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MEAN VALUE THEOREMS FOR SOME LINEAR INTEGRAL
OPERATORS

CEZAR LUPU, TUDOREL LUPU

ABSTRACT. In this article we study some mean value results involving linear
integral operators on the space of continuous real-valued functions defined on
the compact interval [0,1]. The existence of such points will rely on some
classical theorems in real analysis like Rolle, Flett and others. Our approach
is rather elementary and does not use advanced techniques from functional
analysis or nonlinear analysis.

1. INTRODUCTION AND PRELIMINARIES

Mean value theorems play a key role in analysis. The simplest form of the mean
value theorem is the next basic result due to Rolle, namely

Theorem 1.1. Let f : [a,b] — R be a continuous function on [a,b], differentiable
on (a,b) and f(a) = f(b). Then there exists a point ¢ € (a,b) such that f'(c) = 0.

Rolle’s theorem has also a geometric interpretation which states that if f(a) =
f(b) then there exists a point in the interval (a,b) such that the tangent line to the
graph of f is parallel to the z-axis. There is another geometric interpretation as
pointed out in [§], namely the polar form of Rolle’s theorem. As been noticed in [§],
if we take into account the geometric interpretation of Rolle’s theorem, one expects
that it is possible to relate the slope of the chord connecting (a, f(a)) and (b, f(b))
with the value of the derivative at some interior point. There are also other mean
value theorems like Lagrange, Cauchy, Darboux which are well-known and can be
found in any undergraduate Real Analysis course. In 1958, Flett gave a variation
of Lagrange’s mean value theorem with a Rolle type condition, namely

Theorem 1.2 ([8, B]). Let f : [a,b] — R be a continuous function on [a,b], dif-
ferentiable on (a,b) and f'(a) = f'(b). Then there exists a point ¢ € (a,b) such

.- )~ f(@)
c)— fla

fllo)=—"—"—.

c—a

A detailed proof can be found in [5] and some applications are provided too.

The same proof appears also in [§]. A slightly different proof which uses Rolle’s

theorem instead of Fermat’s, can be found in [3] and [I1]. There is a nice geometric
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interpretation for Theorem namely: If the curve y = f(z) has a tangent at
each point in [a,b], and if the tangents at (a, f(a)) and (b, f(b)) are parallel, then
there is an intermediate point ¢ € (a,b) such that the tangent at (c, f(c)) passes
through the point (a, f(a)). Later, Riedel and Sahoo [II] removed the boundary
assumption on the derivatives and prove the following

Theorem 1.3 ([11]). Let f : [a,b] — R be a differentiable function on [a,b]. Then
there exists a point ¢ € (a,b) such that
1 e
EVCEVIO

— — — !
7€) = f(a) = e —a)f'(e) - 30—
The proof relies on Theorem applied to the auxiliary function « : [a,b] — R

defined by
1f'(b) — f'(a)
aw) = f(@) - ;02
We leave the details to the reader. We also point out that this theorem is used to
extend Flett’s mean value theorem for holomorphic functions. In this sense, one
can consult [9]. On the other hand, there exists another result due to Flett as it is
pointed out in [8] for the second derivative of a function.

(z —a)?.

Theorem 1.4. If f : [a,b] — R is a twice differentiable function such that f"(a) =
f7(b) then there exists ¢ € (a,b) such that

_ — _ / _ (C_a)2 "
fe) = fla) = (¢ = a) f'(c) 5 ().

There exists another version of Flett’s theorem for the antiderivative:

Theorem 1.5. Let f :[0,1] — R be a continuous function such that f(a) = f(b).
Then there exists ¢ € (a,b) such that

[ 1@z = e~ ayse)

Similar to Theorem [I.1] there exists another mean value theorem due to Penner
(problem 987 from the Mathematics Magazine, [§]) that we shall apply in the next
section.

