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SECTORIAL OSCILLATION OF LINEAR DIFFERENTIAL
EQUATIONS AND ITERATED ORDER

ZHAO-JUN WU, DAO-CHUN SUN

ABSTRACT. In the present paper, we investigate higher order linear differential
equations with entire coefficients of iterated order. Using value distribution
theory of transcendental meromorphic functions and covering surface theory,
we extend a result on the order of growth of solutions published by Bank and
Langley [2].

1. INTRODUCTION AND MAIN RESULTS

In 1982, Bank and Laine [I] investigated the exponent of convergence of zeros of
the solutions for the differential equation

"+ AQ)f =0, (1.1)

where A(z) is a transcendental entire function and F is the product of normalized
linearly independent solutions fi, fo for (L.1). They proved that

o(E) = max{c(A4),\(E)}.

A considerable number of research results concerning have been proved. We
refer the reader to the book by Laine [7] for a summary of those results. We assume
that the reader is familiar with the basic results and notation of the Nevanlinna’s
value distribution theory of meromorphic functions (see [13],[5]), such as o (f), A(f)
to denote, respectively the order and exponent of convergence of meromorphic

function f.
For k > 2, we consider a linear differential equation
fO 4 Ao fF2 4 4 Agf =0, (1.2)
where Ay, ..., Ar_2 are entire functions with Ay #Z 0. It is well known that all

solutions of are entire functions, and if some of the coefficients of are
transcendental, then has at least one solution with order o(f) = co. Now there
exists a question: How to describe precisely the properties of growth of solutions
of infinite order of (L.2)? It is to make use of iterated order of entire functions, see
Laine [7]. Let us define inductively (see e.g. [3]), for r € [0, 4+00), exp!l 7 = e and
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exp!" U = exp(exp™ r),n € N. For all r sufficiently large, we define logm r=
logr and log™ " = log(log ),n € N. We also denote expl® r= 7 =log® r,
log[_l] r = expllr and expl=r= 1og[1] r. We recall the following definitions and
remarks (see [6], @], [4]).

Definition 1.1. The iterated p-order o,(f) of a meromorphic function f(z) is
defined by
log?l T
op(f) = hfl_ilip Ogloggm
Remark 1.2. (1) If p = 1, then we denote o1(f) = o(f). (2) If p = 2, then we
denote by o3(f) the so-called hyper order (see [14]). (3) If f(z) is an entire function,
then

(p €N).

. logP+Y M (r, f
op(f) :llﬂsgp logr().

Definition 1.3. The growth index of the iterated order of a meromorphic function
f(2) is defined by
0 if f is rational,
min{n € N:0,(f) < oo} if f is transcendental and
on(f) < oo for some n € N,
00 if 0,,(f) = oo for all n € N.

i(f) =

Definition 1.4. The iterated convergence exponent of the sequence of a-points
(a € CU{oo}) is defined by

logll N T,
An(f = a) = A(f,a) = limsup M
r—oo logr

(n eN),

and A\, (f—a), the iterated convergence exponent of the sequence of distinct a-points
is defined by

_ _ log™ N (r, 2
)\n(f - (L) = )‘n(fa a) = limsupM

00 logr
Remark 1.5. (1) A\ (f —a) = A(f —a). (2) M\i(f —a) = X(f —a).

For the sake of convenience, we also make the following definitions and remarks.

(n e N).

Definition 1.6. The iterated sectorial convergence exponent of the sequence of
a-points (a € CU {o0}) is defined by

log™ n(r, X (a, ), 7) (n €N),

Ana,8(f — a) = Apa,p(f,a) = limsup gt

and )\, (f—a), the iterated sectorial convergence exponent of the sequence of distinct
a-points is defined by

log[n] n(r, X(a, B), fia) (n € N).

Xn(f - a) = Xn(fv a) = thUp IOg’I"

where X(o,0) = {z|la < argz < 0},0 < f—a < 7 and n(r,X(o,5),f = a)
is the roots of f(2) —a = 0 in Q(a, B) N {|z| < r}, counting multiplicities, and
n(r, X (a, 8), f = a) is the corresponding notion ignoring multiplicities.
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Remark 1.7 ([I1]). (1) Mo s(f—a) = Xas(f—a). (2) M.as(f—a) = Xas(f—a).

Definition 1.8. The iterated radial convergence exponent of the sequence of a-
points (a € CU {co}) is defined by

>\n,9(f - a) = /\nﬂ(fv CL) = h%lJr >\n,9—5,6+s(f7 a)- (n € N)a

Remark 1.9 ([I1]). (1) A\o(f —a) = Xo(f —a). (2) Ao(f —a) = Xa(f — a).

In 1991, Bank and Langley considered the higher order linear differential equa-
tions and obtained the following result.

