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LOSS OF EXPONENTIAL STABILITY FOR A THERMOELASTIC
SYSTEM WITH MEMORY

BRUNO FERREIRA ALVES, WALDEMAR DONIZETE BASTOS, CARLOS ALBERTO
RAPOSO

ABSTRACT. In this article we study a thermoelastic system considering the
linearized model proposed by Gurtin and Pipkin [8] instead of the Fourier’s
law for the heat flux. We use theory of semigroups [0, 1I] combining Pruss’
Theorem [I0] and the idea developed in [5] to show that the system is not
exponentially stable.

1. INTRODUCTION
We study a partial differential equation that models an elastic string:

Ut — Ugg + 0z =0 in (OaL) X (0,00), (11)
O — g0z +cgx8 —uy =0 in (0,L) x (0,00), (1.2)

with initial data
u(z,0) =uo(x), u(x,0) =wui(x), 6(x,0)=06b(zx).

The function u = u(z,t) is the small transversal vibration of the elastic string of
reference configuration of length L, and 8 = 0(x,t) is the temperature difference
from the material and natural ambient. To fix ideas we assume that the string is
held fixed at both ends, x = 0 and = = L. We impose the boundary conditions

u(0,t) = u(L,t) =0,
0(0,t) =0(L,t) = 0.

In this model, c is a positive constant, and g : RT™ — R is the relaxation function.
We assume that g is differentiable and satisfies g(0) > 0, ¢'(¢) < 0 and

1—/ g(s)ds =1¢> 0.
0
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We introduce the convolution product

(g% u)(t) == / ot — Tyu-, 7)dr

Now we observe that when ¢ = 0 the thermoelastic system has exponential decay,
as can be seen in [4], when we replace g * u by 6 in we also have exponential
decay, see [3]. The similar situation is valid for thermoelastic plate, see [5] and [7].

The article is organized as follows, in the Section 2 we introduce the notation and
the functional spaces, in the Section 3 we obtain the semigroup of solutions and fi-
nally, in the Section 4 we prove the loss of exponential stability for the thermoelastic
system with memory.

2. FUNCTIONAL SETTING AND NOTATION

We use the standard Lebesgue spaces and Sobolev spaces with their usual pro-
prieties as in [I]. Consider the positive operators A and B on L?(0, L) defined by
A= —()ze and B = ¢l — (- )4z, with domains D(A) = D(B) = (H? N H})(0, L).
Now, for r € R, we introduce the scale of Hilbert spaces H, = D(A"/?) with
the usual inner products (vi,ve)y, = (A™/%vy, A7/?vy) and we have H,, — H,,
are compact whenever r; > ry. Concerning the memory kernel g, we make the
substitution p(s) = —g(s) and we require

peC R NLERY). uls) >0, () <0, g0)= [ ulopds>0. (@21

Calling 0o, = sup{s : u(s) > 0}, we infer that, dual to (2.1)), for each o > 0, there
exists a set O, C (0,04 ) of positive Lebesgue measure such that p/(s) < 0, in O,.
Now for r € R consider the weighted Hilbert spaces:

M, = L>(R"; H,)

with the inner product

(vim)an, = / " W) (B o (s), BT n(s)) ds (2.2)

and we introduce as in [6] the linear operator T' on M; defined by Tn = —n, with
domain

D(T) = {ne M :n, € My, n(0) =0},

where 75 is the distributional derivative of 1 with respect to the internal variable
s, and then the operator T is the infinitesimal generator of a Cy-semigroup of
contractions. In particular, there holds

Tnnhas, = [ WOIB0(s)[ds <0, forallne DIT).  (23)
0

Finally, we define with the usual inner products, the following Hilbert spaces:

HT = H7-+2 X Hr X Hy- X Mr—i—la reR.
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3. THE SEMIGROUP OF SOLUTIONS

To describe properly the solutions of the system — by means of a Cy-
semigroup of linear operators acting on the phase-space Hg, we will follow the ideas
of [I]. In this direction we introduce an additional variable, namely, the summed
past history of 6 defined as

n'(s) = / 0(t —y)dy, witht,s>0.
0

(=)

For the rest of this article, we consider the vectors U (t) = (u(t),v(t),0(t),n")T and
U(0) = (ug,v0,00,m0)% € Ho. We obtain the linear evolution equation, in Ho,

Us—LU=0 (3.1)
U(0) =Up
where the linear operator L is defined as
v
Ugy — 911
LU= Ugy — fooo g(8)[cO(t — 8) — Oy (t — 5)]ds
n

with domain D(L) = {(u,v,0,1)T € Ho} such that v € Ha, uzy — 0. € Hy,
Ugy — / g(8)[cB(t — 8) — O, (t — s)]ds € Hy, n € D(T).
0
Theorem 3.1. System (3.1)) defines a Co-semigroup of contractions S(t) = €'t on
the phase-space Hy.
The proof is done by using the Lumer - Phillips theorem [9, Theorem 4.3].

4. LOSS OF EXPONENTIAL STABILITY
To prove the loss of exponential stability we use the following result.

Theorem 4.1. Let S(t) = e'L be a Cy-semigroup of contractions in a Hilbert space.
Then S(t) is exponentially stable if and only if,

iR={if: B eR}Cp(L) (4.1)
and

(A= L)™' <C, for every X € iR. (4.2)

The proof of the above theorem can be found in [I0] and in [IT].
We note that (3.1)-(3.2)) is dissipative, because (2.3)) implies
(LU, Uypy = {Tn,m)m, <0, forall U € D(L), (4.3)
and it is standard matter to show that (I — L) maps D(L) onto Hy, see [3], where
a similar case is treated.

Then, using (T'u, u) < 0 for all nonzero u in D(T'), one can show that the solution
of thermoelastic system (1.1))-(1.2]) decays to zero as time approaches co.
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Now we are in position of to show our main result.

Theorem 4.2. The semigroup S(t) = et on Hy defined by (3.1)-(3.2) is not
exponentially stable.

Proof. For i\ € p(L) and V = (0,0,0,7)T € H,, consider the complex equation
(IANT-L)U=V (4.4)
that when written explicitly reads
idu—v=20 (4.5)
ANV — Ugy + Oz =0

Consider an orthonormal basis {w; }nen of eigenvectors of the operator A and the
respective eigenvalues {ay, tnen. We recall that a,, — 0o as n — co. We set

Wnp
") = o

and
Vn = (07 Oa Oa nﬂ)T
Notice that, using (2.1) and (2.2]) we have

1
v — -t
H n”Ho ||77n||/\/11 (C-"-Oln)

1

771) /0"0 w(s)(c + an)||wn(s)|/*ds

- S 1/2’U} S 2 S =
| uB s =

— [ u(e)ds = 900).
0
Now we build a sequence of A, such that the corresponding solution U, of
(ix I — L)U, =V, (4.7)

satisfies ||Up||7, — o0 as n — oo. In this direction we look for a solution U, =
(W, Wy, SpWp, wy,) where s, € C. Then, from (4.5 and (4.6) we have

—/\i —ay, + spa, =0 (4.8)

that implies

Choosing A, = |a,| we finally have

)\2
1Unll4o 2 snwnlle = [snl = o] "| = lan| — o0 asn — oo.
n

which yields the conclusion. (I
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