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A REMARK ON GROUND STATE SOLUTIONS FOR
LANE-EMDEN-FOWLER EQUATIONS WITH
A CONVECTION TERM

HONGTAO XUE, ZHIJUN ZHANG

ABSTRACT. Via a sub-supersolution method and a perturbation argument, we
study the Lane-Emden-Fowler equation

—Au = p(x)[g(u) + f(u) + [Vul?]
in RN (N > 3), where 0 < g < 1, p is a positive weight such that fooo ro(r)dr <
oo, where ¢(r) = max|,|—, p(z), 7 > 0. Under the hypotheses that both g and

f are sublinear, which include no monotonicity on the functions g(u), f(u),
g(u)/u and f(u)/u, we show the existence of ground state solutions.

1. INTRODUCTION

This paper concerns the Lane-Emden-Fowler type problem
—Au = p(z)[g(u) + f(u) + |Vul|?], inRY,
u>0, inRY, (1.1)
u(z) = 0, as|z| — oo,

where N >3, 0 < ¢ < 1, and p: RV — (0,+0c0) is a locally Hélder continuous
function of exponent 0 < a < 1 satisfying

/Oo re(r)dr < oo, (1.2)
0

where ¢(r) = max|—, p(z), r > 0. We also assume that g satisfies

(Gl) g€ Cl((ov OO), (Oa OO)),

(G2) lim,_, o+ % = +00;

(G3) lim, o 42 =0,
and f : [0,00) — [0,00) is a locally Hélder continuous function of exponent 0 <
a < 1 satisfying

(F1) tim,g: £ — oo

(F2) lim, o £ =0,
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The Lane-Emden-Fowler equation arises in the study of gaseous dynamics in
astrophysics, fluid mechanics, relativistic mechanics, nuclear physics and chemical
reaction systems. By far, it has been studied by many authors using various meth-
ods. But we note that in most works, monotonicity is necessary to some extent.

With regard to semilinear elliptic problems in bounded domains, we refer for
details to [3| @), 1T} 14 15, 2T] and their references. Here, we mention the works
of Ghergu and Radulescu [7], Zhang [I8, [20], where the influence of the convection
term has been emphasized.

Concerning with ground state solutions for elliptic problems, that is, positive
solutions defined in the whole space and decaying to zero at infinity, we refer the
reader to the works of Cirstea and Radulescu [2], Dinu [5, 6], Goncalves and Santos
[10], Sun and Li [16], Ye and Zhou [I7], Zhang [19]. We mention here the work of
Zhang [22]. In [22], it showed that if g satisfies (G1)-(G3) and condition (L.2)), then
the following boundary value problem

—Au = p(x)g(u), inRY,
u>0, inRY, (1.3)

u(z) — 0, as|z| — oo,

has at least one solution u € CZL*(RY). For problem (L.3)), we see that no mono-
tonicity conditions are imposed on the functions g(u) and g(u)/u . On the other
hand, condition (1.2)) is necessary to prove the existence (see also Lair and Shaker
[13)).

Recently, in Ghergu and Radulescu [8], the same problem (1.1)) is considered,
where g € C1(0,00) is a positive decreasing function such that

I =
Jimg(u) = oo,

and f : [0,00) — [0,00) is a Holder continuous function of exponent 0 < o < 1
which is non-decreasing such that f > 0 on (0, c0) and satisfies (F1)-(F2) and

(F3) the mapping (0,00) 3 u +—> w is non-increasing.

Finally, they showed that in addition to condition , if the above assumptions
are fulfilled, then problem has at least one ground state solution.

In the present paper, we consider the existence of ground state solutions for
problem under more general conditions. Our main result is summarized in
the following theorem.

Theorem 1.1. Assume (G1)-(G3) and (F1)-(F2). Then problem has at
least one solution provided that condition (L.2)) is fulfilled.

Remark 1.2. Some basic examples of the function g satisfying (G1)—(G3) are:
(i) = +uP +sine(u) + 1, where v > 0, p < 1 and ¥ € C?(R);
(i) e/ +uP + costp(u) + 1, where v > 0, p < 1 and 1 € C?(R);
(iii) w7 In" (1 4+ u) + In® (1 + u) + uP + sin(u) + 2 with ¢ € C*(R) , v > 0,
p<1,g2>0andq >0
(iv) u™ + arctan(u) + 7 with ¢ € C?(R) and 7 > 0.

Remark 1.3. Some basic examples of the function f satisfying (F1)—(F2) are:
(i) e1(1+u)~* 4 cou” + c3, where ¢1,¢9,¢3 >0, @ > 0,0 <~y < 1;
(ii) e+ 4o 4 sinep(u) + 1, where 0 < v < 1 and o € C?(R);
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(itl) In?(u+ 1)+ (1 +w)~*, where ¢ > 0, a > 0;
(iv) w? In?(u + 1), where p,q € (0,1) and p+q < 1.

