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A GENERALIZED SOLUTION TO A
CAHN-HILLIARD/ALLEN-CAHN SYSTEM

JOSE LUIZ BOLDRINI, PATRICIA NUNES DA SILVA

ABSTRACT. We study a system consisting of a Cahn-Hilliard and several Allen-
Cahn type equations. This system was proposed by Fan, L.-Q. Chen, S. Chen
and Voorhees for modelling Ostwald ripening in two-phase system. We prove
the existence of a generalized solution whose concentration component is in
Lee.

1. INTRODUCTION

Ostwald ripening is a phenomenon observed in a wide variety of two-phase sys-
tems in which there is coarsening of one phase dispersed in the matrix of another.
Because its practical importance, this process has been extensively studied in sev-
eral degrees of generality. In particular for Ostwald ripening of anisotropic crystals,
Fan et al. [6] presented a model taking in consideration both the evolution of the
compositional field and of the crystallographic orientations. In the work of Fan et
al. [6], there are also numerical experiments used to validate the model, but there
is no rigorous mathematical analysis of the model. Our objective in this paper is
to do such mathematical analysis.

By defining orientation and composition field variables, the kinetics of coupled
grain growth can be described by their spatial and temporal evolution, which is
related with the total free energy of the system. The microstructural evolution of
Ostwald ripening can be described by the Cahn-Hilliard/Allen-Cahn system

Oc =V - [DV(0.F — kAc)], (x,t) € Qp
Ol = —L;(0p, F — ki A0;), (x,t) € Qp
OnC = On(0:.F — 6.Ac) = 0n0; =0, (z,t) € St (1.1)
c(z,0) = co(z), 0;(x,0)=0p(x), =€

for ¢ = 1,...,p. Here, Q is the physical region where the Ostwald process is
occurring; Qr = Q x (0,7); St = 90 x (0,T); 0 < T < +o0; n denotes the
unitary exterior normal vector and 0O, is the exterior normal derivative at the
boundary; ¢(z,t) is the compositional field (fraction of the soluto with respect to
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the mixture) which takes one value within the matrix phase, another value within a
second phase grain and c¢(z,t) varies between these values at the interfacial region
between the matrix phase and a second phase grain; 0;(x,t), for i = 1,...,p, are the
crystallographic orientations fields; D, A., L;, A; are positive constants related to
the material properties. The function F = F(c,01,...,60,) is the local free energy
density which is given by

}'(0,91,...,01,)
A , B . Da
775(cfcm) JFz(C*Cm) +T(C*Coz)

(1.2)
SIS BRSPS o o T

i=1 i=1i#£j=1
where ¢, and cg are the solubilities in the matrix phase and the second phase
respectively, and ¢, = (cq + ¢3)/2. The positive coefficients A, B, D,, Dg, 7, 0
and €;; are phenomenological parameters.

In this paper we obtain a (p + 2)-tuple which satisfies a variational inequal-
ity related to Problem and also satisfies the physical requirement that the
concentration takes values in the closed interval [0, 1].

Our approach to the problem is to analyze a three-parameter family of suitable
systems which contain a logarithmic perturbation term and approximate the model
presented by Fan et al. [6]. In this analysis, we show that the approximate solutions
converge to a generalized solution of the original continuous model and this, in
particular, will furnish a rigorous proof of the existence of generalized solutions
(see the statement of Theorem [2.1]). Our approach is similar to that used by Passo
et al. [3] for an Cahn-Hilliard/ Allen Cahn system with degenerate mobility.

2. EXISTENCE OF SOLUTIONS

Including the physical restriction on the concentration, Problem ([1.1) is stated
as follows:
Oc = V[DV(0.F — k.Ac)], (x,t) € Qr
atei - _Ll(a&f - KfiAei)a (.If,t) € QT
OnC = On(0.F — KAc) = 0n0; =0, (x,t) € St (2.1)
c(x,0) = co(x), 0i(z,0) =0;0(x), ze€)
0<c<1l (z,t)€Qr
fori=1,...,p.
Throughout this paper, standard notation will be used for the several required
functional spaces. We denote by f the mean value of f in Q of a given f € L'(Q).

The duality pairing between H!(£2) and its dual is denoted by (-, -) and (-, -) denotes
the inner product in L%(£2). We will prove the following:

Theorem 2.1. Let T > 0 and Q C R4, 1 < d < 3 be a bounded domain with C°—
boundary. For all cg,0;0,7 = 1,...,p, satisfying co,0;0 € HY(Q), fori=1,...,p,
0 < ¢o < 1, there exists a unique (p + 2)-tuple (c,w —@,64,...,0,) such that, for
1=1,...,p,

(a) ¢, 0; € L>=(0,T, H*(2)) N L2(0, T, H%(2)),

(b) w e L?(0,T, H*())

(c) Orc € L2(0,T,[H ()], 0:0; € L*(Qr)



EJDE-2004/126 A GENERALIZED SOLUTION 3

(d) 0<e<1ae inQr
(e) ¢(x,0) = co(x), 0;(x,0) = ;p(x)
(f) 0.F(c,01,...,0p), 09, F(c,01,...,0,) € L*(Qr)
(g) 8 |ST =0, Gz‘ST =01n LQ(ST)
(h) (c,w,04,...,0,) satisfies

T

2 1

/0 (Orc, P)dt //QT VwVe, V¢oe L*(0,T,H (R)), (2.2)

/T E(t) {keD(Ve, Vo —Ve) — (w— DOF(c,b1,...,0,),0—c)}dt >0, (2.3)
0

forall¢ € C0,T),6>0,Y9e K ={ne H'(Q), 0<n<1,7=7co}, and

/ 6t91wz = — // L(agi}—(c, 91, .. ,Hp) — /%Aez)wl, (24)
SZT QT
for all ; € L*(Qr),i =1,...,p, where F is given by .

Remark 2.2. The inequality obtained ([2.3)) is similar to one obtained by Elliott
and Luckhaus [5] in the case of the deep quench limit problem for a system of
nonlinear diffusion equations.

Remark 2.3. We observe that (2.3) comes from the fact that classically w is
expected to be equal to D(9.F — k.Ac) up to a function of time.

Remark 2.4. The solution presented in Theorem is a generalized solution of
(2.1). In fact, as will be shown at the end of this article, (2.3)) holds as an equality
in the region where 0 < ¢(z,t) < 1 for almost all times.

We start by proving the uniqueness referred to in Theorem

Lemma 2.5. Consider a solution of (2. H) as in Theorem (2. ] l Under the hy-
potheses (a)-(e) and (h) of Theorem/|2.] the components c, 01, ..., 0, are uniquely
determined; the component w is umquely determined up to a function of time.

