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CONTINUITY OF ATTRACTORS FOR A
REACTION-DIFFUSION PROBLEM WITH RESPECT TO
VARIATIONS OF THE DOMAIN

LUIZ A. F. DE OLIVEIRA, ANTONIO L. PEREIRA, MARCONE C. PEREIRA

ABSTRACT. We show that for a class of dissipative semilinear parabolic prob-
lems, the global attractor varies continuously (upper and lower semi-continuity)
with respect to perturbations of the spatial domain.

1. INTRODUCTION

Let €2 be an open bounded region in R™ with smooth boundary, where we consider
the semilinear parabolic problem

ut('rat) :Au(xvt)+f(u(xat))v IEQ,t>O
u(z,t) =0, ze€dQ,t>0.

It is well known that, under appropriate growth conditions for the nonlinearity
f, problem is locally well-posed in various functional spaces (see [10]). With
some additional dissipative conditions, the associated (global) dynamical system
has a global attractor; see, for example [0} [7, I5]. The dependence of the global
attractor of on the parameters present in the equation is also an important
object of study (see for example [8, [0, [13]). An excellent review of the subject can
be found in [I7].

Our purpose here is to address the problem of continuity of attractors for
when the parameter involved is the domain where the problem is posed. That is,
we assume that € is a small perturbation of a fixed smooth region 2y and we want
to discuss the changes of the attractor of with respect to the region €. As
we shall see, small perturbations of €}y cause small perturbations of the attractors.
We say that Q is a C* small perturbation of Qq if there exists a C* diffeomorphism
h:Qp — R™ such that Q = h(Qp) and ||h —iq,||c+ is small (cf. Section [2]) and
closeness of attractors means upper semicontinuity and/or lower semicontinuity.
One of the difficulties here is that the functional spaces change as we change the
region. Our first task is then to find a way to compare the attractors of problem
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(1.1) in different regions. One possible approach is the one taken by Henry in [I1]
which we describe very briefly.
Given an open bounded region 2 C R", consider the set

Diff *(Q) = {h € C™(Q,R"); h is injective and is bounded in Q}

1
| det B/ ()|
and consider the collection of regions
{h(Qo), h e Dlﬁm(Qo)}

We introduce a topology in this set by defining a sub-basis of the neighborhoods of
a given set Q) by

{h(Q); |h —iqllcm@rn) < €, > 0 sufficiently small}.

When |[|h — ig|cm@rn) is small, h is a C™ embedding of Q in R", that is,
a C™ diffeomorphism to its image h(€2). Michelleti [T4] has shown this topology
is metrizable, and the set of regions C""-diffeomorphic to 2 may be considered a
separable metric space, which we denote by M,,(2), or simply M,,,. We say that
a function F' defined in the space M,, with values in a Banach space is C™ or
analytic if h — F(h(Q)) is C™ or analytic as a map of Banach spaces (h near
iq in C™(2,R™)). In this sense, we may express problems of perturbation of the
boundary of a boundary value problem as problems of differential calculus in Banach
spaces.

If h: Q+— R” is a C* embedding, we may consider the ‘pull-back’ of h

e CH(h(Q) — CF(Q) (0<k<m)

defined by h*(¢) = ¢ o h, which is an isomorphism with inverse h~'". Other func-
tion spaces can be used instead of C*, and we will actually be interested mainly in
Sobolev spaces and fractional power spaces. If Fjq) : C™(h(Q)) — C°(h(S2))
is a (generally nonlinear) differential operator in 2, = h(Q2) we can consider
h*Fh(Q)h*il, which is a differential operator in the fixed region Q.

Now it is easily seen that v(-,t) satisfies in Qp, if and only if u(-, t) = h*v(-,t)
(that is, u(x,t) = v(h(x),t)) satisfies

wp(x,t) = h*Aq, h* tu(z, t) + f(u(z,t), =€ Qo,t>0
u = 0, S 8907
where h*Aq, h* ™' : H2 N H'(Qo) — L?*(€p) is defined by

(1.2)

[h*Ath*—lu] (z) = Ag, (uo h~Y)(h(z)).

In particular, if Ay, is the global attractor of in H}(Qp), then A, = {vohlv €
Ap} is the global attractor of in H}(Qp) and conversely. In this way we can
consider the problem of continuity of the attractors as h — iq, in a fixed phase
space.

For simplicity, we work here in L? spaces, assuming that the nonlinearity f is
globally Lipschitz and satisfies the standard dissipation condition

1w oy,

lim sup <
u

|u|—o00
This is not such a stringent requirement as it may seem at first in the problem at
hand. We may, as is done in [I5] for example (see also [3]), pose the problem in LP
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spaces. Choosing p big enough, we can, without assuming any growth condition,
prove existence of the attractors and find estimates on their size in L°°. It turns out
that this bound depends only on a linear problem that can be chosen independently
of the parameter in the problem we treat. This in turn allows as to perform the
standard trick of ‘cutting’ f outside a ball containing the attractors so as to have
it (and as many of its derivatives as wished), globally Lipschitz without changing
the attractors.

