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CONDITIONS FOR THE LOCAL REGULARITY OF WEAK
SOLUTIONS OF THE NAVIER-STOKES EQUATIONS NEAR
THE BOUNDARY

PETR KUCERA, ZDENEK SKALAK

ABSTRACT. In this paper we present conditions for the local regularity of weak
solutions of the Navier-Stokes equations near the smooth boundary.

1. INTRODUCTION

Let Q be a bounded domain in R with a smooth boundary 09, let T > 0 and
Qr = Q x (0,T). We consider the Navier-Stokes initial-boundary value problem
describing the evolution of the velocity u = (u1, us, u3) and the pressure ¢ in Qr:

%—I/AU-F’LL-VU-FV(ZS:O in Qr, (L.1)
V-u=0 in Qr, (1.2)

u=0 ondQx(0,T), (1.3)

Ult=0 = uo, (1.4)

where v > 0 is the viscosity coefficient. The initial data wug satisfy the compatibility
conditions ug|aq = 0 and V - ug = 0 and for our purposes we can suppose without
loss of generality that ug is sufficiently smooth. The existence of a weak solution
u € L2(0,T; Wy ?(Q)%) N L®(0,T; L2()) of (L.1)~(T4) is well known (see [] or
[14]). The associated pressure ¢ is a scalar function such that u and ¢ satisfy the
equation in Qr in the sense of distributions.

Let ¢ > 1. Let us set

LL(R) = closure of {p € (C°(2))* V- =0in Q} in (LI1(NQ))?,
G1(Q) = {Vp;p e WH(Q)}.
We then have the Helmholtz decomposition
(LY(Q))* = L1(Q) ® GY(Q) (direct sum). (1.5)
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Let P4 be the continuous projection from (L7(£2))% onto LZ()) associated with
Helmholtz decomposition. If A denotes the Laplace operator with zero bound-
ary condition, then the Stokes operator is defined as A; = —PJA with D(4,) =
W24(Q)3 N Wyd(Q)? N LL(Q).

In this paper we use both scalar and vector functions and for the sake of simplicity
we denote by S any space S® of vector functions with the exception of the notation in
Lemma We use the standard notation for the Lebesgue spaces LP(2) and their
norms || - ||,.o. The Sobolev spaces are denoted by W*P?(Q). Sometimes we drop
and write only LP, |- |, and W*P. Further, if A = B x (t1,t2) then LP or LP*4(A)
denote the space LI(t1,t2; LP(B)) with the norm || - || 4,4 or simply ||-||p.q. L?P(A)
is also denoted as LP(A) or LP. CP(Q) is the space of Hélder continuous functions
on © with the norm || £l @) = SUPseq LF(2)|+5UDy g0y (@) — FO) /1.

L? () denote the weak Lebesgue space on  with the quasi-norm | - ||pw.0
defined by || ¢|lp.w.0 = Supgso Ru{z € Q;|é(z,t)| > R}/P, where p is the Lebesgue
measure. There exists an equivalent norm to ||+ ||, 0, S0 we may understand L%, (£2)
as a Banach space. Let us note that LP(Q) C L2 (Q) and ||9||p,w,0 < ||¢||, for every
¢ € LP(Q). Sometimes we write L and ||¢||p instead of L () and ||¢]|p.w.0,
respectively.

For (xg,t9) € Q x (0,7) and 7 > 0 we will denote B, = B,.(x() the open ball
centered at z¢ with radius r, D, = D,(x9) = B,(z0) N Q, Q, = Q. (xo,t0) =
D, (z0) X (to — r%,t0 +12). A point (xg,t9) € Q x (0,T) is called a regular point
of a weak solution w if u € L*(Q,.) for some r > 0. Otherwise, (xq, %) is called a
singular point of w.

Let us now present some recent results concerning the regularity of weak solutions
near the boundary. S.Takahashi showed in [12] and [13] that if u € LP9(Q,), where
(0,t0) € N x (0,T), r>0,p,q € (1,00) and 3/p+2/q < 1, then u € L>=(Qr) for
any 7 € (0,7) provided that B, N9S is a part of a plane.

Takahashi’s result was improved in [I1], where the following theorem was proved.

