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EXISTENCE AND UNIQUENESS OF GLOBAL SOLUTIONS
TO A MODEL FOR THE FLOW OF AN INCOMPRESSIBLE,
BAROTROPIC FLUID WITH CAPILLARY EFFECTS

DIANE L. DENNY

ABSTRACT. We study the initial-value problem for a system of nonlinear equa-
tions that models the flow of an inviscid, incompressible, barotropic fluid with
capillary stress effects. We prove the global-in-time existence of a unique, clas-
sical solution to this system of equations, with a small initial velocity gradient.
The key to the proof lies in using an L? estimate for the density p, and us-
ing the smallness of the initial velocity gradient, to obtain uniqueness for the
density.

1. INTRODUCTION

In this paper, we consider equations which arise from a model of the multi-
dimensional flow of an incompressible, barotropic fluid with capillary stresses.
When viscosity is neglected, these equations reduce to the following system, written
in terms of the density p, the pressure p, and velocity v:

Dv 1

—_— = .1

Dr +p Vp=cVAp, (1.1)
V-v=0. (1.2)

Here c is a coefficient of capillarity which is a small, positive constant, and the
material derivative D/Dt = 9/0t + v - V. The term ¢VAp arises from capillary
stresses, as described in the theory of Korteweg-type materials developed by Dunn
and Serrin [4]. The fluid’s thermodynamic state is determined by the density p.
The pressure p is determined from the density by an equation of state p = p(p).
In related work, the existence of a solution to a similar system of equations for the
case of viscous fluid flow, which also includes a hyperbolic equation for density and
a parabolic equation for temperature, has been proven by Hattori and Li [7, [§],
and by Bresch, Desjardins, and Lin [2]. Anderson, McFadden and Wheeler [I] have
given a review of related theories and applications to diffuse-interface modelling.
In this model, it will be shown that 9p/0dt, Vp, and Vv are small, for suitable
initial data. Although the conservation of mass equation is only approximately
satisfied, the model equations , might be useful as an approximation in
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the case of almost constant density, and nearly incompressible fluid flow with a
small velocity gradient. We write equation (1.1) equivalently as

Dv 1.
o TP P ()Vp=cVip (1.3)

The purpose of this paper is to prove the existence of a unique, global-in-time,
classical solution v, p to equations , with suitable initial velocity data vy €
H?, under periodic boundary conditions. That is, we choose for our domain the N-
dimensional torus T?, where N = 2 or N = 3. The proof of the existence theorem
is based on the method of successive approximations, in which an iteration scheme,
based on solving a linearized version of the equations, is designed and convergence of
the sequence of approximating solutions to a unique solution satisfying the nonlinear
equations is sought. The framework of the proof follows one used, for example, by
A. Majda for proving the existence of a solution to a system of conservation laws
[10]. Embid [5] also uses the same general framework to prove the existence of a
solution to equations for zero Mach number combustion. Under this framework,
the convergence proof is presented in two steps. In the first step, we prove uniform
boundedness of the approximating sequence of solutions in a high Sobolev norm.
The second step is to prove contraction of the sequence in a low Sobolev norm.
Standard compactness arguments will be used to finish the proof. The key to the
proof lies in using an L? estimate for the density p, and using the smallness of the
initial velocity gradient, to obtain uniqueness for the density.

2. A PRIORI ESTIMATES

The main tools utilized in the existence proof are a priori estimates. We will work
with the Sobolev space H*(€2) (where s > 0 is an integer) of real-valued functions in
L?(2) whose distribution derivatives up to order s are in L?(2), with norm given by
IfII2 = Plal<s Jo |D® f|?dz and inner product (f,g)s = Dlal<s Jo(Df)-(D*g)da.
Here, we adopt the standard multi-index notation. For convenience, we will denote
derivatives by f, = D*f. We will let Df denote the gradient of f. Also, we will
denote the L? inner product by (f,g) = fQ f g dx. We will use standard function
spaces. L*°([0,T], H?) is the space of bounded measurable functions from [0, T'] into
H*(£2), with the norm || f||2 ; = esssupo<,<7 [ f(t)[|Z. C([0,T], H®) is the space of
continuous functions from [0, 7] into H*(£2). The following technical lemmas will
be needed for the proof of the existence of a classical solution to the initial-value

problem for the system (1.2)), (1.3]).

Lemma 2.1 (Standard Calculus Inequalities).

(a) If f € H**(Q), g € H*(Q) and s3 = min{sy, 2,51 + $2 — so} > 0, where
so = [X]+1, then fg € H**(), and || fqlls, < C||flls:|lglls,- We note that
so=2 for N =2 or N =3.

(b) If f € H*(Q), g € HSH(Q) N L>=(Q), Df € L>(Q), and |a| < s, then
1D*(fg) = fD%llo < C(IDf[Le<llglls—1 + lglLe< D flls-1)-

In (a) the constant C' depends on s1, sz, and €, while in (b) the constant C

depends on s and 2. These inequalities are well known. Proofs may be found, for
example, in [9] [TT].

Lemma 2.2 (Low-Norm Commutator Estimate). If Df € H™ (), g € H™1(Q),
where ry = max{r—1,so}, so = [%]Jrl, then for anyr > 1, f, g satisfy the estimate
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ID*(fg) — fD%gllo < Cl|Dflli lgllr=1, where r = ||, and the constant C' depends
onr, .

Proof. The proof is based on the Sobolev calculus inequalities from Lemmal[2.1] We
consider separately the cases r—1 < sg and r—1 > sg, wherer > 1. If r—1 < s, we
expand the term D%(fg) using the Leibniz rule and then apply inequality (a) from
Lemma to obtain the desired estimate. If r — 1 > sg, we apply the inequality
(b) from Lemma and the Sobolev inequality k|~ < C||hl|s, for so = [§]+1,
to obtain the estimate for this case. Combining these two results then completes
the proof. ([l

Lemma 2.3. Ifu, v, a, f, and p are sufficiently smooth in
Du/Dt = —aVp+ cVAp+1,
V-u=0,
where u(x,0) = up(x), V-ug = 0, Q = TV, where N = 2,3, and where c is a

positive constant, D/Dt = 9/0t +v-V, and V -v =0, then for any r > 1, Du and
u satisfy the estimates

t
1Dull? - < Cegt(1+t62teﬁ(t)”DV”EI,T)(”DUOHEfl"’_/O (117 +1Dall?, IV pll7-1)dr)

and

lull < e*[luollf + Ce* (1 + te*e™™ | Dv|?, 7)(I Duoll?
t
+/O (117 + I-Dall?, IV plZ-1)dr)

where B(t) = te* | Dv||? ,. Here ry = max{r — 1,50}, and so = (H]+1=2 for
N =2,3. The constant C depends on r, Q.