Theorem 1.10 ([2]). Let Ay,...,Ar—_o be entire functions of finite order, and
assume that possesses a solution base f1, fa,..., fn such that M\(f;) < 400
fori =1,2,....n. Then the product E = fi...f, is of finite order of growth,
o(E) < 0.

In this paper, we extend Theorem by using value distribution theory of a
transcendental meromorphic function due to Nevanlinna [8] and the covering surface
theory (see e.g. [I0]). In fact, we shall prove the following theorem.

Theorem 1.11. Assume that some (or all) of Ao,...,Ax—2 are transcendental
entire functions, and p = max{i(4,),j = 1,...,k — 2} < co. Suppose that (1.2)
possesses a solution base fi, fo,..., fn. If E := f1...fn is of infinite iterated p-
order growth, i.e. op(E) = 0o, then there at least exists a ray L : argz = 0 such
that Ap o(E) = oo.

From Theorem [I.11] we can deduce the following result.

Corollary 1.12. Under the conditions of Theorem we assume that (1.2
possesses a solution base fi, fa, ..., fn such that A\p(fi) < +oo fori=1,2,...,n.
Then the product E = fi ... f, is of finite iterated p-order growth, i.e. o,(E) <
+0o0.

When p = 1, Corollary becomes Theorem [I.10]

2. AUXILIARY LEMMAS

Our proof requires the Nevanlinna’s theory in an angular domain. Let f(z) be
a meromorphic function and X (a, 8) = {z|a < argz < 5} be an angular domain,
where 0 < 3 — a < 27. Nevanlinna defined the following notation ([g]),

k(71 k , d
Ao £) = = [ (G = T 0™ I te™) -+ 1og” |t )}

2k (7 :
By g(r, f) = — / log™ \f(re’9)| sin k(0 — «)db;
mrk J,
L L L
Ca,ﬁ(ra fl=2 Z(U) |k T2k )sink(B, — a),
bea 7Y
where k = 55,1 < 7 < 0o and the summation > ben is taken over all poles

b = |ble?” of the function f(2) in the sector A : 1 < |z| < r, a < argz < 3,
counting multiplicity. The corresponding notation C'(r, f) then applies to distinct
poles. Furthermore, for » > 1, we define

Da,ﬁ(r7 f) = Aa,ﬁ(rv f) =+ Ba,ﬁ(ra f)a Soc,[j(ra f) = Coz,ﬁ(ra f) + Doz,[j(ra f)
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For the sake of simplicity, we omit the subscript of all the notation and use
the notation A(r, f), B(r, f), C(r, f), D(r, f) and S(r, f) instead of A, g(r, f),
BO(,['}(T) f), Coz,ﬁ(’ra f), Da,ﬁ(rv f) and Sa,ﬁ(rv f)

Lemma 2.1 ([I2]). Suppose that f(z) is a meromorphic function and Q(c, 3) be
an angular domain, where 0 < 8 — a < 2w. Then,

(i) for any value a € C, we have

1
S(r52) = S(r.) +0(1)
holds for any r > 1.

(ii) for any r < R,

f! R, [flogT(t,f
A(T,7) Sk{(?)k/l OgT(k)dt—i—logRi

/ 4k /
£y < i ),

We also need the Ahlfors’ theory in an angular domain. We firstly recall some
notation (see e.g. Tsuji [10]).

Let f(z) be a meromorphic function in an angular domain A(f,ag) = {z :
largz — 0] < ap} and A(0,a) = {z : |argz — 0] < a} be an angular domain which
was contained in A(f, ap), where 6 € [0,27) and o < ag. Let Ag(r), A(r) be the
part of A(6,ap), A(f, ), which is contained in |z| < r, respectively. We put

So(r, A6, @) // rdodr, z=re”,
" T

Ty, A0,)) = [ 2EEE g

which is called as Ahlfors-Shimizu characteristics. We denote the above character-
istic functions of f(z) in the whole complex plane by Sy(r, f),To(r, f). From [5]
Theorem 1.4], we have

(T(r, £) ~ To(r. 1)~ log |F(O)]| <  log2. (21)

Let n(r, 6, a,a) be the number of zeros of f(z) — a contained in A(r), counting
multiplicities. We can assume that f(0) # a and put

N(r,@,a,a):/ Mdt.
0

If not, then the definition has to be modified, in a well known manner. Now, we
give the following lemmas.

R
+10g7 + 1}7
r r

B(r,

Lemma 2.2 ([10]). Let f(z) be meromorphic in the complex plane, then

3
So(r,A(0,a)) <3 n(2r, 0, ap, a;) + O(logr),
i=1

N(2r,0,a0,a;) + O(log2 r).