During the last stages of preparation of this work, we learned of similar results
(now already published) obtained by Arrieta and Carvalho [5]. The authors used
a different method based on the spectral converge which allows more irregular
perturbations. On the other hand, we believe that our method is simpler and gives
more detailed results for the regular case. For instance, hyperbolicity of equilibria
can be proved in our context for ‘generic’ regular regions (see [I1]). Also, we believe
that our method can be used to prove similar results for other (including nonlinear)
boundary conditions (see Remark at the end of section. The upper semicontinuity
of attractors, in the case of ‘thin domains’, have been obtained previously in [I6],
also using convergence of the spectra.

This paper is organized as follows. In section [2| we prove a result on continuity
of linear semigroups with respect to variation of the generator following the same
lines of Theorem 1.3.2 in [I0] and apply it to the Laplacian operator in varying
domains. We also prove a result on continuity of the unstable manifolds of the
equilibria in the appendix. In Sectionwe prove that the nonlinear semigroup Ty (t)
generated by is continuous with respect to all its arguments. Since continuity
with respect to ¢t and initial conditions follows easily from our assumptions, we
concentrate in proving the continuity with respect to h, the ‘perturbation’ of the
domain. In Section [f] we prove the main results of the paper, namely, that the
family {A}, : |h —iqll < eo} is upper and, assuming hyperbolicity of the equilibria,
also lower semicontinuous at iq.

2. CONTINUITY OF THE LINEAR SEMIGROUP WITH RESPECT TO PARAMETERS
An abstract result.

Lemma 2.1. Suppose A is a sectorial operator with |[(A — A)~1|| < \Ai]\fal for all
A in the sector Sq.po = {X | ¢0 < larg(A — a)] < 7, A # a}, for some a € R

and 0 < ¢g < w/2. Suppose also that B is a linear operator with D(B) D D(A)
and ||Bx — Az|| < ¢||Az|| + K||z||, for any x € D(A), where K and € are positive

constants with € < m, K< 20% ‘/L%L__ll, for some L > 1.

Then B is also sectorial. More precisely, if b = LQLilaf ].:2[2_1:1 la|, ¢ = max{¢o, T}
and M’ = 2M\/5 then

M’
-B) Y < —
0= B <

in the sector Sp.o = {A | ¢ < |arg(A —Db)| < m, A # b}
Proof. Simple computations show that in the sector Sy 4, we have

Al
A —al

<L, (2.1)

V2L -1

|)‘_a|2< 2 —1

)lal, (2.2)
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|A— |
< /5. 2.
A—al ~ Vs (2:3)
Therefore,
[A = A)7H < (A=A = A7H + A=)~
=]+ I = A)7Y|
M
<14 |N——
<1+ ||)\—a|
<1+ LM by @1).
Thus
[(A=B)A = A7 < e AN = A)7H + K[[(A = A) 7|
1
<el+LM)+ K < =
sell+IM)+ K= <3

by (2.2). Therefore, I + (A — B)(A — A)~! is invertible with ||[I + (4 — B)(\ —
A)~171|| < 2. From this we obtain

[A=B)H=lA-A+A-B)""|
= [ [T+ (A=B)XA=A)"H(A-4)] |
= A=A T+ A-B)A-A)"H7
<A =ATHINT +(A=B)A=A)~H7H
2M
<
~ A —d
_2M A =]
A= X~
- 2M+/5
T A=
by as claimed. O

Remark 2.2. Observe that b can be made arbitrarily close to a by taking L
sufficiently large. In particular, if @ > 0 then b > 0.

1

Theorem 2.3. Suppose that A is as in Lemma A a topological space and
{A,}yen is a family of operators in X with A,, = A satisfying the following con-
ditions:

(1) D(A,) D D(A), for all v € A;

(2) |Ayz — Az|| < e(y)|Az|| + K(y)||z|| for any x € D(A), where K(v) and

€(y) are positive functions with lim,_.~, €(y) = 0 and limy_,,, K(v) = 0.

Then, there exists a neighborhood V' of vq such that A, is sectorial if v € V and
the family of (linear) semigroups e~*A~ satisfy

=4 — 4] < Cp)e ™
1
|4 (e —e7t) | < C(p) e

1
A% (7 —eT) | < Cl) e, 0<a<l
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fort >0, where b is as in Lemma 2.1 and C(v) — 0 as v — Yo.

Proof. If ~ is sufficiently close to o, () < m and K(v) < 20%% To

simplify the notation we suppress, from now on, the dependence of K and € on +.
By Lemma A, is sectorial and the estimate

M/
Py
holds in the sector Sy 4 = {\ | ¢ < |arg(A —b)| < 7, X # a} with M’ = 2v/5M; M,
b and ¢ are independent of ~.

If ' is a contour in —Sp ¢ with |arg A —b| — m — ¢ as |A| — oo then, for any «
in X

I = A7 <

1
e Mty — e Ay = — [(A+A) 'z — (A + A) '] eMd.
21t Jr

We estimate the integrand as follows. Firstly we have, for A € Sy ¢
1A =A™ = A=A < A= A)THT = (A= A)) (A= A7 |
SIA=A4)T I-(A-A+A-A4)0 - A7 |
<A =47 (A=A =) |
< =A)THIA = Ay) - (A =AY

Proceeding as in the proof of Lemma [2.1 we obtain

(A—A,)- A=A Y| <e(l+ LM) +K|)\]\—/la|'

It follows that

!