2. PROOF OF THEOREM [L.1]

In this section, we first show the existence of positive solutions for problem (|1.1))
in smooth bounded domains by a sub-supersolution method. Then, via the per-
turbation argument, we prove Theorem First we recall the following auxiliary
results.

Lemma 2.1 ([4, Lemma 3]). Let Q C RY be a smooth bounded domain. Suppose
the boundary-value problem

—Au=p(z)[g(u) + f(u) +|Vul?, u>0,zeQ, uspg =0, (2.1)

has a super-solution u and a sub—soluitz'on w such that u < u in ), then problem
([2.1)) has at least one solution u € C(Q) N C?*(Q) in the ordered interval [u,u].

Lemma 2.2 ([22] Lemma 2.3]). Suppose (G1)-(G3) are satisfied. Then there exists
a function g, such that
(i) o € C*((0,00),(0,00));
(i) 22 <Gy, V s> 0;
(iii) go(s) is non-increasing on (0,00);
(iv) limg_o4 Go(s) = 0o and lim,_. Go(s) = 0.

Note that if g € C((0,0), (0,00)), the function g, still exists in Lemma [2.2]

Lemma 2.3. Let @ C RN be a smooth bounded domain. Assume (G1)-(G3) and
(F1)-(F2) are fulfilled. Then problem has at least one solution u € C(Q) N
C?(Q).

Proof. Let u be a solution of
—Au=p(x)g(u), u>0, €N, ulsgg=0. (2.2)

The existence of u follows from the results in Zhang [22]. Obviously, u is a sub-
solution of . The main point is to find a super-solution @ of such that
u <@ in . Then, by Lemma we deduce that problem has at least one
solution.
Denote o(u) := g(u) + f(u). Then o satisfies
e o€ (C((0,00),(0,00));
o lim,_ o+ = = +o0;
o lim, .. 2% =0.
By Lemma corresponding to o, there exists a function &g satisfying
(i) @o € C'((0,00), (0,00));
(i) # < 7y, for all u > 0;
(iii) @(u) is non-increasing on (0, 00);
(iv) limy—o4 To(uw) = 400 and lim, o To(u) = 0,
such that G(u) := u(Go(u) + 1) satisfying
(C1) G € C((0,00), (0,00));
(G2) % is decreasing on (0, 00);
(G3) lim,_, ¢+ GEL") = o0;
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(G4) lim, o €8 =0,
Then, we consider the problem
—Au=p(@)[Guw) + |Vul?], ©u>0, z€Q, ulgg=0. (2.3)

We claim that this problem has at least one classical solution, which is a super-
solution of (2.1)). Indeed, let h : [0,71] — [0, 00) be such that

—h"(t) = Gz}ég)), 0<t<n<l,
h>0, 0<t<n<l, (2.4)
h(0) = 0.

The existence of h follows from the results in Agarwal and O’Regan [I, Theorem
2.1]. Since h is concave, there exists h'(0+) € (0, 00], namely, h is increasing on
[0, 1] for > 0 small enough. Multiplying by A’(¢) in and integrating on [t, 7],
we combine (G2) and get

G(h(t
(R")2(t) < 2h(n) 2(5))) + (M%), 0<t<n.
Since 57 < s2 4 1, for all s > 0. Combining the above inequality we have

G(h(t))
h(t)

(hit) < C (2.5)

for all 0 <t <n <1 and some C > 0.

Let ¢1 be the normalized positive eigenfunction corresponding to the first eigen-
value A\; of —A in H}(Q). By Hopf’s maximum principle, there exist § > 0 and
w € 2 such that

Vo1l > 9, inQ\w. (2.6)

For the rest of this paper we denote

|$1]0c :=max ¢1(z), |d1]o :=mingy(z),
zeQ rTEW
|p|oo = ma}ip(l')v |v¢1|oo = mag(|V¢1(x)|
zeQ) z€eQ
And we fix ¢ > 0 such that ¢|¢1|ec < 7.
Using the monotonicity of i and A/, it follows that
0 < h(c|p1lo) < h(cg1) < h(n), nw, (2.7)
0 <K(n) <h'(ch1) < h(clgilo), inw.
Let M > 1 be such that
A (Meh! (1) =4 dlo > 2|ploo| Vi L, (2.9)
M0 (e6)* 7 > 2|peo. (2.10)
By (G4), we can choose M > 1 large enough such that
GOMA(elr]o)) _ Meléiloh’(n)
Mh(c|g1lo)  —  2[ploch(n)
Next, we show that @y = Mh(c¢py) is a super-solution of (2.3) provided that M
satisfies (2.9))-(2.11). We have
G(h(c1))