Theorem 1.1. Let u be an arbitrary weak solution of (L.1) - (1.4)), (zo,t0) €
o0 x (0,T), r > 0. We suppose that u € LP9(Q,), where 2/q+ 3/p = 1 and
p,q € (1,00). Then

u € L>®(tg — 72, tg + 7, CP(Dy)) (1.6)
for every B € (0,1) and 7 € (0,r).

Neustupa [J] proved a similar result. He supposed that u € L%(ty,to; LP(U)))

for some r > 0,0 < t1 < ta < T, p,g € (1,00) with 3/p + 2/q = 1, where

= {z € Q;dist( :1: GQ < r} He proved under this assumption that if w is

a Weak solution of 1.4) satisfying the strong energy inequality then u €

L®(ty + ¢, ta — ¢ W ) and du/0t, Ve € L>®(ty + (,ta — (;WH(U})) for
each § € [0,1/2), p € (0 7“) and such ¢ > 0 that t; + ¢ <ty — (.

The local boundary regularity of u was also studied in [2], [I0] and [6]. It was
proved in [2] that a suitable weak solution w is bounded locally near the boundary if
w€ LP9 3/p+2/q=1,p,q € (1,00) and the pressure ¢ is bounded at the boundary.
Moreover, better regularity of ¢ gives better local regularity of u. Seregin presented
in [I0] a condition for local Holder continuity for suitable weak solutions near the
plane boundary which has the form of the famous Caffarelli-Kohn-Nirenberg con-
dition for boundedness of suitable weak solutions in a neighborhood of an interior
point of Q7. Also Kang [0] studied boundary regularity of weak solutions in the
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half-space. He proved that a weak solution u which is locally in the class LP-? with
3/p+2/g=1and p,q € (1,00) near the boundary is Holder continuous up to the
boundary. The main tool in the proof of this result is a pointwise estimate for the
fundamental solution of the Stokes system.

In this paper we present some conditions ensuring the local regularity of weak
solutions near the boundary. The following theorem is our main result.

Theorem 1.2. Let u = (u1,us,us) be an arbitrary weak solution of -.
There exists € > 0 such that if (zg,tg) € O x (0,T), r > 0 and at least one of the
following conditions is fulfilled:

(A1) flullzoe(to—r2 to+r2iLs (Do) <&

(A2) Vu e L32(Qy),

(A3) Vuy, Vuy € LP9(Qy), p € (3/2,00], q € (2,00], 3/p+2/q <2,

(A4) Vuy,Vug € LP1(Q,), p € (3,00], ¢ = 2.
Then, for every 8 € (0,1) and 7 € (0,71),

u € L (tg — 72, to + 72, CP(Dy)) . (1.7)

Remark 1.3. We can compare conditions (A3) and (A4) with Theorem [1.2] from
[1], where the regularity of u was proved under the assumption that Vuy, Vug €
LP% p € [3,00],q € [2,00] and 3/p + 2/q = 1. If this assumption holds than
either the condition (A3) or the condition (A4) is satisfied. Thus, in this sense,
Theorem [1.2]is a generalization of Theorem [1.2] from [I].

The proof of Theorem [L.2] will be based on Takahashi [12], and Theorem [L.1] will
be a corollay of Theorem Firstly, we present some auxiliary results.

2. AUXILIARY RESULTS

We will use the following lemma which was proved in [12] and in [3| Theorem
3.2, Chap.IIL3].

Lemma 2.1. Let D be a bounded Lipschitz domain in R3, T be an open subset of
0D, r € (1,00), j € NU{0}. There exists a bounded linear operator K = K; . pr :
Wi (D) — WITH" (D)3 such that

(i) V-Kg=g for all g € W) (D) such that Jpgdx =0,

(ii) VI Kgl, < c||Vigll, for all g € W3 (D), ¢ = c(j,r, D)
(iii) supp Kg C DUT ifsuppg C DUT.

In Lemma Wg’T(D) is the completion of C§° (D) with respect to the standard
norm of the space W77 (D). It is possible to show that K, , pr(g) = K s.c.r(g) if
g € W (D) N W,E*(D), where r,s € (1,00) and j,I € N U {0} and in the rest of
the paper the operator K, pr is denoted by K.