A =0l

A =AD" = (= A < (L + LM) + K

A *al)'
Therefore,
1
le=A*t — e < %/ I+ A) 7 = (A + )] dA|
r

!

M
<5 <s(1+LM)+

MK (L? - 1)) o [ et
e —— e
(V2L —1)|a r A+

n
< C1(7)6"’t/ Mldul,
r |N|

where C1(y) — 0 as 7 — 0, as claimed.
Now, we have

A=A = A=A [ < AN = A)THIIA = Ay) - (A=A~
Proceeding as in Lemma [2.1

A = A7 < (A = A (A = A)7HE+ (A, (A = A7

|dA|

™

KM
<ellAN— A7+ +1+ LM

A —a

and
KM

A—al’

I(A=ANA =7 <e(@+LM)+ (2.4)
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From ([2.4) and (2.4), we obtain

A =A)™ = (=471 |
< 1 KM
- 1—5(|)\— \

+ 1+ LM {e(1+ LM) + |K_Ma}02(7)7

where C3(y) — 0 as v — 0. Then we have

A (et —em ) || < i/ 1A (O + A7 = (A + A7) [l e[ dA|

< 702 7bt\/ |6()\+b)t| |d>\|

Loy [ 1) 4

< —Ca(y / 1z

2m t Jr |yl

The above inequality follows immediately from [10, Theorem 1.4.4]. O

2.1. Application to the Laplacian operator in varying domains. Suppose {2
is a C? domain in R™ and h :  — R" is a C? embedding, i.e., a C? diffeomorphism
to its image.

Let Ap(q) represent the Laplacian operator in the region (). Then we can
consider the differential operator h*Ap(q)(h*) ™! defined in the fixed region Q. More
explicitly, if u € C2(h()) and z € Q, then

[(h* Apgay ()~ 1] (2) = [Apy(wo b )] (h(2)).

We need to express the coefficients of h*Ah(Q)(h*)_l in terms of hA. To this end,
we write

h(x) = h(xlax% cee 7wn) = (hl(x)th(x) .. 7hn(m)) = (y17y27 cee 7yn) =Y.

Then, we have

0 x+—1 _ 0 —1
(1 5™ ) @) = - (w0 b (A)

n u ah‘—I

-y 2w Yo
Ok du

ZZ_:[(&L,) 1@ 5 (@)
- ou

:;b i, (@) 87]_(37)7

where b;;(z) is the ¢, j entry in the inverse-transpose of the Jacobian matrix h, =

Oh;n
[axj J#;=1- Therefore,

AT szk axk(]ibua @)

U 2U
=3 buate Z G @) e a) 4 () o (o)
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> bkladhs (o) g () + D bsle) G a) @)

82
= (@(U))(aﬁ) + Li(u)(2),
where
0% - 0%u
Li(u)(x) = (bi(x) = 1)5— + doa- 5i7j7k)b,;7k(z)bi,j(x)(m)(z)
v k=1 J
- 0 ou
" 2 ) ) 5, )

with d; ;1 =11if ¢ = j = k, and 0 otherwise. Thus
(W Apyh* ' (u)) = Ag + Lu

with
Lu= Z L;u.
i=1

Since by — d;x in C*() as h — iq in C*(Q,R"), the coefficients of L go to 0 as
h — iq in C?(Q,R™). From the results in [I], we obtain

[ Lul| < e(h) | Aqul| + K (h)[u]| (2.5)

with £(h) and K(h) going to 0 as h — ig in C3(Q,R"). (When dealing with
Dirichlet boundary conditions, we can take K(h) = 0.) Therefore, the estimates
obtained in Theorem [2:3] hold for the linear semigroup generated by the operators
R* Apoyh* (u) in L2().

3. CONTINUITY OF THE NONLINEAR SEMIGROUP

We work first in an abstract setting.

Lemma 3.1. Suppose Y is a Banach space, A is an open set in Y, {—Ax}reca s a
family of operators in a Banach space X satisfying the conditions of Theorem
at A\ = Ao, U is an open set in Rt x X*, 0<a<1and f:U x A — X is Holder
continuous in t, continuos in A at Ao uniformly for (t,x) in bounded subsets of U,
£z, A) = f(ty, M < Liz = ylla;lf (£, 2, 2)[| < R for (t,2), (t,y) in U and
A € A. Suppose the solution x(t,xo, A of the problem

dx

f:A)\.’L"i‘f(t,CC,)\), t>to

dt (3.1)

x(to) = Zg.
exist for xg in bounded subsets of X X in a neighborhood of \g and tg <t <T.

Then the function A — x(t,xo, A) € X< is continuous at A\g uniformly for xq in
bounded subsets of X* and to <t <T .

