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ALMOST AUTOMORPHIC FUNCTIONS WITH VALUES IN
p-FRECHET SPACES

CIPRIAN G. GAL, SORIN G. GAL, GASTON M. N'GUEREKATA

ABSTRACT. In this paper we develop a theory of almost automorphic functions
with values in p-Fréchet spaces, 0 < p < 1, including the [P, LP spaces and
the Hardy space HP. Although the p-norm for 0 < p < 1 does not have all
the properties of an usual norm, the majority of main properties of almost
automorphic functions with values in Banach spaces are extended to this case.
Applications to semigroups of linear operators and to dynamical systems in
p-Fréchet spaces are given.

1. INTRODUCTION

Harald Bohr’s interest in functions that could be represented by a Dirichlet
series led him to devise a theory of almost periodic real (and complex) functions,
founding this theory between the years 1923 and 1926. Such functions have the form
> ane~** where a,, z € C and (\,)nen is a monotone increasing sequence of
real numbers (series which play an important role in complex analysis and analytic
number theory).

The theory of almost periodic functions was strongly extended to abstract spaces;
see for example the monographs [10, 24, 25] (for Banach space valued functions),
and the works [8] 24], 26] (for Fréchet space valued functions). Also, in the recent
paper [3] (see also Chapter 3 in the book [25]), the theory of real-valued almost
periodic functions has been extended to the case of fuzzy-number-valued functions.

The concept of almost automorphy is a generalization of almost periodicity.
It has been introduced in the literature by Bochner in relation to some aspects
of differential geometry [4, Bl [6, [7]. Important contributions to the theory of
almost automorphic functions have been obtained, for example, in the papers
22, 29, B0, B1l B2, B3, B4], in the books [24] 25, B3] (concerning almost auto-
morphic functions with values in Banach spaces), and in [28] (concerning almost
automorphy on groups). Also, the theory of almost automorphic functions with
values in fuzzy-number-type spaces was developed in [15], [19] (see also Chapter 4 in
[25]). Recently, in [I6], we developed the theory of almost automorphic functions
with values in a locally convex space (Fréchet space). In [9], the theory of almost
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automorphic and asymptotically almost automorphic semigroups of linear opera-
tors on Banach spaces is studied, while in our very recent article [I7], we extended
the theory from [9] to complete metrizable locally convex (Fréchet) spaces.

The purpose of this paper is to extend the main properties of almost automorphic
functions with values in Banach spaces, to the class of almost automorphic functions
with values in other important abstract spaces in functional analysis, namely the
p-Fréchet spaces, 0 < p < 1, which are non-locally convex spaces. The paper is
organized as follows. In Section 2, we recall some known facts about Frechet spaces,
while in Section 3, we develop a theory of almost automorphic functions with values
in a p-Fréchet space, 0 < p < 1. The main results are given in Section 4. Finally,
in Section 5, we present some applications to dynamical systems and semigroups of
linear operators in p-Fréchet spaces.

2. PRELIMINARIES

It is well known that an F-space (X,+,, | - [|) is a linear space (over the field
K =Ror K = C) such that ||z +y[| < |lz[| + [|y[| for all z,y € X, ||z = 0 if and
only if z = 0, ||[Az] < ||z, for all scalars A with |A\| < 1,z € X, and with respect
to the metric D(x,y) = ||z — y||, X is a complete metric space (see e.g. [12 p.
52], cf. [23] also). Obviously that D is invariant under translations. In addition, if
there exists 0 < p < 1 with || Az|| = [AP||z||, for all A € K,z € X, then || - || will be
called a p-norm and X will be called p-Fréchet space. (This is only a slight abuse
of terminology. Note that in [I], these spaces are called p-Banach spaces). In this
case, it is immediate that D(Ax, \y) = [A\|PD(x,y), for all z,y € X and A € K.

It is known that the F-spaces are not necessarily locally convex spaces. Three
classical examples of p-Fréchet spaces, non-locally convex, are the Hardy space H?
with 0 < p < 1 that consists in the class of all analytic functions f : D — C,
D = {z € C;|z| < 1} with the property

1 2 )
7l = Esup{/ |f(re')|Pdt, r € [0,1)} < 400, (2.1)
0
the [P space
P ={x = (@n)ni ] = D en]” < o0} (2.2)
n=1

for 0 < p < 1, and the LP[0,1] space, 0 < p < 1, given by

1
L7 = 700,1) = {f : [0,1] — Rs | ]| = / FOPdt < 0.} (2.3)

More generally, we may consider LP (2, X, 1),0 < p < 1, based on a general mea-
sure space (2, X, 1), with the p-norm given by ||f|| = fQ |f|Pdp. Some important
characteristics of the F-spaces are given by the following remarks.

Remarks. (1) Three fundamental results in Functional Analysis hold in F-spaces.
They are the Principle of Uniform Boundedness (see e.g. [12 p. 52]), the Open
Mapping Theorem and the Closed Graph Theorem (see e.g. [23, p. 9-10]). On
the other hand, the Hahn-Banach Theorem fails in non-locally convex F-spaces.
More precisely, if in an F-space, the Hahn-Banach theorem holds, then that space
is necessarily locally convex space (see e.g. [4, Chapter 4]).

(2) If (X,+,-,] - ||) is a p-Fréchet space over the field K , 0 < p < 1, then its
dual X™* is defined as the class of all linear functionals h : X — K which satisfy
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[A(x)| < [[[B]l] - [|]|"/7, for all 2 € X, where [[[A]]| = sup{|h(z)]; [|z] < 1} (see e.g.
[T, pp. 4-5]). Note that ||| - ||| is in fact a norm on X*.

For 0 < p < 1, while (LP)* = 0, we have that (I?)* is isometric to [°°- the Banach
space of all bounded sequences (see e.g. [23, p. 20-21]), therefore ({?)* becomes a
Banach space. Also, if ¢ € (HP)*, then there exists a unique g which is analytic on
D and continuous on the closure of D, such that

2

o) = tim [ flret)gle ),

2’/T r—1 0

for all f € HP (see e.g. [I3l Theorem 7.5]). Moreover, (HP)* becomes a Banach
space with respect to the usual norm |[||¢||| = sup{|o(f)|; || f]] < 1} (cf. e.g. [13]).
In both cases of I and HP, 0 < p < 1, their dual spaces separate the points of
corresponding spaces.