Proof. First, we obtain an L? estimate for u. Let p = p — ﬁ fQ pdx. We then

compute
1d
5@““”3 = (ug,u)

—(v-Vu,u) — (aVp,u) + ¢(VAp,u) + (f,u)

1

§(uV -v,u) + (ap,V -u) + (pVa,u) — c(Ap,V -u) + (f,u) (2.1)

|Dal=[ullo]lpllo + [If[lolullo

IN

1 PR |
< [[ull§ + 51Dali< 1715 + SIIEI5

where we used the facts that V-u = 0, and V-v = 0. And we used Cauchy’s
inequality. After applying Gronwall’s inequality, we obtain the estimate

t
a3 Sthl\Uoll3+62t/0 C(|Dalf< A1l + I1£113)dr, (2.2)

Next, we obtain an estimate for ||Du||?_,. After applying the operator DY+ to
the equation for u, where 0 < || <r —1 and |y| = 1, we obtain

Du.H_a

Dt = —aVpyta + VAP 1o+ Fypn (2.3)
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where Fry o =500 = [(v- VU)y1a = v Vuyia] = [(aVp)y1a —aVpyial. For (2.3),
estimate ([2.1) becomes

1d 1 _ 1
S olall < lusral + 31D0f w5y sall + 5 IFrsald (24)

Next, we estimate |F,4q|3. Using the commutator estimate from Lemma we
obtain

||F7+aH(% < C”fv-i-aH?J +O[(v-V)yia = V- Vol
T C(@VP)ysa — aVpyrall (2.5)
< C|If|l + DI, IDullz 1 + ClIDallf, IV pllk -y
where k = |y + af, k1 = max{k — 1,50}, and so = [§] + 1. Here, we used the

triangle inequality and Cauchy’s inequality. Substituting estimate (2.5)) into (2.4)
yields

1d 1 _
5 g 1tralls < Tusrall§ + 51Dz 17y +allG + CIEIR

+ DV, 1Dullz s + ClIDallz, [Vl

Applying Gronwall’s inequality yields the following:

t
sl < 1)l + € [ (1DafEe vl + 1813
+ IDVI, IDulf_, + | Dall3, Vol )dr
) (2.6)
< C|Dusly + e [ (1Dafi o} + 1817
0

+ VIR, IDulE_, + [ Dall3, Vol )dr,

where || =1, and |y +a| =k > 1, and ki = max{k — 1, s}, with so = [§] + 1.
After adding the above inequality (2.6)) over all v, where || = 1, and then adding
over all a, where 0 < |a| <r — 1, we obtain the estimate

t
IDul s < CeDul s+ Ce [ (1Dafi 1 + I8
+1DVIZ, 2Dl + [ Dal?, Vol )d-.

where 11 = max{r — 1, 5o}, and where sy = [%] +1=2for N = 2,3. Here, we
N du, _
used the fact that Zoga\grﬂ Z|'y|:1 Huv+a||(2) = Zogm\grq Dimt fQ |8in|2dx =
Yo<lal<r—1 1Dua|[§ = [Dull?_;. After applying Gronwall’s inequality to (2.7)), we
get
IDull?_; < Ce*(1+te** "D Dv|7, ) (|| Duol?_,

‘ 2 —112 2 2 2 (2'8)
+ (IDalp ol + Il + 1 Dallz IVellr—1)dr),
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with G(t) = te* || Dv|]2 ;. Adding the estimates (2.2), (2.8), we obtain

lull? < (Jullg + CllDul? )
< & lugl§ + Ce* (1 + te* V|| D7, 7) (1 Duoll?_y

t
+/0 (IDalg 1Al + I£17 + [1Dall?, [V ol )dr)

< & lug|§ + Ce* (1 + te* " D2, 7)(| Duoll? s
t
+/0 (1117 + [-Dall?, IV oIl )dr)

where 1 = max{r — 1, s}, and where sg = [%] +1=2for N = 2,3. Here, we used
Poincaré’s inequality to estimate ||p[|3 < C||Vp||2, and ||p]|2 < C(||Vpl2_,+1pl3) <
C|Vp|/2_;. We also used Sobolev’s lemma |h|.~ < C||h|s, where so = [5]+ 1.
Using the estimate |Dal? . |p||2 < C||Dal|,||[Vpl|2_; in the right-hand side of
completes the proof. O

Lemma 2.4. Let u, w be C' functions on a bounded, open, connected, convex
domain Q. And let u(x¢) = w(xo) at a single, fived point xg € Q. Then u —w and
u satisfy the estimates

lu—wlf§ < C|IV(u—w)|3,
Jullg < Collwllg + Coll Vw3 + CollVull3
Here C, Cy are constants which depend only on €.

Proof. First, we obtain an estimate for ||u — w||3. From the mean value theorem,
and since u — w is sufficiently smooth on the convex domain €2, we have

(u—w)(x) = (u = w)(x0) + V(u = w)(x:) - (x = x0)

where x, is a point on the line segment joining the points xp € Q2 and x € Q.
Since we are given that u(xg) = w(xp), at a single fixed point xq € €2, it follows
that

(u—w)(x) = V(u—w)(x) - (x = %)
Taking the absolute value of both sides yields
[(u—w)(X)| = [V(u —w)(x) - (x = x0)|
< |V(u —w)|pe~|x — %0
S C|V(U — w)|Loo

Here C depends only on Q. Squaring |(u—w)(x)| and integrating over €2, and using
the above inequality, yields

[ = w)eoRax < € [ 19— w)itedx < CIV@—w)l}

where we used Sobolev’s inequality |h|p~ < C||hl|s,, where s = [§] +1 = 2 for
N = 2,3 and C depends on 2.
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Next, we obtain an estimate for ||ul|3. From using the triangle inequality and
Cauchy’s inequality, and from using the previous estimate for ||u — w||2, we obtain
lull§ < Cllwl§ + Cllu — wllg
< Cllwl§ + ClIV (u — w)ll3
< Collwlf§ + CollVwl3 + Col | Vull3

Here Cj is a constant which depends only on €. O

Lemma 2.5. If g is a sufficiently smooth function on the domain Q = TV, then g
satisfies the estimate |Vg||? < C||Agl||2_, where r > 1 and C depends on r.

Proof. First, we integrate —Ag by parts with the function g = g — ﬁ fQ g dx over
Q =TV, to obtain

(Vg,Vg) = —(Ag,9)
< C(e)|Agll5 + ellglls
< C(e)||Agll§ + eClIVal3
where we used Cauchy’s inequality with e. We also used Poincaré’s inequality

to estimate ||g||3 < C||Vg||3. Then D? is applied, yielding —Ag,, which is then
integrated by parts with the function g, over Q = TV, to obtain

(VQOM Vo) = —(Aga, ga)
= (Aga—'ya ga-‘r’y)

< C(O)1Aga— 5 + €llgarr 13
< C()AglR -y + eClVylli
where |y| = 1, and |a| = k > 1. Here, we used Cauchy’s inequality with e. Adding

these two inequalities, for |a] = k& < r, and moving the terms containing € to the
left-hand side, completes the proof. (Il

Lemma 2.6. If u, v, a, f, and p are sufficiently smooth in the equation

, 1 1 1
where ¢ is a positive constant, V-u = 0, V-v = 0, a(x,t) > ¢1, with ¢ > 0,
and where Q@ = TN, N = 2,3, and r > 1, we obtain the following estimates for
1AplIF + [IVoll§ and for Vo7,

115+ IVell§ < CIDV[E[|Dul[§ + CIE]E,
IVolZ 1 < CUAPIE +1VlI)
< ClIDal7, IV pllF-y + ClEIZ -y + CIDVIT, 11 | Dull? 4

where r1 = max{r — 1, s}, r2 = max{r — 2, s}, with so = [§]+1, and N = 2,3.
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Proof. First, we obtain an L? estimate. Integrating equation (2.9)) by parts with p,
where p = p — ﬁ Jo pdx, yields

1 1 1 _
(Ap, Ap) = (A%p,p) = (V- (aVp),p) + — (V- (v-Vu),p) = —(V-£,p)
1 1 1
= —~(aVp,Vp) + E(VVT : Vu, p) + —(f, Vp)
C _
< —%IIWII% +C()| DV |1 | Dullg + €llpll + Cle IS + el Voll3

C1
< —;IIWII% +C()| DV |1 | Dullg + €l Vpllg + C(e)[E]F + €l Voll3

where we used Cauchy’s inequality with ¢, and where we used the fact that a(x,t) >
c1 where ¢; > 0. We also used Poincaré’s inequality to estimate [|p||2 < C||Vpl|3.