Proof. Let b be the exponential rate of decay of the semigroup generated by Ay, A
in the neighborhood of Ay, given by Theorem We write x5 (t) and z(t) for the



8 L. A. F. DE OLIVEIRA, A. L. PEREIRA, M. C. PEREIRA EJDE-2005/100

solutions of (3.1)) with parameter values A and Ag. If zg belongs to a bounded set
B of X%, we have, by the variation of constants formula

t
za(t) < ||€A*(t_t°)$0|\a+/ le2E9) f (s, 22(5), M)l ds
to

IN

t
e=2t=10) |30l + R / e=HE=3) (¢ _ g) ds
to

so x(t) remains in a bounded set for o € B and t — ¢y bounded. By hypothesis
there exists then a a function #(\) such that 8(A) — 0as A — Ao and || f(s, z(s), ) —
f(s,2(8), Mo)||0(N), for xg € B. Using again the the variation of constants formula

t
22 () = 2(B)]la < [ — Ao [lo + [ [le™ T [f (s, 2x(5), )
to

—f(s,af(S),A)]lladSﬂL/t le [ f(s,2(5), A) = F(s,2(5), M)l ds

t
+ [ (e — eI (s, (w(5), M) [l ds
to
t
< CNe Tt —to)* zol| + LM [ (t = )% " |za(s) — @(s)l|a ds

to
t t
)M / (t — 5)“e (=) ds + C(VR / (t — 5)=e=b(t=9) g,
to to
where M is such [|eAr(t=t0)|| < Me—b(t—t0),

For 0 < t < T, we have ftto(t — 8)"%e =3 ds < n(t — to)~*, where 7 is a
constant. Therefore, it follows from Gronwall’s inequality (see [I0]), that ||z () —
z(t))la < CNK(t —to)~® (14 ||z0]|a), where K = K (o, T, B does not depend on
the initial condition. This proves the claim. ([

Lemma 3.2. Suppose, in addition to the hypotheses of Lemmal[3.1}, that the deriva-
tive %(t, x, \) exists, is continuous and bounded for 0 <t < T, X in a neighborhood
of Ao, and x in the ball of radius N. Then, the map A\ — %ﬁf’” € X% is contin-
wous at Ao uniformly for xg € B and tg <t <T.

Proof. The local existence and continuity of the derivative is shown in [10] (theorem
3.4.4). In fact the derivative vy (t) = %’?’)‘)
(linear) value problem
dy
E:A)\y+fw(tax(t)7>\)ya >t
y(to) = Aa;‘o.

To prove continuity in A we again use the variation of constants formula as in
Lemma [3.1] Due to the linearity in v, we obtain now [[vx(s) — v(s)|la < C(A)K(t—
to)~* (||]Azo||a), where K is a constant depending only on the size of the ball. From
this, the result follows readily. O

- Axq is the solution of the initial

(3.2)

We now apply the results to our context.
Let Q C R™ be a C? region, X = L?(Q2) and o = 1/2. Using the results of
section [2] and [10], it follows that (L.1)) generates a nonlinear C* semigroup T'(t, h)z



EJDE-2005/100 CONTINUITY OF ATTRACTORS 9

in X = H}(Q), for h in a neighborhood H of the inclusion ig in C2. We then have
the following result

Corollary 3.3. Suppose f : R — R is a C' bounded function with bounded deriv-
ative, B C H}(Q) is a bounded open set and T(t, H)B is a bounded set in X* for
t € RT. Then, the map h € H — T(t,h) € C*(B, H}(Q)) is continuous with respect
to h at h =iq fort in compact subsets of RT.

Proof. The result follows immediately from Theorem 2.3 and Lemmas [3.1] and
by taking U = X = Hg (). O

4. EXISTENCE AND CONTINUITY OF ATTRACTORS

We first mention some definitions and results from [7] that will be used in the
sequel. Suppose A is a metric space, X a complete metric space, and, for each
A€ A TN : X — X is a C"-semigroup with T'(t, \)z continuous in ¢, A, x.
For any A let Th(t) = T'(\,¢t) : X — X. We say that Th(t) is asymptotically
smooth if for any closed, bounded and positively invariant set B, there exists a
compact set K(B) C B that attracts B. The family of mappings {T)(¢) : A € A}
is collectively asymptotically smooth if |y, Kx(B) is compact (for any bounded
positively invariant set B).

Theorem 4.1. Suppose A is a metric space, X a complete metric space and Tx(t)
is a C"-gradient semigroup on X, r > 1, for each A € A. Denote by E) the set of
equilibria of Tx(t), for each X € A.

If the family of semigroups {Tx(t) : A € A} is collectively asymptotically smooth,
continuous in A and Jycp Ex is bounded, then the global attractor Ay of Tx(t)
exists and Ay is upper semicontinuous at Ag € A.

Let Q C R™ be a C%-region and h : Q — R” the family of C? embeddings with
[|h —iql|lc2 < e. Consider the family of semigroups T'(h,t) generated by (1.2).

We know that (1.1)) generates a gradient system in H}(€2),) with Lyapunov func-
tional

Ww) = [ 319007 - Fw)] dy
where F(v) = [ f(s)ds. We define Vj, in Hg(2) by

Vi(¢) = Vi(¢o h™h). (4.1)

Since u is a solution of (1.2) if and only if v = h* "' is a solution of (1.1), we
immediately obtain

Lemma 4.2. The system generated by is a gradient system with Lyapunov
functional given by .

Let ||ullg1(q) (resp. ||ullmr(q,)) denote the H' norm in Q (resp. .)
Define a new norm ||uH};11(Q) in H'(Q) by
lull i@y = luwo h™ ). (4.2)

Lemma 4.3. Suppose € is a C? region and h : Q — Qy, is a C*-diffeomorphism.
Then, we have
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(1) Hu||};11(m and ||ul g1 (o) are equivalent norms in H*(Q) , that is, there are
positive constants K1(h) and Ks(h) such that Kq(h )||u||H1(Q) < ullgr) <
KQ(h’)HU’”}I]:Il(Q); for any u inHY(Q). Furthermore Ki(h), Ko(h) — 1 as
h — iq in the C? norm.