(3) The spaces [P and H?, 0 < p < 1, have Schauder bases (see e.g. [13 p. 20]
for I? and [23| 27] for HP). It is also worth to note that according to [14], every
linear isometry 7" of H? onto itself has the form

T(f)(z) = ald' ()7 f(6(2)),

where « is some complex number of modulus one and ¢ is some conformal mapping
of the unit disc onto itself.

3. BASIC DEFINITIONS AND PROPERTIES

In this section, we develop a theory of almost automorphic functions with values
in a p-Fréchet space, 0 < p < 1, denoted by (X, +,-,| - ||). In the previous section,
we pointed out that the metric D(x,y) = ||z —y|| is invariant under translations and
satisfies D(cx, cy) = |c|PD(x,y). In addition, D has the following simple properties.
Theorem 3.1. (i) D(ex,cy) < D(z,y) for|c| <1;

(ii) D(z 4 u,y +v) < D(x,y) + D(u, v);

(iil) D(kx,ky) < D(rz,ry) if k,r e R,0 <k <r;
(iv) D(kz,ky) < kD(z,y), for all k > 1;

(v) D(

c,cy) < (le[ +1)D(z,y), Ve € R.
Proof. Property (i) and (iii) are obvious. (ii) We have
D(z+u,y+v)=D(@+ (u—v)+v,y+v)

(iv) Since 0 < p < 1, we have D(kz, ky) = |k|’D(z,y) < kD(x,y), for all k > 1.
(v) If || < 1 then D(cz, cy) = |e[PD(x,y) < (Je| +1)D(z,y). If |¢| > 1 then we get
) <

D(cx, cy) = |e["D(z,y) < |c|D(z,y) < (le[+ 1)D(z,y),

which proves the theorem. O

Now, we start with the following Bochner-kind definition.
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Definition 3.2. We say that a continuous function f : R — X, is almost automor-
phic, if every sequence of real numbers (r,), contains a subsequence (sy),, such
that for each t € R, there exists g(t) € X with the property

Jm lg(t) = fE+sa)ll = lim lg(t = sa) = f(B)] =0.

Note that the above convergence on R is pointwise. Equivalently, in terms of the
metric D, we can write

Jm D(g(t), f(t+sq)) = lim D(g(t —sn). f(t)) = 0.

Remark. The almost automorphy in Definition is a more general concept than
almost periodicity in p-Fréchet spaces, 0 < p < 1, defined in [20]. Indeed, by the
Bochner’s criterion (see [20, Theorem 3.7]), a function with values in a p-Fréchet
space is almost periodic if and only if for every sequence of real numbers (r,);,
there exists a subsequence (s, ), such that the sequence (f(t + s,)), converges
uniformly with respect to ¢ € R, in the metric D. Obviously this is a stronger
condition than the pointwise convergence in Definition

Example. The function f, : R — X defined by f.(t) = xcosm, for
a given x € X, is almost automorphic but not almost periodic, since it is not
uniformly continuous on R.

The following elementary properties hold.

Theorem 3.3. Let (X,+,-,| -||) be a p-Fréchet space, 0 < p < 1 and D(x,y) =
lz—=yll. If f, f1, f2 : R — X are almost automorphic functions then we have:

(i) f1+ f2 is almost automorphic;
(ii) cf is almost automorphic for every scalar ¢ € R;
(iii) fa(t) = f(t+ a),Vt € R is almost automorphic for each fixed a € R;
(iv) We have sup{||f(t)||;t € R} < +o00 and sup{||g(t)||;t € R} < 400, where g
is the function attached to f in Definition [3.5;
(v) The range Ry = {f(t);t € R} is relatively compact in the complete metric
space (X, D);
(vi) The function h defined by h(t) = f(—t),t € R is almost automorphic;
(vii) If f(t) = Ox for all t > a for some real number a, then f(t) = 0x for all
t e Ry
(viii) IfA: X — Y is continuous, whereY is another q -Fréchet space, 0 < g < 1,
then A(f) : R —Y also is almost automorphic.

(ix) Let hy, : R — X,n € N be a sequence of almost automorphic functions
such that h,(t) — h(t) when n — +oo, uniformly in t € R with respect to
the p-norm || - || (that is with respect to the metric D). Then h is almost
automorphic.

Proof. Property (i) is immediate from
D(u+v,w+e) < D(u,w) + D(v,e), Vu,v,w,e€ X

and from Definition 3.2

(ii) Tt follows easily from the property D(c - u,c-v) < (|e| + 1)D(u,v), for all
u,v € X, for all ¢ € R (see Theorem (v)) and from Definition

(iii) The proof is immediate by Definition

(iv) Let us suppose that sup{|| f(¢)||;t € R} = 4+o00. Then there exists a sequence
of real numbers (ry,), such that || f(r,)| — 400, when n — 4o00. Since f is almost



EJDE-2008/21 ALMOST AUTOMORPHIC FUNCTIONS 5

automorphic, by Definition for t = 0, we can extract a subsequence (s,), of
(rn)n such that lim, 4 ||g(0) — f(sn)|| = 0, where g(0) € X. It follows that

1f (sn)ll < [1.f(50) — gO) + [lg(O)]],

where, by passing to the limit as n — oo, we obtain the contradiction +oco < ||g(0)]|.
The proof for g is similar, by taking into account the relation lim,,, 4 ||g(—sn) —
f(0)]| = 0, in Definition for t = 0.

(v) Let (f(ry))n be an arbitrary sequence in X. From Definition [3.2] there exists
a subsequence (8y)y of (1), such that lim, . D(g(0), f(sn)) =0, i.e. (f(sn))n
is a convergent subsequence of (f(r,)), in the complete metric space (X, D), which
proves that Ry is relatively compact in (X, D).

