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ABSTRACT. We study the asymptotic behavior of solutions, in particular the
scattering theory, for the nonlinear Schrédinger equations with cubic and qua-
dratic nonlinearities in one or two space dimensions. The nonlinearities are
summation of gauge invariant term and non-gauge invariant terms. The scat-
tering problem of these equations belongs to the long range case. We prove
the existence of the modified wave operators to those equations for small final
data. Our result is an improvement of the previous work [I3].

1. INTRODUCTION

In this paper, we study the existence global solutions and scattering theory for
the nonlinear Schrodinger equations

Lu=N,(u) + Gn(u), (t,z) €RxR", (1.1)
in one or two space dimensions n = 1 and 2, where £ = i0; + %A and
Ni(u) = Mu® + AT u 4+ A3,
Na(u) = Au? + N2,
G(u) = Aoul*u

with Ag € R and A\; € C, j = 1,2,3. We construct a modified wave operator in L?
to equation (1.1) for small final data ¢ € H*2 N H~% with 2 < § < 2, where the
weighted Sobolev space is defined by

H™ ={u e S [Jullpms = [ (iV)™ ()" ul| 1> < oo},
where (r) = 1/1 + [2]2 and the homogeneous Sobolev space is
H™ = {ue S |lull g = (=2)Ful|L2 < oo}
We intend to weaken the assumption ¢ € H~* from the previous work [I3].
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Many works have been devoted to the global existence and asymptotic behavior
of solutions for the nonlinear Schrédinger equations. We remind the definition of
the wave operators in the scattering theory for the linear Schrédinger equation.
Assume that for a solution uy(t,z) of the free Schrédinger equation Luy = 0 with
given initial data u;(0,x) = ¢(x), there exists a unique global in time solution
u(t,x) of the perturbed Schrodinger equation such that w(¢, ) behaves like free
solution us(t,x) as t — oo (this case is called by the short range case, otherwise
it is called by the long range case). Then we define a wave operator W, by the
mapping from ¢ to u|;—o. In the long range case, ordinary wave operators do not
exist and we have to construct modified wave operators including a suitable phase
correction in their definition. Analogously we can define the wave operators and
introduce the modified wave operators for the nonlinear Schrodinger equation.

We first recall several known results concerning the scattering problem for the
nonlinear Schrédinger equation

Lu=NulP"tu, (t,r) € R xR" (1.2)

with A € R and p > 1. We consider the existence of wave operators W4 for equation
(1.2). The wave operator W, is defined for equation (1.2) as follows. Let ¥ be L2
or a dense subset of it. Let ¢ € X, and define the free solution

up(t) =Ut)¢,
where ‘
Ut) = e,
Note that uy is the solution to the Cauchy problem of the free Schrédinger equation
Lu=0, (t,z) € RxR",
u(0,2) = ¢(z), = e€R"™
If there exists a unique global solution u of equation such that
[u(t) = up(@)]2 — 0,

as t — 400, then a mapping
Wy : ¢ — u(0)

is well-defined on 3. We call the mapping W by the wave operator. The function
¢ is called by a final state, final data, a scattered state or scattered data. It is
known that, when p > 1 + % and n < 3, there exist the wave operators Wi on
a suitable weighted Sobolev space (see [3]). In the case of n > 4, the existence
of wave operators is proved if p > 1(vn?+4n+36 —n +2) in [3] and if p =
1(Vn? +4n + 36 —n+2) in [II]. (Note that 1+ 2 < +(Vn? +4n + 36 —n +2) if
n > 4, so for the case n > 4 and 1+% <p< i(\/ﬂZ + 4n + 36 — n+2) the problem
is open). On the other hand, when 1 <p <1+ %, non-trivial solutions of equation
does not have a free profile in L?, that is, we cannot define the wave operators
on L? (see, e.g., [1]). Intuitive meaning of these facts is as follows. Recalling the
well-known time decay estimates ||uy(t)||z2 = [|¢llz = O(1), and |lus(t)||~ =
O(t~%), we see that |[|us(t)|?||z2 = O(t~2®~1). Roughly speaking, according to
the linear scattering theory (the Cook-Kuroda method), wave operators exist if and
only if |[|us(t)|P| L2 is integrable with respect to ¢ over the interval [1,00), that is,
p>1+ %
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There are several results concerning the long range scattering for equation
in the critical case p = 1 + % In the long range case, as we already mentioned,
the usual wave operators do not exist, so we introduce the modified wave operators
Wy as follows. We construct a suitable modified free profile A4 (¢), and consider a
unique solution u(t) of equation which approaches A (t) in L? as t — oc:

