) — 0 as k — oo. Write 23, = (uy, vx). Since (23) is bounded in X, up — u
weakly in H}(Q) and vy — v weakly in H}(Q) N L9(Q). Hence uy — u strongly
in L*(Q) for every s € [1,2*) and, by interpolation, vy — v strongly in L*(Q) for
every s € [1, max{2*,¢}). Our assumptions and Holder’s inequality yield

| /QHu(x7Zkatk)(uk —u)| < ay (Juk B uw — ulp + [vel 3O uk — uly + Juk — ul),
with n = q/(qg — (¢ — 1)) < 2*. Hence,
/QVukV(uk —u) = (P7F) (zk) (ux — u, 0) —i—/QHu(x,zk,tk)(uk —u) — 0
as k — oo; therefore, uy — u strongly in Hg ().
The projection P, : VI(Q2) — V1(Q),, satisfies P,v — v in V() as n — oo for

every v € V4(§2). Thus, (vy — P,,v) — 0in L*(Q) for every s € [1,max{2*,¢}). As
above we have

[ [ tufulie 1) o o)
Q
< a1 (JurE" ok — Payvlp + [0k 79D o — Poyvly + vk — Poyvl1),

with n = q¢/(qg — (¢ — 1)) < 2*. Hence,

/ trfo(x, 25) (v — Pn,v) — 0 as k — oo.
Q
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Therefore,

VolZ — [Vol2 + (1) = / VeV (vs — Py, v)
Q

= _(q)?:)/(zk)(avk - P”lkv) - 0 H’U(xazk’thvk - P’”}CU)

—o(1) — /Q |7 20 (w5 — P, v)
=o(l)+ /Q |vk|q72vk(v — vg)

< o(1) + [olg — |vklg,
where o(1) — 0 as k — oco. It follows that
0 < liminf [Voug[3 — [Vol3 < limsup [Vug[3 — [Vol3 < [v]|? — liminf [ug]? < 0.

Hence, up to a subsequence, vy, — v strongly in V4(Q2). This proves that z — 2
strongly in X. In particular, ®} (2x)¢{ — ®}(2)( for every ¢ € X. Hence, ®;(2){ =0
for every ¢ € U,>1X". Since U,>1 X" is dense in X, z is a critical point of ®;. U

Proposition 3.4. The function ® satisfies (H2)-(H6) with 0(t, s) = A(s>+1)7/% =
—91(t78), A>0.

Proof. Our assumptions on f yield

G20 < [ 172 < dfne) - 58()z + 1] (3.6)

If z € X™ and | (®}) (2)| < b, this inequality implies that

9 n

5 20 < da(I1( @) (llxenyllzllg +1)-
This proves (H2). If ®;(z) = 0 then (3.6]) yields

I%‘I’(z,t)\ < di|®o(2) + 1] < A(Pe(2)” +1)772,

This proves (H3) with A(®(2)? +1)7/2 = 0y(t, ®4(2)) = —01(t, D(2)). Properties
(H4)-(H6) are also easy. O

We now show that (H7) holds with £(t) = at + 3, «, 3 positive constants inde-
pendent of k. We split the proof into several lemmas.The first two were proved in
[9]. We sketch their proofs for the readers convenience.

Lemma 3.5. Let Q be a bounded smooth domain in RN . Then there exists a € R
with the following properties:

(i) (z',a) € Q for some 2’ € RN~L,

(ii) If (',b) € Q and b > a, then (2',t) € Q for alla <t < b.

Proof. Let exy = (0,...,0,1) € RN let M = max{z-ex :x € Q} and let K = {z €
Q:z-exy = M}. Let v: 9Q — RY be the outer unit normal field, and let O =
{r € 9Q : v(x) ey > 0}. Then O is an open neighborhood of K in 9 and, since
K is compact, there is an a < M such that the set A={z € 9Q:z-ey >a} CO.
Thus, for every (z',t) € A there exists € > 0 such that (z/,s) ¢ Qift <s<t+e
and (z,s) € Qif t —e < s < t. It follows that, for every (2/,t) € A,

({2} x [a, M]) N O = {(2,¢)} and {2’} x [a,t) C Q
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as claimed. 0

1 1
=5 [va == [l
2 Ja PJa
1/ 9 1/
=— [ |Vu|"+ - [ |v]9,
5 [vort [
1
#(u) ::2/ \Vu|2—f/ fuf?.
Q P Ja

Lemma 3.6. There is an even continuous function 7 : H(Q) — [0,00) with the
following properties:
(1) I([(1 = s) + sT(u)|u) < I(u) for everyu € H(Q), 0 < s < 1.
(ii) If I*(u) <0 then 7(u)=1.
(iii) ]f 21(u) < maxy>o I(tu) then I (r(u)u) < 0.
) T#(1(u)u) < max{al(u),0} with a := 20r=2)/(P=2),

Set

(iv

Proof. Fix v € H}(Q) with |jv|| = 1 and define 0 < t; <, < tf <T, < 0o as
follows:

I(t,v) = max 1(tv),

21 (tv) > max I(tu) <=t € [t; ,t.1],

1
2(Tv)2 = ]—)|v\§(Tv)p.