(vi) The proof of (vi) is similar to the proof of [24, Theorem 2.1.4]. The proof
of (vii) is identical to the proof of [24] Theorem 2.1.8]. Property (viii) is again an
immediate consequence of Definition [3.2] and of the continuity of A. We leave the
details to the reader. Finally, the proof (ix) is identical to the proof of [24, Theorem
2.1.10], by using the fact that (X, D) is complete metric space and the triangle’s
inequality holds with D as a metric. The theorem is proved. O

Let us recall now that for f : R — X, the derivative of f at x € R denoted by
f'(z) € X, is defined by the relation

: oy JSeth)—fz)
tim d( (), TR =)
Also, the integral can be defined in usual way, by using Riemann sums or, by using
approximation by step functions (cf. [I8]). Unfortunately, because the Leibniz-
Newton formula does not hold for functions with values in p-Fré chet spaces X
with 0 < p < 1 (cf. [I8]), the classical results concerning the almost automorphy
of the derivative and of the (indefinite) integral of an almost automorphic func-
tion do not seem to be valid, because the Leibniz-Newton formula seems to be the
fundamental tool for the proofs. On the other hand, when studying almost auto-
morphic functions, the following concepts and results can still be useful. We will
follow here the ideas in [24] Section 2.2]. In general, the results that we proved in
[24], in the case of Banach spaces remain the same for the case of p-Fréchet spaces,
with 0 < p < 1, except for those results that are proved through the use of the
Leibniz-Newton formula.

Definition 3.4. Let (X,+,-,]| - ||) be a p-Fréchet space, 0 < p < 1 and D(z,y) =
|z — y||. A continuous function f : R x X — X is said to be almost automorphic
in ¢t € R for each x € X, if for every sequence of real numbers (r,),, there exists a
subsequence (s;,), such that for all ¢ € R and z € X, there exists g(t,x) with the
property

T [+ s02) — gl )| = Tm[lg(t — su,) — £t )] = 0.
The following simple properties hold.

Theorem 3.5. Let (X,+,-,| -||) be a p-Fréchet space, 0 < p < 1 and D(x,y) =

[z =yl
(i) If f1,f2 : Rx X — X are almost automorphic in t for each x € X, then
f1+ f2 and ¢ f1, where ¢ € R are also almost automorphic in t for each

reX.
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(ii) If f(t,x) is almost automorphic in t for each x € X then for allx € X, we
have sup{||f(t,2)|;t € R} < 4o00. Also, for the corresponding function g
in Definition[3.9 we have sup{||g(t,z)||;t € R} < +oc.

(iii) If f(t,x) is almost automorphic in t for each x € X and if ||f(t,z) —
ft, 9l < L||lz—y|,Vz,y € X andt € R, where L is independent of x,y and
t, then for the corresponding g in Definition[3.9 we have || g(t, z)—g(t, y)|| <
Lz —yl|, for all z,y € X and t € R.

(iv) Let f(t,z) be almost automorphic in t for each x € X and ¢ : R — X be
almost automorphic. If || f(¢t,z) — f(t,v)|| < Ll —y|,Vz,y € X andt € R,
where L is independent of x,y and t then the function F : R — X defined
by F(t) = f(t,(t)) is almost automorphic.

Proof. The proof of (i) is similar to that of Theorem (3.3} (i), (ii). The proof of
(ii) is similar to the proof of Theorem [3.3| (iv). The proofs of (iii) and (iv) are
analogous to the proofs of [24, Theorems 2.2.5 and 2.2.6]. We note that in these
proofs, only the triangle inequality of the p-norm was used. O

Analogous to the case of Banach spaces (see e.g. [24, p. 37], the concept in
Definition [3.2] can be generalized as follows.

Definition 3.6. Let (X,+,-, || - ||) be a p-Fréchet space, 0 < p < 1. A continuous
function f: Ry — X is said to be asymptotically almost automorphic if it admits
the decomposition f(t) = g(t) + h(t),t € Ry, where g : R — X is almost automor-
phic and h : Ry — X is a continuous function with lim; ... ||h(¢)|| = 0. Here g
and h are called the principal and the corrective terms of f, respectively.

Remark. Every almost automorphic function restricted to Ry is asymptotically
almost automorphic, by taking h(t) = Ox, for all t € R.
Regarding this new concept, the following results hold.

Theorem 3.7. Let (X, +,-, || ||) be a p-Fréchet space, 0 < p < 1, and let f, f1, fo :
R+ — X be asymptotically almost automorphic. Then we have:

(i) fi+ f2 and ¢+ f,c € R are asymptotically almost automorphic;

(ii) For fized a € Ry, the function f.(t) = f(t + a) is asymptotically almost
automorphic;

(iii) We have sup{||f(t)|;t € R4} < +o0.

(iv) Let (X,+,-,||-][1) be a p-Fréchet space (Y,+, -, ||-||2) be a q-Fréchet space and
f Ry — X be an asymptotically almost automorphic function, f = g+ h.
Let ¢ : X — Y be continuous and assume there is a compact set B in (X, D)
with D(x,y) = ||z — y||1, which contains the closures of {f(t);t € Ry} and
{g(t);t e Ry}. Then ¢pof : Ry — Y is asymptotically almost automorphic;

(v) The decomposition of an asymptotically almost automorphic function is
unique.

Proof. (i) Let ¢ € R, f1 = g1+h1, fo = g2+ha, f = g+h, where the decompositions
are like those in Definition We clearly have f1 + fo = [g1 + g2] + [h1 + h2] and
¢ f=c-g+c-h. By Theorem [3.3] (i), (ii), it follows that g; + go,c- g are almost
automorphic. Also, from the properties of the p-norm || - ||, we get

Jim [ (6) + ha(0)] < lim_[[B(0)] + T [[ha(5)] =0,

and
i . —lel? 1 =
Jim e h(t)] = [el” T _[[a()] = 0.
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(ii) Let f = g+h be the decomposition in Definition[3.6f Then f,(t) = g(t+a)+
h(t+ a), where by Theorem 3.3} (iii), g(t + a) is almost automorphic. By Definition
we immediately get lim;_, 1 o ||2(t + a)|| = 0.

(iii) Let now f = g + h be the decomposition in Definition We have

sup{[|f(t)[l;t € Ry} < sup{[lg(t)[;¢ € Ry} + sup{[|h(t)[|;¢ € Ry}

By Theorem (iv), we get sup{|lg(¥)|;t € Ry} < 4o00. Moreover, denoting
Q(t) = ||h(t)]], clearly @ is continuous on [0,+00) (since the property | || F| —
IGIl | < ||F — G| is a consequence of the triangle’s inequality). By hypothesis,
lim;—, oo ||A(¢)|| = 0, which immediately implies that we have

Jim B0 = Jim_Q(t) =0,

Let € > 0 be fixed. There exists § > 0, such that |h(t)|| < e, for all t > §. From the
continuity of @ on [0, 4], there exists M > 0 such that Q(t) < M, for all ¢ € [0, ¢].
In conclusion, 0 < Q(t) < M + ¢,Vt € Ry, which implies the desired conclusion.