[u(t) = Ap ()]l — 0, — o0

Then the mapping
Wi @ A4 (0) — u(0)

is called the modified wave operator. Ozawa [12] and Ginibre and Ozawa [2] proved
the existence of modified wave operators for small final data in one space dimen-
sion and in two and three space dimensions, respectively, by the phase correction
method. More precisely, they put a modified free profile of the form A (t) =
Ut)e =V ¢ where ¢ is a final state, and chose the phase function S such that
|LAL(t) — |A(t)|% A(t)|| 12 decays faster than ||[U(t)d|*UE)p|lL2 = O ). Re-
cently, Ginibre and Velo [4] have partially extended above results removing the size
restrictions of the final data in the case of the nonlinearity a(t)|u|?u. where a(t)
has a suitable growth rate with respect to ¢t. The large time asymptotic behavior of
solutions to the initial value problem for equation with 1 < n < 3 was studied
and the asymptotic completeness of the wave operator was partially shown in [6].
The phase correction method is applicable only for the gauge invariant nonlineari-
ties, like A|u|[P~!u, where A € R, because we can regard |u[P~! as a time dependent
long range potential. We cannot apply the phase correction method to non-gauge
invariant nonlinearities of the form u? or |u|P~'u + uP, because we should consider
the non-gauge invariant nonlinearity as a time dependent external force.

There are some results on the scattering theory for equation in one or
two space dimensions. In [I0] it was shown the existence of the wave operator
for equation with G, (u) = 0 by using the method by Hormander [8], where
he studied the life span of solutions of nonlinear Klein-Gordon equations and in
[13] it was constructed the modified wave operator for equation by combining
the methods in [8] and [I2]. More precisely, the following two propositions were
obtained in [I3]:

Proposition 1.1. Letn =1, ¢ € H*3NH~* and ||¢|| gro.s + ||d]| 74 be sufficiently
small. Then there exists a unique global solution u of such that u € C(R*; L?),

oo 1/4
sup t*[u(t) — uy(t)| 2 + sup ¢ / Ju(r) = up (P [ d7) < 00,
t>1 t>1 t

where % <b<1, and

)|%logt).

1 w2~ ~ T
t) = —e 2t — — I\ —
1) = e O exp (— old(;
Proposition 1.2. Letn =2, ¢ € HO*NH*, 2¢ € H=2 and ||§|| gro.s + |||l s +
|xo|| -2 be sufficiently small. Then there exists a unique global solution u of equa-
tion such that u € C(R*; L?),

o0 1/4
sup t°||u(t) — u,(t)|| 2 + Suptb(/ lw(T) — up(7)|| 74 dT) < 00,
t>1 t>1 t

where % <b<l1.
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Throughout this paper, we denote the norm of a Banach space Z by || - ||z. Our
purpose in this paper is to improve the condition on a final data ¢ € H~%. In
order to explain the reason why the previous proof by [I0] and [§] requires such
a condition, we give briefly the idea of paper [I3] on the example of the Cauchy
problem

Lu=u? (t,z) € R xR (1.3)

If a solution u of (|1.3|) behaves like a free solution U(t)¢ as ¢ — oo for a given
iz

¢, then. ug(t,x) = —re2r ¢(%) can be considered as an approximate solution of

(it) 2
(1.3) since

1 a2~
U(t)o = 55 3(7) + O~ laf**0)] ).

iz 5 .
By a direct calculation we find that £(u—1ug) = u? — 5ize’2r | - [2¢(n). with n = Z.
The last term of the right-hand side of the above equation is a remainder term

which we denote by R. Hence the problem becomes

—ud +ud+ R (1.4)

We find a solution in the neighborhood of ug. however uZ can not be considered

L(u—ug)=u

as a remainder term since |[u||p2 = t71||¢?||z2. In order to cancel u3 we try to
: 2
. . _ iax
find u, such that Lu, — ug is a remainder term. We put u, =t bP(%)e 2t
2

get Lu, = L‘_bw”If—.jP(%)eiazgz + R; which implies that we should take P(n) =

ﬁn%a(n)z and a = b = 2 to cancel u in the right-hand side of 1) and we

to

i -~
note that R; contains a term like ¢~%e " 77—14(?(17)2. Thus we get
L(u—ug—uy) =u?—ul+ R+ Ry.