(2) K1(h)|V(u)] < [Vi(u)| < Ko(h)|V(u)|, for any u inH'(Q). Furthermore
Ki(h),K2(h) — 1 as h — iq in the C* norm.

Proof. We prove item (1), the proof of item (2) is similar.

(allys )? = /Q (wo b (y))? + |Vn(uoh V)2 dy

= /Q(U(x))2 +1 T(ha) ™" - Vu(@)]? |Th(z)| de,

where T (h,)~! is the inverse transpose of the Jacobian matrix h, = [gz Jij=1 and

Jh(z) = det hy.
Now Jh(z) is clearly bounded from above and below since it is a positive contin-
uous function in Q. The same is true for the norm of the operator ||h;|| in L(R"™).

From this the equivalence of the norms follows immediately.
If h(z) =iq + r(x) with ||r(2)]], || (z)|| < 1 for x € Q, then

(lullFr()? = /Q ((w@)® + 1 7 (ha) ™" - Vu(@)?) [ Jh(@)| da. (4.3)

We have Jh(z) = det(I + v'(x)) = M®), with Az) = In(det(I + +'(2))) =
ch&quM()WMmfhgmm%(()).Mmemw:1+2iﬂ%¢md

= W S b g s e

Since |H,,(x)| = | trace (r'(z)™) | < nl|r'(x )||m, it follows that

H?" ) T
|<nz = nln(l — [ (z)[).

Therefore, we obtain
[Th(z)] =1 < —nIn(1 — [|Ir'(2)[)(1 = [|"(z)[)". (4.4)
Furthermore,

TI+r' (@) =T +"r = i )T (a

Thus
(I 47" (z)™ - Vu(z) = Vu(z) + Z(—l)k Tyl (2)* - Vu(x)
k=1
and so
1" (1+ 7' (@) Vu(@)|* = [[Vu(@)]* + 203 (=1 T ()" - Vu(@), Vu(z))
k=1

+ IIZ )E T ()" V()|
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Since

DI ENE H<ZW It IV < L vu)
k=1

we obtain
(1 + 7' (2)) ™" - V(@) ]|* = [[Vu(z)|?
2||7“( i 2, [ (@)l 2 (4.5)
[Vu(z)[|” + [Vu(z)[|”.
ww ()
From and (4.5)), we obtain (taking ||7’|| = sup,eq |7/ (2)]] < 1/2)
(HuHHl(Q)) = (IIUHH1<sz))
< 2 —nIn(l = l#ID(1 = 1™ 2|l VL Ll 2 wylI2
< i) - (=@ =[P A = 1ID7) + 3 Z IVl + (=) "1 Vull
[ [
n— 2—1I7"Il .
< Jullf gy (1 = 7)™ + 7)1
il =12
< lull gy (n + 8)[17]|-
From this we obtain
\/n—|—
‘HU”}ﬁl(Q) - ||UHH1(Q)| <l 2oy ( Vi)
which proves the claim. O

Lemma 4.4. The family Ep, of equilibria of is uniformly bounded for h in a
neighborhood of iq.

Proof. The equilibria of in €, are the solutions of
Au(z) + f(u(z)) =0 inQy
w=0 1in 0Qy.
Multiplying by u and integrating, we get

/ uAudr = — fwudz.
Qp Qp
Therefore,
/ |Vu|? de = f(w)udz.
Qp Qp

Since lim sup o @ < 0, there exist € > 0 and M () > 0 such that f(u)u < eu?
for |u| > M.
Let Q1 = {z € Q| Ju(z)] > M} and Qg = Q4 \ ;. We have

/ |Vu|2d:17§6/ lu|? da + Mf(u)dzgs/ lu|? dz + M|| |||
Qn Q Qo

Qpn
where || f[| = sup|<pr | f(s)] and [€2p,| is the measure of €2,.
Since fQ} |Vul?dz > Ao fQ} |u|? dz, where X is the first eigenvalue of the Lapla-
cian with Dirichlet boundary conditions, we obtain
€
(1= [ Vuldo < | FIMEI.
F

h
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Now, in a neighborhood of a fixed region g, both A\g and || are continuous
functions of i and therefore bounded. If \* > \o(h), || < K and e < 4, then

/ IVl dz < 2 £ M(e)K

Xy

as claimed. 0

We are now in a position to prove our main results.

Theorem 4.5. The flow generated by has a global compact attractor Ay, for
each h in a neighborhood of i in C*(Q,R™). The family of attractors Ay, is upper
semicontinuous in X2 = H}(Q) at h = iq.

Proof. Tt follows from Lemmas and that, for each h in a neighborhood of iq,
the semigroup generated by has an attractor and they are uniformly bounded
in H}(Q). From regularity properties of the flow (see [10], Theorem 3.3.6) they are
also bounded in X? for 1/2 < 3 < 1, and, therefore, their union is a compact set
in H}(Q) = X'/2. From this and Theorem 4.1] the result follows immediately. [

Now we prove the lower semicontinuity property near the inclusion for the semi-
group generated by , under the additional assumption that the equilibria are
all hyperbolic. We observe that this property holds generically in h as proved by
Henry in [I1]. Our proof is based on the following result of Hale and Raugel (see
[9], or [7, Theorem 4.10.8]).

