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NONLINEAR BOUNDARY CONDITIONS FOR ELLIPTIC
EQUATIONS

PABLO AMSTER, MARIA CRISTINA MARIANI, OSVALDO MENDEZ

ABSTRACT. This work is devoted to the study of the elliptic equation Au =
f(z,u) in a bounded domain € C R™ with a nonlinear boundary condition.
We obtain various existence results applying coincidence degree theory and
the method of upper and lower solutions.

1. INTRODUCTION

In this paper we study the problem

Au= f(z,u) in (1.1)
subject to the nonlinear boundary condition

Ju

W g(z,u) on 9, (1.2)

where f,g: Q x R” — R are continuous functions and Q C R” is a bounded C*:!
domain. There is a vast body of literature concerning nonlinear problems with
nonlinear boundary conditions, see e.g. [9] for a survey.

In section we obtain solutions of 7 by the method of upper and lower
solutions. The proof relies in the associated maximum principle and the unique
solvability of the linear Robin problem

Au—Adu=¢p inQ,
@Jruu:f on 0f) (13)
v

for A, > 0 (see [§] and its references).

The method of super and subsolutions has been extensively used in nonlinear
analysis, both for ODE’s and PDE’s problems. In particular, for elliptic problems
with nonlinear boundary conditions, this method has been applied to obtain more
general existence results for example in [5], [12]-[I3]. However, the method pre-
sented here allows to relax the assumptions: firstly, less regularity is required for
the domain €2; secondly, only continuity is assumed for the nonlinearities f and g.
More precisely, we prove Theorem below.
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Theorem 1.1. Assume there exist a < 3 such that

Aa > f(z,a) inQ, gﬁ <g(z,a) on o0
v
and
. op
AB < f(xaﬂ) in Q, % > g(x,ﬂ) on 0N.

Then (1.1)—(1.2) admits at least one solution u, with o < u < 3.

In section |3| we study problem f for bounded f and g applying coinci-
dence degree theory. We obtain an existence result under Landesman-Lazer type
conditions ([6], [7]. For further applications to problems of resonant type see [I1]).
More precisely, we have

Theorem 1.2. Assume that f and g are bounded, and define
limsup f(x,t) :== fX(z), liminf f(z,t):= f(x)
t—+oo t—doo

limsup gz, 1) := g (x), lminf gz, 1) := g (x).

t—+oo

Then (1.1)—(1.2) admits at least one solution, provided that one of the following

assumptions holds:
[ [ s wa [ g< [ 4 (1.4)
o0 Q a0 Q

g > | o and | gt <[ 5t (1.5)
oQ Q o0 Q

2. UPPER AND LOWER SOLUTIONS

In this section we present a proof of Theorem [T} First we recall the following
classical result.

Lemma 2.1. Let A\, ;u > 0 and p € C(Q2), £ € C(0Q). Then the Robin problem
admits a unique solution u. Furthermore, the operator T : C(Q2) x C(9Q) —

C(2) given by T(p,&) = u is compact.

Remark 2.2. If A = 0 it is possible to extend Lemma (except the last state-
ment) to Lipschitz domains, in particular domains with corners or edges, considering
© in a suitable Sobolev space and ¢ in the corresponding trace space. In this case
it is also possible to replace u with a function g € L"~1(€2), see [8].

Moreover, we shall use a maximum principle associated for the problem
Lemma 2.3. Let A > 0, p > 0, and assume that w satisfies
Aw—Aw >0 inU,
0
iu-&-uwgo, on I'y,
v
w<0 onls.

where U C R™ is a bounded domain with boundary OU =Ty UTs. Then w < 0 in
U.
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Proof. Let wt = max{w, 0}, and U" = {z € U : w(x) > 0}. From our assumptions

we have
+ 2 2 +Ow
0< | (Aw—dw)w™ = — |[Vw|® — A w” + wh—
U U+ U+ oU v

Moreover, since %—f < —pw on I'y, we deduce that

/ w+8£:/ w+a—w§—u/ whw <0.
aU 81/ ry 81/ ry

Hence |[U| = 0, and the proof is complete. O
Proof of Theorem[1.1 Set two positive constants A, i, and define the function P :
QxR —Rby
alz) ifu<alx)
P(z,u) =< u if az) <u < B(x)
B(x) ifu> [(x)
Next, consider the compact fixed point operator T : C(Q) — C(Q) given by Twv = u,
where u is the unique solution of the Robin problem
Au — M = f(x, P(z,v)) — AP(z,v) in
Ou
ov