This is the reason why we require a vanishing condition of 25(77) at the origin.
Our main result in the present paper is the following.

Theorem 1.3. Let ¢ € H*? N H~° and ||¢||goz + |9l s be sufficiently small,
where 5§ < 6 < 2. Then there exists a unique global solution u of such that
ue C(RT;L?),

> 1/4
sup 3 |u(t) — up(t)| 12 + sup 3 (/ u(r) — up(r)|%. dT) <
t>1 t>1 t
where X, = L™, Xy = L4,
1 ix2 ~, T ) ~, T 2
up(t) = W@ 2 qb(;) exp ( — z)\oy(é(;ﬂ" logt).

Furthermore the modified wave operator
Wy : ¢ — u(0)
is well-defined.

Similar result holds for the negative time.

Remark 1.4. If we consider the asymptotic behavior of solutions to the Cauchy
problem for equation with initial data u(0,2) = ¢o(x), € R™, then we
see from Theorem that for any initial data ¢y belonging to the range of the
modified wave operator W, , there exists a unique global solution v € C'(R*; L?) of
the Cauchy problem for equation which has a modified free profile u,. More
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precisely, u satisfies the asymptotic formula of Theorem [I.3] However it is not clear
how to describe the initial data beloging to the range of the operator Wy .

Remark 1.5. If ¢ € H*2 and $(0) = 0, then ¢ € HO2NH “for 0 < o < 1 + 2
with n = 1,2. This follows from the fact that H° = L2 > H%2 and the following
inequalities:

(8) Il 1= fllzz < Cll| - |V £l 12 for @ > "L, provided that £(0) =0,
() |- 79+ fll 2 < C|lfllgrro for 1 < o < 142 withn =1,2.

Note that this implies that [ ¢(z)dz =0 and ¢ € H*2, then ¢ € H*? N H~°.
Proof of (a): From the equality

16) = 1) =10 = [ Zreei= [ Vi

and Schwarz’ inequality, it follows that

1
FE)2 < el / IV F(t6) Pt

Therefore, we have

1
I 1712 = / m%lf(é)\Qdfé / ﬁ / IV F(t6) [2dede

//|5|2a 3 VIt Fdedt = //| = IV AP 2L

o R 1 1
for a > ”H.

Proof of (b) We split the norm on the left hand side as follows:

1170 e < N1 Fllezqsn + 1172 fllzzq< = I+ L.

Since v > 1, it is easily seen that I; < ||f||z2. By the Holder inequality, we have

L <117 o< 1 | Lagri<1)s

where 2 < p,q < oo and 1 + l = 1. Here, we put (p,q) = (2,00) for n =1

and (p,q) = (225, 2%) for n = 2 so that we have ||| - [7*™|[1s(.j<1) < o0 and
I fllzac1<1) < I fllze < C|lfllaro by the Sobolev embedding.

Remark 1.6. In the previous paper [7], we considered the Cauchy problem for the
cubic nonlinear Schrédinger equation
1
tup + 5 Use =Nu), zeR, t>1
U(LI) :ul(x)7 ZEGR,
where NV (u) = A\u® + \ow?u + \3u®. Aj € C. j=1,2,3. It was shown that there

exists a global small solution u € C’([l 00), L*>), if the initial data u; belong to
some analytic function space and are sufficiently small. For the coefficients A; it
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was assumed that there exists 5 > 0 such that

A . . A .
Re (7%62W — 7;)\2672“" + 7%674““) Z C > 0,

Al o . A3 .
Im 76217“ _ Z')\2€727.’I" + 767417" r Z C’I"Q,
(5 N
for all |r| < 6. and also it was assumed that the initial data wu;(z) are such that
| arge 3 @()] < 0o, nf [E5()] > Ce,
where ¢ is a small positive constant depending on the size of the initial data in a
suitable norm. Moreover it was shown that there exist unique final states W4, ry €
L*> and 0 < 7 < 1/20 such that the asymptotic statement
t —l—fy
£E2) i )

(it) B W (2)e 5
VI X(3) W (3)P log 2

is valid for ¢ — oo uniformly with respect to € R, where v > 0 and x(€) is given

by

u(t,x) = —I—O(t*%(l —|—logt

(€)= Re (2 exp(2ira (6)) = Ny exp(~2irs (6)) + % exp(—4ir (€).