— ATy = AlMchlh/(C(bl) + MCQ‘V(ZSIFW‘

(2.11)
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By (G2), 2.7)-(2.8) and (2.11)), we have

G(Mh(cé1)) < G(Mh(c|o1lo)) < Aicldiloh (n) < Arcpih/ (chr)
Mh(cgr)  —  Mh(clgilo) = 2Iploch(n)  ~ 2p(x)h(cer)’

It follows that

M Mcgih' (cpr) > 2p(x)G(Mh(cgr)), in w. (2.12)
From —, we have
M Mcprh' (cgr) > 2p(x)|Mch/ (cpr)Vr1|? = 2p(z)|Vip|?, in w. (2.13)

Since h(0) = 0, we get

. (¢d)? B
mlirgﬂ (h(c¢1) a 2|p|°°) = o0,
namely,
) 2
h((ccdzl) > 2ploc > 2p(z), in )\ w. (2.14)
From (2.6), (G2) and , we have
2 2 G(h(co1)) 252 G(Mh(c¢r)) .
2.15
From (2.5)-(2.6) and (2.10)), we have
M02|V¢1|2M > 2p(z)|Mch' (c1)Voi|? = 2p(z)|Vigl?, in Q\w. (2.16)

h(cé1)
From (2.12)-(2.13)) and (2.15)-(2.16]), we deduce that

—Auy > p(2)|G(w) + [Vue|!], in €,

namely, Ty = Mh(c¢y) is a super-solution of ((2.3)).
On the other hand, the unique solution u, of the boundary-value problem

—Auy =p()G(ug), uy >0, €, yyloa =0,

is a sub-solution of problem (2.3). Here the existence of u, follows from the results
in Goncalves and Santos [10].
Next, we prove that

Assume the contrary; i.e., there exists zy €  such that @g(xg) < ug(zp). Then,
sup,cq (In(ug(z)) — In(ap(x))) exists and is positive in Q. At the point, we have
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By (G2), we see that

A (In(yg(20)) — In(ao(z0)))
_ Aug(zg)  Atg(x) Vg (wo)[? n |Vio (o) [*

ug(zo)  Uo(wo)  (uo(w0))*  (Uo(wo))?
_ Ayo(l'o) B Aﬁo(l‘o)
ug (o) tio (7o)

G(uo(r0))  Glug(wo))y . [Vio(xo)|?
Z p(x0)<[ ’ELQ({E()) go(.’to) + ’L_Lo(xo) ) = 0,

which is a contradiction. Therefore, wy > u, in 2. Then by Lemma problem
(2.3) has at least one classical solution denoted by %, which is a super-solution of

problem ((2.1)).

Finally, we show that u < @ in €. Assume the contrary, i.e., there exists z; € Q)
such that @(z1) < u(z1). Then, sup,cq (In(u(x)) — In(a(z))) exists and is positive
in Q. At the point, we have

V (In(u(z1)) — In(a(z1))) =0 and A (In(u(z1)) — In(a(x))) < 0.
Since 7 is non-increasing on (0, 00), we have

g(u(z1)) + f(ufz1))

Go(u(z1)) > oo(u(ry)) > u(z1)

Then we obtain

u(71) u(zy
(a(z1))  glu(z1)), | |Va(z)]?
—p(xl)([ u(xy) u(xy) ] a(z1) )
B _ _ gu(z)) 1 |Va(z)|
= ple1)([Fo(ale1)) AR Ry ) >0,

which is a contradiction. Therefore, w > u in . By Lemma the proof is
complete. 0

Lemma 2.4. Assume condition (1.2)) is fulfilled. Then there is a function w such
that

—Aw > p(x)[g(w) + f(w) + |[Vw|?], w>0, z€RY,

w(z) =0, as|z| — oco.

(2.17)

Proof. Denote
U(r) = rlfN/ tN=ot)dt, Vr > 0.
0
By condition (1.2]) and the L’Hopital’s rule, we have lim, o ¥(r) = lim, o, U(r) =
0. Thus, ¥ is bounded on (0,00) and it can be extended in the origin by taking
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¥(0) = 0. On the other hand, by integration by parts and the L’Hopital’s rule (see
details in []]) , we get
(oo} T 1 oo
/ U(r)dr = lim U(t)dt = 7/ ro(r)dr < oo.
0 N-2]J,

T—00 0

Let & > 2 be such that

pte > 2m>a(>)< W(r). (2.18)

Define
p(x) = ﬂ/ U(t)dt, forx € RN,
|

x|

Then p is bounded and satisfies
—Ap = pp(|z)), p>0, z€RY,
plx) =0, as|z| — co.