Using Schauder Theorem, it is straightforward to prove that T has a fixed point
u. We claim that a < u < 3, and hence u is a solution the problem. Indeed, let
U={zeQ:u(x)>p(z)}. ForxecU, we have

Au(w) - Au(z) = f(z, B(x)) — A3(z) = AB(z) — AB(a).
Moreover, if x € OU N 0N :=T'q, then

+ pu = g(x, P(x,v)) + pP(x,v) on 9.

CU @) + ) = gl B(@)) + B(w) < Do (@) + B(0)

Thus, if w = v — 8 we deduce from Lemma that w < 0 in U, and hence U is
empty. In the same way we show that u > «, and the proof is complete. O
Example 2.4. In particular, when o« = R~ and 8 = R for some constants
R~ < R*, Theorem guarantees the existence of solutions when f and g satisfy

f@,RY)>0> f(x,R") VzeQ

g(z,R") <0< g(z,R™) V€.
For example, for > 0 the problem

Au= f(z,u) inQ
ou

S+ gl = p(x) on 00

admits at least one solution R~ < v < R™T, provided that
f(@,RT)>0> f(z,R")
and p(2)|R™|" < p(z) < p(x)|[RT|".
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3. LANDESMAN-LAZER TYPE CONDITIONS

For the sake of completeness, we summarize in this section the main aspects of
coincidence degree theory. This technique has been applied to many problems, see
e.g. [1] and [4]. For further details see [2] [10].

Let X and Y be real normed spaces, L : D C X — Y a linear Fredholm mapping
of index 0, and N : X — Y continuous.

Next, set two continuous projectors P : X — X and Q : Y — Y such that
Ran(P) = ker(L) and ker(Q) = Ran(L) and an isomorphism J : Ran(Q) — ker(L).
It is readily seen that

Lp = L|prker(p) : D Nker(P) — Ran(L)

is one-to-one; denote its inverse by Kp. If B is a bounded open subset of X, N is
called L-compact on B if QN (B) is bounded and Kp(I — Q)N : B — X is compact.
The following continuation theorem was proved in Mawhin [10].

Theorem 3.1. Let L be a Fredholm mapping of index zero and N be L-compact
on a bounded domain B C X. Suppose:

(1) Lz # ANz for each A € (0,1] and each x € 9B.
(2) QNz #0 for each x € ker(L) N IB.
(3) d(JQN,Bnker(L),0) # 0, where d denotes the Brouwer degree.

Then the equation Lx = Nx has at least one solution in D N B.
In this context, we may consider X = H(Q), D = H?*(Q), Y = L*(Q) x
H~1/2(9Q) and L, N the operators given by
ou
Lu = (AU7 5’89)7
Nu = (f(ﬂl),g(,'l”ag))

We recall that the operator IV is defined in X = H*'. Hence, the trace of a function
u is well defined, and we can see that g(-,u|on) € H™/2(99).

Since f and g are bounded, it is immediate to prove that N is well defined and
continuous. Moreover,

ker(L) =R,
Ran(L) = {(p.€) € Y - /Q o= [ e

Thus L is a Fredholm mapping of index zero, and we may consider the projectors
P:X —Xand Q:Y — Y given by

1
Pu:ﬂ::—/u,
12 Jo

Q(%£)=m(/§2@—/m&/mf—/ﬂw)~

Also define J : Ran(Q) — ker(L) as
J(e,—c) =c.
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Hence, for (¢, &) € Ran(L) it follows that Kp (i, £) is the unique solution u € H?(Q)
of the problem

Au =
ou B
$|BQ*
u=0.

3

We shall use the following estimate.

Lemma 3.2. There exists a constant ¢ such that

[ull 2 < cl|Aul[ (3.1)
for every u € H?(Q) such that
Ou _
%‘BQ =0, =0

Proof. ;From the Neumann condition for u we have that |, 50 u% = 0, and using
Green’s identity, — [, uAu = [, [Vu/*. It follows that

IVullZs < llullze ]| Aul ..