Proof. We argue as Elliott and Luckhaus [5]. We introduce the Green’s operator
G: glven f € [Hl(Q)]null - {f € [H1< )]Iv <fa 1> = 0}7 we define Gf € Hl(Q) as
the unique solution of

/Vwa=<f,w>, Ve H(Q) and [ Gf=0.
Q

Q

Let 2¢ = ¢ — ¢a, 2% = wy — wy and 2% = 0;;1 — 09, i = 1,...,p be the differences

of two pair of solutions to (2.2)—(2.4) as in Theorem Since equation (2.2)

implies that the mean value of the composition field in 2 is conserved, we have
that (2¢,1) = 0 and we find from (2.2)) that

-Gz = 2",
The definition of the Green operator and the fact that (2¢,1) = 0 give
—(VGz,VG2°) = —(Gz;, 2°) = (29, 2°) = (2V, 2°).
Since ¢1, co € K ={n € HY(Q), 0<n < 1,7 =7¢n}, we find from that
fncD|Vzc|2 + (2%,2°) — D(0.F (1,611, .-, 0p1) — 0cF (2,62, . ..,0p2),25) > 0.
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Thus, we have

c c|2
th\VGz | + ke D|V2z°
S D(E)C]-"(cl, 911, [N 70]91) — 83.7:(02, 012, ceey ng) - HCAZC, ZC).
We find from (2.4) that

D d
2L; dt

+ D(@giF(Chall, .. .,0,,1) — a@if(62,0127 . ,0p2),20i) =0.

—12%)2 + DX;| V2% 2

By adding the above equations, using the convexity of [F + H](c,01,...,6p),

Dy, Dg 0 <
F 4 H(e 00, 0) = 22— o)+ 2o et + 23t

4
=1
where
A ’y a i
_ 202 ij 22
H(c, 01, 0p) = 5 (c = cm)’ 52 0; ZZ —26703,
i=1 i=1i#£j=1

we obtain

VG2°]? + k. D|V2¢|? 292 4 DX\;|V2?

S IIVGP 'z”Zngt‘ [+ DXV P 25

< (V(H(cl,(%h . ,0171) - H(C27912, . ,9p2)) : (2’67201,. . .,Zep), ].)

To estimate the right-hand side of the above inequality, we use the regularity of ¢;
and 6;,. Then

(V(07,05, — 050%,) - (2%, 2%),1)
2((0 119]1 0:20%5, 051051 — 050;2) - (2%, 2%),1)
= 2((2%63) + 002(05, — 03,),07,01 — 03,0;5) - (2, 2%9), 1)
2((= ’92 +0i2(051 + 02)2%, 207 + 0j2(051 + 0i2)2") - (2%, 2%),1)

DX; DX,
< O + %7 + | V2% |2 + V202
(1277 + 2% 7] 8(p—1)| | S0 = )I |
and
D D
V(G0 — %) - (25,20).1) < Ol 22 4 55|02 4 Va2,
The above inequalities and (2.5)) imply
1d D)\-
VG c 2 V c|2 7 v 0;12
sar VO | |+Z 2Ldt + =5 V22T

Clll2lI72 () + Z 127122 )]

i=1
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From the definition of the Green operator, |2¢|? = (VGz¢, Vz¢). Using the Holder
inequality, we rewrite the above inequality as

1d
2 dt

D d
2L, dt

D)
2

D & , _
VG2 + “Twzﬂ? +30 1292 + 22 w202
=1

p
< CIVGZ|72q) + Z 12% 0172 () -

i=1
A standard Gronwall argument then yields
VGz¢=0 and 2% =0, i=1,...,p,
since
Gz¢(0)=0 and 2%(0)=0, i=1,...,p.

The uniqueness is proved since |2¢|? = (VGz¢, Vz¢) = 0. O
As a corollary of this, we have the following:

Lemma 2.6. Under the conditions of Theorem [2.1], when either co =0 or ¢g = 1
almost everywhere on ), there is a solution of (2.2)—(2.4).

Proof. In such cases, since 0 < ¢o(z) < 1, we have in fact that either ¢o(x) = 0
or ¢o(z) = 1. Now, take c identically zero or one, respectively. Then, equation
is trivially satisfied and will imply that w is a constant. Otherwise, is
also trivially satisfied and to obtain a solution of the Problem f, we just
have to solve the nonlinear parabolic system . But this system can be solved
rather easily by standard methods, like Galerkin method, for instance, since the
nonlinearities have the right sign and thus furnish suitable estimates. [

By the above lemma, we have uniqueness of ¢ in the cases where either ¢y = 0 or
co = 1 almost everywhere on 2. Thus, to prove Theorem [2.1} it just remain to deal
with the cases where the mean value of the initial condition ¢ is strictly between
to zero and one. Thus, in the following we assume that

€o, aiOEHl(Q)7 Z.:la"'ap7
OSCOSL %G(Ovl)a

To obtain the result in Theorem we approximate system by a three-
parameter family of suitable systems which contain a logarithmic perturbation term
and then pass to the limit. In Section [3] we use the results of Passo et al. [3]
to construct such perturbed systems and together with some ideas presented by
Copetti and Elliott [2] and by Elliott and Luckhaus [5], we take the limit in these
systems in the last three sections.

For sake of simplicity of exposition, without loosing generality, we develop the
proof for the case of dimension one and for only one orientation field variable, that
is, when € is a bounded open interval and p is equal to one, and thus we have just
one orientation field that we denote 6. In this case, the local free energy density is
reduced to

F(c,0) = —é(c —cm)? + E(c — )t + &(c —ca)t F &(c —cp)?
2 4 4 4
+ 294 - %(c — o )%0%.

(2.6)

(2.7)
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We remark that, even though the cross terms of involving the orientation field
variables are absent in above expression, their presences when p is greater than one
will not bring any difficulty for extending the result, as we will point out at the end
of the paper.

3. PERTURBED SYSTEMS

In this section we construct a three-parameter family of perturbed systems. The
auxiliary parameter M controls a truncation of the local free energy F which will
permit the application of an existence result of Passo et al. [3]. The parameters o
and ¢ are associated to the logarithmic term, their introduction will enable us to
guarantee that the composition field variable ¢ takes values in the closure of the set
I1=(0,1).

For each positive constants o, M and € € (0,1), we define the perturbed local
free energy density as follows:

Foeri(c,8) = f(c) + gm(0) + hae(e,0) + e[Fy(c) + Fr(1 — )] (3.1)

where the first three terms give a truncation of the original F(c,8) given in (2.7,
and the last term is a logarithmic perturbation. To obtain a truncation of the local

free energy density, we introduce bounded functions whose summation coincides
with F for (¢,0) € [0,1] x [-M, M]. Let f,ga and hps be such that

f&) = (e —cn+ 2 en) + D2e o) + Dle—ea), 0<e<t,

mﬂ@:%@mﬁm and  has(c, ) = hy(c)ha(M;6)
with
h(c) = —3(c—ca)’, 0<e<l,
ho(M;0) = 6% —M <6< M.

Outside the intervals [0, 1] and [—M, M], we extend the above functions to satisfy

Ifllc2m) < Uo,  lgmllezmy < Vo(M), (3.2)
[hillczr)y < Wo,  llhmllczre) < Zo(M), (3.3)
|hao(M;0)| < K62, |hy(M;0)] < K|0|, VM >0,|V0eR, (3.4)

where Ug, Wy, K > 0 are constants and, for each M, Vy(M) and Zy(M) are also
constants.

We took the logarithmic term e[Fy,(c) — Fy(1 — ¢)] as in Passo et al. [3]. Let us
denote

F(s) =slns.
For o € (0,1/e), we choose F_(s) such that

72— +Ino, ifs<o,

20—s
Fl(s) = Ins+1, ifeo<s<1-o,
7 fo(8), ifl-o<s<2,

1, if s> 2,
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where f, € C*([1 — o,2]) is chosen having the following properties:
fo <F, fo 20,

fel=0)=F'(1-0), fs(2)=1,

fol=0)=F"(1-0), [f,(2)=0.