We claim that there are R > 0 and a function w € C?(RY) such that

1@ g
= = ————dt. 2.19
o) =% | s (2.19)
Indeed, since
I et r
lim ———— = lim ——— =
THHJPOO T THHJPOO G(r)+1 too,

we notice first for some R > 0

10| <1/Rt dt
Ple =R |, G117

and in particular

w(z) < R, x € RV, (2.20)
From we have
Glw)+1 Gw)+1
vl = R0 = (e L

and combining with (G2), we get

1 w 1 d w 9
_—— _— _— = A
Rew) 1" Raw (G(w)—i—l)vw P
ie.,
G(w)+1
—Aw > pRp(jal) ST
Then from (2.18), and (G2), we obtain
G(w)+1
~aw > pRp(f) Y
G(w) + w (w)+1
>
Rp(a) Ty () E)
(w)+1 p
2 p(@)(G(w) + 1) + p(a) uR——"—¥(|z])|
= p(2)(G(w) +1) + p(z)[Vw|?
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Hence,
—Aw > p(2)[G(w) + 1+ |Vw|?], w >0, z € RY,
w(z) — 0, as  |z| — oo.
Since G(w) > g(w) + f(w) on (0,400), it follows that w satisfies (2.17). The proof

is complete. (I

Proof of Theorem[1.1 Consider the perturbed problem
—Aup, = p(x)[g(un) + flun) + |[Vupl?, wun >0, 2 € By, uplop, =0, (2.21)
where B,, := {z € RY;|z| < n}, n = 1,2,3,.... It follows by Lemma that
problem has at least one solution u,, € C?(B,) N C(B,). Put
up(xz) =0, V|z|>n.
Let w be as in Lemma [2.4] with the same proof above, we deduce that
un(z) <w(z), r € RN, n=1,2,3,.... (2.22)
Now, we need to estimate {u,, }. For any bounded C?*®-smooth domain ' C R,
take ; and Qy with C?**-smooth boundaries, and K large enough, such that
QccccQcc B, n>K.
Note that
un(x) > u(x) >0, V&€ Bg,, (2.23)
where By, is the substitution for 2 in the proof of Lemma Let

V() = p(@)[g(un) + f(un) + [Vun|?], @ € B,.

Since —Auy,(z) = ¥, (z), x € Bg,, by the interior estimate theorem of Ladyzen-
skaja and Ural’tseva [12, Theorem 3.1, p. 266], we get a positive constant C
independent of n such that

max |Vuy(z)| < C; max u,(z) < Cp max w(x), V€ Bg,,

€N z€BK, T€BK,
ie., |Vup(z)| is uniformly bounded on Q. It follows that {¥,}3 is uniformly
bounded on Q5 and hence ¥,, € LP(Qy) for any p > 1. Since —Au,(z) = ¥, (x), x €
s, we see by [9, Theorem 9.11], that there exists a positive constant C independent
of n such that

lunllwzr@y) < C2 ([Wnllrs) + lunllLr@s) » ¥V 1> Ki.

Taking p > N such that a < 1 — N/p and applying Sobolev’s embedding inequal-
ity, we see that {[|un||ci+a(e,)}%, is uniformly bounded. Therefore ¥,, € C*(()
and {[|¥y[|ca(q,)}%, is uniformly bounded. It follows by Schauder’s interior esti-
mate theorem (see [9, Chapter 1, p. 2]) that there exists a positive constant Cj
independent of n such that

[unllozta@y < Cs ([¥nllcagay + lunlle@,) ¥ = Ki;

Le., {[[unllc2+a(@y}%, is uniformly bounded. Using Ascoli-Arzela’s theorem and
the diagonal sequential process, we see that {un}‘;{"1 has a subsequence that con-
verges uniformly in the C?(Q) norm to a function u € C?(£)’) and u satisfies

—Au=p(@)[g(u) + f(u) +|Vul], 2.
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By ([2.23]), we obtain that

u>0, Vrel.

Applying Schauder’s regularity theorem we see that u € C?**(Q)'). Since Q' is
arbitrary, we also see that u € CEL*(RY). Tt follows by (2.22) that limy oo u(z) =

O
0. Thus, a standard bootstrap argument shows that u is a classical solution to
problem (1.1]). The proof is complete. O

At last, it is worth pointing out that Ye and Zhou [I7] proved that in many
situations condition (|1.2)) can be replaced by the following more general condition

(P1) —Awu = p(z) has a bounded ground state solution.

Obviously, condition (1.2)) implies (P1) (see [17] for details about comparison be-
tween condition ([1.2)) and (P1)). Therefore, we have an unsolved problem as follows.

Remark 2.5. We note that the existence of ground state solutions for problem
(1.1) is left an open problem if p satisfies condition (P1) instead of (|1.2)).
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