For t > 0 let p(tv) be the piecewise linear function such that p(tv) = 0if 0 <t <t ,
p(tyw) = t,, (t )=T, iftF <t <T,, and p(tv) =t if t > T,. For u = tv € H}(Q)
with ||v]| =1, ¢ > 0, define

p(tv)
.
This function is continuous and satisfies (i), (ii), (iii), (iv). O

7(u) =

Lemma 3.7. There ezist a, 3 > 0, depending only on Q and p, with the following
property: For every map ¢ : XJ? — X" such that ¢(z) = z if ||z]] > R, there exist
a map ¢ : X x [0,00) — X™ and an R’ > R which satisfy:
(1) ¥(z,0) = p(2) for every z € X}
(il) Po(¢(2,8)) < =1if||z|| > R ors>R'.
(ill) ®o(¥(z,s)) < max{a®o(p(z)) + 5,0} for every z € X}, s > 0.
Proof. Let a be as in Lemma [3.5] We may assume without loss of generality that
a=0. Let 7 : H}(Q) — R be as in Lemma 3.6, We write z = (2/,2y) €
RN-1 x R =R". For each u € H}(Q) € H'(RY) and 0 < s < 2, define
[(1—s)+st(u)ulz) f0<s<1
us(x) := ¢ T(w)u(r, szn) ifay >0, 1<s<2
T(w)u(z', zN) ifoxy <0, 1<s<2

Then us € Hg(9), and

/|Vus| <s/|V /|us|p>s /\T JulP, if1 <s<2.
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Hence, for 1 < s <2,
I(us) < sl(ug) S—/ V(T —f/ |7 (uw)ul|P < I (1(u)u). (3.7

Let Qo == {(2/,3zny) 12 € Q, zy > 0} U{z € Q: a2y < 0}. By Lemma
Qs ¢ Q. Thus, we may choose w € C°(2\ Q2), w # 0, with

| vet = [ 1. (3.8)

Define ¢ = (¢7,97) : X' x [0,00) — X" by

TR L C)E if0<s<2
vz ) {[Lp+(z)]2+(s—2)w if2<s

)= [(1—s)+aslp(z) f0<s<1
- ) ifl1<s

with o := 20P=2)/(P=2) Then (i) holds. Lemma together with (3.7), yields
I(¢™(2)) if0<s<1
I (2,5)) <  T#(1(07 (2)) " (2)) ifl<s<?2

"
IH(r(pt ()t (2) + I((s — 2)w) if2<s.

Indeed, the first inequality follows from Lemma i), the second one is a conse-
quence of (3.7]), and the third inequality follows from the second one because w and
ug have disjoint supports for every u € Hg(£2) and, therefore,

I(l™ (2)]2 + (s = 2)w) = I([¢" (2)]2) + I((s — 2)w).
Clearly,
(p~(=) H0<s<1

J(¢(Zas))>{ J(p~(2)) if1<s.

Hence, Lemma yields
Do(¥(z,5) = I(¥"(2,9) = J(¥ (2,5)) < max{a®o(p(2)) + 6, 0}, (3.9)
with §:= I(w). Thus, (iii) holds. Finally, let R’ > max{2, R} be such that
Iw) < -1, 7(u)=1, I*(u)<-Iw)-1 ifueX;], |ju|>R,
I((s — 2)w) < —max{I#(r(¢T(2)pT(2)): 2 € X!} -1 ifs >R,
J(v) > max{I(¢"(z,5)): 2 € X', s >0} +1 ifveX,, |v|>R.
Since, for z = (u,v),
max{[[ull, [v[} = R = [|2]| = R = ¢(2) = =,
the previous inequalities yield
Do(¥(2,5)) < I(¥7(2,9) < =1 if z = (u,v), max{|ul, s} = R,
Do(P(2,8)) = I(¥F(2,5) = J(¥ (2,9) < -1 if 2 = (u,v), |[v]| > R'.
This proves (ii). O
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Proposition 3.8. The function ® satisfies (H7). More precisely, there exist v, 3 >
0, depending only on 2 and p, with the following property: For every odd map
o X — X" such that o(z) = z if ||z|| > R, there exist an odd map o : XJ!, ;| — X"
and an R > R which satisfy:

(i) o(z) =0(2) if z € X}

(i) o(z) =z if |z]| > R.