Theorem 4.6. Let X be a Banach space and, for 0 < e < gg, let T.(t),t > 0, be a
family of semigroups on X. Suppose the following hypotheses hold

(H1) Ty(t) is a Ct-gradient system, asymptotically smooth and orbits of bounded
sets are bounded.

(H2) The set Ey of equilibrium points of To(t) is bounded in X .

(H3) FEach element of Eqy is hyperbolic.

(H4) Fore #0, T.(t) is a C'-semigroup which is asymptotically smooth.

(H5) If E. is the set of equilibrium points of T.(t) and Ey = {¢1,d2,..., 0N},
then there ezists a neighborhood Wy of Ey such that

WO N Es = {(bl,sa ¢2,5» ceey ¢N,€}7

where each ¢;., 1 < j < N, is hyperbolic and ¢;. — ¢; as e — 0.
(H6) 6X(V[/l%c(¢j)’ I/Vlgc,s<¢j7€)) —0ase—0.
(H7) T.(t)x is continuous in € uniformly with respect to (t,x) in bounded sets of

R* x X.
Then the family of sets {A;,0 < e <o} is continuous in X at e = 0.
Theorem 4.7. The family of attractors Ay of is continuous in X* = HLQ)
at h = i

Proof. Hypotheses (H1), (H2), (H4) and (H7) have already been proved, and (H3)
is one of our hypotheses. (H5) follows by the Implicit Function Theorem applied
to the map

F:H*NH(Q) x H— L*(Q)
(u,h) = B (A + N u+ f(u),
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where H is a neighborhood of iq, observing that the equilibria are all in a common
compact set.

Finally (H6) is a consequence of Lemma [3.3|and results of [I8] or [4], as observed
n [I7]. We also offer a direct proof in the appendix.

From this (H6) follows and the result is, therefore, proved. O

We proved continuity in X/2 = HL(Q) but our attractors actually belong to
more regular spaces (see [3] for a discussion of this point). Using the regularization
properties of the semigroup one can easily prove continuity also in these spaces.
To be more precise, denote by A, the Laplacian operator in LP with Dirichlet
boundary conditions. It is well-known that A, is a sectorial operator with domain
W?2pr N Wol’p. If © is regular enough (see [10]), the fractional power spaces X
satisfy the continuous embeddings:

X cWkP(Q) when k — D <oa- ﬁ, q>p;
q p
X*C oY) when0<y<20¢f%

We then have the following continuity result.

Corollary 4.8. The family of attractors Ay, of is continuous at h = iq in the
topology of the fractional power space X, for any p >0, 0 < a < 1. In particular,

it is continuous in the topology of C**0 for any 0 < § < 1.

Proof. Since the first eigenvalue of the Dirichlet problem for the Laplacian is bounded
away from zero for () in a neighborhood of the reference region g, it follows from re-
sults in [3] or [I5], that the family of attractors Ay, of is contained in a bounded
set of L*>° and, therefore, also in a bounded set B, C L? for any 0 < p < co. Since
we have assumed that f is globally bounded, we also obtain ||f(u)|, < M, for

u € B, (M can be taken independently of p). If ug is an initial condition in B, we
obtain from the variation of constants formula

t
[un()lla < e ugl|q +/ e =) f (s, up(s), h) | ds
to

t
< C(h)e—b(t—to)(t _ tO)aHUO” + M/ (t _ S)—ae_b(t_s) ds
to

where || - ||, denotes the norm in the fractional power space associated with the
function h*Ah(Q)h*_l in LP. Taking (¢ —t,) = 1 and using the invariance of the
attractors we obtain an uniform bound for the family Ay, in X'. Since X is com-
pactly imbedded in Xg‘/ if @ > o/, the family Aj actually lies in a compact subset
of X¥. We then can show upper semicontinuity of the family arguing by contradic-
tion. Suppose the family Aj is not upper semicontinous at h = ig. Then we may
find a sequence z,, € Ay, , with h,, — iq as n — oo such that dist,(z,,A) > e >0,
where dist, is the distance in X¥. By compacity, we can extract a subsequence,
which we still denote by z,, for simplicity, converging in X to some point z. We
must have, of course, dist,(z, A) > e. However, if p > 2, a > %, such a sequence
must also converge in XQ% = H}. Since upper semicontinuity in H} has already
been established, we conclude that x must lie in Ay = A,;,,, which is a contradiction.

The lower semicontinuity can be obtained in a similar way. (I
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Remark 4.9. We have considered here only the reaction-diffusion problem with
Dirichlet boundary conditions. Our method also applies to other boundary condi-
tions but the extension is not completely straightforward. The difficulty with, say,
Neumann boundary conditions is that they change with the ‘change of coordinates’
h, so we do not have a fixed space of functions to work with. One way to circumvent
this difficulty is to consider the problem in a weaker space, where the boundary
conditions do not appear explicitly but are included in the operator. This has been
done, for instance in [6] and [15], to treat nonlinear boundary conditions. One
then obtain continuity only in a weaker norm but then the ‘bootstrap’ arguments
of Corollary can be used to obtain continuity in better spaces.