This asymptotic formula shows that, in the short range region |z| < v/t. the solution
has an additional logarithmic time decay comparing with the corresponding linear
case. Thus we can see that the vanishing condition at the origin on the Fourier
transform of the final data seems to be essential for our result in the present paper.

For the convenience of the reader we now state the strategy of the proof. We
consider the linearized version of equation (1.1))
Lu=N,(v)+Gn(v), (t,z)€RxR".
We take

o~

uo(t, ) = (Ztl)ge';?(b(a;) exp (— i)\o\qg(%)\% logt)
as the first approximation for solutions to . By a direct calculation we get
Lug = Gn(uo) + Ra(t),
where R; () is a remainder term. Hence
L(uw—ug) = Np(v) + Gn(v) — Gn(uo) + Ry.
We define the second approximation u; for solutions of as

w(t) = —i / Ut — 7N, (o) dr

which implies that
£u1 = Nn(uo)

and

u(t) — uo(t / Ut — T)(Np(v) = No(ug) + G (v) — G (ug)) dr

¢
/ Ut — T)Ry(T) dT + u (t).

oo
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We define the function space

X ={feC(T,00); L?); || fllx < oo}
Ifllx = sup [ f(t) —uo(t)]|z2 + sup tb(/ 1£(8) = uo ()%, dt)*/*,
te[T, 00 te[T,00) t

where
X, = L®, Xy = L4, b>g.
In order to get the result we need to prove the following estimate for u;(t),

lra@®ll+ ([ (), dr) /< OO0 + olluoa) +Ee772

for n/2 < 5 < 2. which is the main estimate of the present paper. Note that the
choice of u; differs from that used in the previous papers.

2. PRELIMINARIES

Lemma 2.1. We have for w # 1. f,g € L' N L? and h € C?,

t w2 - s w
/ R Ut — 7)A(e 5 o osT 1(Ly) gr
o T
o 2iw o see? ig(2)ogt p( %
= 1 wh(lt)e € f( t)

2w ¢ iwz? @ T
= ; = otg($)log T
1—w)y / ( g F(it)e 2 e k(T)

< (Fk)
—in(t—T/ ZF’ is)e 2 (s )loggk( )ds
(F.k)
1 m, T
- et9(P)logs Z o Y2
— Wl (t T/ (;)Flse2 e Sk(g 2)(S)ds)dT+R(t),

where the summation is taken over (F,k) = (N, f),(ht=, f(g —in/2)),

R(t) = — (1—w)/ t—T/ Z (is)Ro k(s) dsdr

+ 1 h(iT)U(t — T)Ro,¢(T) dT

l-w [e%S)

and

iwz? z iwz? . x
Ror(t)=e 2tk DY Aeis (7 log¢ +2z— 0j g eTtelg(?)logtlogt
; 7 J

@R (d)e

Proof. By a direct computation we find that

1‘2‘1; ezg(‘?) logt'

id. x
2G5

(21w3t+A)eTf’ezg( )logtf(i) :—2w%f(gf )6“;: (%)bgtJrRo (1),
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where

iwz? J:

Ro f(t) = e = f( yaei(t logt+2%z 19 0, ) (2)e' 5 eio(lost 100 ¢

+t—2(Af)(?)

ezg( ) logt

Therefore,

U—t)A(e 5 eo(F) st p(2))

o~

T

= *@(M(—t)zm(eTezg(?) st (%
1
t

z

WU(—t) A (e ¢ (t)logtf(f))

+

)

S U ) (2w f(g—%)(%)em;f cio(%)1ost | R (1))

from which it follows that

U(-t)A(F n(F) et (7))

21w iwz?

= - g )2

_ %u(—t)(%f(g - et ) et

£ U(-)Ro (1),

(2.1)

Hence

/th(muu - T)A(e%ew(”lwf(%)) dr

21 w2 JL
e / h(iT) —T)e 2r et9(%) 1ngf(f))ch’
T

2w
l1—w
+ Ra,(t)

m., , T, iwz?