And we used the fact that V - (v - Vu) = VvT : Vu, because V - u = 0. Moving
the ||Vpl|3 terms to the left-hand side yields the estimate

1ApIIE + [IVplE < CIDV[i~ [ Dull§ + C|£]13 (2.10)
Next, after applying D* to the equation (2.9)), we obtain the equation:
1 1
A?p, = Ev (aVpa) + Ev “(v-Vu), + Fy (2.11)

where F, = =1V -f, + 1[V - (aVp)s — V- (aVp,)]. Integrating equation (2.11) by
parts with p,, when |a| > 1, yields

(ApmApa) = (A2pa7pa)
1 1
= (V- (aVpa), pa) + —(V - (v VU)o, pa) + (Fa, pa)
1 1
= *E(av/’m Vpa) + E((VVT 1 VU)a, pa) + (Fas Por)

1 1
= *E(ava Vpa) — E((VVT : VU)a—»y,Pa+»y) + (Fa, pa)

c
< *f(me Vpa) + CI(VVT - Vi)ars ol patsllo + [(Fa, pa)]
c
< *%(mevpa) +CONVYT - V)ay[I§ + ellpassllg + [(Fo o)

(2.12)
where |y| = 1. Here, we used Cauchy’s inequality with €, and we used the fact that
a(x,t) > ¢; where ¢; > 0. Next, we estimate the terms on the right-hand side of
the above inequality. First, we estimate ||(VvT : Vu)a—,[|3. When |a| = 1, we
choose 7 = a and obtain

(Vv s Va)os [ = [(VVT : V)| < C|Dv[i~ || Dulfj (2.13)

Next, we use the triangle inequality and the commutator estimate from Lemma [2:2]
to estimate ||(Vv7T : Vu),—,||3, when |a| > |y| = 1, obtaining
J(VVT  Va)a 12 < COVYT s Vi 3 + (V37 s oy — V8T s Vi [12)
< CO|Dv[ [ Dua—s [[§ + CID?v|, [ Dulli_,
< O||Dv|3,41[IDulli1,
(2.14)

Here |v| = 1, k = |a|, and ko = max{k — 2, so}, with so = [§] + 1. Here, we also
used the Sobolev inequality |h|p~ < C||h]|s,-
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Next, we estimate the following term from the right-hand side of (2.12)), obtaining

ellpasyld < €ClIVAI (2.15)

where |y| =1 and |a] = k.
Next, we use the commutator estimate from Lemma to estimate |(Fy, pa)|
from the right-hand side of (2.12]), obtaining

(Fas )l < 157 £ )| + 1507 (0¥ ) = ¥ - @Vl pa)

1 1
= |g(fa7'yv v/’a+v)| + |E([(av9)a —aVpal, Vpa)| (2.16)
< CHfHk 1IVolle1 + ClDallk, [Vollk-1[ Vol

C(ONIENFE_r + €llVollirs + CONDalZ, [IVolli—y + 6||VP||/€

where |[v| = 1, k = |af, and k; = max{k — 1 so} w1th 50 = + 1. Again, we
used Cauchy’s inequality with e. Substituting (2.13] mto 1 2)), and adding
(2.12) over |a| = k < r, including the L? estlmate 1 , we obtaln for r > 1 the
estimate

1APIZ + Vo7 < ClDal, IV oll7—y + ClIEIF-y + CIDVI, 11 [ Dull?,

, , (2.17)
+ €Cl[Vpl[741 + €ClIVll7,

where r; = max{r — 1,50}, r2 = max{r — 2, 50}, with so = [§] + 1. Here, we also
used the Sobolev inequality |h|L~ < C||h]|s,-

From Lemma we have €|Vpl|2,; < eC||Ap||2. After substituting this esti-
mate into the right-hand side of , we obtain the estimate

1APIZ +1IVel? < CIDal, IV pllE-y + ClIENF 1 + CIDVIZ, 1 [ Dullf -y, (218)

where we have moved the terms ¢C||Ap||?2 and eC||Vpl||? to the left-hand side.
Finally, using the estimate for ||Vp||2,; from Lemma we obtain from (2.18)) the
estimate

IVolZ s < CUAIE + 1VlI7)

< C|Dall7, IVpll7-y + ClIEIF -y + CIDVIZ, | Dull?

Lemma 2.7. Ifu, v, a, £, and p are sufficiently smooth in
1 1 1
A?p = EV'(an)JrEVo (v-Vu) — EV~f (2.19)

where ¢ is a positive constant, V-u =0, V-v =0, a(x,t) > c1, with ¢; > 0, and
QO =TN, N =2,3, then forr > 1, p satisfies the following estimate

IVpl?, <C (IIA,OII2 +[Vpll2)

< C[1+ 32 IDalZ] (I + IDVIE, o IDulE )
j=1

where r1 = max{r — 1, s}, ro = max{r — 2, s0}, with so = [§]+1, and C depends
on r.
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Proof. From Lemma [2.6] applied to equation (2.19)), we have the estimate
180l + [IVolE < ClIDallZ, IVpli_y + ClEl_y + CIDv|Z, 11 [Dulli;  (2:20)

where s > 1, and where s; = max{s—1,50}, so = max{s—2, so}, with so = [J]+1.
Letting s = r in the estimate (2.20]) yields

1APIZ +IVpl? < ClIDal?, IV pllZ-y + ClIEN7 -y + CIDVIE, 1 [ Dull?y (221)
Applying the estimate (2.20)), letting s = r—1, to the term C||Da|2, ||Vp||?_; which
appears on the right-hand side of yields

1Ap[7 +1Vell7 < CllDall?, [HDGII?EHVPII?«Q + I + ||DV||12~3+1||D11||72«72}
+CIEI7- 1 + CIDVIT, 1 | Dulf?
< CIDali, IVpl2_2 + ClIDal, (IEI12_ + 1 DVIZ, 41| Dull2,)

+CIEl7—1 + CI D75 | Dull?