Defining
1 S
Fa(s) =3 + [ (@i

we have F, € C*(R) and F/ > 0.

Clearly, F .y has a lower bound which is independent of ¢ and €. We claim
that F,.pr can also be bounded from below independently of M. To prove this
fact, we just have to estimate gps(0) + has(c, 8). We have

4]

gM(9> + hM(c,H) = 1h§(M7 9) + hl(C)hg(M; 9)
) 4 h3(c) w2
= e (M) [ha(M;60) + <ha(e)] > — 15 > —TO
Therefore,
U N
—Uy— 0 2 <
U() 6 o = faEM(c,G) inR , (35)
foaM(C, 9) < Uy +gM(9) - hM(C, 9) in cl I.
Then, the perturbed systems we will consider are
atc = D(acfaaM(Cu 9) - ’{cczz)zra (xa t) € QT
O = —L[0gFpers(c,0) — kO], (2,t) € Qr (3.6)

OnC = On(0cFgers(¢,0) — KeCypz) = On =0 (x,t) € St
C(.T,O) = CO(‘I)v 9(’13,0) = 00(:17)7 z €

To solve the above problem, we shall use the next proposition which is an existence
result stated by Passo et al. [3] for the system

du = [q1(u,v)(f1(u,v) = K1uzs)alz, (2,1) € Qr
00 = —q2(u, v)[fo(u, V) — Kavzz], (x,t) € Qr
Ontt = Opligy = Oqv =0 (x,t) € St
u(z,0) = up(x), v(x,0)=vo(z), z€
where ¢; and f; satisfy the following hypotheses:

(H1) ¢; € C(R%,R"), with gumin < ¢ < Gmax for some 0 < ¢min < Gmax;
(H2) f1 € CY(R%, R) and fo € C(R2,R), with ||fi]lcr + || f2]lco < Fy for some
Fy > 0.

Proposition 3.1. Assuming (H1), (H2) and that ug, vo € HY(Q), there exists a
pair of functions (u,v) such that

(1) w € L>=(0,T, H'(Q)) N L2(0,T, H*(Q)) N C([0,T]); HNQ)), A < 1
(2) ve L0, T, H () N L300, T, H2(Q)) N C([0, T); H()), A < 1
(3) dyu € L*(0,T,[H ()], 0w e L*(Qr)

(4) u(0) = up and v(0) = vy in L?(Q)

(5) 3nU|ST = n’U‘ST =01n LQ(ST)
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(6) (u,v) solves in the following sense
[ @) == [ atwo)fien) - st Vo e 0.7 (@)
0 N

J[ i =[] ot - sws., vo e @),

where Qy = Q x (0,t) and [[g, is the integral over .

Remark 3.2. The regularity of the test functions with respect to t allow us to
obtain the integrals over (0,t), instead of (0,7") as originally presented by Passo et
al. [3].

Applying the above proposition, for each ¢,0, M > 0 there exists a solution
(Coent,Osenr) of Problem (3.6)) in the following sense

t
/ <atC<TEMa ¢> = - / 0 D(ac]:aeM(CoeMyeasM) - HC[CasM]mx)achxa (38)
0 t
for ¢ € L2(0,T, H'(Q)) and

/ ateael\/lw = - // L(aﬁfasM(Cast eaeM) - K[GUEM]II)Qp? (39)
Qy Q

for 1 € L?(Q7). Let us observe that equation for ¢ in equation (3.8)) implies that
the mean value of ¢ -7 in Q is

CoeM (t) =0Co € (0’ 1) (310)

4. LIMIT AS M — o

In this section we obtain some a priori estimates that will allow us to take the
limit in the parameter M. Actually, some of these estimates are also independent
of the parameters o and ¢ and will be useful in next sections.

Lemma 4.1. There exists a constant Cy independent of M (sufficiently large), o
(sufficiently small) and £ such that

(D) llcoen Lo 0,111 () < Ca
(2) 105epmllLoeo,m,m1(0)) < Ch

(3) H(ac]:UEM - K/C(CO'&‘M)QZI)QZHLQ(QT) S C’1

(4> HaH]:UEM - H(QUEM)wIHL?(QT) < C'1

(5) 10sCoentllLoeo.rim (@) < C

(6) 1|0:0senrt L2y < C1

(7) | Foenr(Coenr Ooerr)ll Lo 0,7,21 (2)) < C1

Proof. To obtain items and [7} we argue as Passo et al. [3] and Elliott and
Garcke []. First, we observe that by the regularity of c,cpr and 0,037, we could
take

8c~F05M - Kc(ca'sM)mx and a6”/,:.0'5M - H(Gaskf)mz
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as test functions in the equations (3.8) and (3.9), respectively. By adding the
resulting identities, we obtain

t
/ <atcO'EM7 ac-ﬁ.asM - K’C(CO'EM)ZEI> + / 8t90£M89f06M - KJ(QO‘EM)CEI

0
(4.1)

Q
_/ D[(acfaeM - (CO'EM zz :E // aGFO'EM ( 05M)a:1:]2~
Q4 Q
Now, given a small h > 0, we consider the functions
1 t
CaaMh((E7 t) = T / CO’EM(Tv x)dT
hJi-n

where we set coens(z,t) = co(x) for t < 0. Since drcoenrn(x,t) € L?(Qr), we have

T
/ (Coerntn)es [0 Foentn — Ke(Cocntn)ual)dt

// O'EM aafasMh ( asM):cac]
Qr

= /Q[ 5 Neoentn(t)]2® + 2\[905M] ()* + Foerrn(t)]

~ [ G lleolal + 5 801+ Frcns(n o).

Taking the limit as h tends to zero in the above expression and using the result in

, we obtain
/ D[(ac]:UEM - (CoaM a;x $ // 89«7:0£M (OUEM)wz]z
Q Q¢

Ke K
+ 7||[caeM]m(t)H%z(Q> + 5\\[905M}z(t)||mg) + /Qfom(t)

Ke

K
= C 2 —1|16 z 22 +/]:Us C,e
el oy + 5 IolelEacoy + | Foenr(eo. 0

for almost every ¢t € (0,7]. Using (2.6) and (3.5, we could choose My and oy,
depending only on the initial conditions, to obtain for all M > My and all o < o

/ D[(acfaaM - (CG'EM zz z // aGFU'EM ( JEM)IIF
Qr Qr
Ke 9 K
+ ?”[CweM]x(t)”LZ(Q) + §||[006M]r(t)”L2(Q) + Q}—UsM(t) <

which 1mpheb items 3] I [4) and [7] since we have (3.5). Using the Poincaré’s inequality,

- and (| , Ttem [1} is also verified.