/ h(if)u(t—T)lf(g—5)(;)6"“

(&
619(7_)10,@:7' dr

= 22 pine s s () s p (7

¢ iwe? o
= 12_ww/OOh/(iT)U(t77)67619(7)1%7‘/:(;)617
2w t 1 mn.,,x iws? o(2)log
— — — (= Td
[ nmu =)z sta = e e -

JrRLf(t),

where

Riplt) = 1= / WGP U(t - 7)Ro 4 (7) dr

[e.°]
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We write
iwe? z x
F(ir)U(—7)e 5 e 8T (2)
-
T iwe? o2y oa s L
:aT(U(—T)/ Flis)e 5 9 s )
o s
i i - iwa? ig(Z)logs T
—1—51/{(—7) F(is)A(e 25 "'/ 98k (=)) ds
0o s
T iwe? z X
:aT(U(fT)/ F(is)e 5 (S8 s (2 gs)
0o s
iwz? oz, x
+ WF(iT)U(—T)e 5 e9(F) 18T (2
-
T Sl iwe? ig(Z)logs €z
—wlU(—7) | iF'(is)e 25 e"9's k(g)ds
T iwe? ow 1 )
—in(—T)/ F(is)e%ezg(?)logsfk(g—@)(E)ds
oo S 27s
+£U(—T)/ F(is)Ror(s)ds
2 o0
hence
. iwz? zy] xT
(1 — W) F(im)U(—7)e 5 (T loeTg(2)
p
zaT(U(—T)/ Flis)e "o 08 %) ds)
T iwz?  ocmyg, x
—wU(—T)/ iF' (is)e 55 (%) Ogskz(g)ds (2.3)
o0
T iwT ; x . 1 ]
—z'wL[(—T)/ F(is)e%elg(?)logsfk(g— m)(g)ds
oo s 27s
+%U(—7) / F(is)Ro 1(s) ds.
We apply (2.3) with (F, k) = (W, f) or (F, k) = (ht—1, f(g—in/2)) to the right-hand
side of (2.1)) to get the desired result. (I

In the next lemma we state the Strichartz estimate for f; U(t—T) f(7) dT obtained
by Yajima [14].
Lemma 2.2. For any pairs (q,r) and (¢',r") such that 0 < % =5 —-2<1and

2
0< 2= 5 — & < 1. for any (possibly unbounded) interval I and for any s € I the

Strichartz estimate
a1

([ [ ue-nsw ! an’ <[ isang, a,

is true with a constant C' independent of I and s, where % + % =1 and % + % =1.

Denote

R = [ ut—r) [ R asir

oo oo

Ry(t) = / U(t — 7)h(iT)Ro 1 (7) dr,

oo
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where

R()’k()—e“;ts k(t) 6 (, logt—&-Qle@]g )e“‘éf elg( )logtlogt

+ (k) (F)e s () s,
Lemma 2.3. Let
[F(it)] < C|t[7>7%,  |h(it)| < CJt| 7172,
Then
IR+ ([ IR, a0
< Ct2(| Akl g2 + |VE - Vgl| 2 log t + [[kAg| 12 log t + [[kVg - Vg] 12 (log 1)?),
where X, = L>®, X, = L*.

Proof. We have by the Strichartz estimate (see Lemma

~ oo 4 1/4
won (o], 2
o0 o0 _2_2 _1_2
< C/ (/ |s| """ [[Rok(8)|| ;2 ds +[7] 7™ ”Rka(T)HL2)dT'
t T
It is easy to see that

| Rox(®)]
< O (| Ak| 2 + [V - Vgl 2 logt + [[kAg]| 2 logt + [[kVg - Vgl 2 (log £)?).

Therefore, we have the result of the lemma. O

Lemma 2.4. Assume that |G(it)| + [t||G'(it)| < C|t|~7" =z, then

¢ iwz? . x
H/ G(ir)e' 5 et 10e (L) dr|

T

Lp
Ct"*q“*“ - 1=k o

+Ct 5O (| IR o 4[] - [P0k V g 1 logt),
for0<6,6<2, 1<p<oo,

IN

Ct-rH1= 30D | |0
FOt 250D (| V| e + ||| - [0k Vg L log t),
f0r0<5,5<2*%, 1 <p<oo.