Theorem 1.6. Let f : [a,b] — R be a differentiable function with f' be continuous
on [a, b] such that there exists A € (a,b) with f'(A) = 0. Then there exists ¢ € (a,b)
such that

T b-a

The proof of the above theorem can be found in [8, page 233].
The version of Theorem for antiderivative is the following theorem.

Theorem 1.7. Let f : [a,b] — R be a continuous function such that there is
A € (a,b) such that f(A) = 0. Then there is ¢ € (a,b) such that

/ @)z = (b a) ()

In 1966, Trahan [I5] extended Theorem by removing the condition f'(a) =
1'(b) to the following theorem.
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Theorem 1.8. Let f : [a,b] — R be a continuous function on [a,b], differentiable
on (a,b) such that

(f'(a) =m)(f'(b) = m) >0,

where m = w. Then there exists a point ¢ € (a,b) such that
c)— fla
o= [0 1@
c—a

A proof for the above theorem can be found in [II]. At the 35-th International
Symposium on Functional Equations held in Graz in 1997, Zsolt Pales raised a
question regarding a generalization of Flett’s theorem. An answer to his question
was given by Pawlikowska in [6], namely:

Theorem 1.9. If f possesses a derivative of order n on the interval [a,b], then

there exists a point ¢ € (a,b) such that

£0) - £ = 3 E f0 0 e - af +
B k!

k=1

(=" fME) ~ f™(a)

(n+1)! b—a R

Other generalizations and several new mean value theorems in terms of divided
differences are given in [4]. For further reading concerning mean value theorems we
recommend [IT].

2. MAIN RESULTS

In this section, we shall prove mean value value problems for some function
mapping. Our main results are for continuous, real-valued functions defined on the
interval the [0,1]. We also mention that the results can be easily extended to the
interval [a, b]. Before proceeding into the main results of the paper, we state and

prove a lemmata. We give more proofs to some lemmas, which we consider very

instructive. We start with the first two lemmas involving the integrant factor e*.

Lemma 2.1. Let hy : [0,1] — R be a continuous function with fol hi(xz) =0. Then
there exists ¢; € (0,1) such that

h(er) = /O ha (2)dz.
First proof. We assume by the way of contradiction, that
ha(t) > /O ha(@)de, Ve 0.1]
Now, we consider the auxiliary function ¢; : [0,1] — R, given by
i) =et /0’5 hy(z)dz.
A simple calculation gives
i) = e’t(hl(t) - /0 t hl(t)dt> >0,

and from our assumption we deduce that (; is strictly increasing. This means that
¢1(0) < ¢1(1) which is equivalent to 0 < 1 fol hi(z)dx = 0, a contradiction.
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Second proof. Like in the previous proof, let us consider the differentiable func-
tion v; = (7 : [0,1] — R, defined by

m(t) = e_t/o hi(z)dz.

A simple calculation yelds

mnt)=e" (hl(t> — /0 t hl(t)dt).

More than that we have +1(0) = +1(1) = 0, so by applying Theorem there
exists ¢; € (0,1) such that vy(c1) =0, i.e.

hl(Cl) = /OC1 hl(x)d,’t

Third proof. We shall use Theorem Indeed from the hypothesis fol hi(x)dx =
0, by applying the first mean value theorem for integrals we obtain the existence of
A € (0,1) such that

1
0
Now, by Theorem there exists ¢; € (0,1) such that

I (cr) = /0 ha (2)dz.

Similarly with Lemma [2.1] we prove the following result.

Lemma 2.2. Let hy : [0,1] — R be a continuous function with ho(1) = 0. Then
there exists ca € (0,1) such that

ha(c2) = /002 ho(x)dx.

First proof. Let us consider the following auxiliary function (s : [0,1] — R, given
by

Ca(t) = e*t/o ha(x)dz.