(2.22)
where 11 = max{r — 1,50}, 72 = max{r — 2,50}, and r3 = max{r — 3,s0}, r3 <
ro < r1, with s9 = [%] +1 =2 for N = 2,3. Similarly, by repeatedly applying
the estimate (2.20), letting s = r — j, to the term C|Dal/#||Vp|2_;, for j =

2,3,...,7 — 1, which will appear on the right-hand side of (2.22)) yields

r—1

120112 + IVp12 < C S 1DalZ (€121 + IDVIE, | Dul2, )
j=1
+ ClIDalZ Vol + CIEIIZ_, + ClIDVIZ, 41| Dull2,

. (2.23)
<c[1+ 3 1al | (112, + IDVIE, o Dul2_, )
j=1

+C|DallZ} 1V pllg

Substituting the estimate for |Vp||Z from Lemma into the right-hand side of
[2.23) yields

r—1

1202+ 1Vll2 < C[1+ > 1DalZ ] (I€12-, + I DVIZ, Dl )

j=1

+ )| DallZ (£ + DV~ | Dul)
< Cl1+ Y 1Dal] (€12, + IDVIE, o 1Dul2y)
j=1
This completes the proof. O

3. EXISTENCE THEOREM

In this section, we prove the existence of a unique classical solution to the initial-
value problem for equations (1.2]), (1.3]), on any given time interval 0 < ¢ < T, with
periodic boundary conditions, for sufficiently small initial velocity gradient.
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Theorem 3.1. Suppose s > % +3and Q =TV, N = 2,3. For any given time
interval 0 < t < T, equations (1.2)), (L.3) have a unique classical solution p, v,
for initial data vo(x) € H*(Q), V - vo = 0, and for given data p°(x,t) and xo,
provided Dvq is sufficiently small. Here p°(x,t) is a given positive function with
sufficiently small gradient Vp®, and xo is a point in the domain Q. The reqularity
of the solution is

p € C([0,T],C°) N L>([0,T], H*+?),

v e C([0,7],C%) nL>=([0,T), H*),

0
a—‘t’ e C([0,T],C%) N L=([0,T), H*Y).
and p(x,t) > c1, and p~1p'(p)(x,t) > c1, for some positive constant cy, for x € Q,
and 0 <t <T.

Proof. We will construct the solution of the problem for , , with Q = TV,
through an iteration scheme. To define the iteration scheme, we will let the sequence
of approximate solutions be v and p*. Set v°(x,t) = vo(x), the initial velocity
data, and set p°(x,t) € C([0,T],C%) N L>([0,T], H**2) to be a positive function

satisfying ||V p°|s11.7 < ||Dvols—1. For k=0,1,2,..., construct vFT1 pF*1 from
the previous iterates v¥, pF by solving the linear system of equations
DEvh+! k=147 ko k41 k+1
T (P") P (p")Vp" T = VAP T, (3.1)
v .-vitl =, (3.2)

where D¥ /Dt = 3/0t +v* - V, and with initial data v¥*1(x,0) = vo(x). Since the
solution p**1 is unique up to an arbitrary function of ¢, we specify that the solution
PPt satisfy pFtl(xg,t) = pF(x0,t) at a single, fixed point x¢ € €, for all k > 0.
Hence p**1(xo,t) = p°(x0,1).

Existence of a sufficiently smooth solution to equations , for fixed k
follows from the results stated in Section 4. We proceed now to prove convergence
of the iterates as k — oo to a unique classical solution of , . We assume
that p is a sufficiently smooth function of the thermodynamic state variable p in an
open interval G C R. We fix connected, bounded open sets GGy and G such that
Go C G; and G| C G, and we require that the initial iterate p° satisfies p° € Gy.
We fix § = §(Go, G1) so that 0 < § < dist(Go, dG1); therefore if [pF — p0] L < 6,
then p¥(x,t) € Gy for all x € TV, and for ¢t € [0,T]. The values of p* € G, are
assumed to be strictly positive, bounded, and bounded away from zero. And the
values of (p*) =19/ (p*) for p¥ € Gy are also assumed to be strictly positive, bounded,
and bounded away from zero. Using a proof by induction on k, we assume that
p¥ € Gy, and then later we will show that p**! € G,. First, we proceed with
the proof of uniform boundedness of the approximating sequence in a high Sobolev
norm.

Proposition 3.2. Assume that the hypotheses of Theorem hold. Let p°, vq
satisfy Co||p°]|3 + Co||Vp°||3 < LE and €2T||vo||2 < L2, where Lq is a constant and
where Cy is the constant from Lemma |2.4l There are constants ey, Ly, Lo, Ls,
where 0 < eg < 1, such that the following estimates hold for k =1,2,3..., provided
IDvolls—1 is sufficiently small:

@) IVA*I2 7 < €0, 1¥l|s2r < La,
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(b) [IDV*[3_1 1 < €0, [IV¥[ls,r < Lo
(c) lov* /ot y 1 < eoLs.

Proof. The proof is by induction on k. We show only the inductive step. We will
derive estimates for p**! and v¥*!, and then use these estimates to prescribe e,
Ly, Ly, L3 a priori, independent of k, so that if p* and v* satisfy the estimates in
(a)-(c), then pF*1 and vF*1 also satisfy the same estimates. And we will show that
eo will be small if ||Dvg|[s—1 is sufficiently small. In the estimates below, we use
C to denote a generic constant whose value may change from one instance to the
next, but is independent of €y, L1, Ly, and Lg.

k+1.

Estimate for Vp Applying the divergence operator to equation (3.1), we

obtain
cApEH - ((pF) T () VM) = V- (vE v (3.3)

where we used the fact that V - v¥*! = 0, and where c is a positive constant.
Applying Lemma we obtain from the above equation the following estimate for
Vot for s > & +3

VAP < CUAPMHZ+ IV H12)

< O+ Y ID) T (P DIFINDVEIZ, o IDVETHEL, (3.4)

j=1
k k
< Ci|| DV |2 [ DVEH I,

where C} = Cy(Ly). Here, s; = max{s—1,50} = s—1, 5o = max{s—2,s0} = s—2,
where sg = [%] +1=2,and s > %+3, so s > 5 for N =2,3. And we used the

induction hypothesis for p*, v*.

Estimate for pF*!': To obtain an L? estimate for p**!, we apply Lemma
where we define u = pF*! and we define w = p° , to be used for the functions
u, w appearing in Lemma Note that since by hypothesis we have p**!(xq,t) =
p°(x0,1) at a single fixed point x¢ € 2, the hypotheses of Lemma are satisfied,
and so we obtain the estimate

1P* 13 < Coll®l1F + CollVA° 13 + Col V™13
< L§ + Co|| DVF|[2, 1 [|IDVE ] (3.5)
< L§ + Co|| DVF|2_, || DV 12
where Cj is the constant from Lemma (recall Cy depends only on ), and where
Cy = Cy(L;). Here we used the estimate for ||ApFT1(]3 + ||V pF*1||3 from applying

Lemma to (3.3) with r = 2. We also used the hypothesis that Col[p°|2 +
Col[VpP||3 < L3. Adding the estimates (3.4)), (3.5)) yields the following estimate for
K+

pFt,
151200 < (PTG + CIVA 2,

(3.6)
< L§+ Csl|[ DVF|2_ | DV 12,

where Cg = é3(L1)
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Estimate for v**1: Applying Lemma to equations (3.1)), (3.2), we obtain for
Dv**1 the estimate

IDVFFHZ_y < Ce* (14 Te*T ™D DVE(2_y 7)( Dvoll2_
t
+/0 (D) 1D (P DI NIV P HZ 1 )dr)

t
< CETA+ T (IDwlEy+ Ca [ [902adn)(g

t
< C5|Dvoll2_; + Cs / IDVE2_y o[ DY 2 dr
0
t
< G5 Dvol2_, + Cs / |DVF 2 dr
0

where B(T) = Te*"||Dv¥||3_, ;. Here, we used (3.4) to estimate |[Vp*H1[2_,
and we used the fact that by the induction hypothesis, [|[Dv¥|[2_; ;. < €, where
0 < ey <1. And here Cy = é4(L1,T), Cs = CA'5(L1,T).