On the other hand, as A\g = 0 is the first eigenvalue of the problem

ou
—Au = A\u, 5’80 =0,
with eigenfunction u = 1, it follows for the second eigenvalue A; that
Vul|?
)\1 = inf 7]{” | .

T=0,u70 fQ u?

Hence ||ul|z2 < \/%HVUHL?’ and it follows that

1
Vullz2 < lellzz < Sl Au] 2.

1
—=Au] L2,
VA1
Let us recall the following result (see e.g. [3]): There exists a constant ¢ such that
if u is a weak solution of the problem Au —u = f, with homogeneous Neumann
condition, then ||u|| gz < ¢ f||L2-

Since we already know that ||u||g: < ¢||Aul|r2, we may define f = Au — u and
hence
luller < cllflle2 < e(l[Aullzz + [JullL2) < CllAu] L2 .

Thus, the proof is complete. [

Lemma 3.3. Let L and N be as before and assume that f and g are bounded.
Then N is L-compact on B for any bounded domain B C H' ().

Proof. If |w|| g1 < R, and (¢,§) = (I-Q)N(w), it follows that ||| g2 +[[€]| 2 (a0) <
C for some constant C depending only on R. Let u = Kp(p,§), and define
1

Ce = ——
* 19 Joa

£,
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and v the unique solution of the problem

A'Ug = Cg

61)&

S loa = ¢
Ve = 0.

Then
u—vellgz < cllo —cell <C
for some constant C' depending only on R. Moreover, ||vg||r2 < c¢||Vve r2, and by
Cauchy-Schwarz inequality and the continuity of the trace function Tr : H(Q)) —
L?(09) we have
[Avela-lloellze = V02 — Clluellm

for some constant C'. Since [|Ave||z2 < C for some constant C' depending only on
R, it follows that |lve| g2 < C for some constant C' depending only on R. Hence,
the norm of u is bounded by a constant depending only on R, and the result follows
from the compactness of the imbedding H?(Q2) — H'(Q). O

Proof of Theorem|1.2. We shall prove that if R is large enough, then the assump-
tions of Theorem [3.1| are fulfilled for B = Br(0) C H(Q).

Step 1: There exists a constant R such that if Lu = ANw for some A € (0, 1], then
|lul| g1 < R. Indeed this is so, otherwise there exists a sequence {uy, }nen such that

Lun = Anzvuna ||un||H1 — 400
with A, € (0,1]. Let v, = u,, — u,,. Then v,, satisfies
Avy, = )\nf(maun)

vy,
% |aQ = A’rL.g(:E? u’n|8Q) (32)
vy = 0.

As in the proof of the previous lemma, it follows that ||v, || gz < C for some constant
C, and hence [w,| — +o00. Taking a subsequence, assume for example that @, —
+00. Integrating (3.2)), as A,, # 0 we obtain:

JRCXOE /a glau,).

If (1.4) holds, taking a subsequence if necessary we get, by Fatou’s Lemma,
limsup/ flz,uy) < / lim sup f(x, un)
Q Q

n—oo n—o0

Sliminf/ g(x,uy),
a0

n—oo

a contradiction. The proof for u,, — —oo is analogous. In the same way, we obtain
a contradiction if ([1.5]) holds.
Step 2: For R is large enough, if u € 9Br Nker(L) then QN (u) # 0 and

d(JQN, B nNker(L),0) # 0.
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Indeed, for u € Bg Nker(L) = [—R, R], by definition we have that

1
JON(u) = ——— /fx,u —/ gz, u)).
= jar ol (/00 = f9)
In the same way as before, if (1.4]) holds, we obtain

limsup/ flz,up) —liminf/ g(x,uy) <0
Q a0

n—oo n—oo

for u,, — 400 and

liminf/ flzyun) — limsup/ g(x,uy) >0
Q a0

n—00 n—00

for u,, — —oo. Thus, for R large enough

/ f(z,R) —/ g(z,R) <0< / f(z,—R) —/ g(z, —R),
Q o0 Q o0
and the result holds. The proof is analogous if (1.5 holds. ([l
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