Suppose by the way of contradiction that ha(t) # fg ho(z)dz, ¥t € [0,1]. This
means that, without loss of generality, we can assume that

ha(t) > /O () Vi € [0.1]. (2.1)

A simple calculation of derivatives of the function {5 combined with the inequality
above, gives us the following inequality

() = e*t(hg(t) - /O t hg(t)dt) >0,

so our function (, is strictly increasing for every ¢ € (0,1). This means that

C2(1) > (2(0). It follows immediately that éfl ho(z)dx > 0. On the other hand,
taking into account our assumption, namely (2.1), we deduce in particular, that
ha(1) > fol ho(x)dz > 0 which contradicts the hypothesis h2(1) = 0.
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Second proof. Let us consider the differentiable function «, : [0,1] — R, defined
by
t
t) = te_t/ he(x)dx
0
A simple calculation yields

V3(t) = et(/ot ha(z)dx — t(hz(t) - /Ot h2(x)d:v>)

Taking into account that ha(1) = 0, it is clearly that +5(0) = ~4(1), so by Flett’s
mean value theorem (Theorem [1.2)) (see [3]), we deduce the existence of ¢ € (0,1)
such that (e2) )
Y2(C2) — 72
Ya(c2) = o

which is equivalent to

coe” (/002 ho(x)dx — co (hQ(CQ) - /OC2 hg(l')dx)> =cge /002 ho(x)dx,

ha(cs) = /O " ha(w)da

Following the same idea from lemma 2.1 we state and prove the following result.

or

O

Lemma 2.3. Let hs : [0,1] — R be a differentiable function with continuous deriv-
ative such that fo hs(x)dxz = 0. Then there exists c3 € (0,1) such that

ha(cs) = B (cs) /O " ha(w)do

Proof As in the proof of Lemma let us consider the differentiable function
=(3:[0,1] — R, defined by

t
m(t) = e_hS(t)/ hs(z)dx.
0
A simple calculation yields
t
350 = O (o) = (0 [ halt)ar).

More than that we have ~3(0)
exists ¢z € (0,1) such that v4(cs

h C3 —]’L3C3/ h3

= 73(1 ) = 0, so by applying Theorem [1.1] . there
)=0,i

O

In what will follow we prove other technical lemmas without the integrant factor

et

Lemma 2.4. Let hy : [0,1] — R be a continuous function with fol hy(z)dz = 0.
Then there exists c4 € (0,1) such that

ca
/ xhy(z)dz = 0.
0
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1).

First proof. We assume by contradiction that fg zhg(z)dz # 0, for all t € (0,
Without loss of generality, let fot xhg(x)dr > 0, for all t € (0,1) and let Hy(t)
fo hy(z)dz. Integrating by parts, we obtain

t
0< / $h4( )dJC = tH4 / H4 .SU, Vit € (0,1)
0

Now, by passing to the limit when ¢t — 1, and taking into account that Hy(1) = 0,
we deduce that

/1 Hy(z)dx < 0. (2.2)
0

Now, we consider the differentiable function, p : [0,1] — R defined by

t .
pu(t) = i Jo Ha(w)dz, if 0
07 lft e 0.

It is easy to see p/(t) = (tHa(t) fo Hy(z)dz)/t* > 0, so p is increasing on the
interval (0,1), so it is increasing on the interval [0,1] (by continuity argument).
Because 1(0) = 0, it follows that

1
/ Hy(x)dx > 0,
0

which is in contradiction to (2.2]). So, there exists ¢4 € (0, 1) such that

cyq
/ xha(z)dz = 0.
0

Second proof. We consider the differentiable function H : [0,1] — R, defined by

H() =t /O (o) — /0 ' ha(z)de

with H'(t fo hy(z)dz. Tt is clear that H'(0) = H'(1 fo hy(z)dx = 0. Apply-
ing Flett S mean Value theorem (see [3]), there exists 04 € (0,1) such that
H(ca) — H(0)

Cyq

Ccq Cq C4
04/ ha(x)dx = 04/ hy(z)dz —/ xhy(z)dx
0 0 0

which is equivalent to mh4( )dxz = 0.
Third proof. Let H4 fo xhy(x)dz which is continuous on [0, 1]. By L’Hopital
rule we derive that hth0+ Hy(t )/t = 0. Integrating by parts, we obtain

/01 ha(@)de = /0 xh;( 2 ‘0 / H4 = H,(1) + /01 Hy(z)2z?dz.