(iv) Let f = g + h be the decomposition in Definition By Theorem
(viii), ¢ o g : R — Y is almost automorphic and also by hypothesis, ¢ o f, ¢ 0 g,
are continuous on R;. Denote now I'(t) = ¢(f(¢)) — ¢(g(¢)). Let e > 0. By
the uniform continuity of ¢ on the compact set B , there exists § > 0, such that
lo(z)—p(y)ll2 < €, for all ||z—yl|l1 < 0, z,y € B. On the other hand, by hypothesis,
we have lim;_ ¢ o ||h(¢)||1 = 0, therefore there exists to (depending on § ), such that
1h(@)|l = | f () — g(®)|l1 <9, for all t > to. Then, for ¢ > t; we obtain,

IT@ll2 = [lo(f(#) — dg(D)]l2 <&,

for all ¢ > tp, which means lim; 4 ||T'(¢)|l2 = 0.
(v) Let us suppose now that f has two decompositions f = g1 + hy = g2 + ho.
For all t > 0 we get g1(t) — g2(t) = ha(t) — hy(t), which implies

Jim lg(t) = g2 (8)]| < lim[[ho(8)]| +, lim[[ha (8)]] = 0.

Consider the sequence (n). Since g1 — go is almost automorphic, there exists a
subsequence (ny) such that

i g1 (t+ k) = ga(t + )] = F(8)]| = 0

and
lim [|F(¢t —ng) — [g1(1) — g2(0)]]| = 0,

k—-+oco

with the convergence holding pointwise on R. But

IE@N < [1F() = [91( + 1k) = g2t + n)]ll + g1 (¢ + nk) — g2t + 1)

Passing to the limit as k — 400 and taking the above relations into account,
it follows ||F'(t)|| = 0,Vt € Ry, which implies ¢1(¢) — g2(¢t) = 0,V¢. Therefore,
ha(t) — hy(t) = 0, for all t € Ry, which proves the theorem. O

Remark. Concerning the derivative and indefinite integral of asymptotically al-

most automorphic functions, we have the same negative phenomenon as in the case

of almost automorphic functions (see the Remark after the proof of Theorem [3.3]).
We also have the following result.
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Theorem 3.8. If (X,+,-,]||-||) is a p-Fréchet space with 0 < p < 1, then the space
of almost automorphic X -valued functions AA(X), is a p-Fréchet space with respect
to the p-norm given by ||f|ls = sup{||f(®)|;t € R}, which generates the metric Dy,
on AA(X) defined by Dy(f,9) = |[f — glls-

Proof. First note that the convergence of a sequence (fy,), € AA(X) to f € AA(X)
with respect to Dy, is equivalent to the uniform convergence with respect to ¢t € R,
in the p -norm ||-||p. Now, by Theorem 3.3} (i), (ii), (iv), AA(X) is a linear subspace
of the space of all f: R — X, continuous, bounded (i.e. ||f|lp < +o00) functions,
denoted by Cp(R; X). Since Cy(R; X) is complete metric space with respect to the
metric Dy(f,9) = ||f — glls, by Theorem (ix), AA(X) is closed, which implies
that (AA(X), Dy) is complete metric space. O

We also now introduce a more general concept.

Definition 3.9. Let (X, 4+, || - ||) be a p-Fréchet space with 0 < p < 1, having
the dual space X* # {0}. We say that a weakly continuous function f : R — X,
is weakly almost automorphic, if every sequence of real numbers (r,,),, contains a
subsequence (s, )n, such that for each ¢ € R, there exists g(t) € X with the property

Jm o[f(t+sa)] = @lg(t)] and  lim lg(t —sn)] = o[£ (1)),
for all ¢ € X* (the above convergence on R is pointwise).

Remarks. (1) A function f : R — X is called weakly continuous on R, if we
consider that X is endowed with the weak topology induced by X*. For example,
in the case of X =[P or X = H?, 0 < p < 1, the weak topology is a locally convex
Hausdorff topology (see the considerations above, [20, Definition 3.13]).

(2) The convergence in the p-norm || - ||, obviously implies the weak-convergence,

from the inequality

(@) < Mlelll - [l]1”,
where ¢ € X* and |||¢|l| = sup{|p(x)|;||z|| < 1}. This means that a function
which is almost automorphic in the sense of Definition [3.2] also is weakly almost
automorphic.

(3) If f is weakly almost automorphic, it is immediate that for any ¢ € X*, the
numerical function F' : R — R given by F(z) = ¢[f(x)], for all x € R, is almost
automorphic.

(4) Obviously that Definition has no sense for X = L?, 0 < p < 1, since in
this case X* = {0}, but seems to be suitable for X =? or X = H?, 0 < p < 1,
which have rich dual spaces.

The following properties hold.

Theorem 3.10. Let (X,+,-,|| - ||) be a p-Fréchet space with 0 < p < 1, having
the dual space X* # {0}, and suppose that f1, fa,f : R — X are weakly almost
automorphic.

(i) Then f1+ fo is weakly almost automorphic;
(ii) Then cf is weakly almost automorphic;
(i) If a € R is fized, then f, given by f.(z) = f(z+a), for all z € R, is weakly
almost automorphic;
(iv) Then f_ given by f_(z) = f(—x), for all x € R, is weakly almost automor-
phic;
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(v) If A: X — X is continuous linear operator, that is
[A@)I < ANl - [, for all x € X,

where ||| A]|| = sup{||A(z)[; ||z|]| < 1} < +o0, then F' : R — X given by
F(z) = A[f(2)], is weakly almost automorphic;

(vi) If the range of f is relatively compact in X then f is almost automorphic
in the sense of Definition[3.9 (that is in “strong” sense).