To prove Item We choose ¢ = 0;0,c)1 as a test function in , which yields

/ 6t O’EM = / aOfoaM ( O’EM).’L‘(L‘)étGO'EM
Qr Qr

1/2
/ (397'}5M - "i( O’EM ac:c / 815 osM .
QT QT

/ 0% < 2/ |00 +2t/ (0¢05enr)*dr < Co,
Q Qr

(4.2)

Since
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Item [6] and (4.2)), it follows that Item [2]is verified. Finally, Item [5] follows since

T 1/2 1/2
| / <atcasMa / a e FoeM — (CasM zm :x //
0 Qp Qr

for all ¢ € L2(0, T, H'(Q)). O
Remark 4.2. From (4.2)), using (3.5), we obtain

/ D[(ac]:UEM - (C(TEM aca: a: // 80~7:UEM - K(HUEM)w:v}
QT QT

Ke
+ 3|I[CosM(t)}xH%2(Q) + 5\\[9asM}m(t)||Lz(m < Cr.

(4.3)

Lemma 4.3. For M sufficiently large and o sufficiently small, there exist a con-
stant Cs independent of o, M and € and a constant C%(o) independent of M and €
such that

(1) |0cFsertll 20,111 (0)) < Cs,
(2) 109 Foertllzar) < Cs,
(3) H[CasM]xz”Lz(QT) S C3;
( ) H[GGEM}MHB(QT) < Cs,

Proof. First, we prove items [2] and [4] From Item [4] of Lemma we have

// ((99.7:0-5]\4)2 - 2“/ aefasM[easM}a:a: + '%2 // [eUEM]i;p < CS- (44)
Qr Qr Qr

Since

0o Foert [GO'EM]QIx = [gg\/[ (GUEM) + Oghr (CO'EM7 008M)] [oaeM]xx
= [g;\/l (GO'EM) + hy (CosM)h/z(M; aaeM)] [eosM]xxy

using (3.3]) and (3.4]), we obtain

52

2
Thus, from Item [2] of Lemma [4.1] it follows from (4.4)) that

2
/ (D9 Fpers)? + = / / [Operr]2, < Cs. (4.5)
Qr 2 Qr

Now, we prove Item Defining, Hyepns = OcFoert — KelCoeh |z, Since [CUEM}NST =

0, we have
// HO’EM :/ ac]:UEMa
QT QT

and from Item [3] of Lemma

J[ 1.t <

QRaOfaaM[aaeM]xx < [eaeM]xx + 03[ oceM + WO oaaM]



EJDE-2004/126 A GENERALIZED SOLUTION 11

Using the definition of Fyeps, given in (3.1)), and an integration by parts, we obtain

2
/ HO'EM
Qr

= / (6CFO'EM)2 + 2505 // [F!(CUEM) + F;l(l - CO’EM)][CO'EM]i
Qr Qr

— 2k.L //QT(fl(Ca-aM) + Wy (coert)ha(M; 05enr))[Coert)aa + K2 // [coem]2s

Qr

On the other hand, we can write

/ HgsM = // [HO'EM 7H0’6M]2 +// I{a'.r-:M2
Qr Qr Qr
<Cp / / Hoent]? + / (cFrens)?
QT QT

where C'p denotes the constant appearing in Poincaré’s inequality. From these two
last results, Item [3| follows recalling that [F (cyenr) + FY (1 — coenr)] > 0 and using

, , and Item [2[ of Lemma

Finally, recalling that for each o, F_(s) is bounded in R, using again the defini-
tion of f and hys and Item [2] of Lemma we obtain

0. Foeatliaary <€ [ /Q (L7 Comn)? + [ (comn) 2B (M Bper )2

+ 2 [Fl(Coert) — Fo(l — coemt)]}
< C{IUG 197 | + W l10ser || 74] + C(0)} < Ci(0).

A similar argument shows that ||[85}'U€M]x||2LQ(QT) is also bounded by a constant
which depends only on ¢. Thus, we have proved the Item ([

We can now state the following result.

Proposition 4.4. For o (sufficiently small), there exists a pair (Coe,O5c) such that:
(1) coe € L>=(0, T, HY () N L2(0, T, H3())

) boe € L°°(0,T H'(Q))NL*0,T, H2(Q))

) Oicoe € L2(0,T,[HL(Q))), 00, € L*(Qr)

) 0, fUE(CO'E7 as) 89]:0'8(80'6790'5) eL? (QT)

) coe(0) = co and 0,.(0) = 0y in L*(Q)

) [CJE]Ils = [Ggg]m‘s =0 in L?(Sr)

7) (Coe,Bse) solves the perturbed system (@ in the following sense:

(2
(3
(4
(5
(6
(

/  Oreond) = [ DOFrlcresb0e) = rilerdarlete (49
for all € L*(0,T, H*(Q2)), and
/ [ ot = - / /Q L@ Fre(coer 6e) — (0o )as ) (4.7)
for all € L2(Qr), and Fe is given by

Foelc,0) = f(c) + 294 + h1(c)0? + €[F,(c) + F,(1 — ¢)].
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Proof. First, let us observe that from Item 3]of Lemmal[4.T]and Item [T]of Lemmal[4.3]
the norm of [coens]eze in L2(Q7) is bounded by a constant which does not depend
on M. This fact, the estimates of Lemmas [£.1] and [4.3] together with a compactness
argument imply that there exists a subsequence (still denoted by {(coenr, 0oerr)})
that satisfies (as M goes to infinity)
CoeMt Ooers  converge weakly-* to  cye,0,c in  L°°(0,T, H'()),
Coers, converges weakly to ¢, in  L*(0,T, H3(Q)),
Operr, converges weakly to 6, in  L*(0,T, H*()),
DiCoerr, converges weakly to ¢, in  L*(0,T,[HY(Q)]),
Oibsenr, converges weakly to 90y in  L*(Qr)
Coets Boens  converge to  coe, 05 in L2(Qr).

By recalling Lemmas and items now follow. Now, items [I] and [2] of
Lemma [4.3] imply that

OcFoeri(Coert,Ouenr) converges weakly to G in L? (Qr),

09 Fsert(Coerts Ooers) converges weakly to H in  L*(Qr).
Since the strong convergence of the sequence (c,eps) implies that (at least for a
subsequence) 0. Fger (Coerr, Ooerr) converges pointwise in Qp, it follows from Lions
[7, Lemma 1.3], that G = 0.Fy-(Coe, Oye). Similarly, we have H = JgFpe(Coe, Ooc)-
Thus Item [4] is proved.

Item [B] is straightforward. Now, by compactness we have that
Coers converges to ¢, in  L2(0,T, H?>7MQ)), A>0,
Opcrr  converges to 0y in  L%(0,T,H> *(Q)), A>0,

which imply Item [6] To prove Item [7} by using the previous convergences, we pass
to the limit as M goes to infinity in the equations (3.8) and (3.9). O

5. LIMIT AS 0 — 0T

In this section we obtain some a priori estimates that allow taking the limit in
the parameter o.
First, let us note that (4.6) implies that the mean value of ¢,. in Q is given by

coe(t) =7¢ € (0,1), (5.1)
We start with the following Lemma.