For [,1' € (1,00) we define the Banach space

’ 4 a !
Xl’l _ {’U c Ll (O,T,D(Al))a a—,lt) S Ll (07T7 LQ(Q))J}(O) = 0}
with the norm
ov
[l xur = [l Aol + HEHU"
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We consider the Stokes problem

% —vAu+Vo=f inQr, (2.1)
V-u=0 in Qr, (2.2)
u=0 ondQx (0,T), (2.3)
uft=o = 0. (2.4)

It was proved in [5, Theorem 2.8] that if f € LA where 3,3 € (1, 00), then there
exists a unique weak solution (u, V¢) of (2.1) - (2.4) such that

ou
157 5.6+ 1Asullsg +1Vollas < cllfllop, ¢ =B 6). (2.5)

The following lemma was proved in [12] and [I1]. It further improves the regularity
of the velocity u.
Lemma 2.2. Let 5,5 € (1,00), v € [8,0), 7 € [/,00) and

2 3 2 3

Sy =24241 2.6
gy (26)
Let f € LPA" . If (u, Vo) is a weak solution of (2.1)—(2.4) then Vu € L7 and

IVullyy < el fllgss  e=c(B,68,77)- (2.7)

Lemma 2.3. Letu € L>®(0,T, L3 (Q)), v € L*(0,T; W2 (Q)NW, " (), r € (1,3),
s € (1,2). Then

u-Vollrs < Cllullpeeo,r,cs @)l - 102 0,m;w2r @) (2.8)

Proof. We use the procedure used in [7, Lemma 2.7]. Let 1 < ro <7 < r; < 3 and
i- 17.;9 + % for some 6 € (0,1). Let q% = % — 1,7 =0,1. We can write for every
w e D(A,,) = W2 (Q) N W, (Q):
[ Vwllr, w < CllullswlVwllg w < CllullswlVwllg,
< Cllullzwllwlyzr < Cllullswl|Arwly, -

If p € L™ and we put w = Ar_jlgb, we get
lu- V(AL )y < Cllullzwll@llr,-

Therefore, the mapping ¢ — u'V(A;jl ¢) is a linear bounded operator from L™ into
L with the norm less than C/|ul|3 ,,. By the use of the Marcinkiewicz interpolation
theorem (see [§], p.106) we get that it is also a linear bounded operator from L”
into L” with the norm less than C/||u||3., that is

lu- V(AT ) < Cllulls.wll¢llr
for every ¢ € L. If w € D(A,), then A,w € L" and
lu- Vel = u- VAT (Avw) |l < Cllulls wl|Arwlly < Cllullswllwllwzr)-
Inequality (2.8]) now follows easily from the Holder inequality. |

Lemma 2.4. Let Vu € LP%(Qr), p € (3/2,3], ¢ € [2,00) and 3/p+2/q = 2. Let
ve X" re(l,p), s€(l,q). Then

lo- Vs < ClIVullpg - [0

e (2.9)
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3qr s
Proof. Since v € X™, it follows from Lemma that Vo € L##sa—aa-s and

[Vol|__sar_ as < cl[v]|xrs.
2r¥3q—qr’q—s

The Sobolev inequality gives immediately that ||v|| pr s < Cl|v||xrs. The Holder
inequality yields that |[v-Vull, s < ||Vul/p,q-||v]| 2z a: and 1) is the consequence
p—r’q—s
of the last two inequalities. (I
Lemma 2.5. Let u € LP%(Qr), p € (3,00], ¢ € [2,00), 3/p+2/q = 1. Let
ve X re(l,p), se€(1,q). Then
[[w- Vollrs < cflu

Ipiq [0l xrs- (2.10)
Proof. Let p < co. Using Lemma [2.2]

||V’U||%7% < c|jv]|xr.s.
Since [|u:Vollr,s < |lullp,q- Vol 2z e, ([2.10) follows immediately. If p = oo, then
the proof proceeds analogically. O