Proof. The proofs for (i)-(v) follow easily from Definition Also, the proof of
(vi) is similar to the proof in the case of Banach spaces. We refer the reader to
the proof of [24] Theorem 2.3.7]. Indeed, in that proof, the only property that
we used was the fact that any sequence belonging to a compact subset contains a

convergent subsequence and that the convergence in the p-norm || - | implies the
weak convergency (see Remark 2 after Definition [3.9)). O

Remark. In the case of Banach space valued functions, if f is weakly automorphic
then sup{||f(¢)|;t € R} < 400 (see e.g. [24, Theorem 2.3.4]. In Banach spaces, the
main tool for the proof is the fact that any weakly convergent sequence is necessarily
bounded in norm. Unfortunately, in the case of p-Fréchet spaces, 0 < p < 1, this
proposition does not hold in general. To see this, take for example the Hardy
space HP, 0 < p < 1. Indeed, there exists weakly convergent sequences which
are unbounded with respect to the p-norm (see [I3] Corollary 2]). Consequently,
it appears that if f : R — X is weakly almost automorphic, then f might be
unbounded with respect to the p-norm.
However, a weaker result hold, as follows.

Theorem 3.11. Let (X,+,-, | -||) be a p-Fréchet space with 0 < p < 1, having the
dual space X* # {0}, and suppose that f : R — X is weakly almost automorphic.

(i) If X =17, 0<p<1, then sup{||f(®)||n : t € R} < oo, where || -||;n denotes
the norm in the Banach space I*, given by ||z||n = > oy |zk|, @ = (Tk)ken;

(ii) If X = HP, 0 < p < 1, then sup{||f(t)|lgr;t € R} < oo, where ||F| pe
denotes the norm in the Banach space BP, defined as the space of all analytic
functions F, in the open unit disk, which satisfy

1
IF|50 = / (1= Y UP20, () F)dr < oo,
0

where .
My, F) = L / F(re®)|db.
2m Jo

Proof. (i) Obviously P C ! and ||z||;p < C||x||%, with C independent of x, where
|| - || denotes the p-norm in X. According to e.g. [23] pp. 20-21, 27-28], the space
I' is the smallest Banach space containing {? with 0 < p < 1, called the envelope of
[P and [I']* = [IP]* = [°°, where [* is the Banach space of all bounded sequences.

In what follows we may argue as in proof of [24, Theorem 2.3.4]. Thus, suppose
by contradiction that sup{||f(t)||;1 : ¢ € R} = 00, so there exists a sequence of real
numbers (s]), with lim,_ | f(s),)|l;n = oo. Since f is weakly almost automor-
phic, we can extract a subsequence (S,,)n of (s},)n, such that for n — oo, we have
o[f(sn)] = ¢(a), for all ¢ € (IP)* = (I')*, with a € [P C I'. In other words, the
sequence (f[sn])n is weakly convergent in the Banach space I, which implies that
it is bounded in the norm in {!, therefore we have obtained the contradiction.
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(ii) According to [13, Sections 3 and 4], B? is a Banach space (with respect to the
norm mentioned in our statement) that is the envelope of HP?, it follows H? C BP,
(HP)* = (BP)* and ||F||gr < C||F||. The rest of proof is identical with that in
(1). O

4. SEMIGROUPS OF OPERATORS ON p-FRECHET SPACES, 0 < p < 1

First let us recall a few notions of semigroups of linear operators in p-Fréchet
spaces, 0 < p < 1, developed in [I§], as extensions of the results for Banach spaces
in [21].

If (X,]-|) is a p-Fréchet space, 0 < p < 1, by repeating the standard techniques
in functional analysis (for the case of usual normed spaces) it follows that a linear
operator A : X — X is continuous (as mapping between two metric spaces) if and
only if [|All| = sup{|| A(a)]; ]| < 1} < +0c and

[A@) [ < [[TAIl- ],

for all z € X. (for details see e.g. [I, Example 2 after Theorem 1]). More generally,
if (X,]-]l1) is a p-Fréchet space and (Y, || - ||2) is a ¢-Fréchet space, with 0 < p < 1,
0 < ¢ < 1, then according to [2, p. 93, Definition 2.2, relationships (1) and (2)],
the boundedness of the linear operator A : X — Y is equivalent to

1 1
IA@)Il5" < ANl l=lh”, = € X,

where y
A(z)]]5?
Al = sup{”H<H{'l§;x € X,2 4 0x}.
Tl

Note that in the case when X =Y (and therefore p = ¢), from [2] p. 93, relation-
ships (1) and (2)], it easily follows that the boundedness becomes as it is stated at
the beginning (i.e. as for classical linear operators between Banach spaces).

If we denote by B(X) the space of all linear and continuous (i.e. bounded)
operators A : X — X, then ||| ]| = sup{| A(z)]]; || < 1} is a pnorm on B(X),
since

[AA[]] = sup{[[AA () [[; [l] < 1} = AP sup{[[A(@)[|; [|=]} < 1} = [A]P[[|A]]-
Also, since X is complete with respect to the metric D(z,y) = ||z — y||, it easily

follows that B(X) is complete with respect to the metric Do (T, S) = |||T — S|,
for all T, S € B(X), i.e. B(X) is a p-Fréchet space.

Definition 4.1 ([I8]). A family (T'(¢));>0 of linear continuous (i.e. bounded)
operators on the p-Fréchet space (X, | - |), 0 < p < 1, satisfying the properties
T(t+s)=T@)[T(s)], for all t,s > 0, T(0) = I (I-the identity operator on X) and
T()(z) : Ry — X is continuous for each z € X, is called a strongly continuous
(one parameter) semigroup on X. If T(t + s) = T(¢)[T'(s)], for all ¢,s € R, then
(T'(t))ter is called group of linear operators on X. Also, (T'(t)); is called uniformly
continuous if T': K — B(X) is continuous, where K =R or K = R,.

An operator A € B(X) is called the (infinitesimal) generator of a strongly con-
tinuous semigroup (T'(t))¢>o, if there exists the limit

lim | T(t)(z) —x
t\.0 t

for some x € X. The domain D(A) of A is the set of all z € X, such that the above
limit exists.

— A@)] =0,
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We can state the following result.