Now, since fol hy(z)dx = 0, by the equality above H4(x) cannot be positive or
negative for all z € (0,1). So, by the intermediate value property there exists
¢4 € (0,1) such that Hy(cq) = 0 and thus the conclusion follows. O

H'(cs) =

or
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Remark 2.5. Using the same idea as in Lemmas[2.J]and 2.2 we define the auxiliary
function like in the first solution, we define the auxiliary function y4 = {4 : [0,1] —
R, given by

t
v4(t) = e*t/ xhy(x)dz,
0
whose derivative is
t
Ah(t) = et (th4(t) - / xh4(:c)dx>.
0

Since 74(0) = y4(c3) (by Lemma [2.4), by applying Rolle’s theorem on the interval
[0, c4], there exists ¢4 € (0, cq) such that 7/(é4) =0, i.e.

C~4h4(0~4) = / 1’h4($)d1’
0

Remark 2.6. As we have seen in the first remark, if we consider the differentiable
function 74 : [0,1] — R defined by

¢
Y4(t) = e_’“(t)/ xhy(z)dz,
0
whose derivative is
t
T4 () = e (th4(t) — (1) / xh4(z)dx>.
0

Now, it is clear that 74(0) = Y4(cs) = 0 by Lemma So, by applying Rolle’s
theorem there exists ¢; € (0,1) such that v4'(¢4) = 0 which is equivalent to

€4
caha(cy) = hﬁl(dl)/ xhy(z)dz.
0
In what follows we prove two lemmas starting from the same hypothesis.

Lemma 2.7. Let hs : [0,1] — R be a continuous function such that

/01 hs(z)dx = /01 xhs(z)dz.

Then, there exists cs5 € (0,1) such that [;° hs(x)dz = 0.
First proof. Consider the differentiable function Z : [0,1] — R defined by
I(t)= t/t hs(x)dx — /t xhs(z)dz.
We have 0 i
') = /t hs(x)dz.
Moreover Z(0) = Z(1), so by Rolle’s the(())rem, there exists ¢5 € (0, 1) such that
T(cs) =0 & /0 hs () = 0.

Second proof. Let Hs : [0,1] — R defined by
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Integrating by part and using the hypothesis, we have

H5(1):/01 h5(x)dx:/leh5(x)dx:/01xH5( )dx = Hs(1 / Hs(x

and we get fo Hs(x)dx = 0. By the first mean value theorem for integrals we have
the existence of ¢5 € (0,1) such that

0= /0 Hs(x)dx = Hs(cs)

which is equivalent to [ hs(x)dz = 0.
Third proof. Let us rewrite the hypothesis in the following

/ (x — 1)hs(x)dz = 0.
0

The answer is given by the following mean value theorem for integrals (see [1], page

193)
Proposition. If Q1,5 : [a b] — R are two integrable functions and o is
monotone, then there exists cs € (a,b) such that

/Ql(ac)Qg QQ / Ql +Ql /Qg

Now, we consider a = 0,b = 1 and Q4 (z) = hs(x) and Qs(z) = x — 1 which is
increasing. By the mean value theorem in Lemma [2.7] there is c5 € (0,1) such that

0/01(:v1 / flx

equivalent to [;° f(z)dx = 0. O

Lemma 2.8. Let hg : [0,1] — R be a continuous function such that

/01 he(x)dx = /01 xhe(x)dz.

Then, there exists cg € (0,1) such that [;° xhe(x)dz = 0.