(iii) @o(c(z)) < ado(o(n(z2))) + B where m : X', — X} is the orthogonal

projection.
Proof. For ¢ := ¢ and R, let ¢ : X}! x [0,00) — X™ and R’ > R be as in Lemma
Fix e € X;", | orthogonal to X, with [le|| = 1, and extend o to the half space
W ={(z,se) : z € X}, s > 0} C X! | by setting
o(z,se) =y(z,s) if z€ X}, s>0.
Then there exists R’ > R’ such that ®o(w) < —1 and ®p(c(w)) < —1 for all
w € W with ||w|| > R”. The sublevel set
D:={ze X" :Py(z) < -1}

is homotopy equivalent to the unit sphere in X™. Therefore, it is contractible.
Hence, there exists a homotopy

Ui fwe W w| = R"} x [0,1] — D
such that ¥(w,0) = o(w), ¥(w,1) = w, and ¥(z,t) = z for z € X', t € [0,1]. Let
R :=R” +1 and define

o(w) if we W, |w| < R"
_ lol g (R 2 |lw|| — R") itweW, R < |w| <R
Fw) = Tl h
w ifweW, R< ||w|
—o(—w) if —weWw

Since o is odd, ¢ is well defined and it is, by definition, an odd extension of o to
X', which satisfies ¢(w) = w if |w|| > R. Note that su € D if u € D and s > 1.
Hence ®(d(w)) < —1if [|w| > R” and, by Lemma [3.7]

Do ((z,5¢)) = Po(Y(z,]5])) < a®o(a(2)) + 8 if || (z,5¢) | < R,
as claimed. O

We now give some estimates for the values ¢ defined in . We shall use the
semiclassical inequality of Cwickel [13], Lieb [20] and Rosenbljum [24] which states
that, if V € LN/Q(RN), N > 3, then the number of negative or zero eigenvalues
counted with multiplicity of the Schrédinger operator —A-+V on L?(RY) is bounded

by
CO/ |V—|N/2
RN

Lemma 3.9. There exist positive constants By, By such that

Blku S Ck S ngy

for some Cy > 0.

p

= 2
where v i= & -
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Proof. For every n,k > 1 there exists z;; € X™ such that
o5 (21) <y (®5)(2) =0, po(z) 2 k+n,

where po(2}') denotes the Morse index plus the nullity of 2} [27]. Thus 2} = (u},0),
and u} is a critical point of the restriction of ® to X+ with Morse index

po(ur) = k.
The semiclassical inequality of Cwickel [13], Lieb [20], and Rosenbljum [24] gives
k< o) < €1 [ gl
Q
with 6 = %(p — 2). Using Hoélder’s inequality we obtain
p/0 -2
B <O [ 1)) < PPy = a5 < of
Q p
with v =5 = %p%. This yields the first inequality of this lemma. We turn to the
second one. Let
Ifi={o" € C°(X;,X") : 0Tis odd, and o* (u) = u if |Ju| is large enough}.

Ifot €T} and o € CO(XJ, X") is given by o(u,v) = (6 (u), v), then ®g(a(2)) <0
for ||z|| large enough. Arguing as in the proof of Proposition we may assume
that o € I', and that

@ = Do (ot (u)).
e o(o(2)) T, (o (u))

Hence, inequality (40) in [3] yield

cp < inf  max ®o(cT (u)) < Bok”.
otery wex;t

for all n. Our claim follows. O

Proof of Theorem[3.1. We have shown that assumptions (H1)-(H7) of Theorem [2.1
hold. We now show that the sequence (2.1)) is unbounded. Assume, by contradic-
tion, there exists a B > 0 such that

1 — ¢ < B(0(cky1) +0(ck) +1)
where 0(s) = —01(t,s) = 0a(t,s) = A(s®> +1)7/2. As in [23, (10.47)], this implies
the existence of a constant D > 0 such that
cr, < DEYA=Y for all k.
This contradicts Lemma if v < (% — 2L)N, as assumed. Thus, Theorem

2%
yields a sequence of critical values (¢j) of ®; which satisfy

Cg(l,ck) < Ek < Cg(l, a(ck + 1) + ﬂ) (310)

with a,8 > 0 as in Proposition (see Remark (f) at the end of section 2). For
our particular 8, we have that s < (2(1,s) < Ay(s + 1). Thus, (3.10) and Lemma

[3:9 yield

Cik" < < Cok”

with v := as claimed. O

2p
N(p-2)’
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Proof of Theorem[I1. Assume that f satisfies the assumptions of Theorem [I.1}
We show that it satisfies also those of Theorem with the same 7. Since 0 <
c—1<i(yp—1)andp<gq,

£, 0)] < d(fu P o0 1),
Using, in addition, Young’s inequality and the fact that v > % we obtain
|f2 (2, 2)2] < dy(Ju]® + ]9 + |[u"~ o] + |ul|v]”~ + 1)
< d(fu] + |v[" +1).
Moreover,

|f(x,u,v)|—|f(:v,0,0)|§\f(x,u,v)—f(x,u,0)|+|f(x,u,0)—f(x,0,0)|
</'U ol w,€)ld +/'"' Ful,€,0) d
=/, v (T, U, § ) ul\T S,

< da(ful ™ ol + [u]? + o] +1)
< d(ju]? + |07+ 1)

Thus, f satisfies the assumptions of Theorem O
In particular, if f(x,u,v) = g(z)u and p < 2]3[:22, Theorem yields infinitely

many solutions of the perturbed elliptic equation
—Au = [uP"2u+g(z) inQ
u=0 on 09,

which is Bahri and Lions’s result [3]. The upper estimates for their energy were
recently established by Castro and Clapp [9].
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