Theorem 4.2 ([18]). Let (X,+,-, |- ||) be a p-Fréchet space where 0 < p < 1, and
A€ B(X). Forz € X andt € R let us define Sy (t)(z) = 37" 7;—ZAJ'(:::),m eN.
It follows that
(i) For each x € X and t € R, the sequence Sy, (t,x),m = 1,2,..., is con-
vergent in X, that is there exists an element in X dented by et (x), such

that
lim e (x) — Sm(t,z)| =0,
m——+o0
. + k
and we write e'*(z) =3, %) L A*(2);

(ii) For any fived t € R, we have e'* € B(X);
(iii) et+9)4 = etesA Vi s € R;
(iv) The limit
tA
lim [|A(z) — ez)—z
t—0+ t
exists for all x € X;
(v) et4 is continuous as function of t € R to B(X) and 4 = 1. Also, T(t) =
et4 is differentiable, %[GtA(fE)] = AletA(z)] and the function ¢4 (x) : R —
X is the unique solution of the Cauchy problem z'(t) = Alz(¢)],t € R,
z(0) = zo.

Theorem shows that T'(t) = e'4,t > 0 is a strongly continuous group of
operators. Also, let us prove the following result.

Theorem 4.3. Let (X,+,-,| -||) be a p-Fréchet space, where 0 < p < 1.

(i) Let (T'(t))ter be a strongly continuous group of bounded linear operators on
X. Assume that the function  : R — X, defined by x(t) = T(t)[xo] is
almost automorphic for some xg € X. Then inficr ||z(t)] > 0, or x(t) =
0,vt € R.

(ii) Let 2 : Ry — X and f : R — X be two continuous functions and T =
(T(t))ter, be a strongly continuous semigroup of bounded linear operators
on X. Suppose that

x(t) = T(¢t)(x(0)) +/0 T(t—s)(f(s))ds,t € Ry.

Then for given t in R and b >a >0, a4+t >0, we have
t

z(t+b)=T({t+a)(z(b—a))+ / T(t—s)(f(s+b))ds.
Proof. (i) Let us suppose that we have inf;cg ||2(¢)|| = 0. Let (s,), be a sequence
of real numbers such that lim, ., ||2[s}]]| = 0. Since, by hypothesis, as function
of ¢, the function z(t) is almost automorphic, by Definition we can extract a
subsequence (s, ) of (s],), such that for all ¢ € R, there exists y(t) € X with the
property

lim |ly(t) —z(t+sn)ll = lm |ly(t —s5) —2()] =0,

n—-+oo

with the above convergence on R being pointwise. Also, we can easily deduce that

2t + sn) = T(t + sn)[xo] = T()(T(sn)[xo]) = T(#)[2(sn)]-
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From the above limits, we obtain
ly@)I < ly() — (4 sn)l| + lz(t + sn)[| <

ly(t) = x(t + sn)ll + [T @O - [lx(sn)l],
thus passing to the limit as n — 400, it follows that ||y(¢)|| = 0, that is, y(¢) = Ox,
for all ¢ € R. This immediately implies z(t) = 0, for all ¢ € R.
(ii) As in the proof of [24, Theorem 2.4.7], we obtain

b—a t+b
x(t+b) =T (t+a) [x(b—a)—/o T(b—a—s)(f(s))ds}—i—/o T(t+b—s)(f(s))ds.

Then from the above relation we get
b—a
2(t+b) + T(t +a) [/ T(b—a— 5)(f(s))d5}
0

t+b
= T(t + a)fz(b—a)] + /0 T(t+b— s)(f(s))ds.

Taking into account that 7' commutes with the integral (since it is linear and
continuous operator), by the property T'(u + v) = T'(u)[T'(v)], YVu,v € Ry and by
the substitution u = s — b, we obtain

x(t+b)+/

—b

t

T(t—w)[f(u+b)|du =T+ a)[z(b—a)] +[b T(t —u)[f(u+b)|du.

—a

But because t > —a, we can write

/t T(t — w)[f (u+ b)]du = /

—b —b

t

T(t — w)[f (u + b)]du + / T(t — w)[f (u + b)]du,

—a

—a

we immediately get the required relation from the statement of theorem. The
theorem is proved. O

In what follows, we will be concerned with the behavior of asymptotically almost
automorphic semigroups of linear operators T' = T'(t),t € Ry on p-Fréchet spaces,
0 < p < 1. We present some topological and asymptotic properties based on the
Nemytskii and Stepanov theory of dynamical systems.

Definition 4.4. Let (X,+,-,] - ||) be a p-Fréchet space, where 0 < p < 1. A
mapping v : Ry x X — X is called a dynamical system if:
(i) w(0x,z) =z, for all x € X;
(ii) u(-,z): Ry — X is continuous for any ¢ > 0 and right-continuous at ¢ = 0,
for each x € X. The mapping u(-,z) is called a motion originating at
zc X.
(iii) wu(t,-): X — X is continuous for each t > 0 ;
(iv) u(t+ s,z) = u(t,u(s,z)),vox € X, for all t,s € R,.

Theorem 4.5. Let (X,+,-,| - ||) be a p-Fréchet space, where 0 < p < 1. FEvery
strongly continuous semigroup (T'(t))i>0 on X determines a dynamical system and
conversely, by defining u(t,z) =T(t)(x),t € Ry, x € X.

The proof of the above theorem is similar to the proof of [24, Theorem 2.7.2].
In the rest of this section, T' = (T'(t)):er, will be a strongly continuous semigroup
of linear bounded operators on the p-Fréchet space (X,+,-,|| - ||), 0 < p < 1, such
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that for fixed zp € X, the motion T'(t)(xo) : Ry — X is an asymptotically almost
automorphic function with principal term f and the corrective term g.

Definition 4.6. A function ¢ : R — X is said to be a complete trajectory of T' if
it satisfies the functional equation ¢(t) = T'(t — a)(¢(a)), for all a € R,t > a.

Theorem 4.7. Let (X,+,-,|| - ||) be a p-Fréchet space, where 0 < p < 1. The
principal term f of T(t)(xo) is a complete trajectory for T.

Proof. The proof is similar to that of [24] Theorem 2.7.4]. We would only have to
consider the limits here with respect to the metric D(z,y) = ||z — y||. 0

Definition 4.8. Let (X, +,-, |- ||) be a p-Fréchet space, where 0 < p < 1.

The set wt(zg) = {y € X;3 0 < ¢, — +o0,limy, 4 [|T(¢)(z0) — y|| = 0} is
called the w-limit set of T'(¢)(xzo).

w?(mo) ={y e X;3 0<t, — 4oo,lim, 10 ||f(tn) — y|]| = 0} is called the
w-limit set of f, the principal term of T'(t)(xo).

vy (zo) = {T(t)(z0);t € Ry} is the trajectory of T'(t)(xo).