First pmof Let us consider the function ¢ : [0,1] — R given by
Hel(t fo he(s)ds, where

- & [y whe()de, if s € (0,1]
he(s) = {hﬁ(())/g ifs=0

Clearly the function hg is continuous and Hg(0) = 0. Next, we compute

Hg(l) = lim 1 (- 1) (/OS xhdx)da:)ds

e—0,e>0 ¢ S

1 [° b
=— lim f/ mhg(x)dxﬁ—i—lir%/ (=she(s))ds
0 e~V Je s

e—0,e>0 §

__ /01 he(z)dz + /01 he(x)da = 0.
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By Rolle’s theorem there exists cg € (0,1) such that H{(cg) = 0;i.e. [} zhg(z)dz =
0.
Second proof. Consider the differentiable function Hg; [0,1] — R defined by

Hg(t) :t/o hﬁ(x)dx—/o xhe(x)dz.

It is obvious that ﬁé(t) = fot he(x)dz. By Lemma there exists ¢ € (0, 1) such

that ﬁé(cG) = J3" he(z)dz = 0. On the other hand, since H:é(()) = Hl(cs) =0, by
Theorem there exists ¢g € (0, ¢c5) such that

HY(ce) = H6(CG)C; H;(0)

which is equivalent to focﬁ xhg(z)dz = 0. O
Combining Lemmas [2.4] and one can easily derive the following result.

Theorem 2.9. Assume hy : [0,1] — R is continuous such that

/0 () = /0 b ()

Then there are cz,¢7 € (0,1) such that
c7
h7(C7) = h7($)dl‘,
0
cr
C~7h7(67) :/ l‘h’;(ﬂ?)dl‘
0
Proof. Let us define the auxiliary functions (7, (7 [0,1] — R given by

() = et /0 e () dv,
G (t) = e*t/o xhr(z)dz.

It is clear that

Gt)y=e' (h7(t) - /Ot h7(x)dx>,
() =et (th7(t) - /0 t xh7(x)dx).

By Lemmas and we have (7(0) = (r(cq) and (7(0) = §7~(C5). By Rolle’s

theorem applied on the intervals (0,c¢4) and (0,¢5) to ¢z and (7 we obtain the
conclusion. 0

Following the proof of Theorem instead of e~ in the construction of the
auxiliary functions we can put e /() where f is differentiable with continuous
derivative. This gives the following result.

Theorem 2.10. Assume hg : [0,1] — R is a differentiable function with continuous

derivative such that . .
/ hg(x)dx :/ xhg(x)dz.
0 0
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Then there are cg,ég € (0,1) such that

hg(Cg) = hls(08) ACS hg(l‘)dl‘,

~ €8
C~8h8(6~8) = h/s(gg)/ xhg(x)dm
0
Proof. Let us define the auxiliary functions (s, Cs : [0,1] — R given by

Cs(t) = e hs(®) /t hg(x)dz,

0

¢
Cs(t) = e_hg(t)/ xhg(z)dz.
0

It is clear that

CL(t) = ehs® (hg(t) — RA(E) /0 t hg(a:)dx),

(0 =0 (ths(t) =140 [ (o))

By Lemmas and we have (3(0) = (s(csq) and (g(0) = §g~(05). By Rolle’s
theorem applied on the intervals (0,c¢4) and (0,¢5) to (s and (g we obtain the
conclusion. 0O

Now, we are ready to state and prove the first main result of the paper.

Theorem 2.11. For two continuous functions ¢, : [0,1] — R, we define the
operators T, S € (C([0,1])), as follows:

(T)(t) = lt) - / o(@)de,

(SU)(t) = ty(t) — / 2(z)dz.