Applying Gronwall’s inequality yields the estimate

IDVFH2_, < Col| Dvol?_, (3.8)

where Cs = Cg(L1,T). We now choose € to satisfy eg = Cs||Dvol/2_;. It follows
that | DvF2_, 1 < €.

Substituting the estimate for || DvF*1||2_; into the right-hand side of (3.4),
yields the following estimates for ||[Vp"™1[|2, | and ||p" (|2 ,:

19651121, < CHIDVHZ DV, < eoCiCollDvol2,
041240 < L3+ Coll DVHI2_yIDVFHEL, < I3 + el Dvo 2,

Therefore, we have [p""|42r < Ly and we have |[Vp*H|2, . < €, pro-
vided that we choose L; large enough so that %L% > L%, and provided that we
choose || Dvg||s—1 small enough so that egC5Cs || Dvol|2_; < $L3%, and provided that
we choose ||[Dvg|s—1 small enough so that C;Cg||Dvo|?>_; < 1. We also choose
|| Dvol|s—1 small enough so that Cg|Dvol||2_; < 1; therefore, we have 0 < ¢y < 1,
since €9 = Cg||Dvol|?_;. (Note that ¢y will be small if ||[Dvgl|s—1 is sufficiently
small.) This completes the proof of part (a).

Next, by applying Lemmato (3.1, (3.2)), and using the estimates (3.4)), (3.7)),
(3.8), we have the estimate

IVFHIZ < T lvollg + Ce*T (1 + Te*T PN DVH2_; ) (| Dvoll2,
t
+/0 (D) (P DI NIV E 1 )dr)

t
< L+ CollDvally + O [ DV dr
0
< L + Crl|Dvoll3-y + Cs [ Dvol[2_,

with 8(T) = Te2T||ka||§71’T. Here s; = max{s — 1,s0} =s—1,5> & +3, and
so =[§]+1=2for N =2,3. We also used the hypothesis that e*”||vo |3 < LZ,
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and that HDV’“H?_LT < ¢y, where 0 < ¢p < 1. And here C7 = C7(Ly,T), Cs =
Cs(L1,T).

Therefore, we have ||[v¥*1|, 7 < Ly provided that we choose Ls large enough so

that 1L3 > L2, and so that $L3 > (C7 + Cs)|Dvol|2_,. This completes the proof
of part (b). We next consider part (c).
Estimate for vf“: Directly from equation for vf“, and the estimates
already derived for p**1 and v¥*+1, we deduce that ||[vFT!2_, < Co(||DvFH2_, +
||Vpk+1|‘z+1) S 26009, where Cg = ég(Ll,L27T). Thus ||V1’5€+1||§71,T S 60L3
provided we choose Lg sufficiently large so that Ly > 2Cy.

Summarizing, if we choose |[Dvgl|s—1 to be sufficiently small, then p*F and v*
satisfy the estimates in (a)-(c) for all £ > 1. This completes the proof of Proposition
3.2 O

Next, we give the proof of contraction in low Sobolev norm.
Proposition 3.3. Assume that the hypotheses of Theorem[3.1 hold. Then we have

L= F R+ IV VIR < C(l6F = o I+ IVE = v )

p

llp

fork =1,2,3.... Here( is a constant such that 0 < ¢ < 1. And |p**!1—p0| = < §;
hence, p* € G1, for all k.

Proof. Subtracting the equations (3.1)), (3.2) for p* and v* from the equations (3.1]),
(3-2) for p**! and vF*! yields equations which we write in the form

DE(yk+L _ yk L
Do) (o) (9 (4~ )

— (VA(pRH — pF) — (vF = vE1) . wvk (3.9)
— (") (") = ("I () Ve,
V. (vF—vh) =0, (3.10)
where D*/Dt = 9/0t + v¥ - V, and where (vt — v¥)(x,0) = 0. Using a proof by

induction on k, we assume that p* € Gy, and then we will show that p**! € G;.
First, we obtain estimates for pf*1 — p* and vF+! — v*

—v".
Estimate for pF+! — p*: Applying the divergence operator to (3.9) yields
A (P — pF) =V ((0F) T (M) V(oM = "))
=V (V- VEF v V(v = vETL) oV (3.11)
+V ()P = (o) T () VE)
Applying Lemma to equation (3.11)) with r = 2 yields the estimate
1A =) 3 + IV (™ = o3

< O+ DI T (M DIFNIIDVFFI D —vh)| 3
j=1

F I = VE VR (M) T (RF) = (M) T () VM)
< GUIDVH[FIVEE =3+ CLIDVRBIVY = vETHIE 4 Cul Vet 311" — oS
(3.12)
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where C; = C’l(Ll) from Proposition Here we used the Sobolev calculus
inequality || fgll, < C[If|l+|lgll for r =2 > F.

To obtain an L? estimate for p**!, we apply Lemma where we define u =
Pt and we define w = p¥ | to be used for the functions u, w appearing in Lemma
Note that since by hypothesis we have p¥*1(xq,t) = p*(x¢,t) for all k > 0, at
a single fixed point x¢ € Q, the hypotheses of Lemma [2.4] are satisfied, and so we
obtain the estimate

1Pt = M5 < CIV (o™ = o)
< Co| DVFZIVHE = vEI[S + Co [ DVF3[IvE —v*HIE (3.13)

+ Col VP (31107 = "M II5

where we used the estimate for [|A(p**1 — pF)|3 + ||V (p*+ — pF)||3 from (3.12).
Here Cy = Cs (L1) from Proposition |3.2

Now, adding (3.12)), (3.13)), we obtain the estimate
Ip" T = pFII5 < 1M = pFI5 + CIV (PH = pM)1F
< HH = PMIIG + CUV (M = pM)5 + 1A = p")13)
< G| DVFIE[IVEH = vH13 + Ca| DVF|5[v" = vE 13 (3.14)
+ Csl| V" 311" — 13

< O (V5 = vH[I3 + eollvF = VI3 + eollp™ — o7 3)

where C3 = C3(L1). Here, we used the Proposition estimates ||Dv*|3 <
IDVFIE < IDVFIE_y 7 < €0, and [[VA*II3 < [IVp*[3,1 1 < o, where 0 < eo < 1,

and where € is as small as we like if ||[Dvgl|s—1 is sufficiently small.
Estimate for v¥T!—v*: After applying Lemmato (3.9), using r = 2, we obtain

t t
VA A < O [ IDVHRING A B+ [ IR =
0 0
t
+Cy i IVOF 131" 10 (0F) — (b 1) 1 (o) [13dr
t

<Cs [ (IVH = vHIB + eollvF - vE R el - o) ar
’ (3.15)
with Cy = 04(L1,L2,T) and C5 = é5(L1,L2,T), and where we substituted the
estimate for ||V(p**! — p*)||? from (3.14)). Here, we used the estimates [|Dv*[3 <
[DV*I12_, 1 < €0, and [|[Vp¥|5 < [[Vp"[|2,, ¢ < € from Proposition
Next, we apply Gronwall’s inequality to , which yields

t
[VEF =3 < 06/ (ol v® = vETH3 + eollp® — pFH13)dr
0 (3.16)