Lemma 5.1. There exists a constant Cy independent of ¢ and o (sufficiently small)
such that

1) [leoellnoeo,m, 51 (0)) < C1

2) Heas||L°°(0,T7H1(Q)) <G

3) H[acfa's - nc(cos)mx]z”Lz(QT) S Cl
4) Haefas - ﬁ(ags)rx”LQ(QT) < Ol

5) ||0ccocllLoe 0,1,(m1 (2))) < C1

6) [|0:00c|lL2(0r) < Ch

7) | Foe(Coes Ooe)llL>0,1,21(2)) < C1
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Proof. Let us observe that in the proof of Proposition [£.4] we have identified the
weak limits, when M goes to infinity, of the sequences O.F,-pr and OpFoens as
0.Fse and 9pFs., respectively. Thus, by taking the inferior limit as M goes to
infinity, of estimate (4.3]), we obtain
Ke K
5\\(Cas)z|\%w(o,T,L2(Q)) + §||(005)IH%°°(0,T,L2(Q)) (5.2)
+ D”[ac]:tre - Hc(cae)wz]azH%?(QT) + LHaG']:UE - H(GUE)IJL’H%Z’(QT) S Cl~

The items |3| and {4 follow from (5.2)). Using (5.2), Poincaré’s inequality and (5.1)),
we obtain Item [II To prove items and [6] we just take the inferior limit of

items and |§| of Lemma Finally, using 7 , and the esti-
mates of Lemma we can estimate ||f(c) + 260 + h1(c)0?| L (01,01 (). Also
with the estimates of Lemma we get the strong convergence of a subsequence
of (¢cye). Using this convergence and the Fatou’s Lemma, we get a bound for
le[Fo(c) 4+ Fo(1 = ¢)]|| Lo (0,7, (2)) Which together with the previous estimate yield
Item [7 O

As Passo et al. [3], by arguing in a standard way (see Bernis and Friedman [I]
for a proof, p. 183), we obtain

Corolary 5.2. There exists a constant Cy independent of € and o (sufficiently
small) such that

cov%%(leT)Sc12 and ||foe|

By Corollary we can extract a subsequence (still denoted by (cge, 65c)) such
that

(Coe,0y¢) converges uniformly to (cc, 0:) in cl Qp as o approaches zero,
Ce € CO’%%(CIQT) and 6. € CO’%%(CIQT).
We now demonstrate that the limit c. lies within the interval
I={ceR,0<c<1}.
Lemma 5.3. |Qr \ B(c.)| = 0 with B(c) = {(z,t) € clQyp, c(z,t) € I}.

< Cy (5.3)

llcoell o0 ) =

(5.4)

Proof. Arguing as Passo et al. [3], let N denote the operator defined as minus the
inverse of the Laplacian with zero Neumann boundary conditions. That is, given
fe[HY(Q) {f € [HYQ)], (f,1) =0}, we define Nf € H'(Q2) as the unique

null —
solution of

[y =), wer'®@ ad [ Nf-o. (5.5)
Q Q

By (6.1) and Item [I| of Lemma N(cye — Cge) is well defined. Choosing
¢ = N(cye — Coe) as a test function in the equation (4.6]), we have

T
/ <atcasa N(Ccrs - @»dt
0
= - / 0 D[acfas - K/C(CG‘E)II]I[N(CUE - Q)}z

-/ [ Dlere 0. (ee00) = D /I ool
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Now, estimates in Lemma [5.1] and the definition of N imply

// (cas - T‘S)GC]:US(CU(‘HGUS) S C4~ (56)
Qr

We observe that the following identity holds for any m € R,
(¢ —m)0:Fue(c,0)
= (c = m)[f'(¢) + hy(€)* + e(Fy(c) — Fp(1 —¢))]
=e{c[Fy(c) = 1]+ (1 — o) [Fp(1 =) = 1] + 2}
+ (c = m)[f'(c) + hy(c)0*] —e —emF.(c) — (1 —m)F.L(1 —c)

We observe that the terms inside the braces are bounded from below since for any
o € (0,1/e), we have
—1/e<olno <s[F.(s)—1] <0, s<o,
—1/e<slns=s[F.(s)—1] <0, 0<s<1-o,
—2<s[F.(s)—1] <0, 1—-0<s<2,
0=s[F.(s)—1], s>2.

We now recall that the mean value of ¢,. in §2 is conserved and is equal to ¢g which
belongs to the interval (0,1). Thus, since f’, b} are uniformly bounded, using the
estimates in Lemma by setting m = ¢,. = ¢y in (5.7) and noting F, < 1, it
follows from (5.6]) that

e / /Q F3{ene) + Fy(1— 0] < G (5.8)

To complete the proof, suppose by contradiction that the set Qp \ B(c:) has a
positive measure. We start supposing that

A={(z,1t) € Qp, c. <0}
has positive measure. Since F). < 1, the estimate (5.8)) gives

— [[ Pter < i

Note, however, that the uniform convergence of ¢,. implies that
YA >0, Jdon, coe <A, V(z,t) €A o0 <oy
therefore, due to the convexity of F,, we have F.(c,.) < F.()\). Hence

—¢|A|(In A+ 1) = — lim // FL(\) < Cy

o—0+

which leads to a contradiction for A € (0, 1) sufficiently small. The same argument
shows that B = {(z,t) € Qr, ¢. > 1} has zero measure. O

In the next lemma we derive additional estimates which allow us to pass to the
limit as o tends to zero. Its proof follows directly from the estimates of Lemma

Lemma 5.4. There exists a constant C3 which is independent of € and o (suffi-
ciently small) such that

(1) 106 FoellL22r) < Cs,
(2) llleoclaallL2(r) < Cs,
(3) boclazllrz(@r) < Cs,
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To pass to the limit as o goes to zero, we need an estimate of J.F,. that is
independent of 0. We cannot repeat the argument that we used in Lemma [4.3
because there we obtained with a constant that depends on . The desired estimate
will be obtained by using the next lemma, presented by Copetti and Elliott [2], p. 48],
and by Elliott and Luckhaus [5], p. 23].

Lemma 5.5. Let v € LY(Q) such that there exist positive constants 6; and &}
satisfying

861 < i/ vdr < 1 — 851, (59)
12 Jo

1
o /Q([U R (5.10)
If 1607 < 6% then
QF = [{zreQ o(r)> 120} < (1-6)|9

and
|Q§_1| =z e, wvx)<2i} <(1-256)9Q

Our task is now to verify the hypothesis of this lemma for the functions ¢,.. To

obtain ([5.10]), we note that items [2| and of Lemma (3.2) and (3.3) imply that,

for almost every ¢ € [0, 7],
5/ [Fy(coe) + Fo(l = coe)lda
Q
< C(1 + Hf(coe) + 50§e/4 + hl(Cae)ogeHLw(o,T)Ll(Q)) < C.