Let f,g:[0,1] = R be two continuous functions. Then there exist c¢1,ca,¢é4 € (0,1)
such that

/ f(@)dz - (Tg)(er) = / g(2)dz - (Tf)(cr),
0 0
(TF)(e2) = (SF)(ca),
1 1
/ f(@)dz - (Sg)(éa) = / g(2)dz - (SF)().
0 0
Proof. We put

ha(t) = f(t) / g(@)dz - g(t) / f(x)d,

where f,g:[0,1] — R are continuous functions and if we apply lemma we get

fe) / ' g(e)dz - gle) / ()

- [ e ' g(a)da - | ataras [ f)de,
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which is equivalent to

/01 f(x)dx(g(cl) - /001 g(m)dac) = /Olg(x)dx<f(c1) - /OC1 f(x)dx)

and equivalent to

1 1
/ f(@)dz - (Tg)(cr) = / g(@)dz - (Tf)(c).
0 0

For hao(t) = (t — 1) f(t), with f : [0,1] — R is a continuous function, we apply
lemma 2.2 and we obtain

(e — 1)f(e) = / S - ) f(@)de

which is equivalent to

e2f(e2) - /Oczxﬂ f(e2) /f .

that is (T'f)(c2) = (Sf)(c2).
For the last assertion we do the same thing. We put hs(t) = f(¢ fo x)dx —

fo x)dx, where f,g : [0,1] — R are continuous functlons. So, applying the
remark - 5 from Lemma [2.4] . we conclude that

63f(63)/01 (z)dx — czg(cs / f(x

:/OCBgcf(x) x/olg(x)dx—/oc vg(x dac/ fla

which is equivalent to

[ swyis(aten) - [ agwrr) = [ gwris(asie - [ s

1 1
/ f(@)dz - (Sg)(ca) = / g(2)dz - (SF)(é).
0 0
O

In connection with the operators T' and S defined in Theorem [2.9] we shall also
prove the following result.

Theorem 2.12. Let T,S € (C[0,1]) be the operators defined as in Theorem [2.9;
namely for two continuous functions v, : [0,1] — R, define

(T)(t) = (t) - / (),
(SY)(t) = tap(t) — / 2 (2)dz.
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Let f,g : [0,1] — R be two continuous functions. Then there exist c¢7,¢é7 € (0,1)
such that

1 1
/ (1— ) f()dz - (Tg)(er) = / (1 - 2)g(x)dz - (Tf)(cr),
0 0
| a-are So)@) = [ (- aglo)ds - (5)(G).
0 0

Proof. We put
ha(t) = £(1) / (1 - 2)g(x)dz — g(t) / (1 - 2)f(z)da,

where f,g : [0,1] — R are continuous functions and if we apply Theorem [2.9] we
get
1

Fer) / (1 - 2)g(@)dz — g(cr) / (1 - ) f(x)de

_ / 7 ) / (1= )g(a)ds — / " ge)da / (1= ) )

which is equivalent to

[ a-as@in(sten [ owar) = [0 -ag@ar(sen - [ )

| a-as@e @o)e) = [ 1= g()da @1)(en).

0 0

For the second part, let us define the function A7 : [0,1] — R given by
1 1

i) = t1(0) [ (1= )g(o)de = ta(0) [ (1= ) (@)

Again, by Theorem there exists ¢7 € (0,1) such that
1 1
=G — dx — ¢é7g(¢; — d
(@) [ (1= ede - o(@) [ (0= o)f(e)is
cr 1 cr 1
= [ et [ 0-ag@ae - [ gy [ (0 -o)f@an

which is equivalent to

/0 (1 - o) f(a)de (gl - /O agtayin)
= /01(1 —z)g(z)dx (C?f(c?) - /0c~7 xf(m)dx)

or L L
/ (1 =) f(x)dz - (Sg)(c7) =/ (1 —xz)g(x)dx - (Sf)(c7).
0 0
0

Next, we prove two theorems of the same type for other two operators. Mainly,
we concentrate on the following two theorems.