A set B C X is said to be invariant under the semigroup 7" = (T'(t))cr, , if
T(t)(y) € B,Vy € B,Vt € R,.

e € X is called a rest-point for the semigroup T" if T'(¢)(e) = e, Vt > 0.

Also, the following properties hold.

Theorem 4.9. (i) wt (o) is not empty, wt(zg) = w}'(ajo), wt(zo) is invari-

ant under T and is closed in X (with respect to D), w*(xzg) is compact if
v (o) is relatively compact. Also, if xq is a rest-point of the semigroup T
then w™ (xg) = {xo}.

(i) If we denote v¢(zo) = {f(t);t € R} then vy(xo) is relatively compact (by
Theorem [3.3, (v)) and invariant under the semigroup T.

(iii) If we denote v(t) = inf{||T(t)(z0) — yll;y € wT (x0)}, then limy_, ;o v(t) =
0.

Proof. We can imitate the proofs as in the case of Banach spaces, reasoning with
respect to the p-norm instead of the usual norm.

(i) As in the proof of [24, Theorem 2.7.6], from the almost automorphy of f, let
(tn, )ken be the sequence satisfying

Jim7(tn,) = 9(0)] = 0.
But
1T (tn,) (w0) = f ()l = 10f (tni) + 9(tni)) = FEn ) = g @)l
which implies
m T () (zo) = f(ta, )l = 0.
——+00

We then immediately get limy_ 4o ||T(¢n,)(z0) — g(0)]| = 0, which means that
9(0) € wt(zp) i.e. wh(xg) is non empty.

The equality wt(zg) = wj[(;co) follows immediate from lim;_, 4 || T(¢)(z0) —
F(@®)|l = 0, which can be proved as above.

To prove that w™ (xg) is invariant under T, we reason exactly as in the proof of
[24, Theorem 2.7.9].

Reasoning as in the proof of [24, Theorem 2.7.10], we immediately obtain that
wt(xg) is closed in X (there only the triangle inequality of || - || is used). Arguing
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exactly as in the proof of [24, Theorem 2.7.11], we get that w™(z) is compact if
v ¥ (xg) is relatively compact. Also, reasoning as in the proof of [24, Theorem 2.7.16],
we immediately obtain that w(x¢) = {zg} for zg a rest-point of the semigroup 7.

The claims (ii) and (iii) are similar to the proofs of [24] Theorems 2.7.12 and

2.7.13], respectively. O
5. ALMOST AUTOMORPHIC GROUPS AND SEMIGROUPS ON p-FRECHET SPACES,
O<p<l1
Everywhere in this section, (X, +, -, ||-||) will be a p-Fréchet space, with 0 < p < 1.

First we recall some concepts and results from [20] concerning B-almost periodic
functions with values in p-Fréchet spaces.

Definition 5.1 ([20]). Let f : R — X be continuous on R. We say that f is
B-almost periodic if: Ve > 0, 3l(¢) > 0 such that any interval of length I(¢) of the
real line contains at least one point £ with

IfE+8) —F@)l <e VEeR.

Remarks. (1) A set E C R is called relatively dense (in R), if there exists a
number [ > 0 such that every interval (a,a + ) contains at least one point of E.
By using this concept, we can reformulate Definition as follows: f: R — X is
called B-almost periodic if for every e > 0, there exists a relatively dense set {7},
such that

sup||f(t+7)— f(®)|| <e, forallTe {r}..

teR

Also, each 7 € {7}, is called e-almost period of f.

(2) It was proved in [20, Theorem 3.6] that the range of an B-almost periodic
function with values in the p-Fréchet space (X, +,-, || - ||) is relatively compact (r.c.
for short) in the complete metric space (X, D), with D(z,y) = ||l — y]|.

Similar to the case of Banach spaces, we have developed a theory of Bochner’s
transform for p-Fréchet spaces (see [20]), as follows.

Let us denote AP(X) = {f : R — X; f is B-almost periodic} and for f €
AP(X), let us define ||f|lp = sup{||f(¥)|;t € R}. By [20, Theorem 3.2], we get
I flle < 4o0. It follows that || - || also is a p-norm on the space

Cy(R, X) ={f:R — X; is continuous and bounded on R}.

In addition, since (X, D) is a complete metric space, by standard reasonings it
follows that Cp(R, X) becomes complete metric space with respect to the metric
Dy(f,9) = If — gllb, that is, (Cp(R, X),| - ||p) becomes a p-Fréchet space. Then,
the result in [20, Theorems 3.2 and 3.5] shows that AP(X) is a closed subset of
Cy(R, X)), that is, (AP(X), D) is complete metric space and therefore (AP(X), || -
l) becomes p-Fréchet space.

The Bochner transform on Cp(R, X) is defined as in the case of Banach spaces,
by

fiR =GR, X), f(s)(t) = f(t+ ),

for all t € R and we write f = B(f). The properties of Bochner’s transform on
p-Fréchet spaces, 0 < p < 1, can be summarized as follows.

Theorem 5.2 ([20, Theorem 3.11]). (1)
1F s = 1£C+8)llo = I F O, for all s € R;
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(i)
1F(s+7)=F($)llo = sup{ | f(t+7)=f(D)]I;t € R} = | f(r)=F(O)}p,  for all 5,7 € R;

(iii) f s B-almost periodic if and only if, f is B-almost periodic, with the same
set of e-almost periods {T}c;

(iv) f 18 B-almost periodic, if and only if there exists a relatively dense sequence
in R, denoted by {s,;n € N}, such that the set of functions {]E(sn)7 n € N},
is relatively compact in the complete metric space (Cy(R, X), Dy);

(v) f is B-almost periodic, if and only f(R) is relatively compact in the complete
metric space (Cp(R, X), Dp);

(vi) (Bochner’s criterion) f is B-almost periodic if and only if f(R) 1s relatively
compact in the complete metric space (Cp(R, X), D).

The above (vi) Bochner’s criterion can be restated as follows.