From the definition of F,(s) for s < o (see page [6)), we obtain

/ Fy(cpe)dx
{Cos <O}

> |Inol / [~Coe (-, D)]de — 0| lno| + 2012 — ollee () 12|92
Q

Hence, since F,(s) > —1/e, we have

/Fg(c,,g)dx

Q

> |1n0\/[—Coe('vt)]+d$—0[|1ﬂ0| +20 + e |Q] = ollcoc(t) || L2() 192,
Q

In the same way, we have
/ F,(1—c¢ye)dz > |Ino]| / [coe(+st) — 1]4dx —o[|Ino| + 20 — 1
Q Q
+ eI = ollcoe (t)]| 2 () |22

Thus, using the above estimates and Item [l] of Lemma we obtain

/Q[cag(-7t) — 1]+dm+/ﬂ[—cﬁ(.7t)]+dx <

g|lno|
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The equation (5.1]) says that the mean value of ¢, is equal to ¢y which belongs to
(0,1). Thus there exists d; > 0, such that 8); < ¢g < 1 — 83;. Using Lemma

for o sufficiently small, we have for almost every ¢ € [0, T]
|Q;‘§1| ={xeQ, coelx,t)>1—-201}<(1-01)9, (5.11)
Q5| ={r€Q, coe(x,t) <201} < (1-6)|Q. '

We are now in position to estimate 9. Fye(Coe, Ooe)-

Lemma 5.6. There exists a constant Cy which is independent of € and o (suffi-
ciently small) such that

||8C-FO'E(CO'€790'€)HL2(QT) S C’4'
Proof. First, let us recall that
OcFoe = ['(coe) + h’l(caa)Hﬁa +elF(coe) = Fo(1 = coe)]-

In view of Item |2| of Lemma (13.2) and (3.3]), to obtain the desired estimate it
is enough to obtain a bound for the norm of €[F.(c,e) — FL(1 — ¢oe)] in L*(Qr).

o

Arguing as Copetti and Elliott [2], we obtain this bound by using the next equality

2

He[Fé(caE) — FJ(1 —coe)] — elFl(coc) — Fi(1— caa)]\

L2(Qr)

, (5.12)

= 0Py eoe) = F3(1 = corllary — [ (FFEer) ~ P01 =]

and estimating the term at the left hand side and the last term at the right hand
side of the above equation.
Let us note that using Poincaré’s inequality and Item [3of Lemma 5.1} we obtain

||acfaa(casa 905) - Hc(coe)mx - 80]:05(0057 905) - "fc(cae);vw”Lz(QT) < Ch.
Recalling that c;|g, = 0, we have
8c-7:(75(0067906) - Kc(cas)za: = f/(cas) + h&(cae)eg-g + E[F(;(Cas) - Fé—(l - Co’e)}-

Thus, using the estimates for (cyc )z, in Item [2] of Lemma and for 0,. in Item
of Lemma together (3.2]) and (3.3]), we obtain

IelEs (coe) = Fp (1= coe)) = e[Fy(coe) = F5(1 = coo)lllzziary < Cr - (5.13)

We now use the monotonicity of F/(s) — F,(1 — s) and (5.11)) to obtain for almost
every t € [0,T7:

E[Fclr(cas) —F(1— cas)]

— 0! / F (o) — FL(L — ce)] + el / F(coe) — FL(L — co)]
Q+ [Q:rsl]c

o8y
< (1= 6)"21Q 72 le[F (coe) = Foll = coe)lll2(a)
+e[FL(1 —281) — FL(261)].
In the same way, observing that F(2d1) — F,(1 — 261) < 0, we have
e[Fy(coe) = Fo(l = coe)] 2 =(1 = 51)1/2‘Q|71/2”5[F;(005)
= F,(1 = coe)lllr2) + [F;(201) — Fo(1 — 241)].
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Therefore, by using that (a +0)* < a®(1 4 5-) + b*(1 + &1), we have

(E[F(coe) — FL(1—c00)])”

<e(14 5 )F5 (L= 25) = Fy(20)P(1 - &)

1

Q] lle[Fy (coe) — Fp(1 — CUS)]H%Z(Q)-

(5.14)

Multiplying the above estimate by |{1|, integrating it in ¢ and using (5.12) and
(5.13)), it results that for o sufficiently small, we have

0tllelFy(coe) = Fo(l = coe)lll72(ar)

VFL(26) — FL(1— 26,

o+ |elFs (coe) = Fy (1 = o)) = elFs(c0n) = o1 = coo)]

SElQ’_ﬂ(l‘F

2

L2(Qr)

1 ~ -
<e|Qr|(1+ 3 JF'(261) — F'(1 —261)]* + Cy < Co.

1

We define
Woe = D(ac]:ae (Coaa 905) - Kc[coe]mw)-
Then the estimates in Lemmas and and Lemma imply that wg.
converge weakly to w. in L?(0,T, H*(£2)), where
We = D(ac]:e(cfsa 95) - Hc[ca]wx)a

and where F. is defined as in the next Proposition. To identify the limit of the
nonlinear term, we use Lemmas and to see that 0. F:(ce, 0) is the pointwise
limit of a subsequence of O.Fyc(Coe,bsc). This fact with Lemma and Fatou’s
Lemma imply 9.F(c.,0.) € L?(Qr). Finally, we use Lion’s Lemma ([7], p. 12) to
identify the weak limit of 0.Fyc(Coe,0pe) a8 OcFpe(Coe,Bse). Therefore, arguing as
in Proposition [4.4] we can pass to the limit as o goes to zero to obtain the following
result.

Proposition 5.7. There exists a triplet (cc,we,0:) such that:
(1) Ce, 05 € LOO(O’ Ta Hl(Q));

(2) yee € L2(0,T,[HY(Q))) and 0,6, € L*(Qy),
(3) [cc)uws [0c)ew € L2(Q1),

(4) 197\ B(ce)| =0,

(5) 80‘7:6(05’65)78978(68795) S LQ(QT);

(6) w. € L2(0,T, H())

(7) CE(O) = Co(x), esM(O) = 90(1’)

(8) lecle|sy = [Oerrlu)s, =0 in L*(St)

(9) (ce,we,0.) satisfies

T
C = - We |2 Py 2 s Ly ! .
| @ceona //Q[ Jete, Vo€ 2O H'(Q)  (5.15)
We = D[ac]:s(cea 0:) — EC(CE)M] (5.16)

/QT 00 = — //QT L(aefe(cs, 95) - ﬁ(as)rx)w, Vi € Lz(QT) (5'17)
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where, since c. € (0,1) a.e in Qr,
A B D,
Fs(cv 9) - 75(6 - Cm)2 + Z(C - cm)4 + T(c - Ca)4
D 1
+ (e —cp)' + 70 - %892 +e[F(c) + F(1 - c)]
with F(s) = slns.

6. LIMIT AS ¢ — 01

In this section we finally prove Theorem when the spatial dimension is one
and the number of crystallographic orientations is p = 1. We recall that we treat
this simpler case just for simplicity of notation and exposition, since, as we will
show in Section [7] the necessary changes to extend the results of Theorem [2:1] to
higher spatial dimensions and p > 1 are simple ones.