Proof. Using the identity

1 iwa? iwa?

atf]—e 27 = e 27

iwr?
1- 27
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we have

t 'iwz2 - x
/ G(it)e 2 et9(%) 1Ong(g) dr

0o T
¢ ; x 1 iwz?
=/ G(iT)ezg(?)long(f)(i, S0, Te 2 )dT
. P
. TN ia(Z)logt 1 iwa?
:G(zt)k(f)e’-g(t) o8 <7.2te 2t )
t T
¢ iwz? 1 .
—/ Te 27 3T(G(i7)k;(£)7, 2619(?)103;7-) dr.
. -
We also obtain
. T ia(Z) 1o 1 iwz?
HG(zt)k:(?)e 9(%) gt(il —zte )‘ .
2t

5
< Otgqﬂ’;(/(w ’f‘_ék(g))pdx)l/p
Ll 1t

Ot 37 = E 0D | |0k, 0<8<2,1<p< oo
S s 1 2(1 i)
Ot 2 E D [0k e, 0<6<2-21<p<o0

and in the same way we get

te%at(a(it)k(%)il eig(%)l‘)gt)

w2
1 2t

Lp
ct—3—1—30-3) ’|~|_6k: |

[ JR e
for 0 < 8,6 <2, 1<p< oo,

IN

for0<d,6<2—-3, 1<p<oo.

Hence we have the result of the lemma.

t
3. PROOF OF THEOREM
We consider the linearized version of equation (|1.1)
Lu=N,(v)+Gn(v), (t,z)€eRxR". (3.1)

We take

1 iz2 ~, & ~ T\, 2
ug(t,x) = —ez2t p(—)e <7i)\ —)|= lo t)
as the first approximation for solutions of (3.1). By a direct calculation we get

Lug = Gn(ug) + R,
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where
1 w2~ T2
Ri(t) = OE e 2 qb(?)gA exp(—z)\ow(?)\n logt)
2 1 1 iz2 _~, T T2
- 5)\072 7 et V(;S(Z) exp(—z)\0|¢(?)|n logt)
x 2Re Vo (7)d(3)16(5)1F? logt
11 w2 5~ Ty 2
+§(it)%e t Aqﬁ(;) exp(—z)\0|¢(¥)| logt).
Hence

L(u—1up) =Np(v) +Gn(v) — Gpnlug) + Ry.
By Lemma we obtain

| /tOOU(tT)Rl(T) dTHL2 + (/tm]

<c / IRy (7|2 dr < Ct~(log ) |6l 5
t

4 1/4
)
" (3.2)

/tOOU(t —7)R1(7) dT’

since by the Holder inequality we have
[R1(8)]] 2
—2 A -2 215 o a2 —2 it 2
S Ct[Adlle + Ct (log ) (|l 2oe [IVOlLa + Ct"(log t)[|d[| Lo [|AG] 2
_92 2 1+2
< Ot (log t)”]|]] o’

‘We now define u; as

ui(t) = —i/ Ut — T)Np(uo) dr

o}

which implies Lu; = N, (ug) and

u(t) —ug(t) = —Z/ Ut — 7)(Np(v) = Np(ug) + Gr(v) — G (ug)) dr

(3.3)
— / u(t—T)Rl( )dT—FUl(t)
Note that
10puq (t) = Ny (ug) + % / Ut — T)AN, (up) dr. (3.4)

Now, we define the function space

X ={f € C([T,00); L*); | fllx < oo}, where

/
Il = sup 170~ wlle+ swp ([0 - w0, o)

te[T,00) te[T,00)

and
X, = L%, X,=L* b>%
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Let X, be a closed ball in X with a radius p and a center ug. Let v € X,. From

(3.4) and Lemma [2.1] it follows that

. 7 21w L\ dwe? o) (oo T
zatul(t)zj\/'n(uo)+§ Z (— h(it)e 2 eg(t)lgtf(?)