-

To(r, A(0,a)) <3

=1

where a1, as, as be any three distinct points in Co
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3. PROOF OF MAIN RESULTS
Proof of Theorem[1.11. The Wronskian determinant W (f1, fa,..., f,) of the fun-

damental system of solutions {f1, fa,..., fn} is given by
1 1 1
Dt £ 7
=W(fi, faros fo) =det | I AT
sinmm fZ('":” Fin=1)
f1 72 -

Apply the [7, Proposition 1.4.8 pp.16], we can derive that W is a positive constant
denoted by K. Hence

@
1wl et

E KE K =g

1<zl;£zt<n

Let f # 0 be a solution of (I.2). It follows from [3, Theorem 4 (i)] that the iterated
p-order of log T'(r, f) is at most o, where o < oo is a constant.

For any 6 € R, if € > 0 is sufficiently small, we deduce from Lemma (ii) in
which R = 2r that

/ O(1) ifp=1,
i 2r log* f
Ao-carelr. 22 = J OUT 58 (3.1)
= O(J" o™ dt) = O(elr=1rm1). it p > 2.
Since
fl
m(r, 2 =) = O(logrT(r, f;)) = O(eP~Uro*h), v ¢ F,
where F' is a set of finite linear measure, we can deduce from lemma (ii) that
fi o(1) if p=1,
By_ =)= 3.2
0=e0+=(" 7) =\ Oelp-1po 1), i p > 2. 3.2)
holds for any r ¢ F'. Since
( (l)
Do o1:(r (l 1)+O()
where 1 =1,2,...,n, h = 2,3,...,n— 1. Therefore we have
i fo ifp=1,
Do ¢ 04c 771 =
-e4elr fz) O(elP=Upotly if p > 2.

By the definition and Lemma (i), we can deduce that for any § € R and any
sufficiently small € > 0,

S(r,E) < C(r, )+O( Upethy r g F (3.3)

holds in the angular domain {z|0 — e < argz < 6 + ¢}.
In the following, we shall prove that there exists a ray L : argz = 6 such that
for any 0 < e < 5, we have

- log" S(r, B)
limsup ————= =
r—o0 log r

(3.4)



6 Z.-J. WU, D.-C. SUN EJDE-2007/134

holds in the angular domain {z|0—¢ < argz < 0+¢}. Otherwise, for any 6 € [0, 27),
we have a gg € (0, §), such that

logl?] E
lim sup log” S(r, ) < 0. (3.5)
r—00 log r
holds in the angular domain {z]0 — ey < argz < 6 + 59}. We deduce from Lemma
(i) that for any finite value a, we have S(r, z—) = S(r,E) + O(1). Since

C(r,a) < S(r, 5-), then

1 1
—) < —_—) = . .
Clr, ) < 50 E_a> S(r, ) +0(1) (36)
On the other hand, it follows from 6 — <2 < 3, < 6 + ¢ that sink(3, — 0+ %) >
sin 7 = ‘{, where k = E‘ Hence
1 1
0(27”, E— a) Z 69_579)9_,’_579(27“, m)
1 |bv|k . €0
> 2 5 e 0+ 2
- e~ g e =0+ 5)

1< |by|<r,0— 2 <B, <042

b [k 9,2k
1<]by|<r,0— 2 <B, <0+L bl (2r)

> \/5[/; Lan(t) + ﬁ /1 thdn ()
>fk/ (bt + nr) _rin() ko /Ttk’ln(t)dt]

rk r2k (2r)
- \@[7 B rkn(r)]
= k (2r)2
> Va1 - )™,

where n(t) = n(t,0, %, a). From (3.5)), (3.6) and the above equation,

1 0,8
lim sup o5 n(r. 0, 7.9) < 0. (3.7

r—00 log T

Because [0,27] is compact and [0 27T] C U{(0 - f 6 — <£),0 € [0,2m)}, then we
=2)(i = 1,2,...,T), such that [0,27] C

can choose finitely many (6; —
U{(az_%v % Ezi)ai:]-aQa' T}

By using Lemma for any three distinct complex numbers a;, j = 1,2, 3, we
have

T
So(r, f) SZ TA“EO))

32 (2r, 91,7 a;)} + O(log )

HMH i
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From (2.1, (3.7) and the definition of Ty(r, f) and the above equation, we can get
that F is of finite p-iterated order. This contradicts with the hypothesis and so

(3.4) follows.
From (3.3), (3.4]) and deﬁnition we know that there exists aray L : argz = 0

such that for any 0 < e < 7, we have

logl?! ¢ L
lim sup log” C(r, ) =00 (3.8)
r—00 log r
holds in the angular domain {z|f—¢ < arg z < §+¢}. Since C(r, &) < 2n(r,0,¢, E =
0), then Ap g—c g4 (E) = co. Since ¢ is arbitrary, we have A, ¢(E) = co. Therefore,
we can deduce that Theorem [L11] O
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