We start by observing that, as before, we have the mean value of ¢, in 2 given
by

¢ =70 € (0,1), (6.1)
Since the estimates obtained for o in Lemmas and [5.6] do not depend on &,

we have

Lemma 6.1. There exists a constant Cy independent of € such that
1) leellpo 0,1, 11 (0)) < C1

2) 116l (2)) < Ch

3) H(U’E)x”Lz(QT) <O

4) Haefe - K(ae)zzHLQ(QT) S Cl

5) |10ccellLe=(o,r, (1 ()]) < C1

6) 10:0: L2y < C1

7) Hacfs(csves)“LZ(QT) < (Cy,

8) 100 Fc(cc, 0:)|12(0r) < Ch,

9) H[Cs]rz||L2(QT) < (h,

0) H[es}mm”L%QT) S Cl

Now, we complete the proof of Theorem [2.1

Proof of the case d =1 and p = 1. We recall

_ A 2 B 4, Da 4
F(c,0) = 5(0 Cm) +Z(C Cm) +T(C Ca)
Dy 4 7 202 , 04
+ i (c—cp) 2(0 ca) 0 +49
Then, we argue as Elliott and Luckhaus [5], p. 35. For this, let
e KT ={pec H(Q), 0<¢p<1} and p<¢’<1—p

for some small positive p. We have [F'(¢?) — F'(1—¢*)] € L*(Q) because p < ¢* <
1 — p. Hence it follows from ([5.16) that

T
/0 () (we, ¢ — c.)dt

T
= D/O E)(OeF (cey 0) +e[F' (ce) — F'(1 — ¢2)] — Ke(Ce)pw, d° — ce)dt.
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Integrating by parts and rewriting, we obtain
T
/ §(t){reD(Vee, Vo) — (we — DOF(cz,0:), ¢ — co)} dt
0
T
- / (O)reD(Ves, Veo)dt
’ T
+ €D/0 EB(F'(¢7) = F'(1 = ¢°)] = [F'(ce) — F'(1 — ce)], ¢ — cc)dt

T
—eD / E)([F'(67) — F'(1 - ¢7)], ¢ — co)dt
0

By using the monotonicity of F'(-) — F’(1 — -) and the convergence properties of
(ce, we, B:) we may pass to the limit and obtain for £ € C[0,T], £ > 0, that

T
/0 E){keD(Ve, V@) — (w — DIF(c,8),¢” —c)}dt

T
> lim sup / E() {keD(Vez, Vo) — (w — DOeF(ce,0:), 6 — co)}dt
0

e—0*t

T
> lim inf / (ko D(Vee, Voo )dt
0

e—0*t

T
~ lim D / SO (F () — F'(1— 67,60 — c2)dt

e—0*t
T
> / E(t)keD(Ve,Ve)dt
0

Furthermore, since any ¢ € K = {¢p € H' (), 0 < ¢ < 1,¢ = ¢} can be
approximated by ¢ € KT, for small p with p < ¢? < 1 — p, we may pass to the
limit as p goes to zero in the left hand side of the above inequality and obtain

/0 Et){Kke(Ve, Vo — Ve) — (w — 0.F(c,0), ¢ —c)}dt >0 (6.2)

for £ € C[0,T),£ >0, and ¢ € K. Arguing as in the previous sections we also
obtain

/T@tc,qb //QT wydy, Vo€ L*0,T,H'(Q)), (6.3)

040y = (09 F (¢, 0) — KOz )b, Vo € L*(Qr). (6.4)
Jh, 200 =1,

Thus, for spatial dimension one and p = 1, Theorem [2.1]is a direct consequence of

Lemma 5] (62), (63) and (6.4). 0

7. PROOF OF THE CASE OF HIGHER SPATIAL DIMENSIONS AND p > 1

In the case of higher spatial dimensions and p > 1, we have to slightly change the
previously presented arguments. Firstly, we show the changes to be done when the
spatial dimension satisfies 2 < d < 3. We start by remarking that, as observed by
Passo et al. [3], Proposition is valid for any dimension. Also, in higher dimen-
sions, we use an argument of elliptic regularity of the Laplacian to obtain estimates
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in L?(0,T, H?(Q)) and in L?(0,T, H3(€2)). Furthermore, all of our previous argu-
ments hold for dimensions 2 < d < 3, except the result of Corollary where the
fact that dimension was one was essential. This result was only used in the proof of
Lemma to extract an uniformly convergent subsequence and conclude that the
measure of the set Qp \ B(ce) is zero (where B(c) = {(z,t) € clQp, c(z,t) € I}).
Once Lemma is stated for 2 < d < 3, all results but Corollary are also
valid for 2 < d < 3. On the next Lemma, we show how to state the same result of
Lemma [5.3] when the dimension d satisfies 2 < d < 3. As mentioned before, all the
results stated before Corollary 5.1 does not depend upon dimension one and can
be extended for dimensions 2 < d < 3. We will use this fact on the proof of the
next Lemma.

Lemma 7.1. |Qr \ B(c.)| = 0 with B(c) = {(z,t) € clQrp, c(x,t) € I}.

Proof. Arguing exactly as in the proof of Lemma we obtain
— [ o) + o1 - e < €4 (r.)
Qr

To complete the proof of the lemma, suppose by contradiction that the set Qp\B(c.)
has a positive measure. Suppose by instance that

A={(z,t) € Qp, c. <0}

has positive measure. Using Item [I] of Lemma [5.1} we can extract a subsequence
of (¢y¢) which converges almost everywhere to ¢. on Qp. Now, by using Egoroff’s
Theorem, we may conclude that such subsequence also converges almost uniformly

1
on Qp. Thus, there exists a set B C Qp such that |B| < §|A| and c¢,e converges

uniformly to ¢, on Qp \ B. Let C = AN (Qr \ B). We can see that |C| > 0. Since
F! <1, the estimate (5.8) gives

fsf/cFé(cgs) < Cy.

Note, however, that the uniform convergence of ¢,. implies that
YA >0, 3oy, coe <A, V(x,t) €C, og<o0y

therefore, due to the convexity of F,,, we have F.(c,.) < F.()\). Hence

—e|C|(In A+ 1) = —¢ Tim // FL(\) < Cu
oc—0t C
which leads to a contradiction for A € (0,1) sufficiently small. The same argument
shows that B = {(z,t) € Qr, ¢. > 1} has zero measure. O

We remark that In this last proof we have just repeated the contradiction ar-
gument presented in the proof of Lemma with the only difference that now we
have supposed by contradiction that there exists a subset of Qr \ B(c.) that has
positive measure and where the convergence is uniform.

Now we explain the necessary modifications to be done when the number of
crystallographic orientations is larger than one. In this case, the local free energy
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density is
A B D, D
Flebh, ) = = Fle—cm) + Jle—em)' + (e —ca)' + e —co)’
7 292 | 94 - €ij p22
+;[—§(C—Ca) 01- + Eal] +l;§;1 7019]

The introduction of the mixed terms depending only on the 6;’s (the last terms)
will not change greatly the arguments presented in the case when p was equal to
one. In fact, in the following we will point out how our previous estimates can be
extended for this case.

The main feature of the perturbed systems in Section [3]is that their correspond-
ing local free energy density have lower bounds that do not depend on the trunca-
tion parameter M. Since the extended local free energy just introduces nonnegative
terms, we can define a similar truncation that maintains the same property, with
such perturbed systems it is then possible to similarly establish Lemma 4.1

As for Lemma we treat the new terms by using the immersion of H*(Q) in
L*(€2) and the estimates for the orientation field variables given in Lemma

After we have extended the results of Lemmas [£.1] and [£:3] all the other lemmas
are their direct consequence without any significant change due to the introduction
of the new terms.

8. FINAL REMARKS
Remark 8.1. Observe that implies that for almost all ¢ € (0, 7] there holds
D(Ve(-,t), Vo — V(1))
— (w = DOF(c(-,t),01(-,1), ..., 0,(, 1), ¢ — (-, 1)) >0,

forallp € K={ne HY(Q), 0<n<1,7==¢}.