< Cr (ol = VB 1+ collo® = 0 )

where Cﬁ = Cﬁ(Ll,LQ,T), C7 = CA'7(L1,L27T).
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Substituting into the right-hand side of yields
1P = pM113 < C3Cr (eollv® = V¥ 13 7 + eollp® = 27 M3 1)
+ 03 (ol V" = v I3 + eoll* = 713
Adding the above estimate for ||p¥T1 — p¥||3 to the estimate (3.16]) yields
091 = 0134 IV = VE[2 < Oy (eollv —vF 3 ol — 0 3.7)

+C3 (eolvF = vEH 3 4 eollp” — p*H3)
+ Or(eol |V = v*UIE 7 + eoll 0 = "5 1)

Finally, after choosing ¢y sufficiently small, we get

1P = oM 15 + VM = VR < C(llp" = "B + IVF = vEH 3 2) (3.17)

where 0 < ¢ < 1. This completes the proof of the first part of Proposition [3.3] It
only remains to prove that [pF*! — p%|« < 4, so that p+1 € G;.

Proof that |p"T! — p%| . < §: Repeated application of the estimate (3.17) yields
IVEH = VEIE 2+ 105 = pF I < ¢ (V= YO 1B + It = 2l57)  (3:18)
where 0 < ¢ < 1. Next, we estimate

k
PP =P <Oy T = )
=0

k k
<CY N =13 <Y N =P l3 (3.19)
j=0 j=0

2.1)

where we used in the last step. We also used the triangle inequality and
Cauchy’s inequality and Sobolev’s inequality |k|r = < C|/h|s,. Here so = [§]+1 =
2 for N = 2,3. Thus, we have [p**1 — p0| < §, provided that ||p! — p°||l2,7 and
vl —vO||2,r are sufficiently small. We now proceed to show that |p! — p%||2,7 and
[v! — vO|2,r can be made sufficiently small.

From equations (3.1, (3.2), we obtain the following equations for v! — v® and
pt =’

k
<C> Il =30+ IVt =
=0

7D0(v;t_ ), (P") 7 (0°)V(p" = p°)

A~
p
— VA0 — ) — v v — (.0 15,0V 0 A0 (3.20)
=cVA(p  —p") =v Vv = (p") P (p")Vp" +cVAp,
V- (vl =v% =0,

where D°/Dt = 9/0t + v° - V, and where (v — v%)(x,0) = 0. Here, we used the
fact that v0(x,t) = vo(x). Now we obtain estimates for p! — p° and v! — v°.

Estimate for p! — p°: Applying the divergence operator to (3.20)), we obtain
eA?(pt = p") = V- ((0°) (") V(' = 7))
=V - V2 V! =v)) + V- (v vV (3.21)
+V ()7 (") VP°) — eA?p°
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Applying Lemma [2.7] to (3.21]) with r = 2, we obtain the estimate
1A = )3+ V(o = )3 < Cs(IDVOIEID(vE = vO) T+ [[v° - Vv I3
+ )T (") VAR + IVALR)
(3.22)

where Cs = Cg(Lq). Next, we apply Lemma and obtain the L? estimate
ot =I5 < ClIV(pt = )l

< Co([|IDVO|EIID(v! = Vo) + [Iv° - VO (3.23)

+ %) ()RR + VA7)

where Cy = Co(L1). And we used estimate (3.22) for ||V (p! — p°)||3.
Adding the estimates (3.22), (3.23)) yields the following estimate for p! — p°:

lp" = p°l3 < C (llp" = °ll5 + 11V (" = p”)II)
< Coo(IDVPIEID(v = v + (V7 - V0|3
") T (") VROl + IV AL (3.24)
< Cu(IDVPIEIv" = VoI5 + VOIS IDvO13
+ 1) BIVANZ + 11VA°13)

where Cig = C’lo(lq), Ci = éll(Ll). Here we used the Sobolev calculus inequality
I fgll- < Clflllglly for r=2> X.

Estimate for v!'—v?: After applying Lemma to ([3.20), using r = 2, we
obtain

t
V' = VO3 < Cia / (V- V12 + [1(2°) 5 (o2 V|12) dr

t
O / (IV A2 + IV (o — pO)|12) dr
0 (3.25)

t
< Chy / (VO I2IDVO 12 + 1(2°) 15 () 2V °l12) dr
t
o / (IV6°)12 + 1DV 2Iv" — v°[2) dr
0

where Chg = C’lg(Ll,Lg), Ci3 = 013(L1,L2)7 and where we substituted the esti-

mate for ||V (p! —p%)||? from ([3.24). Next, we apply Gronwall’s inequality to (3.25)),
which yields

t
vt = 0I5 < 014/0 (IVIIDVOIZ + 1% 8 (DO IBNV 13 + 1V °1F) dr

< Cus (I Dvoll3-; + V6"

1) <2015 Dvoli?_,
(3.26)
where we used the fact that v°(x,t) = vo(x), and we used the fact that |V p°|]3 7 <

IVe°l2, 1 7 < [[Dvoll?_1, by hypothesis. Here C14 = Cia(Ly, Loy, T) and Cy5 =

6’15(L1, Lo, T). Finally, we substitute the above estimate (3.26]) into the right-hand
side of the estimate (3.24) for ||p! — p°||3, which yields

lp" = 2°l13 < CslDvolli -4 (3.27)
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where C1g = C16(L1, Lo, T) and where we used the fact that |[Vp°[|2 < ||[Vp°||2 <
I9°12, 1.7 < [ Dvoll2_1, by hypothesis. From (B19), B28), and (8.27), we sce
that [pFT1 — p0| e < 6, for || Dvg||s—1 sufficiently small. And so p¥*! € G;. It thus
follows from the proof by induction on k that p* € G, for all k. This completes the
proof of Proposition [3.3] O

Using Propositions[3.2]and we now complete the proof of Theorem From
(3.18), it follows that

[e.9]

S IV = VHB 05 = ¥l ) < oo
k=1
Hence, [[vFT! —v¥||2 . — 0 and [|p*™* — p¥[3, — 0 as k — oo. Therefore, we

conclude that there exist v € C([0,7], H?(Q2)) and p € C([0,T], H?(2)) so that
|[v¥ —vll2,7 — 0, and ||p* — p|l2.7 — 0, as k — oo. Using the interpolation inequali-
ties || fllrr42 < CIAISI1/]355, with a = (r—+")/r, and ||g]l.» < Cllg]|5]|glls =7, with
8= (r—r")/(r—2), with v < r, where r > 5, and using Proposition we can
conclude that ||pF — pl|s/42.7 — 0 and ||v¥ — v||¢ 7 — 0, as k — oo for any s’ < s.
For s’ > & + 3, Sobolev’s lemma implies that v¥ — v in C([0,7],C?) and pF — p
in C([0,T],C%). From the linear system of equations (3.1)), it follows that
|[vF — vills—1.0 — 0, as k — oo, so that vi — v, in C([0,7],C?), and p, v, is a
classical solution of the system of equations , . The additional facts that
v € L*([0,T],H®), and p € L°([0,T], H**?) can be deduced using boundedness
in high norm and a standard compactness argument (see, for example, [5, [10]).