Lemma 2.6. Let Vu € LP1(Qr), p € (3/2,3], ¢ € [2,00) and 3/p+2/q = 2. Let
further r € (1,p), s € (2¢/(q¢+ 2),q), 3/r +2/s = 3 and w € LP(0,T; W2") for
every h € (1,3) and p € (1,00) such that 2/p+ 3/h = 3. Then

w-Vu € L (Qr). (2.11)

Proof. If we choose p = qs/(q — s) and h = 3¢qs/(3qs — 2q + 2s), then p € (2, 00),
h € (1,3/2),3/h+2/p=3and w € LP(0,T; W?"). Consequently, by the Sobolev
inequality

[wll 2z e < CllwlLeorwzn)
and 1) follows from the inequality ||w - Vul|,s < |[Vu

P.q |w||%qq% O
Lemma 2.7. Letu € L9(0,T; Wy *()), p € (3/2,3), ¢ € (2,00) and 3/p+2/q = 2.
Let further r € (1,3), s € (1,q), 3/r +2/s = 3 and w € LP(0,T; W2") for every
h e (1,3) and p € (1,00), such that 2/p+ 3/h =3. Then

u-Vw e L™ (Qr). (2.12)
Proof. Let us put p’ = 3p/(3 —p). Then u € Lp/’q(QT). Further,

Yw € LP(0,T; L")
for every h' € (3/2,00), p € (1,00) such that 2/p + 3/h' = 2. If we choose

N =9pr/(p)—r)and p = qs/(q — ), (2.12) then follows immediately from the
inequality [[u - Vwllrs < [Jullp g Vwlln,p- O

Remark 2.8. Lemma holds also if p > 3 and ¢ = 2. In this case we have
p'=occand b =r.

We now denote

oy v Ovs

(9’111 a’u,g 6u3

(’)ul 8’11,2 81}3 6’03 (8u1 811,2 ) ) .

B 3 == B 9 — ( Y Y a.. a. Ire 1o
3(u,v) = Ba(u,v) = (v; 0x; 0, o T Por, P \om " o,

Bi(u,v) =u-Vov = (uj

By (u,v) =v-Vu= (vj
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Lemma 2.9. Leti € {1,2,3,4}, ' € (1,2), 1 € (1,3). Let us consider the following
conditions:

(1) uwe L0, T; L, (),

(2) Vu € L3’2(QT)7

(3) wr,uz € LI(0,T; Wy (), p € (3/2,00], q € (2,00), 3/p+2/q <2,

(4) u1,ug € L0, T; Wy P(Q)), p € (3,00], ¢ = 2.
If condition (1) is satisfied and if moreover I € (1,p) for i = 3, then the operator
v — Bj(u,v) is a linear bounded operator from XU into LYY with the norm less
Jtthan Cllull Lo 0,7,23 ()) fori =1, C||Vul3 2 fori =2 and C(||[Vuillp,q +Vuzllpq)
ori=3,4.

Proof. If i = 1 then the proof follows immediately from Lemma [2.3] If i = 2 then
the proof follows 1mmedlately from Lemma [2.4] If = 3 and i = 4 the proof is the
consequence of Lemma [2.4) and Lemma O

For i € {1,2,3,4} let us consider the problem

% —vAv + Bi(u,v) + VP =g in Qr, (2.13)

V-ov=0 1in Qr, (2.14)

v=0 ondQx(0,T), (2.15)

N pn—Y (2.16)
Lemma 2.10. Let i € {1,2,3,4}. Let g € LM, 2/l +3/1 =3, 1' € (1,2), |
(3/2,3). Let the condition i) from Lemma be fulfilled and C||ul| Lo (0,7;3 (2)) <

fori=1, C||Vullse < e fori=2, C(||Vuillpq + [[Vuzllp,q) < e andl € (3/2, p)
fori=3 and C(||Vurlp,q q) <€ fori=4, where € is a sufficiently small
positive number. Then there exists a unique v € X and VP e Ll’l/, which solve

the problem (2.13])-(2.16]).