EJDE-2009/117 MEAN VALUE THEOREMS 13

Theorem 2.13. For two differentiable functions &, p : [0,1] — R, with continuous
derivatives, we define the operators R,V € (C1([0,1])):

(RE)(1) /5
(Vo)(t) = p(t)—m/o zp(z)d.

Let f,g : [0,1] — R be two differentiable functions with their derivatives being
continuous. Then there exist c3, ¢y € (0,1) such that

/ f(x)dz - (Rg)(cs) = / g(x)dz - (Rf)(cs),
0 0
/ f(@)dz - (Vg)(er) = / g(2)dz - (Vf)().

Proof. We put hs(t fo r)dx — fo x)dx, where f,g:[0,1] — R are
continuous functlons and if we apply Lemma. we get

fles) [ ot ~gtes) [ onaa
~ (@) [ " fa)ds / ' g(w)dz — g (ca) / " ga)da / ' f(e)de

which is equivalent to

[ s@s(sten) - es) [ o) = [ o@n(sten - res) [ swaz)

/ f(@)dz - (Rg)(es) = / g(x)de - (RF)(cs).

Now, for the second part we consider hy(t) = fo fo x)dxr and
we apply Remark [2.6] - 6| from Lemma [2.4 E In thls case, there ex1sts €4 € (0 1) such

that
af(e) / g(2)dx — crg(ca) / f(2)de

@ [ s | ez - g(@) [ stwas | ()

which is equivalent to

[ s@is(sten - 0@ [ sww) = [ awar(se - e [ rwa

1 1
/ f@)dz - (Vg)(e) = / g(x)dz - (VF)(c).
0 0
O

Finally, based on the some ideas we used so far, we prove the following theorem.
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Theorem 2.14. For two differentiable functions, &, p : [0,1] — R, with continuous
derivatives we define the operators R,V € (C1([0,1])):

(Re)(t) = £(t) — €(1) / £(x)de,

(Vo) (®) = tot) - /0) [ aplo)da.

0

Let f,g : [0,1] — R be two differentiable functions with continuous derivatives.
Then there exist cs, ¢s € (0,1) such that

1 1
| a-a)@d- (o)) = [ (- n)garde - (R)(ex)
0 0
[ a-ar@a o = [ (-2 (Vi@
0 0

Proof. We put hg(t) = f(t) fol(l —z)g(x)dz — g(t) fol(l — z)f(x)dz, where f,g :
[0,1] — R are continuous functions and if we apply the first part of Theorem m
there exists cg € (0,1) such that

fes) | (1 - D)gl)ds — gles) / (1 — )@
— e [ s | (1 - (@) — g (cx) | ateris [ -0 f e,
which is equivalent to
/ 1<11 Df ) (g(ce) = o) [ gjx)dx)
= [ a=agteyin(se) ~ fe) [ riaas)
and equivalent to

/ (1 - o) f(x)dr - (Tg)(cs) = / (1 - 2)g(a)dz - (Tf)(cs).
0 0

For the second part, again we consider the function

1 1
hs(t) = f(t) / (1 - 2)g(e)dz - g(t) / (1 - 2)f(a)da,

where f,g : [0,1] — R are continuous functions. So, applying the second part of
the Theorem we conclude that there exists ¢g € (0, 1) such that

1 1
G f(G8) / (1 - x)g(x)dz — cagl(cs) / (1 - ) f(x)dz
cg 1 cs 1
= () / of(z)dx / (1 - 2)gle)dz — ¢/ () / rg(z)de / (1 - o) f(x)dz
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which is equivalent to
/01(1 - 9U)f(33)d$(589(58) —g'(c) /OCS xg(ﬂf)dx)
_ /01(1 ~ w)g(r)da (G () — 1'(65) /0 vf(r)dr).

Therefore,

/ (1 - 2)f(x)de - (Sg)(cs) = / (1 - 2)g(z)dz - (SF)(c).
0 0
O
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