To prove uniqueness, let p', v!, and let p?, v2, be any solutions of ,
having the regularity of solutions from Theorem and satisfying p'(xg,t) =
p%(x0,t) = pY(x0,t) at a single fixed point x¢ € Q. Here, p° is the initial iterate
from Theorem And we assume that ||Dvgl|s—1 is sufficiently small. We next
show that p! = p? and v! = v2.

Let p = limg_oo pFH, v = limp_oo V¥ where {p**!, vET1} &k > 0, is a
sequence of solutions to the linear equations , , so that p, v is a solution
of , from Theore We next show that p' = p and v! = v. It then
follows that the solution to ([1.2)), is unique, because repeating the proof given
below will also show that p? = p and v? = v, and so we will obtain

10> = pll2r + [V? = V|21

< |p* - pl 27+ [V = V22 =0

21 + ||V — v

2+ 0t —p

Therefore, we now show that p! = p and v! = v.

Subtracting the equations (1.2)), (1.3) for p! and v' from the equations (1.2)),
(1.3) for p and v yields equations which we write in the form

L(VD; Lo (") (p")V(p = p")

=cVA(p—p") = (v=v")-Vv—((p) "' (p) = (p") "' (p"))Vp,
V-(v-vh =0,

where D'/Dt = 9/0t + v! - V, where (v — v!)(x,0) = 0. Repeating the proof of
Proposition [3.9] yields the estimate

st Iv=v3r <c(lo=p'l3r+lv—v'3r)

o —p'l
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where 0 < ¢ < 1. Note that in repeating the proof of the estimates (3.14)), (3.15) in
the proof of Proposition we use the fact that |Dv|?_, 7 < e and va”§+1,T <

€0, which holds since p, v is a solution from Theorem Finally, after moving
the right-hand side of the above inequality to the left-hand side, we obtain ||p —
p 3.2+ v = v'[3.2 = 0 and so the solution is unique. O

A Final Remark. We sketch a proof that 9p/0t is small. Then, since we already
know that Vp is small, it follows that the conservation of mass equation is approx-
imately satisfied. Therefore, the model equations , might be useful as
an approximation in the case of almost constant density, and nearly incompressible
fluid flow with a small velocity gradient.

Proceeding formally, we differentiate equation with respect to ¢, obtaining

0?v —1 0 —1

G TV Vet Ve Vv pm 5 (p) Vi + afp(p P (p)peVp =cVAp,

Applying the divergence operator to this equation yields

eA?p=V-((p) ' (p) Vi) = V- ((%(P_lﬁ/(ﬂ))mvﬂ) +V-(v:-Vvy)+ V- (vi-Vv)

where we used the fact that V-v = 0, and where c is a positive constant. Applying
Lemma [2.7] we obtain from the above equation the following estimate for Vpy,

IVpellz < CUIAPNS + IV pell3)

2
< CIL+ Y IDWo) B (DI UDVIZIDV T + [[ve - Vvl
j=1

(3.28)
9, 1y 2
— \
+ Hap(p ?'(p)peVpll1)
< Crr(IDVI3NIvell3 + ol 51V oll3)
where C17 = C‘17(L1, T). Next, by Lemma we have the L? estimate
el < Collp?ll§ + Coll VoL ll3 + CollVoell2 (3.20)

< Cus(lp} 15 + IV 2113 + 1 DVIEIvel3 + [loelI31Voll3)

where Cigs = Cis(L1,T) and where we used the estimate for |[Ap]|2 + || V|2
from . Here, p° is the initial iterate as defined in Theorem Note that
by definition of p°, we have p;(xg,t) = p?(xo,t) at the single fixed point xq € Q.
Also, we now specify that [|p?[jo.r < [[Dvolls—1 and [|[Vp?||l2,0 < [[Dvol|s—1, as an
additional hypothesis for p°. Recall that ¢y = Cg || Dvol|2_; where Cs = Cs(L1,T),

from Proposition Then adding the estimates (3.28)), (3.29) yields the following
estimate for py:

lpelld < Cllpells + IV pell3) < Crolllpfllg + IV02115 + IDVIZIVel3 + loell3 11V pll3)
< Cao(eo + €ol[vell5 + €ollpell3)

where Cig = C’lg(Ll,T), Cy = CQO(Ll,T) and where we used the facts that
| Dv||3 < o, and ||Vpl3 < € from Proposition After moving the term €| p¢ |3
to the left-hand side, and substituting the estimate for v; from Proposition [3.2] we
then obtain the estimate

loell3 < €0Can
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where Coy; = C’gl(Ll,Lg,T). Therefore, p; is small, since ¢y will be small if
[|Dvgl|s—1 is sufficiently small.

4. EXISTENCE FOR THE LINEAR CASE

In this section, we sketch the proof of the existence of a solution to the linear
equations , . Before going into the existence proof, which appears in
Lemma [4.5] we first collect some preliminary technical facts. We recall that every
vector field u € L2(T") admits a unique orthogonal decomposition in terms of a
solenoidal vector field w and a potential V¢, so that u = w + V¢, where w = Pu
and V¢ = Qu. Moreover, if u € H*(T"), with s > 1, then w and ¢ satisfy V-w =0,
A¢ =V - u. The next lemma, due to Embid [5], provides us with an estimate that
will be useful for the existence proof.

Lemma 4.1. Ifu, v € H(Q), r > §+3, Q =TV, then Q(v-VPu) € H"(Q2) and
1Q(v-VPu)l, < Cllv][ul.

For a proof of this lemma, see Embid [5]. To prove existence of a solution to

(13-1), (3.2), we need the following lemmas.

Lemma 4.2. Givena € H"(Q), f € H"(Q), r > § +3, Q=TN, then P(aVf) €
H™(Q), and ||P(aV )|l» < C||Dally-1||V fl|r—1, where P is the projection onto the
solenoidal vector field.

Proof. First, from the orthogonality property of the projection P, we obtain an L?
estimate as follows:

[PV f)llo = P(fVa)llo < |fValo < C|Dalr=|fllo < C|Dalr=||V fllo-

where f = f — ﬁ fQ fdz. Here, we used Poincaré’s inequality to estimate || f]jo <
ClIV£lo-

Next, from the orthogonality property of the projection P, and using the commu-
tator estimate from Lemma [2.2] as well as using the triangle inequality, we obtain
for |a| > 1:

IP(aV fallo < [IP(aVfa)llo + 1 P[(aV f)a — aV fa]llo
= [P(faVa)llo + IP[(aV f)a — aV fa]llo
< C|Da|r=| fllx + ClIDallk, [IV fllk-1
< ClDallk, IV fllk-1,
where |af = k, where k; = max(k — 1, s9), and where so = (%] + 1. And we used
the facts that ||f|lx < C(|fllo + [V fllk=1), and ||fllo0 < C||Vf|lo, by Poincaré’s
inequality.

Finally, by adding the above estimates over all 0 < |a| < r, we obtain the
estimate | P(aV f)|» < C||Dallr—1||V fllr-1- O

Lemma 4.3. Given v in C([0,T], H°) N L>=([0,T],H"), and f in C([0,T], H°) N
Le>=([0,T),H"), with r > % +3, forxeQ, Q=TN, 0<t<T, there is a unique,
classical solution u € C([0,T],C3) N L>([0,T], H") of

Du/Dt = f,
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with u(x,0) = ug(x) € H", where D/Dt = 9/0t + v-V. Moreover, u satisfies the

estimate |ul2 < e*® (||uo||2 + J C||f||$d7>, where a(t) = [1 C(1 + | DV||,_1)dr

and C depends on r.