Proof. The operator v — % + Ajv is one to one linear bounded operator from
X4 onto L' (0,T;LL). According to Lemma the norm of the operator v —
P! B;(u,v) is sufficiently small. Accordingly, the operator v — ——&-Alv—i—Pl Bi(u,v)
is one to one linear bounded operator from X“!" onto L (0,T; LL). Therefore, there
exists a unique v € X5 such that

0
8—1; + A + P[E_Bi(u,v) = Pég
that is 5
Pé(a—: — vAv + B;(u,v) — g) =0
holds for almost every ¢t € (0,T). The existence of P such that (2.13]) follows from
Helmholtz decomposition of the space L. O

3. PROOF OF THEOREM [I.2]

We suppose throughout this section that the assumptions of Theorem [I.2] are
satisfied. Let i € {1,2,3,4} be fixed and the condition (Ai) from Theorem be
fulfilled. ¢ denotes the associated pressure to u. Let 7 € (0,7). Let us localize the
problem — in a standard way: Let 1 € C*°(Q,) be a cut-off function such

that o(z,t) = 0 if (2,t) € Qr \ Qoyz47/3, Y(x,t) = 1if (2,t) € Qp3427/3 and
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Y(x,t) € [0,1] for every (z,t) € Qr. We set w = K(V - (Yu)), v = ¢u — w, where
K = Kp,_. Then v satisfies the following system of equations:

0 .
a—z —vAv+ B;(u,v) + V(¢¢) = h' in Qr, (3.1)
V-v=0 1in Qr, (3.2)
v=0 on 90 x (0,T), (3.3)
V|t=0 =0, (3.4)
where
W= —vAu— WV Tt u Vi 6V — % 4w - Vu+ o,
h? = —vApu — 20V - Vu + ¢pVip — 88—1:+1/Aw—w~Vu+aa—zfu,
h? = ht = (Wi, h3, h3),
oY Jw; oY )
3 — _ o . ) _ v oy - ATk AP -
h; = —vAypu; —2vVY Vuz—i—qﬁéhi 5 +vAw; — w - Vu; + 5t u;, 1=1,2,
oY Ow 0
W = = vy = 20V - Vug b = 5%+ viwg + pus
o, Oy Qv Ows  Oua Oup
187)1 3 281‘2 3 1(9331 2633‘2 38331 38.%2.

Remark 3.1. We can proceed in such a way that both supp w and supp v lie in
Qs Ja+7/4- Therefore, it is possible to replace the function u in the term B;(u, v) and
also in the right hand side h? of with a function nu, where n € C*°(Q7) is such
a cut-off function that n(z,t) = 0if (z,t) € Qr\Q,, n(x,t) = 1if (z,t) € Q3y/a47/a
and n(z,t) € [0,1] for every (z,t) € Q7. For the sake of simplicity we still write u
instead of nu.

We will show at first that
) : 2
ht € LYY for some I’ € (1,2), 1 € (3/2,3) such that 7 ; =3. (3.5)
We will use the following global estimates for « and ¢ derived in [5], Theorem 3.1:

ou 2 3
HEHq,s + ||V2UHQ,S + ”V(qu’S <00, s€ (172)761 € (173/2)7 g + 6 =4, (3'6)

2 3
||V’LLHh,p<OO, h € (113)7p€ (1700)1;—’_%:37 (37)
* 2 3
”u h*p < 00, h 6(3/2,00),p€(1700),;+§:2, (38)
and
2 3
lollrs <00, r€(3/2,3), se(1,2), S + = 3,

(3.9)
if / ¢(z,t)dr =0 for every t € (0,T).
Q

We have immediately from (B-9) that ¢V € L. Tt follows from Lemma [2.1] that

9 9 0 J
I e = g B )l = WK (G99 - 0) o < el (90 0l
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where 1/¢ = 1/l +1/3. Since 2/I' + 3/q = 4, we have dw/dt € L' by .
Similarly, vAw € Ll’l/, as follows from Lemma and .

Let us show that also the terms of the type u-Vw and w-Vwu are from L' for some
I' € (1,2), 1 € (3/2,3) such that 2/I' +-3/1 = 3. By (3.7), u € L(0,T; Wi"(2)), for
every h, p such that 2/p+3/h =3, h € (1,3), p € (1,00). Consequently, Lemma 2.1]
gives that w € LP(0,T; WO2 h(Q)) Let us note that in the following paragraphs we
use Remark [B.11

If i =1, it follows from Lemma [2.3] that

[u-Vwllia < CHU’HL”(to*T‘Q,t(H*TQ,Li(Dr))H ) Hw”Ll/(o,T,WZl(Q)) <o

and u - Vw € LY for every 1,1’ from .