5. APPENDIX

In this section, we study a more general equation than (1.1). Given an open
bounded region €2 in R™, a Banach space X composed by real valued functions in
Q and a sectorial operator Aq in Xq, we consider the equation

v + Ap)v = i) inh(Q), t>0
v(0) = v
where i € Diff ™(Q), v € Xy(q) and f" € C*(X} o, Xn(o)) for some & > 1 and
some 0 < o < 1.
As in (1.2)), we work with the problem
ug + B Apeyh™ lu = f2u) in Q>0
u(0) = ug
which is equivalent the problem (5.1). In fact, if h* is an isomorphism of Xj,q) in

Xq and R*f(h* " u) = fio(u) for all h we have that v is solution of (5.1)) if and
only if u = h*v € Xq is solution of (5.2). So, we always think that A* : X} ) — Xaq
is an isomorphism with inverse h* ™' = A~ 1" : X — Xn)-

(5.1)

(5.2)

Observe that {h*Ah(Q)h*_lu}heDiffm(Q) is a family of operators in Xo. We will
assume in this section that this family satisfies the conditions of the Theorem
Our first result is

Proposition 5.1. Given hy € Diff™(Q), assume that fho : X}lo(ﬂ) — Xho(e)
and X}LO(Q) x Diff"(Q) — Xpo ) : (u,h) — h/*Ah(Q)h*_lu are C! and that e is a
hyperbolic equilibrium of with h = hg. Then, there exist bounded neighborhoods
Uy C Xilzg(ﬂ) and Ho C DIff™(Q2) of e and hg, respectively, such that given h € Hy
there exists an unique equilibrium e(h) of i Uy with the same Morse index
as the equilibrium e. Also, the map Ho — Uy : h — e(h) is Ct.

Proof. We may assume that hg = ig. Consider the mapping
F: X} x Diff ™(Q) — Xq : (u,h) — h*Ah(Q)h*ilu — 2 (u).

Of course, F is C! and F(e,iq) = 0. Since e is hyperbolic we have that 2£ (e, iq) =
Agq — f'(e) is an isomorphism and, by the Implicit Function Theorem, there exists
a neighborhood Hy of ig and a C* map h — e(h) of Ho in X, such that e(in) = e
and, for all h € Hg, F(e(h),h) = 0. Observe that the Implicit Function Theorem
also implies that g—i(e(h), h) is an isomorphism for all h € Hy, that is, e(h) is a
hyperbolic equilibrium for all h € Hy. Moreover, by the hypotheses of Ag and %,
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there exist real positive continuous functions e(h) and §(h) defined in Hy such that
for all h € Hy

(Ag = g'(e) = h* Apeyh™ ™" + g (e(h))ul
|(Aa — K" Apyh™ )ul| + 1lg'(e) — o' (e(h)]| [lul
e(m) | Aqull + 6(h)[ull,

for all u € D(Agq). So, it follows from [12], Theorems 2.14 IV and 3.16 IV] that the
Morse index of e(h) is constant in H. O

<
<

Let H be a neighborhood of ig in Diff™ () such that e(h) is a hyperbolic equi-
librium of (5.2)) for all h € H with e(h) € U C Xgq continuous in h. Suppose that
Re 0(Ag) > 0 and the function f: X* = D(A%) — X = Xq is C! and satisfies

fle(h) + 2) = B* Apyh™ ~e(h) + f'(e(h))z +7(2, h), (5.3)
for all h € H, with 7(0,h) = 0, sup . <, [I7(2, ho) —7(2, h)|| < Chy(h), Cpye(h) — 0
when h — ho in H, ||7(z1,h) — (22, h)|| < k(0)||z1 — 22]|a for ||z1]la < o, ||22]la < o,
k(o) — 0 when o — 0+ and k(-) is nondecreasing.

Assume also that the family of operators {h*Ah(Q)h*_l}heH satisfies the hy-
potheses of Theorem and the Banach spaces D(h*Ah(Q)h*fla) are all equiva-
lent for some 0 < a < 1, that is, given 0 < a < 1, there are positive constants m,,
and M, such that

mallh* Aneyh™ ™ ull < | Aull < Ma|[h* Apoyh™ ™ ull,

for all w € D(AQ) and all h € H. Since e(h) is a hyperbolic equilibrium of the
equations (5.2)), we have that L(h) = h*Ah(Q)h*_l — f'(e(h)) is an isomorphism for
all h € H. We decompose X in subspaces X; and X, corresponding to the spectral
sets 01 = 0(L(iq)) N {ReX < 0} and o9 = o(L(in)) N {ReX > 0}. Let Ey, Ey be
the projections onto X7 and Xs, respectively. The hypotheses on Ag and f imply
the existence of positive real continuous functions e(h) and d(h) defined in H such

that for all h € H, L(h) is a sectorial operator in X and for all u € D(Agq),

I(L(ie) — L(h))ull < e(h)[|Aqul| + (R)]|ull.