Moreover, since ¢ € L?(0,T, H?(2)) and 1 < d < 3, by standard Sobolev imbed-
dings, we can assume that ¢(z,t) is a continuous function of z for the same times
t as above. Fix such a ¢t and assume that in a neighborhood V of a point T € 2 we
have that 0 < ¢(x,t) < 1 for x in the closure of V. Thus, for a given C*°—function ¢
of compact support in V satisfying @ = 0, ¢(+,t) + Ap(+) € K for small enough real
A. By taking ¢ = ¢+ Ap back in the last inequality, and observing that A assumes
positive and negative values, we conclude that for any C'°°—function ¢ of compact
support in V such that @ =0,

HCD(VC('vt), V(,O) - (w - Dacf(c('7t)v 91('at)7 s >9P('7t))a QD) =0.

We conclude that in regions such 0 < ¢(z,t) < 1, for almost all times ¢t € (0,77,
w = DV(9.F — kc.Ac), up to a function of time. Substituting back in the first
equation of (1.1)), we obtain that d,c = V - [DV(9.F — k.Ac)] in such regions. In
this sense, the obtained solution is a generalized solution of the original problem.

Remark 8.2. When v = § = ¢;; = 0, we obtain ¢ that solves a generalized
formulation of the Cahn—Hilliard equation, and for which the estimate 0 < ¢ <1 is
still valid. But, we are able to guarantee that the classical Cahn-Hilliard equation
is satisfied only in regions where 0 < ¢ < 1. Thus, unfortunately we are not able to
reach this kind of estimate for the classical Cahn-Hilliard equation with polynomial
free-energy.
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The physical model we are considering in this paper assumes that the coefficients
appearing in the free-energy functions are positive. In mathematical terms, we
could have a more general situation. For instance, €;; > 0 is enough to guarantee
that, in the case when p > 1 and the cross terms 9229]2» are present, the free energy
functional F,.ps is still bounded below by a constant that does not depend on M,
as indicated in formula (3.5]), and the results in the paper are true. The coefficient
~ could have any sign. When v < 0, the problem in fact is simpler because in this
case the corresponding term in the free-energy functional has the “right sign” In
the case that v > 0, to get the first inequality in 7 the coefficient 6 must be
positive.

Remark 8.3. In our first attempts to study the problem with the free-energy
functional presented in the paper, we tried to use Galerkin method. However, we
were not able to get the necessary estimates (basically due to presence of the term
c20?) except in the special case in which the coefficients are such that the original
free-energy functional is bounded from below. In this special case it is possible to
solve the problem using Galerkin method. Even in such special case, however, we
cannot identify such solution with the generalized solution presented in this paper.
This is due to the following facts: our uniqueness result is based upon the fact
that the ¢ presented in the paper is an element of the set K = {n € H(Q), 0 <
n < 1,7 = ¢}; however, we are not able to get a L>-bound for the solution
obtained by the Galerkin method in the special case, and thus we do not know
whether such solution belongs to K. Therefore, even in the special case we are not
able to compare the generalized solution and the solution obtained by the Galerkin
method.

Remark 8.4. The physical meaning of ¢ (concentration of one of the two mate-
rials in the mixture) requires that 0 < ¢ < 1. On the other hand, from physical
arguments, it is expected that asymptotically in time the concentration approach
certain values of the minimizers of the function f appearing in F (maybe different
ones in different regions of 2.) In terms of mathematical possibilities, it may occur
that in certain situations two of these minimizer (exactly two in the special case of
two-wells potentials) correspond to pure materials (¢ = 0 or ¢ = 1.) However, in
physical terms, these minimizers may be associated in fact to values of ¢ correspond-
ing to mixtures of materials (say, ¢; and ca, 0 < ¢1 < ¢2 < 1,) although, maybe,
with clear predominance of one of them (even in cases with two-wells potentials.)
In these cases, it is perfectly possible to have a initial condition for the concentra-
tion, ¢ such that the values of ¢o(x) are not confined to the interval [cq,ca]. As
before, one expects that asymptotically in time the concentration evolves in such
way to approach either ¢; or ¢y, depending on the region of Q. But, if it does so,
it cannot not satisfy ¢; < ¢(z,t) < co for all time ¢ and z, although on physical
grounds it should satisfy 0 < ¢(x,t) < 1. Thus, the location of the minimizers of
the potential is in fact independent of the required physical range of c. Here, we
considered the problem at this level of possibilities, and our generalized solutions
satisfy this physical requirement.

A more precise and difficult question related to this situation is the following:
suppose c¢q satisfies ¢; < ¢g(z) < ¢ for all z, does ¢ satisfy ¢; < ¢(z,t) < ¢y for all
x and t? For certain parabolic (scalar) equations, one expect this to be true. How-
ever, for general systems, where interactions between the unknown variables play a
significant role, this may be not so. Even in homogeneous situations, when spatial
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variables play no significant role, the trajectories could be spirals approaching the
equilibrium points of the corresponding ordinary differential system. We do not
know whether this is the case of the system considered in this article. Certainly
this is an interesting point to investigate.

Another interesting point to consider is the following. We placed the singularities
of the logarithmic perturbation at 0 and 1 to comply with the required physical
restriction 0 < ¢ < 1 on the concentration. However, suppose that we have an initial
condition for the concentration satisfying 1/3 < ¢y < 2/3; if we repeat the argument
of the paper, but with the logarithmic singularities placed at 1/3 and 2/3, we obtain
a solution satisfying 1/3 < ¢ < 2/3. The same sort of reasoning would imply that it
is always possible to construct a solution satisfying min ¢y < ¢ < maxcy. Moreover,
if we consider that we have uniqueness, this would be the solution, taking us to
the conclusion that every solutions satisfy mincy < ¢ < maxcg. But this is strange
because, as we said above, on physical grounds one expects the values of ¢ approach
either c; or cy. This raises the question whether there is something wrong.

The key to ease this discomfort is the observation that, when we change where we
place the logarithmic singularities, in fact we are changing the problem to be solved.
For instance, in the previous example of changing the placement of the singularities,
the differential inequality (5) would require that ¢ and the test functions ¢ belong
to modified K = {n € H*(Q), 1/3 <n < 2/3,7 = ¢5}. Moreover, the solutions of
these two different problems are not comparable, since it is clear that the uniqueness
stated in Lemma holds for exactly the same problem. Thus, we cannot reason
as in the previous paragraph and its “conclusions” do not hold.

A final point must be considered. Since different placements of the logarith-
mic singularities introduce different generalized problems, and therefore different
solutions, which is the “right” one to be picked? We argue that the one in this
paper is the “right” one based on two reasons. First, the only reasonable physi-
cal restriction to the concentration is 0 < ¢ < 1, which requires the placement of
the singularities as we chose, and not in different places. Second, as we explained
in a previous remark, our generalized solutions satisfy the classical Cahn-Hilliard
equation in regions described basically by 0 < ¢(z,t) < 1, leaving out, maybe, only
the regions of pure materials, where the physical mechanisms for the mixture no
longer apply. The same sort of reasoning, when applied for a problem obtained with
perturbation with singularities placed for instance at 1/3 and 2/3 would guarantee
the Cahn-Hilliard equation only in regions such that 1/3 < ¢(z,t) < 2/3, leaving
out, maybe, regions where in fact the mechanisms for mixtures still apply, which is
not physically reasonable.
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