If 4 = 2, it follows from Lemma that w - Vu € LY for every [,1' from .

Let ¢ = 3. We apply Lemma [2.6] and get: If moreover p > 3 then the terms
w - Vu are in L for every [,1’ from . If p € (3/2,3) and ¢ € (2,00) then the
terms w - Vu are in L for [ € (1,p) and I € (2¢/(q + 2),q). If p € (3/2,3) and
q = oo then the terms w - Vu are in LY for | € (1,p) and I € (2p/(3p — 3),2).
Similarly, using Lemma [2.7] we get that the terms u - Vw are in L for every 1,1/
from .

Finally, let ¢ = 4. Then the terms w - Vu are in LW for every [,l' from , as
follows easily from Lemma Similarly, the terms u- Vw are in L' for every 1,1’

from (3.5) due to Lemma and Remark

The remaining terms in h',i = 1,2,3,4 belong obviously to the space LY for

every 1,1’ from (3.5)) and (3.5) is proved.

Proof of Theorem[I.3. Let us fix now [,I’ from 1] such that ht € LY. Let
7 e XU and P, VP ¢ Ll’l/7 solve the equations li - . The existence of
this solution follows from Lemma [2.9] Lemma and Remark since the norm
of the operator B;(u,-) is or can be made sufficiently small due to the condition

(a;). Then V =0 — v and p = P — v¢¢ solve the equations - with the
right hand side 0 and V' € X%° and Vp € L9° where ¢, s fulfil conditions from
(3.6). Transferring now the term B;(u, V') to the right hand side and using (2.5)
and Lemma we obtain that

[Vlxas < Cllullpoeto—r2,t0+r2:08 (D) |V [ x0s i i =1,
Viixas < Cl[Vulls 2. IV]xes ifi=2,

[Vlxas < C[Vuillpg.@. + 1IVu2llpgo)VIiixe: ifi=3,
[Viixe: < C([[Vutllp2,0. + Vuzllp2,0 ) IVIIxas ifi=4.

While Cllul|Lo (ty—r2 to+r2;23 (D,)) < 1 due to the assumption (A1) in Theorem 1.2
(supposing that ¢ is sufficiently small), C||Vul32,0,, C(||Vuillp.e.0.+ [ Vu2lp.q.0.

and C(||Vuillp2,0,. + IVuz2llp20,.) can be made smaller than 1 by diminishing r.
In any case we have V = 0 and v = 0. Therefore, v solves the equations (3.1] -
{i and v, h' and B;(u,v) are from Ll’l/, where [, I’ fulfil the conditions from
and [ € (1,p) if i = 3. It follows from Lemma [2.2] that

Vv e Lo
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for every a € [l,00), o’ € [I';00) such that 2/a’ 4+ 3/a = 2. Thus, by the choice
a =1l and o = 2[/(2] — 3), we have that

21
Vv e Lha=s,

21

Since v = 0 on 99 x (0,T), we have immediately that v € L3523 and that

3—1 20 -3
33— +2—=1.
3 7T
By the definition of v, v = u in a space-time neighborhood of (z,ty). We can now
use Theorem [I.1] and the proof of Theorem [I.2]is complete. O

Remark 3.2. The condition (A3) in Theorem |1.2|can be replaced by the condition
(A3) Vuy, §22, 522, 8t ¢ [P9(Q,), p € (3/2,00], g € (2,00], 3/p+2/q <2
or by the more general condition
(A3") G € LPri(Q,), p} € (3/2,00], g} € (2,00], 3/p} +2/q; < 2, for i =1,2
and j =1,2,3.
Similarly, the condition (A4) from Theorem [1.2] can be replaced by the condition

(A4) Vuy, Ju2 Su2 Bus ¢ [pa(Q,), p € (3,00], ¢ = 2.

Oxo? Ox3’ Oxa
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