The proof of the above lemma is standard; see, for example, [5].

Lemma 4.4. Given a in C([0,T], H°) N L>°([0,T], H") and f in C([0,T], H) N

L>([0,T),H"~1), where r > % +3, a(x,t) > c1, withcy >0 forx € Q, Q =TV,

0 <t<T, there is a classical solution p € C([0,T], H°) N L*°([0,T], H™*?) of
cA*p —V - (aVp) =V -f (4.1)

Here, c is a positive constant. And p satisfies the estimate

1961212 < € (18012 + 1V l2) < €1+ 3 1DalL, |82, < I,
j=1
Proof. The operator in is linear with a(x,t) > ¢;, where ¢; > 0 for x € Q,
Q= TV, and cis a positive constant, and the compatibility condition fQ V-fdx =0
is satisfied. The existence of a solution p follows from the standard theory for elliptic
equations, specifically, the Lax-Milgram Lemma (see, for example, [6]). The a priori
estimate follows from Lemma O

Now we prove the existence of a solution to (3.1)), (3.2).

Lemma 4.5. Given v in C([0,T],H°) N L>([0,T],H") and a in C([0,T], H®) N
L>([0,T),H"), and given v > & +3, a(x,t) > ¢1, with ¢; > 0 forx € Q, Q =TV,
0<t<T, there exists a classical solution p, w of

Dw

V-w=0, (4.3)
w(x,0) =wo(x), V- wo=0, (4.4)

with w € C([0,T],C3) N L>([0,T], H"), and p € C([0,T],C%) N L*([0,T], H"+2).
Here, ¢ is a positive constant, and D/Dt = 3/0t +v-V, and V - v = 0.

Proof. First, we reduce the equations to an equivalent system by employing the
projections P and Q = I — P, where P is the orthogonal projection of L? onto the
solenoidal vector field and @ is the orthogonal projection of L? onto the gradient
field. Applying the operator P to , and using the fact that Pw = w, we obtain
the equation

DD—‘: =J:=Q(v-VPw)— P(aVp). (4.5)
Applying the operator @ to , we obtain the equation
Q(v-VPw+aVp—cVAp)=0. (4.6)
This equation is equivalent to the equation
Q(Q(v-VPw)+aVp—cVAp) =0. (4.7
From the definition of @), we observe that equation is equivalent to
cA?p —V - (aVp) =V -Q(v-VPw). (4.8)

With the given initial data (4.4), the two systems of equations (4.2), (4.3)), and
(4.5), (4.8) are equivalent. (The proof is standard; see, for example, [5]).
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Next, we construct the solution of the system (4.5)), using the method of
successive approximation as follows: Set w® = w(x) and set p° to be the initial
iterate from Theorem For k =0,1,2,... define wF*!, pF*1 as the solution of
the equations

Dwarl
Dt
AP =V - (aVpM) = V- Q(v - V(PwRTY)), (4.10)

= Jk, (4.9)

where J¥ = Q(v-VPw*) — P(aVpF). And wkl(x,0) = wo € H", with V-wq = 0.

The first step is to solve for wktl, By Lemma and by the induc-
tion hypothesis we have Q(v - VPw*) € C([0,7],H°) n L>([0,T], H"). Fur-
thermore, from Lemma and the induction hypothesis we have P(aVpF) €
C([0,T),H%) N L*([0,T], H"). Therefore, the existence of a solution wk*! &
C([0,T],H®) N L>([0,T],H") to follows from Lemma [4.3]

The next step is, given the solution w**! just obtained, to solve for pk+t.
From Lemmawe have Q(v - V(Pw**1)) € C([0,T], H®) N L>([0,T], H"), and
therefore it follows from Lemma that there is a solution p**1 € C([0,T], H®) N
L>=([0,T], H™*2) to ([4.10). And since p*T! is unique up to an arbitrary function
of t, we specify that p*+1(xqg,t) = p¥(xo,t) for all k£ > 0, at the single fixed point
Xp € Q> S0 pk+1(x07t) - po(x()at)'

Next, we derive estimates for ||p
Bk and wht

kL ok, 1o and ||[wFH—wF ||, 7. We see that

0 —w" solve the system of equations

D(wktl — wk)
Dt
A2 ) T @V h) = Qv V(P(wWE —wh)),  (4.12)

=Jk - gkt (4.11)

where J*¥ — JF~1 = Q(v - VP(wF — wk=1)) —P(aV(p* — p*~1)). Initially we have
(whtl —w¥)(0) = 0. First, we derive the estimate for |[w**1 —w*|,. . From (4.11)
and from Lemmas [1.1] [£:2] and [£:3] we obtain the estimate

t
lw" = w7 < Ce”‘(”/o IQ(v-VP(w" =W D)2+ [ P(aV(p" — p*~1))|dr

t
<c / [wh — w2 4 V(b — Y2 dr
0

(4.13)
Here a(t) = C fg(l—l—||DvH,,,1)dT7 C depends on r, and Cy depends on , ||v||,,r and
lla|lr. Next, from (4.12)), and from Lemmas and we obtain the estimate

IV ("t = PM)IIE4s < O+ D IDalFLL]1Q(v - V(P(WH —w )2,

j=1
< Gol|wh = wh? (4.14)

t
<0 / ([w* — wr=12 + [V (0" — D)2, dr
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where Cy and C3 depend on r, ||al,r, and ||v|l, . Here, we used the estimate
(4.13) in the last step. From Lemma and (4.14)), we have the estimate

1P+ = pMII5 < CIV (™ = o)

< Cuflwh Tt — w2

t (4.15)
< / (IW* = wWh= 12 4+ [V (o — P 1) 2,) dr

where Cy and Cs depend on r, ||al|, 7, and ||v||,.r, and where p*+1(xo,t) = p¥(x0,t)
for all k > 0, at the single fixed point x¢ € 2. Adding the estimates (4.13), (4.14]),
(4.15), we obtain

t
5 & & k k k— k k—
Iw* = W+ (1o~ p ||%+2§06/0 (Iw" = whH 2 4 1t = o2y ) dr

(4.16)
where Cg depends on r, ||v, 1, ||a|rr. Repeated application of (4.16]) yields
(CeT)"
It = w2 4 1105 = oMo < = (W = w02 + o' = 2l s2r)
from which it follows that
(o)
Do (WA = w2+ 8 = 2 ) < o0
k=1

k+1 k+1

Hence, [[w*t! —w"[|2, — 0 as k — oo and [[pF*! — pF|2,, — 0 as k — oc.
Therefore, we deduce that there exist w € C([0,T], H°) N L>°([0,T], H") such that
wF — w as k — oo strongly in C([0,T], H°)N L>([0,T], H"), and there exists
p € C([0,T],H°) n L*([0,T], H™*2) such that p* — p as k — oo strongly in
C([0,T), H®) N L>=([0,T], H™*2). The fact that w and p is a solution to the system
of equations , follows by a standard argument. And therefore w, p is a

solution to the equivalent system (4.2, (4.3)). O
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