Theorem 5.3 ([20, Theorem 3.7]). A function f € C(R, X) is B-almost periodic
if and only if for every sequence of real numbers (s)), there exists a subsequence

(sn) such that (f(t+ sn)) is uniformly convergent in t € R.
Furthermore, we have the following result.

Theorem 5.4 ([20, Theorem 3.12]). Let f € Cy(R, X). Let us suppose that there
exists a relatively dense set of real numbers (s,,), such that

(i) The set {f(sn);n € N} is relatively compact in the metric space (X, D) and
(ii) for any n,m € N, the relation

1 (sn) = Flsm)ll = cllf(-+ sn) = F(- + sm)lb,

holds with ¢ > 0 independent of n,m.
Then, f is B-almost periodic.

It is clear that AP(X) C AA(X), and in general, the concepts of B-almost peri-
odicity and almost automorphy are not equivalent. However Theorem [5.4] allows us
to prove the equivalence between the B-almost periodicity and almost automorphy
of the “orbits” of a group/semigroup. In this sense, we present the following result.

Theorem 5.5. Let (T(t))icr be a family of uniformly bounded group of bounded
linear operators on a p-Fréchet space (X, +,-,] - 1), 0 < p < 1 and let xo € X be
given. Then the following are equivalent:

(i) t — T(t)(xo) is almost automorphic;

(ii) t — T(t)(xo) is B-almost periodic.

Proof. Tt suffices to prove that (i) implies (ii). Since T'(¢);ecg is uniformly bounded,
there exists M > 0 such that ||T(¢)(xo)|| < M|zol|, for all £ € R. Also, the range
Ri(t)(z0) 18 relatively compact since T'(t)(zo) is almost automorphic as function of
t (see Theorem 3.3 (v)). Thus given an r.d. sequence of real numbers (s},), we can
find a subsequence (s,,) such that (T(sy)(zo))nen is Cauchy. Now, in view of the
following inequality

[T+ sn) (o) = Tt + sm) (zo)]ll < [T (sn)(20) = T(sm) (o)l

for all ¢ € R, (where ¢ = ;) we conclude that T'(t)(xo) is B-almost periodic by
Theorem [5.41 O
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We remark that Theorem [5.5]is an extension of a result [J] in Banach spaces to
p-Fréchet spaces, 0 < p < 1.

Definition 5.6. A motion z € C(R, X) is said to be strongly stable if for every
€ > 0 there exists § > 0 such that ||z(¢1)—xz(t2)| < § implies ||z (t+t1)—x(t+t2)|| < €
for all t € R.

Example 5.7. If (T(¢)):er is a family of uniformly bounded group of continuous
linear operators on X, then the function x(t) := T'(¢)(e) for some e € X is a strongly
stable motion in X.

Theorem 5.8. Ifz € C(R, X) is a strongly stable motion with a relatively compact
range in X, then x € AP(X).

The proof of the above theorem is a direct consequence of Theorem By
Definition[3.6] we have introduced the concept of asymptotically almost automorphic
function with values in a p-Fréchet space, 0 < p < 1. In a similar manner, we can
introduce the following concept.

Definition 5.9. A function f € C([0,00), X) is said to be asymptotically B-almost
periodic if it admits the (unique) decomposition f = g 4+ h where g € AP(X) and
h € C([0,00), X) with lim;_,o h(f) = 0. ¢ and h are called principal term and
corrective term of f, respectively.

It is clear that if f is asymptotically B-almost periodic, then it is asymptotically
almost automorphic. Although the converse is not true in general, we will prove
that in the case of uniformly bounded semigroups, the answer is affirmative.

Theorem 5.10. Let (T(t))icr+ be a family of uniformly bounded semigroup of
continuous linear operators on the p-Fréchet space (X, || - ||). If t — T(t)(xo) is
asymptotically almost automorphic then it is asymptotically B-almost periodic.

Proof. Let (s7) be a given sequence in R*. Then we can extract a subsequence (s/,)
such that (g(s},)) is convergent, where g is the principal term of T'(¢)(z¢). Since
h € C(]0,00), X), we can extract a subsequence (s,) such that h(s,) is convergent
(the situation when s,, — +00 is covered by the property of h as the corrective term

of T(t)(xo) , i.e h(s,) — 0). This implies that (T'(s,)(x0)) is convergent. Finally,

by recalling Theorem [5.4] and the proof is complete. O
In what follows, let us consider the inhomogeneous Cauchy problem
du(t
1;55) = Au(t) + f(t,u), t > a (5.1)
u(a) = uq € X, (5.2)

where (X, || - ||p) is a p-Frechet space, 0 < p < 1, A : X, — X, is linear and
continuous and f : RxX, — X, such that f(¢,z) is almost automorphic in ¢ for
each x € X, and ||f(t,2) — f(t,y)|| < L||lz — y|,Vz,y € X, and ¢t > a, where
L is independent of z,y and ¢t. For instance, X, can be any of the examples of
spaces in Section 2, see (2.1)—(2.3). Let now T' = {T(t)}¢>0 be a family of strongly
continuous semigroups on X, with generator A. In the case when X, (p > 1) is
a Banach space, it is a well-known fact that the concept of integral of continuous
functions defined on compact intervals, with values in X, plays a crucial role in
defining so-called mild solutions for —. Thus, using standard arguments
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from fixed point theory, we would be driven to prove that the mild solution of

- is of the form
u(t) = T(Oula) + [ T(t = s)f(s.us))ds 1= Sut) 53)

Note that the integral in is defined as in [2] (cf. also [18]). In other words, we
would have to prove that the integral operator Su on the right hand side of
has a unique fixed point in a suitable space, which will turn out to be the mild
solution of —. However, since the fundamental theorem of calculus does
not hold in the spaces X,,, 0 < p < 1 (cf. [18]), first it follows that a differentiable
mild solution is not necessarily a solution of —. Also, in general, we do not
get the following estimate

| [ 1= s psatois], < [ 1T 95 u)lds. 6.)

This inequality is essential in proving that the map S above is a contraction on
suitable bounded subsets of C([a,T];X,). Furthermore, lacking a Leibniz-Newton
formula, the indefinite integral of an almost automorphic function is not an almost
automorphic function. Consequently, due to the lack of a rich structure of calculus
in such non-locally convex spaces, it seems that one cannot hope for an interest-
ing theory with real world applications of semilinear differential equations (with
unrestricted or almost automorphic solutions).
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