1—
(w.hg.f) “
2w [ ( > F(ir)e'$5 eio(3)1osm ()
(1 - w)2 [eS) T
(F.k)

sz/{t—T/ ZF’ is)e 25 Sl )logsk( ) ds

(F,k)

wzu—T/ 3 Fis)e™s: ig(2)togaly o Uy (T )ds)dT+R(t),
S

2
(F.k)

where the summation with respect to (w, h, g, f) is taken over

o ~ T < T\3

@ .hig. f) = (3,072 216(5) 2 06(5)°),
2
N ~ T AN

(—1,(—1) VR M| 220 (5) 6 (5) )

3

=3 (=) I3 A() ),

when n =1, and

2

(@9 1) = (2,607 20ld(D)L A6 (5)), (=2 (=i Xeld()] () ),

when n = 2, and the summation with respect to (F,k) is taken over (F,k) =

(', f), (ht=Y, f(g — in/2)). We have

gn(v) - gn(UO)
= )\()|’U|%1} — )\0|U0|%UO

2 2 2 2 2
= Xo(|v|™ — Juo|™) (v —uo) + Xo(|v]™ — |uo|™)uo + Aoluo|™ (v — up) -

Therefore, by the Strichartz estimate we get

o0

t Ut —T7)(Gn(v) — Gn(uo)) dr’ ,
N (/too H /toou(t = 7)(Gn(v) = Gn(uo)) dTHi4 dt)1/4
= C(/too [o(7) = uo(7)||72 dT) : (/too llv(T) — uo(7)]34 d7)1/4 (3.5)

+ C/too [o(7) = uo(7) |2 luo(T)l| o d7

< P2 4+ Ct 0l ¢l|
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for n = 2. Also

H[wu@—ﬂ@mw—gAwﬂmﬂm
([
<o [ otn - w1 ar)

+ C/too l1v(7) = o (7)lluo (7)|?[| 2 dr

4 dt) 1/4

X1

| U= 1)Gu) = Gatue))
t 3/4

3/4

<o [ 1) = sl o) = wo(r)l e
+0 [ Ior) = walm)lzs ()

< C(/too Jo(r) = o (7).~ dr) ! (/tm o) = uo(r)[[4d7 )
+0 [ 1) - wosllaol dr

0o 1/2 00
< C’pt_b(/ p47_4bd7') + C'p||¢\|%1/ b= ldr
t ¢

< PP+ Crlplgl3,

1/2

for n = 1, where we have used the facts that b > n/4 and

[Gn(0) = Gn(uo)| < C(Jv = w0l » + [uo| ™) v — uol.

Similarly, we see that the above estimate holds valid with G, replaced by A,,. Thus

by 2), B3), B.5) and @.9)

Jutt) = vl + ([ () - wo(o)l, ar)

2 2
< Cpt a0+ s L O bpl| 7y + Ot (log )2 16| o (3.7)

@+ ([ @ik, ar) "

To get the result we now estimate u;(¢t). By Lemma Lemma and Lemma

[2:4] we get

o] 4 1/4 5~ iz, 3
@l + ([ lOli,dr) ™ < O 7ol + ey TR (39)
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for 5 < § < 2. where we have used the fact that

H/OO /OOZ/{(S—T)f(T)deSH )
<C/ 57 %s% / U(s—T1)f T)dTH
SC(/t _§O‘ds)3/4 / (s—171) T)dTHin ds)1/4
SC’t*aJF%(/OOsm / Us—T1)f dTH d8)1/4
t s

with o > 1. from which it follows that

</ZOO H/t‘x’ /:OU(S—T)f(T) deSH4 dt)1/4
SC(/{oot—4a+3 / H/ T f()dT‘X
< C(/:O t*4a+3</t [l f ()] L2 d’]‘) dt)1/4

oo
< Cototi-8 suptﬁ/ 7% f(7)|| L= dT
¢ ¢

ds) dt) e

n

< Ct P sup tﬂ/ |7 f ()| L2 dT.
t t
By virtue of 1' and 1) taking § < 5 < 2,b= g. we get
oo
Jut) = uo(®)+ [ lutr) = () ar)

< C(Il- 17200 + |l o) 2t

Since the norm of the final state ||@|| gro.2+||¢|| -5 is sufficiently small, estimate (3.9)
implies that there exists a sufficiently small radius p > 0 such that the mapping
Muv = u. defined by equation (3.1, transforms the set X, into itself. In the same
way as in the proof of estimat we find that M is a contraction mapping in
X,. This completes the proof of the theorem.

1/4
(3.9)
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