By Theorem and by [10, Theorem 1.5.3], if €(h) and §(h) are sufficiently small
in ‘H the following estimates hold for positive constants M and b independent on h
e M0 < MM, [l < M, <0, (5.4)
[Age L2t < Mee™,  ||Age FM By A < MeT? £ >0.  (5.5)

Theorem 5.2. Under the above hypotheses, there exists o > 0 such that, for any
he™H,
1. The stable local manifold of e(h)

Wlf)c(e(h)) = {e(h) + Z20 € X ||E220||a < ﬁ, HZ(t,t(),Z(),h)Ha S 0 fOT t Z tO}

where z(t, to, z0, h) is the solution of the equation

zi + L(h)z =1(z,h) fort >t (5.6)
with initial value zg. When zo+e(h) € Wi (e(h)), ||z(t, to, 20, h)|la — 0 as t — oo.
2. The unstable local manifold e(h)

Wige(e(h)) = {e(h) + z0 € X% [[E120]|a <

4
< 52t to, 20, )l < 0 for t < to, }
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where z(t, tg, 20, h) is the solution of the equation (@) in (—o0, to) with initial value
zo. When zo + e(h) € Wk (e(h)), ||z(t, t0, 20, h)|la — 0 as t — —o0.

3. If hg and h are sufficiently close, the solution z(t,to, zo(ho), ho) and the solution
z(t, tg, z0(h), h) of are close in X* uniformly in [ty,00) (or (—oo,tg]).

4. If B(O, Q) = sup,cp infgeq ||qg — 0lla for O, Q C X%, then for all hg € H,

B(Wie(e(h), Wisele(ho))), B(Wise(e(ho)), Wi (e(h))),
B(Wite(e(h), Wike(e(ha) ), B(Witke(e(ho)), Wik (e(h))

approach zero as h — hgy in H.

Proof. The results 1 and 2 follow from [I0, Theorem 5.2.1], the independence of M

and b of the variable h in H and the equivalence of the spaces D(h*Ah(Q)h*_la).
To prove 3 is sufficient to show that the map defined in the proof of [I0, Theorem

5.2.1] is a uniform contraction and is continuous in h. We prove 3 only in the interval
[to, 00), the other case is analogous. Let

0
= X5 o< —
Up = {a € X5 : falla < 52}

and

Zo = {z: [to,00) — X*; 2 is continuous,

sup [[2(8)]la < 0. Baz(to) = a with [|alla < 52-}.

The contraction map in [I0, Theorem 5.2.1] now depends on the parameter h and
is given by G : Zy x Uy x H — Zy defined by

¢
G(z,a,h)(t) = e~ LWzlt=to)g —|—/ e L:2t=) By (2(s), h)ds

to

—/ e L= B 1 (2(s), h)ds.

t

Since estimates (5.4)) and (5.5) are uniform in H, we can choose ¢ > 0 as in [10),
Theorem 5.2.1] so small as to have

0o 00 1
ME@IE:] [ umedus B [ e} < 5.
0 0

Therefore, G is a contraction map uniformly in H and Uy. Now, we need to prove
that G is continuous in H. If hg and h € H, then

1G(z,a,ho)(t) — G(z,a,h) ()]«
< H (e—L(ho)z(t—to) _ e—L(h)z(t—tO))E2Z(t0)”a

t
+/ H <e—L(h0)2(t—s) _ e_L(h)Q(t_s))EgT(z(S), hO)HadS
to
t
[ PO B (1(2(5),ho) (219, ) s
to
+ / || (e—L(ho)l(t—s) _ e_L(h)l(t_s)>E1’l"(Z(S), hO)”ads
t

+ /tOo |e= ERa(t=9) By (r(z(s),ho) —r(z(s), h)) ||lads
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and so
||G(Z, a, hO)(t) - G<Z’ a, h)(t) Ha

< Ca(h)e ™" (ko) + Ca1 (h) (0k(0) 11| / T et
+ Coal) (k|2 [ e )

+sup[rtziho) < DI(MIB] [ e dus MIB [ )
l2lla<e 0 0
where Cq(h), Ca1(h), Caz2(h) and sup,y <, I7(2,ho) — 7(z, h)|| approach 0 as
h — hgy in ‘H. Therefore,
sup [|G(2,a, ho)(t) — G(z,a,h)(t)[la < C(h), (5.8)
te[to,oo)
with C'(h) — 0 as h — hg in H and so G is continuous em hyg.
Now, we prove 4 only for Wy _(e(h)). The other cases are similar. For each
h € H we have by [10, Theorem 5.2.1] that W _(e(h)) is image of the Lipschitz
map @, : Uy — X, defined by

Dp(a)=a 7/ e LW (to=9) B\ 1 (2(s, tg, a, h), h)ds,
to

where z(t,tg,a, h) is the solution of the equation (5.6)) for ¢ > t¢ with initial value

z(to, to, a, h) = ®p(a). Since y(a) = G(z,a, h)(ty), it follows from (5.7) that

”(I)ho(') - (I)h(')”oz —0 ash— ho,
Since W . (e(h)) is the image of the application ®; we have

3(Wisele(m). Wike(e(ho))) = sup int [@4(a) — @1 (8) o

Then, since infpep, ||Pr(a) — Py (D)o < ||Pr(a) — Pp,(a)]lo for all a € Uy, we have

B(Wiele(n), Wite(e(ho)) ) < sup [|#1(a) — @n, (0)]la — 0,
acUy

when h — hg in H, and the proof is complete. O
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